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Abstract

In this paper, we propose a novel Branching Rein-
forcement Learning (Branching RL) model, and
investigate both Regret Minimization (RM) and
Reward-Free Exploration (RFE) metrics for this
model. Unlike standard RL where the trajectory
of each episode is a single H-step path, branching
RL allows an agent to take multiple base actions
in a state such that transitions branch out to multi-
ple successor states correspondingly, and thus it
generates a tree-structured trajectory. This model
finds important applications in hierarchical rec-
ommendation systems and online advertising. For
branching RL, we establish new Bellman equa-
tions and key lemmas, i.e., branching value differ-
ence lemma and branching law of total variance,
and also bound the total variance by only O(H?)
under an exponentially-large trajectory. For RM
and RFE metrics, we propose computationally ef-
ficient algorithms BranchVI and BranchRFE, re-
spectively, and derive nearly matching upper and
lower bounds. Our regret and sample complexity
results are polynomial in all problem parameters
despite exponentially-large trajectories.

1. Introduction

Reinforcement Learning (RL) (Burnetas & Katehakis, 1997;
Sutton & Barto, 2018) models a fundamental sequential
decision making problem, where an agent interacts with the
environment over time in order to maximize the obtained
rewards. Standard RL (Jaksch et al., 2010; Agrawal &
Jia, 2017; Azar et al., 2017; Jin et al., 2018; Zanette &
Brunskill, 2019) considers taking only a single action in a
state and formulates a single H-step path model. However,
in many real-world applications such as recommendation
systems (Fu et al., 2021) and online advertising (Kang et al.,
2020), we often need to select multiple options at a time, and
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each option can trigger a corresponding successor state. For
example, in category-based shopping recommendation (Fu
et al., 2021), the recommendation system often displays a
list of main categories at the first step, where each one has
a probability to be clicked. If a main category is clicked,
at the second step, the system further provides a list of
sub-categories according to the clicked main category. By
analogy, at the last step, the system provides a list of items
according to the chosen category path. In this process, users
can select (trigger) more than one category-item paths, e.g.,
one may buy IT accessories-printers-laser printers and IT
accessories-scanners-document scanners at once.

To handle such scenarios involving multiple actions and suc-
cessor states, we propose a novel Branching Reinforcement
Learning (Branching RL) framework, which is an episodic
tree-structured forward model. In each episode, an agent
starts from an initial state and takes a super action that con-
tains multiple base actions, where each base action in this
state has a probability to be triggered. For each state-base
action pair, if triggered successfully, the agent receives a
reward and transitions to a next state; Otherwise, if it is
not triggered, the agent receives zero reward and transitions
to an absorbing state associated with zero reward. Thus,
the transitions branch out to multiple successor states. At
the second step, for each branched-out state, the agent also
selects a super action that contains multiple base actions
with trigger probabilities. She only obtains rewards from the
triggered state-base action pairs, and each state-base action
pair transitions to a corresponding next state. Then, the
transitions at the second step branch out to more successor
states. By analogy, till the last step, she traverses an H-layer
tree-structured trajectory, and only collects rewards at the
triggered state-base action pairs.

Different from standard episodic RL (Azar et al., 2017; Jin
et al., 2018; Zanette & Brunskill, 2019) where each trajec-
tory is a single H-step path, the trajectory of branching RL
is an H-layer triggered tree with exponentially increasing
states and actions in each layer. This model allows an agent
to take multiple base actions at once and handle multiple suc-
cessor states. It can be applied to many hierarchical decision
making scenarios, such as category-based recommendation
systems (Fu et al., 2021) and online advertising (Kang et al.,
2020).
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Under the branching RL model, we investigate two popu-
lar metrics in the RL literature, i.e., Regret Minimization
(RM) and Reward-Free Exploration (RFE). In regret mini-
mization (Jaksch et al., 2010; Azar et al., 2017; Zanette &
Brunskill, 2019), the agent aims to minimize the gap be-
tween the obtained reward and the reward that can obtained
by always taking the optimal policy. In reward-free explo-
ration (Jin et al., 2020a; Kaufmann et al., 2021; Ménard
et al., 2021), the agent explores the unknown environment
(model) without observation of rewards, in order to esti-
mate the model accurately such that for any given reward
function, she can plan a near-optimal policy using the esti-
mated model. The performance in RFE is measured by the
number of episodes used during exploration (i.e., sample
complexity).

Our work faces several unique challenges: (i) Since branch-
ing RL is a tree-structured forward model which greatly
differs from standard RL, existing analytical tools for stan-
dard RL, e.g., Bellman equations, value difference lemma
and law of total variance, cannot be directly applied to our
problem. (ii) With exponentially-large trajectories, it is
challenging to analyze the total variance and derive tight
(polynomial) regret and sample complexity guarantees. (iii)
Since the number of possible super actions can be combi-
natorially large, how to design a computationally efficient
algorithm that avoids naive enumeration over all super ac-
tions is another challenge.

To tackle the above challenges, we establish novel analytical
tools, including branching Bellman equations, branching
value difference lemma and branching law of total vari-
ance, and bound the total variance by only O(H?) under
exponentially-large trajectories. We also propose compu-
tationally efficient algorithms for both RM and RFE met-
rics, and provide nearly matching upper and lower bounds,
which are polynomial in all problem parameters despite
exponentially-large trajectories.

To sum up, our contributions in this paper are as follows:

* We propose a novel Branching Reinforcement Learn-
ing (Branching RL) framework, which is an episodic
H-layer tree-structured forward model and finds im-
portant applications in hierarchical recommendation
systems and online advertising. Under branching RL,
we investigate two popular metrics, i.e., Regret Mini-
mization (RM) and Reward-Free Exploration (RFE).

* We establish new techniques for branching RL, includ-
ing branching Bellman equations, branching value dif-
ference lemma and branching law of total variance,
and bound the total variance by only O(H?) despite
exponentially-large trajectories.

* For both RM and RFE metrics, we design computation-

ally efficient algorithms BranchVI and BranchRFE,
respectively, and build near-optimal upper and lower
bounds, which are polynomial in all problem parame-
ters even with exponentially-large trajectories. When
our problem reduces to standard RL, our results match
the state-of-the-arts.

Due to space limit, we defer all proofs to Appendix.

2. Related Work

Below we review the literature of standard (episodic and
tabular) RL with regret minimization (RM) and reward-free
exploration (RFE) metrics.

Standard RL-RM. For the regret minimization (RM) met-
ric, Jaksch et al. (2010) propose an algorithm that adds
optimistic bonuses on transition probabilities, and achieves
a regret bound with a gap in factors H, S compared to the
lower bound (Jaksch et al., 2010; Osband & Van Roy, 2016).
Here H is the length of an episode, and S is the number of
states. Agrawal & Jia (2017) use posterior sampling and
obtain an improved regret bound. Azar et al. (2017) build
confidence intervals directly for value functions rather than
transition probabilities, and provide the first optimal regret.
Zanette & Brunskill (2019) design an algorithm based on
both optimistic and pessimistic value functions, and achieve
a tighter problem-dependent regret bounds without requiring
domain knowledge. The above works focus on model-based
RL algorithms. There are also other works (Jin et al., 2018;
Zhang et al., 2020) studying model-free algorithms based on
Q-learning with exploration bonus or advantage functions.

Standard RL-RFE. Jin et al. (2020a) introduce the reward-
free-exploration (RFE) metric and design an algorithm that
runs multiple instances of existing RM algorithm (Zanette
& Brunskill, 2019), and their sample complexity has a gap
to the lower bound (Jin et al., 2020a; Domingues et al.,
2021) in factors H, S. Kaufmann et al. (2021) propose an
algorithm which builds upper confidence bounds for the
estimation error of value functions, and improve the sam-
ple complexity of (Jin et al., 2020a). Ménard et al. (2021)
achieve a near-optimal sample complexity by applying an
empirical Bernstein inequality and upper bounding the over-
all estimation error.

There are huge differences between standard RL and our
branching RL. The exponentially-large trajectory of branch-
ing RL brings unique challenges in developing Bellman
equations and key lemmas, designing computationally effi-
cient algorithms and deriving optimal (polynomial) bounds.
Existing RL algorithms and analysis cannot be applied to
solve our challenges.
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3. Problem Formulation

In this section, we present the formal formulation of Branch-
ing Reinforcement Learning (Branching RL).

Branching Markov Decision Process (Branching MDP).
We consider an episodic branching MDP defined by a tuple
M= (8, A=Y A m,H,q,p,r). Here S = §**8 U {s, }
is the state space with cardinality S. S™# is the set of
regular states, and s is an ending state, which is an ab-
sorbing state with zero reward. A"V is the set of base
actions, which represents the set of all feasible items in
recommendation. Let N := |A"7| denote the number of
base actions. A super action A C A" consists of m
(m < N) base actions, which stands for a recommended
list. A is the collection of all feasible super actions and
can be combinatorially large. H is the length of an episode.
Throughout the paper, we call a super action an action for
short, call (s,a) € S x A™V a state-base action pair, and
call (s,a) € S\ {s.} x A" a regular state-base action
pair.

q(s,a) is the trigger probability of state-base action pair
(s,a) € 8 x A"V, p(s'|s,a) is the probability of tran-
sitioning to state s’ on state-base action pair (s,a), for
any (s',s,a) € § x 8§ x A™V. r(s,a) € [0,1] is the
reward of pair (s,a) € S x A"V, We assume that reward
function r is deterministic as many prior RL works (Azar
et al., 2017; Jin et al., 2018; Zhang et al., 2020), and our
work can generalize to stochastic rewards easily. Parame-
ters g, p, r are time-homogeneous, i.e., have the same def-
initions for different step h € [H]. The ending state s
has zero reward and always transitions back to itself, i.e.,
q(si,a) = 0,p(si]s1,a) = 1 and r(sy,a) = 0 for all
a € A", We define a policy 7 as a collection of H func-
tions {7 : S+ A} pe[m, and K as the number of episodes.

String-based Notations. As shown in Figure 1, in branch-
ing RL, the trajectory of each episode is an m-ary tree,
where there are H layers (steps), and each layer h € [H]
has m"~1 states (nodes) and m” state-base action pairs
(edges). We use the following string-based notations to
denote a trajectory: Each tree node in layer h has a string
index (i1,...,ip—1), with the root node for layer 1 hav-
ing the empty string @, and 41,...,i,—1 € {1,2,...,m}.
The m children of this node have indices that concatenate
iy, € [m] to the string, making it (i1, ...,%5_1,%x), Where
15, stands for that this node is the i;-th child of the node
(i1,...,ip—1). Operator @ is the concatenation operation
for strings, and i®" denotes the concatenation of & strings
(i) for any ¢ € [m], h € [H]. For any string o, |o| denotes
its length, and thus state s, is at step |o| + 1.

Online Game. In each episode k € [K], an agent selects a

policy 7* at the beginning, and starts from an initial state s.
At step 1, she chooses an action Ag = {a), (m) } aC-

Steph =1

Step h = 2 S()

S(2)
a1,1) N(Z 2)
Step h =3 511)= S(1,2) S(2,1) @ S(2,2) = S1
1) a( > a(2,2,2)

Steph =4 .
S(1,1,1) =SL S(1,1,2 )=SJ_

<22 1) = S1 S(2,22) =SL

Figure 1. Illustrating example with m = 2 for branching RL.

cording to 7§. Each state-base action pair (sg, a(;) for

i € [m] has probability q(sg,a(;) to be triggered. If
triggered successfully, the agent obtains reward r(sg, a;)
and this state-base action pair transitions to a next state
sy ~ p(|se, apy); Otherwise, if not triggered success-
fully, she obtains zero reward and this state-base action pair
transitions to the ending state s . Hence, the transitions

at step 1 branch out to m successor states sy, .- ., S(m)-
At step 2, for each state sy (i € [m]), she chooses an
action Ay = {a ) a@ m) ¥ accordmg to 5. Then,

there are m state- base action pairs {(s ¢y, @i j)) bijem]
at step 2, and each of them is tmggered w1th probability
q(s3y,ag, ;). If triggered successfully, the agent receives
reward 7(s;), a(; ;) and this pair transitions to a next state
54,5y ~ P18y, ag,;y); Otherwise, she receives zero re-
ward and this pair transitions to s . Then, the transitions
at step 2 branch out to m? successor states {s; ;) }i je[m]-
The episode proceeds by analogy at the following steps
3,..., H. In the trajectory tree, once the agent reaches s
at some node, she obtains no reward throughout this branch
(This is so-called “ending state™).

Branching Value functions and Bellman Equations. For

any policy 7, we define value function V;" : S — R, so that
m®H=1)
IHOE DS Z S —)
o-/_
T(SO’EBD'/v aa@a/®l)|sd - 5i| (1)

gives the expected cumulative reward starting from
some state s at step h till the end of this branch, under
policy m. Here o is the index string for an arbitrary state

at step h, and thus o € {1801 @G-}
®(H—h)

> er=p denotes the summation over strings

OJ = ®7<1>""7<m>7<1,1>7 ,<m7m>, _,m@(H_h)’

which effectively enumerates all tree nodes of H —h+1
layers. The expectation is taken with respect to the
trajectory, which is dependent on trigger distribution ¢,
transition distribution p and policy 7.

Accordingly, we also define Q-value function QF : Sx A —
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R, so that
mOH=R)

Qn(s, A) qu[ Z Z 1(So@o, oo et):
o’'=0

T(SU@U'7 aa@a’@@)‘sa =S, Aa =A

denotes the expected cumulative reward starting from some
state-action pair (s, A) at step h till the end of this branch,
under policy 7. From the definitions of r, p, ¢ for ending
state s, we have V7 (s1) = QF (s, A) =0forany A €
A h e [H],x

Since S, A and H are all finite, there exists a deterministic
optimal policy 7* which has the optimal value V;*(s) =
sup, V7 (s) for any s € S and h € [H|. Then, we can
establish the Bellman (optimality) equations as follows:

Q;zr(sa A) = z Q(Sa a) (T(Sa a) +p("5’ a)TVhTT—i-l)
a€A
Vi (s) =Qh (s, mn(s))
Vi, (s) =0, Vs € S,
Qi(s,4) =) a(s,a) (r(s,a) + p(-]s,a) "Viyy)
acA
Vi (s) =max Qj, (s, 4)
Viroi(s) =0, Vs € 8.

Under the framework of branching RL, we consider two
important RL settings, i.e., regret minimization (branching
RL-RM) and reward-free exploration (branching RL-RFE).

Regret Minimization (RM). In branching RL-RM, the
agent plays the branching RL game for K episodes, and the
goal is to minimize the following regret

Regret(K

K
Z Vi (s§) — V™ (s5)) -
k=1

Reward-Free Exploration (RFE). Branching RL-RFE con-
sists of two phases, i.e., exploration and planning. (i) In the
exploration phase, given a fixed initial state sy, the agent
plays the branching RL game without the observation of
reward function 7, and estimates a trigger and transition
model (g, p). (ii) In the planning phase, the agent is given
reward function r, and computes the optimal policy 7* un-
der her estimated model (g, p) with respect to r. Given an
accuracy parameter ¢ and a confidence parameter J, she
needs to guarantee that for any given reward function r, the
policy 7* with respect to r is e-optimal, i.e.,

VI (s057) = V™ (sp57) — €,

with probability at least 1 — §. We measure the performance
by sample complexity, i.e., the number of episodes used in
the exploration phase to guarantee an e-optimal policy for
any given r.

In order to ensure that the number of triggered state-base
action pairs will not increase exponentially and designing
sample efficient algorithms is possible in branching RL, we
introduce the following assumption.

Assumption 1 (Bounded Trigger Probability). For any
(s,a) € S x A™ we have ¢(s,a) < -

m’

To justify the necessity of Assumption 1, we provide a rigor-
ous lower bound to show that once relaxing the threshold of
trigger probability, any branching RL algorithm must suffer
an exponential regret.

Theorem 2. Suppose that for any (s,a) € S x A7,
q(s,a) < q for some threshold parameter § > %
Then, there exists an instance of branching RL with
H>1, where the regret of any algorithm is bounded by
Q mq((mq ) VSNK K).

We describe the intuition behind this lower bound, and defer
the full proof to Appendix C.2.2. Consider a branching
MDP, where at an early step the agent has to distinguish
the optimal action that has trigger probability g, from the
sub-optimal actions that have trigger probabilities only g — 7.
Once the agent takes a sub-optimal action at the early step,
such trigger sub-optimality will impact exponentially many
states in the following steps, and she will suffer a regret
of mn - (mq+m?a* + - -+ m =g =) in this episode,
which is the sum of a geometric progression with common
ratio mq. If § > % summing over all episodes, the total
regret is exponentially large with respect to H.

Besides this lower bound, Assumption 1 is also mild in prac-
tice, since in real-world applications such as recommenda-
tion systems (Fu et al., 2021) and online advertising (Kang
et al., 2020), it is often the case that users are only attracted
to and click on a few items in a recommended list. In addi-
tion, in multi-step (e.g., category-based) recommendation,
the interests of users usually converge to a single branch in
the end (in expectation).

When m = 1, our branching RL reduces to standard
episodic RL (Azar et al., 2017; Jin et al., 2018; Zanette
& Brunskill, 2019) with transition probability p*“€, such
that p*8(s |s,a) = 1 — ¢(s,a) and p*&(s’|s,a) =
q(s,a)p(s’|s,a) for any s’ # s . In this case, our results
match the state-of-the-art results for standard RL in both
RM (Azar et al., 2017; Zanette & Brunskill, 2019) and
RFE (Ménard et al., 2021; Zhang et al., 2021) settings.
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4. Properties of the Branching Markov
Decision Process

Before introducing our algorithms for branching RL, in this
section, we first investigate special structural properties of
branching MDP, which are critical to deriving tight (polyno-
mial) regret and sample complexity guarantees.

4.1. Branching Value Difference Lemma and Law of
Total Variance

Different from standard episodic MDP (Azar et al., 2017;
Zanette & Brunskill, 2019) where a trajectory is an H-step
path, the trajectory of branching MDP is an m-ary tree with
each node a state and each edge a state-base action pair.
Thus, many analytical tools in standard MDP, e.g., value
difference lemma (Dann et al., 2017) and law of total vari-
ance (Jin et al., 2018; Zanette & Brunskill, 2019), cannot
be directly applied to branching MDP. To handle this prob-
lem, we establish new fundamental techniques for branch-
ing MDP, including branching value difference lemma and
branching law of total variance.

First, we present a branching value difference lemma.

Lemma 3 (Branching Value Difference Lemma). For any
two branching MDP M'(S, A" A, m, H,q ,p',r) and
M"(8, A" A m, H,q",p",r), the difference in values
under the same policy m satisfies that

m@H—h

) m
V].ZT((S) — V]{Iﬂ(s) = Z Z]Eq”’p”’ﬂ- [(q,(ST, GT@[)
o'=0) (=1
7q//(57_7 aTEBZ)) '7“(8.,-, aTGBE) + (ql(s‘ra aT@g)p'(sT, a‘r@f)

T
_q//(s‘rv @Teae)p”(sn aT@ﬁ)) V\T@Z\-&-l |50 = 5} s

where T : =0 D o’.

Using Lemma 3 with M’ and M being the optimistic and
true models, respectively, we can bound the difference be-
tween optimistic and true values by the deviations between
optimistic and true trigger and transition probabilities, in
expectation with respect to the true model.

Next, we provide a branching law of total variance, which
is critical to analyzing the estimation error of transition.

Lemma 4 (Branching Law of Total Variance). For any
policy ,

mOEH=1
K
Eq,p,ﬂ[ Z ZVarq,p (V|a@£|+1(5cr€9f)|5mao®£) }
o=0 £=1
m®E=D,

By (3 2 650t (50, 0060) ~ Vis0) | @)

o=0 £=1

m®EH—1)

Eopn|( D n{sﬂésL})Q}. 3)

o=0

Here Var,, <V‘g@a+l(sg@g)|sg, ag@g) denotes the vari-

i@em
depends on trigger probability ¢(s,, a,g¢) and transition

probability p(-|s,, ayee), conditioning on (sS4, Gy ge)-

ance of value V‘ (Soqe) With respect to s,q¢, Which

Remark 1. Lemma 4 exhibits that under branching MDP,
the sum of conditional variances over all state-base action
pairs is equal to the overall variance considering the whole
trajectory, shown by Eq. (2). Furthermore, the overall vari-
ance can be bounded by the total number of regular (trig-
gered) states, revealed by Eq. (3).

From Lemma 4, we have that to bound the estimation error
of transition, which is related to the sum of conditional
variances, it suffices to bound the total number of triggered
states in a trajectory tree (discussed in the following).

4.2. The Number of Triggered States

In this subsection, we show that with Assumption 1 that
only constrains the first moment of trigger distribution, we
can bound both the first and second moments of the number
of triggered states in a trajectory tree.

Lemma 5 (The Number of Triggered States). For any policy
,

m®H=1)

Ep| Y Uss #s1}] <H, @
o=0

Egpr [(m®£l) 1{s, # sl}ﬂ <3H2. (5
o=0

Remark 2. Eq. (4) gives a universal upper bound of value
H-—1
function as V" (s) < [Z;’fé "1 {s0 # SL}:| < H for

any s € S, h € [H|, 7. Moreover, Eq. (5) provides a sharp
upper bound for overall variance, as well as the sum of
conditional variances of transition (by plugging Eq. (5) into
Lemma 4). To our best knowledge, this second moment
result is novel.

Lemma 5 shows that despite the exponentially increasing
nodes in branching MDP, its value and overall variance
(estimation error) will not explode. This critical property
enables us to avoid an exponentially-large regret or sample
complexity.

Novel Analysis for Triggered States. The analysis of
Lemma 5 is highly non-trivial. We first relax all regular
trigger probabilities to %, and then investigate the number
of triggered states for each step individually. While we can



Branching Reinforcement Learning

show that the number of triggered states at each step is a
conditional Binomial random variable, the distribution of
their sum is too complex to express. This incurs a non-
trivial challenge on analyzing the second moment of the
total number of triggered states. To tackle this challenge, we
investigate the correlation of triggered states between any
two steps, by exploiting the structure of branching MDP.

Proof sketch. Under Assumption 1, to bound the total num-
ber of triggered (regular) states for any branching MDP and
policy m, it suffices to bound it under a relaxed model M*
with ¢(s,a) = ¢* := L forall (s,a) € S\ {s.} x A=
Let wy, denote the number of triggered states at each step
h under M*, and w := Zthl wp. Below we prove that

Elw] < H and E[w?] < 3H2.

For h = 1, wp, = 1 deterministically. For h > 2,
q*). According to the prop-
in, for h > 2,

wh|wh—1 ~ Binomial(mwyp_1,
erties of Binomial distribution and ¢* :=

Ewy] =m¢ Elwp—1] =1,
E [(wn)?] =mq" (1 = ¢")E[wn—1]+m?(¢")’E [(wn-1)’]
=(1-¢)+E[(wn-1)*] <h.

Hence, we have that E[w] = 37 E[w,] = H, and

H
Z +2 Z Elw;wj]

1<i,j<H
H(H+1
1<ij<H

Now, the challenge falls on how to bound E[w;w,] for any
1 < 14,57 < H. Let W, be a Bernoulli random variable
denoting whether state s, is triggered for any index string
o. Then, we can write E[w,w;]| as

m®GE=1) m®U-1)
E[( Y wo)-( Y W)
o=1®(—-1) o/=1®(G—-1)
m&U-1)
@ Z
:ml 1E|:W1@(7‘,—1)( Wg-/)i|
o/=190G-1)
m®G-1) m®G-1)
:mz_lE[Wlﬂa(i—l)( E Wg/+ E W[,—/)
o' =1®G—1D) o' =1®G—1)

o' starts with 121 5’ does not start with 19 =1

(%)mifl (mjfi(q*)iflqtjfi 4 mjfl(q*)iflJrjfl)

=9. @)

Here (a) comes from the symmetry of trajectory tree. (b)
is due to that at step j, the children states of s;&-1) have

Algorithm 1 BranchVI

1: Input: confidence parameter §, &' := %6, L =
log(W). Initialize V}¥(s,) = Vi(sy) =
0, Vh € [H], k.

2: fork=1,2,... do

3 forh=H,H—1,...,1do

4: fors e S\ {s,} do

5: for a € A™Y do

6 G*(s,a) + 7:;’“((:;)) boa(s,a) <4 e

7: pE(s'|s, a) + %, Vs € S,

\/ k s/
8: boarVi(s,a) 4 Yary Wi (51)) 1 E;Z'gla() )E +
4\/]E ,[(th+l(n2(s‘;))l+l( ))2]L =+ 32,;15) ;
o: f,lf(&a) — ((jk(s7g) + bP9(s,a))r(s,a) +
qk(s’ a)ﬁk(~|s, a’)TV}ﬁ-l + bk,qu(S’ a);

10: end for

11: Vi (s) < min{maxaca > cafr(s,a), H};

12: Th(s) < argmax e 4 o ,ea [r(5,0);

13: Vi) max{zaeﬂk(s ((¢"(s,a) —
(s, a))r(s, a) + G (s, a)p*([s,a) TV, —
bEaPY (s, a)), 0};

14: end for

15:  end for

16:  Take policy 7* and observe the trajectory;
17: end for

dependency on it and the other states are independent of it,
and E[W,W,/] = Pr[W, = 1,W, = 1] for any o0, ¢’. By
plugging Eq. (7) into Eq. (6), we have E[w?] < w +
4@ < 3H?2. Thus, we obtain Lemma 5. O

5. Branching Reinforcement Learning with
Regret Minimization

In this section, we study branching RL-RM, and propose
an efficient algorithm BranchVI with a near-optimal re-
gret guarantee for large enough K. A lower bound is also
established to validate the optimality of BranchVT.

5.1. Algorithm BranchVI

The algorithm design for branching RL faces two unique
challenges: (1) Computation efficiency. Since the action
space A can be combinatorially large, it is inefficient to ex-
plicitly maintain () function as in standard RL (Azar et al.,
2017; Zanette & Brunskill, 2019); (ii) Tight optimistic esti-
mator. Naively adapting standard RL algorithms (Azar et al.,
2017; Zanette & Brunskill, 2019) and adding optimistic
bonuses on trigger and transition probabilities, respectively,
will lead to a loose regret bound (see Appendix A for de-
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tails). To handle these challenges, BranchVI only maintains
the components of ) function, and uses a maximization ora-
cle to directly calculate V' function. In addition, BranchVI
considers trigger and transition distributions as a whole and
adds a composite bonus.

The procedure of BranchVI (Algorithm 1) is as follows. In
each episode k, we first calculate the empirical trigger and
transition probabilities ¢, p*, a bonus for trigger probability
bk, and a composite bonus for trigger and transition prob-
abilities b*-9PV (Lines 1-1). Here n*(s, a), JX_(s,a) and
PE_(s'|s,a) denote the number of times (s, a) was visited,
the number of times (s, a) was successfully triggered, and
the number of times the agent transitioned to s’ from (s, a)
up to episode k, respectively. Then, we calculate a compo-
nent function f (s, a), which represents the contribution to
value function from each (s, a) (Line 1).

We allow BranchVI to access a maximization oracle
which can efficiently calculate maxae4 >, 4 w(a) and
argmax 4 4 >, 4 w(a) for any vector w € RN (IV :=
| A®+V]). Since the objective function ) , w(a) is linear,
such oracle exists for many combinatorial decision classes,
e.g., all m-cardinality subsets and m-cardinality matchings.
By utilizing this oracle with fF(s,a), we can efficiently
calculate the optimistic value function V;¥(s) and policy
WZ, and further compute the pessimistic value function KZ
(Lines 1-1). After figuring out V;*(s), V., 7 (s) for all s, h,
we execute policy 7% in episode k (Line 1).

Computation Efficiency. We remark that the computation
complexity of BranchVI is O(S2N), instead of expensive
O(S?|A|) as one may suffer by naively adapting standard
RL algorithms (Azar et al., 2017; Zanette & Brunskill, 2019).
This advantage is due to that BranchVI only maintains the
component function instead of the () function, and utilizes
a maximization oracle to directly compute V' function.

5.2. Regret Upper Bound for BranchVI

Now we provide the regret guarantee for BranchVI.

Theorem 6 (Regret Upper Bound). With probabil-
ity at least 1 — 6, for any episode K > 0,
the regret of algorithm BranchVI is bounded by

H
O(H\/SNKlog(w» In particular, when
K > m™ the regret is bounded by

0 (m/sTK log (SN;’”(»

Remark 3. Theorem 6 shows that, despite the exponentially-
large trajectory of branching RL, BranchVI enjoys a regret
only polynomial in problem parameters. For large enough
K such that K > m*, Theorem 6 matches the lower bound
(presented in Section 5.3) up to logarithmic factors. In
addition, when branching RL reduces to standard RL (i.e.,

m = 1), our result also matches the state-of-the-arts (Azar
et al., 2017; Zanette & Brunskill, 2019).

Branching Regret Analysis. In contrast to standard
RL (Azar et al., 2017; Zanette & Brunskill, 2019), we derive
a tree-structured regret analysis based on special structural
properties of branching RL in Section 4.

Using the branching value difference lemma (Lemma 3),
we can decompose the regret into the estimation error from
each regular state-base action pair as follows:

m®H-D

2. 2 X

o=0 (=1 (s,a),s#s

K
Regret(K) < Z W 0(8, a)-
k=1

[ ((jk(&a) - q(sva)) r(s,a)

Term 1: Triggered reward

+ (3 (s, )p" (15, ) — ¢ (s.)p" (15, @) T VE i

Term 2: Triggered transition optimism

+ (@ (s, )" (-1s,a) — a(s,)p(-15,@)) " Vg

Term 3: Triggered transition estimation

(@5, )13, 0)-a(s5, @)pC1s, ) (Vo1 Viseea) |

Term 4: Lower order term

Here wy, ¢ ¢(s, a) denotes the probability that (s, , asar) =
(s,a) in episode k, and §* and j* represent optimistic trig-
ger and transition probabilities, respectively. In this de-
composition, we address the estimation error for triggered
reward (Term 1) and triggered transition (Terms 2, 3) sep-
arately, and consider trigger and transition probabilities as
a whole distribution (in Terms 2, 3). The dominant terms
are Terms 2, 3, which stand for the estimation error for trig-
gered transition and depend on the sum of conditional vari-
ances. Using branching law of total variance (Lemma 4) and
the second moment bound of triggered states (Lemma 5), we
can bound Terms 2, 3 by only O(H?) despite exponential
state-base action pairs.

We note that it is necessary to separately address triggered
reward and triggered transition, and consider trigger and
transition as a whole distribution in bonus design (Line 1)
and regret decomposition. A naive adaption of standard RL
algorithm (Zanette & Brunskill, 2019), which adds bonuses
on trigger and transition probabilities respectively, i.e., re-
placing Line 1 with ff(s,a) « (¢*(s,a) + b"(s,a)) -
(r(s,a) +p"(:|s,a) TV,E | + %PV (s, a)), will suffer an ex-
tra factor v/H in the regret bound. Please see Appendix A
for more discussion.

5.3. Regret Lower Bound

In this subsection, we provide a lower bound for branching
RL-RM which is polynomial in problem parameters and
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Algorithm 2 BranchRFE
1: Input: sy, ¢, 6, B(t, ) := log(SN/k) + S log(8e(t +
1)) forany t € Nand s € (0,1). Initialize Bf (s, )=
0,%h € [H],k and B, (s)=0,¥s €S, k.

2: fork=1,2,... do

3 forh=H,H—1,...,1do

4: fors e S\ {s.} do

5: for a € ALY 3? o).

6 ( ) nk(s a)’

7 prE(s|s,a) + 7315,‘:‘;5(8‘2;1), Vs € S;

8: dsa) e 12p2PO5ad
(1 )dk(sﬂa)ﬁk('lsva)TBhJ,—l( )

9: end for

10: ( ) <= argmax e 4> e gh(s a);

11: Bk( ) < min{maxaca Y ,c4 95(s,a), H};

12: end for

13:  end for

14:  ifde /B (sy) + Bf(sp) < 5, return (g%, p%);

15:  else Take policy 7* and observe the trajectory;
16: end for

demonstrates the optimality of BranchVI.

Theorem 7 (Regret Lower Bound). There exists an in-
stance of branching RL-RM, where any algorithm must have

Q(HVSNK) regret.

Remark 4. Theorem 7 validates that the regret of BranchVI
(Theorem 6) is near-optimal for large enough K, and reveals
that, a polynomial regret is achievable and tight even with
exponentially-large trajectories in branching RL.

Branching Regret Lower Bound Analysis. Unlike
prior standard episodic RL works (Azar et al., 2017; Jin
et al., 2018) which directly adapt the diameter-based lower
bound (Jaksch et al., 2010) to the episodic setting, we derive
a new lower bound analysis for branching RL-RM. We con-
struct a hard instance, where an agent uniformly enters one
of ©(S) “bandit states”, i.e., states with an optimal action
and sub-optimal actions, and hereafter always transitions
to a “homogeneous state”, i.e., a state with homogeneous
actions. Then, if the agent makes a mistake in a bandit state,
she will suffer Q(H) regret in this episode. By bounding
the KL-divergence between this hard instance and uniform
instance, we can derive a desired lower bound.

6. Branching Reinforcement Learning with
Reward-free Exploration

In this section, we investigate branching RL-RFE, and de-
velop an efficient algorithm BranchRFE and nearly match-
ing upper and lower bounds of sample complexity.

6.1. Algorithm BranchRFE

In each episode, BranchRFE estimates the trigger and transi-
tion probabilities, and computes the estimation error B’,fb (s),
which stands for the cumulative variance of trigger and tran-
sition from step h to H. Once the total estimation error
B (sp) is shrunk below the required accuracy, BranchRFE
returns the estimated model (¢*, p*). Given any reward
function r, the optimal policy #* under (G, %) with re-
spect to 7 is e-optimal, i.e., Vi (sg;7) > Vi*(sg;7) — &,
with probability at least 1 — 4.

We describe BranchRFE (Algorithm 2) as follows: In each
episode k, for each step h, BranchRFE first estimates the
trigger and transition probabilities ¥, p* (Lines 2,2), and
calculates the component estimation error gf (s, a) for each
state-base action pair (Line 2). Then, similar to BranchVI,
we utilize a maximization oracle to efficiently find the ac-
tion with the maximum estimation error (the most necessary
action for exploration) to be 75 (s), and assign such maxi-
mum error to BY (s) (Lines 2,2). If the square root of total
estimation error v/ BF(sg), which represents the standard
deviation of trigger and transition for whole trajectory, is
smaller than €/2, BranchRFE stops and outputs the esti-
mated model (¢*, p*) (Line 2); Otherwise, 1t continues to
explore according to the computed policy 7% (Line 2).

The computation complexity of BranchRFE is also O(S%N)
instead of O(S?|.A|), since it only computes the component
estimation error for state-base action pairs rather than enu-
merating super actions, and utilizes a maximization oracle
to calculate 75 (s) and BE(s).

6.2. Sample Complexity Upper Bound for BranchRFE

Now we present the sample complexity for BranchRFE. We
say an algorithm for branching RL-RFE is (9, £)-correct, if it
returns an estimated model (¢, p) such that given any reward
function r, the optimal policy under (g, p) with respect to r
is e-optimal with probability at least 1 — §.

Theorem 8 (Sample Complexity Upper Bound). For any
e > 0and § € (0,1), algorithm BranchRFE is (4,¢)-
correct. Moreover, with probability 1 — 0, the number of
episodes used in BranchRFE is bounded by

0<Hi‘jN <log<sév)+510g(e m )) .C2>,
log ((log (S) + Slog (¢ m)) - 15X,

Remark 5. Theorem 6 exhibits that even with exponentially-
large trajectories in branching RL, BranchRFE only needs
polynomial episodes to ensure an e-optimal policy for any
reward function. This sample complexity is optimal for
small enough § within logarithmic factors (compared to the
lower bound presented in Section 6.3). In addition, when

where C' =
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degenerating to standard RL (i.e., m = 1), our result also
matches the state-of-the-arts (Ménard et al., 2021; Zhang
et al., 2021).

Branching Sample Complexity Analysis. Unlike stan-
dard RL (Ménard et al., 2021; Zhang et al., 2021) which
only bounds the estimation error in a single H-step path,
in branching RL we need to unfold and analyze the estima-
tion error for all state-base action pairs in a trajectory tree.
In our analysis, we utilize special structural properties of
branching MDP, e.g., branching law of total variance (Lem-
mas 4) and the second moment bound of triggered states
(Lemmas 5), to skillfully bound the total estimation error
throughout the trajectory tree. Despite exponentially-large
trajectories, we obtain sample complexity only polynomial
in problem parameters.

6.3. Sample Complexity Lower Bound

Theorem 9 (Sample Complexity Lower Bound). There
exists an instance of branching RL-RFE, where any (6, ¢)-
H2

€

correct algorithm requires §( SN Jog §71) trajectories.

Remark 6. Theorem 9 demonstrates that BranchRFE (The-
orem 8) achieves a near-optimal sample complexity for
small enough 4, and also, a polynomial sample complexity
is achievable and sharp for branching RL-RFE.

7. Experiments

In this section, we conduct experiments for branching RL.
We set K = 5000, § = 0.005, H = 6, m = 2, N €
{10,15}, S = {s1,$1,...,85}. A s the collection of all
m-cardinality subsets of A" = {ay,...,ay}, and thus
|A| = (ﬁ) € {45,105}. The reward function r(s,a) = 1
for any (s,a) € S x A. The trigger probability ¢(s,a) = L
for any (s,a) € S x {ay_1,an}, and q(s,a) = 7 for
any (s,a) € S x A"\ {ay_1,an}. We set s1 as the
initial state for each episode. Under all actions a € A",
the transition probability ¢(s’|s1,a) = 0.5 for any s’ €
{52, 53}, and q(s'|s,a) = 0.5 for any (s,s’) € {s2,s3} X
{84, 85} or (s,8) € {s4,85} x {s2,s3}. We perform 50
independent runs, and report the average regrets and running
times (in legends) across runs.

Since we study a new problem and there is no exist-
ing algorithm for branching RL, we compare our algo-
rithm BranchVI with two adaptations from standard RL,
i.e., Euler-Adaptation (Zanette & Brunskill, 2019) and
e-Greedy (¢ = 0.01). The former uses individual explo-
ration bonuses for trigger and transition, the latter uses e-
greedy in exploration, and both of them explicitly maintain
Q-functions. As shown in Figure 2, BranchVI enjoys a
lower regret and a faster running time than the baselines,
which demonstrates the effectiveness of our exploration

m=2, N=10
—— BranchVI 26.827s
—— Euler-Adaptation 46.342s
—— &-Greedy (£=0.01) 45.677s

m=2, N=15
—— BranchVI 35.199s
—— Euler-Adaptation 87.958s
—— ¢&-Greedy (¢=0.01) 88.890s
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Figure 2. Experiments for branching RL.

strategy and the computation efficiency of our algorithm.

8. Conclusion and Future Work

In this paper, we formulate a novel branching RL model,
and consider both regret minimization and reward-free ex-
ploration metrics. Different from standard RL where each
episode is a single H-step path, branching RL is a tree-
structured forward model which allows multiple base ac-
tions in a state and multiple successor states. For branching
RL, we build novel fundamental analytical tools and care-
fully bound the overall variance. We design efficient algo-
rithms and provide near-optimal upper and lower bounds.

There are many interesting directions to explore. One direc-
tion is to improve the dependency on H in our regret upper
bound (Theorem 6) for small K and close the gap on factors
H, S between sample complexity upper and lower bounds
(Theorems 8,9). Another direction is to extend branching
RL from the tabular setting to function approximation, e.g.,
representing the value function in a linear form with respect
to the feature vectors of state-action pairs (Jin et al., 2020b;
Zhou et al., 2021).
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Appendix
A. Discussion for Algorithm BranchVI

We remark that it is necessary to separately address triggered reward and triggered transition, and consider trigger and
transition as a whole distribution in bonus design (Line 1 in Algorithm 1) and regret analysis (Eq. (13)). A counter example
is discussed below to support this statement.

If one naively adapts standard RL algorithms (Azar et al., 2017; Zanette & Brunskill, 2019), she/he may directly add bonuses
on trigger and transition probabilities, respectively, without separating triggered reward and triggered transition. In this case,
f¥(s,a) (Line 1) becomes:

fr(s,a) ((jk(s, a) + b*(s, a)) (r(s,a) +p"(|s,a) TVIF L+ BPPY (s, a))
Then, in regret decomposition, we will obtain

m®H-D

Regret (K Z S wkeelsa) [pH(s,0) (1(s,0) 4 pC1s ) Vg ) + 007 (s,0)a(s,0)]

o=0 £=1 (s,a),s#sL

Term A

where (a) omits second order terms. Since Term A already reaches O(h) order, further summing over all episodes % and
steps h, we will suffer an extra V/H factor in the final result.

One can see from this counter example that, our bonus design and analysis, which separately handle triggered reward and
triggered transition and consider trigger and transition as a whole distribution, are sharp and enable a near-optimal regret.

B. Proofs for Properties of Branching MDP

In this section, we present the proofs for structural properties of branching MDP, including branching value difference
lemma (Lemma 3), branching law of total variance (Lemma 4) and the upper bounds of the number of triggered states
(Lemma 5).

B.1. Proof of Lemma 3

Proof of Lemma 3. This proof adapts the analysis of Lemma E.15 in (Dann et al., 2017) to branching RL. According to
branching Bellman equations,

V}:ﬂ(sa) V/m( o)

m

@
- Z ( (S0 o00)7 (50, owt) — " (S5, Goae)T (50, doee)

(507 aoEBE)p (50, aaGBZ)TVigrl - q”(sg,aa@g)p”(sg, Aoge) Viilfl)

+4q
m
= Z (q/(sov aa@f)r(sa; aa’EBl) - q”(sa'a ao@[)r(sa, aUEBZ)
(=1

+

q/(sm aa@Z)p/(saa Aoge) — q”(sg, aoEBIZ)pN(SUv aUEBf)) Vh+1

11
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+ (q’(Sw, Uogorae)P (50, Goporae) — 4" (Ste, Gomorae)D (S0, Goporar)) Vh+1}

+ Z Eqr prr Vélzé(so’)_V}:I-:Q,Z(SU’)‘Sh]
o/=192

m&H=R)

Z ZEq " rr[ (So@0’, Gowo @) (Sowo’, Goaorat) — 4" (Somo’s Qoo ®e)T (Sowo’, Gomorae)

T
+ (C] (50690’» aaEBa’éBf)p (SUEBJU aa@fﬂ@f) - q//(SJEBU’a ag@g/@g)pll(sa@g/, CLUEBG’GBZ)) W:@a’@lpﬂ}

B.2. Proof of Lemma 4

Proof of Lemma 4. First, we prove the equality. This proof adapts the analysis of standard law of total variance in (Jin et al.,
2018; Zanette & Brunskill, 2019) to branching RL.

m®H=1)

m
™
Eqpr E E Vars,, . ~q,p (V|g@e|+1(sa@z)|8maa@z)
o=0 (=1
[@®E-1) 0
_ Ty, m
_Eq,p,ﬂ' E § ( |g@e|+1 SUGBK) _Q(saaaa®€)p(sa>aa®€) Vv|a€9€|+1)

m®H-1)
e "5 32 (st ston) + Vigton
2
B (q(s"’a"@f)r(s”’ toer) + q(50, oae)P(Sa, aa@f)TV\Z@e\H) > ]

m®H-1)
()
a Egpx l( Z Z( q(So, aoer) (sg,ag@e)-i-v‘geag‘_,’_l(sg@g)

2
- (Q(Sm GU@Z)T(SU, aa@[) + Q(Sm aa@l)p(saa GU@Z)TV\?,T@QH) )) ‘|

[y meE=-1) mO®EH=1 m®H—1) 2
(b)
o ( 2 D doaoedroarad t 3 3 Viennloeod = 3 Vil )
o=@ {=1

m®EH-1) 2

=Lq,p,m Z Zq(smag@g)r(sg,a(,@g) = Vi"(sp)
o=0 (=1

Here (a) comes from the Markov property and that conditioning on the filtration of step h, the triggers
and transitions of state-base action pairs at step h + 1 are independent. (b) is due to that V‘ ‘ +1( o) =
Sy (q(sa7 a5e0)7(Sos Goae) + q(Sq, ag@g)p(sa,ag@g)TV'%MH) and we can merge the m terms of state-base ac-

tion value into V|7, (s5).

Now, we prove the inequality.

m@®HE-1

Eqp,x Z Z (S, aowe)r (S, acae) — Vi (sp)
= =1
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®(H-1) 2

S]Eq,pnr Z Z Q(Sm aa@é)
o= (=1

[ /e, 2
=K Z Z ( Soaaa@é ]]- {5(7 Sl} + q(567a0@€)1 {50' - SL})
© [ /met-n 2
a
% (7S S

[ /-1 2
—E > 1{s, #s1}

o=0

where (a) is due to Assumption 1 and ¢(s,a) = 0 for any a € A",

B.3. Proof of Lemma 5

Proof of Lemma 5. Under Assumption 1, to bound the total number of triggered (regular) states for any branching MDP
and policy , it suffices to bound it under a relaxed model M* with ¢(s,a) = ¢* :=  forall (s,a) € S\ {s1} x A™,
Let wy, denote the number of triggered states at each step ~ under M*, and w := Zthl wp,. Below we prove that Ejw] < H
and E[w?] < 3HZ.

For h = 1, wy, = 1 deterministically. For h > 2, wp|wp—1 ~ Binomial(mwyp_1,¢*). According to the properties of
Binomial distribution and ¢* := L, for b > 2,

E[wn] =mq¢*Ewp_1] =1,
E [(wn)?] =mq"(1 = ¢")E [wh—1] + m*(¢")’E [(wn-1)]
=(1—-¢")+E [(wh1)?] <h
Hence, we have that E[w] = Zle Elw,] = H, and

H
E[w?] = Z]E wn)? +2 Z Elw;wj]
h=1 1<i,j<H

H(H+1)
HELD 5 3 Bl ®)
1<i,j<H

Now, the challenge falls on how to bound E[w;w;] forany 1 < i, j < H. Let W, be a Bernoulli random variable denoting
whether state s,, is triggered for any index string 0. Then, we can write E[w,;w;] as

m®G—1) m®G-1
B> wo) (Y W)
o= 10(i—1) o/ =180 —1)
m®G—1)
(ﬁa)mi—lE I:Wlea(i—l) ( Z Wg'/):|
o/=1®G—-1)
m&U-1) m®U-1)
:mi*IE[Wlea(i—l)( Z Wy + ZW,,/)
o/ =10G-1) /=186 1)

o' starts with 121 5’ does not start with 19 —1)

(%)mi—l (mj—i(q*>i—1+j—i + mj_l(q*)i—l-i-j—l)
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Here (a) comes from the symmet:r%'of trajectory tree. (b) is due to that at step j, the children states of s;@q-1) ha(x?g
dependency on it and the other states are independent of it, and E[W,W,/] = Pr[W, = 1,W,, = 1] for any 7,0’. By

. . H(H+1 H 1
plugging Eq. (9) into Eq. (8), we have E[w?] < ( 5 ) 4 4 HC ) < 3H?. Thus, we obtain Lemma 5. O

C. Proofs for Branching RL with Regret Minimization

In this section, we prove the regret upper bound for algorithm BranchVI (Theorem 6) and the regret lower bounds for
Branching RL-RM in cases with Assumption 1 (Theorem 7) and without Assumption 1 (Theorem 2).

We first introduce some notations. Let Bernoulli random variable X, ¢(s, a) denote whether (s, a) was visited at indices o
S(H-1)
and o & ¢, respectively, in episode k, and wyy¢(s, a) := Pr[Xpqe(s, a)]. Let Xi(s,a) :=>"" 4 Z;n 1 Xioe(s, a) de-

note the number of times that (s, a) was visited in episode k, and wg(s, a) := E[X(s,a)] = Z;n:@ Z/ 1 Woo(S,a).

Letn,(s,a) := 3", _;. Xiwoe(s, a) denote the cumulative number of times that (s, a) was visited at indices o and o & ¢,

respectively, up to episode k. Let n*(s,a) :== 3", . >, > vy Xkoe(s, a) denote the cumulative number of times
that (s, a) was visited up to episode k.

+1

In the following proofs, we make the convention that when m = 1, ’”I:ni_l_m := H. Then, we have Xj(s,a) <

9 H _ mH+1_,
m+m?*+---+mt = 2—" forany m > 1.

C.1. Proof of Regret Upper Bound
C.1.1. CONCENTRATION

In the following, we present several important concentration lemmas and define concentration events.
Lemma 10 (Concentration of Trigger).

SNH(mHVEK)
° ) V(s,a) € S\ {51} x A™ vk € [K]| >1 - 26

lo
00— atm] < ] "2 —

H+1

Proof of Lemma 10. Since n*(s,a) < ™
n*(s,a), we have

— K, using the Hoeffding inequality with a union bound over (s, a) and

10g<SN . mi:ll_mK) '
)| <2 V(s,a) €S\ {51} x AMY vk e [K]| >1— 25

*(s,a) — q(s,a
(s ) ~ g o

1t m” 7_"7 < K, then we have

H+1l
log(SN-m 1mK> §2log<SNHK)

o’ m— o’
If m2 7_"7 > K, then using ﬂ < Hm?2H  we have
SN mi+l_py SNHm?2H
I — K ) <21 _—
SNHm
<4log ( 5 )

Combining the above two cases, we have

H+1 _ H
log SN m m <4log SNH(m" v K)
¢ m—1 o
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Therefore, we have

log (SNH(?HVK))

1§"(s,a) — q(s,a)| <4 ,V(s,a) € S\ {s1} x A™ Vk € [K]| >1-2§

nk(s,a)

Lemma 11 (Concentration of Triggered Transition).

Vary <q,p (V}TH(S/)) log (%/HVK))

nk(s,a)

Pr |[(@*(s. @) (ls,0) = a(s a)p(-ls, @) " Vi | < 4

AH log (*SNH(Z,LHVK))

nk(s,a)

+

,V(s,a) € S\ {s1} x A™Y Vk € [K]] > 124

Proof of Lemma 11. Using the similar analytical procedure as Lemma 10 and the Bernstein’s inequality, we can obtain this
lemma. -

Lemma 12 (Concentration of Variance).

\/Vars ~qp h+1 \/Vars ~q,p (Vh+1( )) </Esnigp [(th+1(3/) - ij+1(3/))2}
|

log (SNH(Q}H\/K) )

nk(s,a)

+8H

 V(s,a) €S\ {51} x AWV Wk [K]] >1 - 28 (10)

Proof of Lemma 12. Using the similar analytical procedure as Lemma 10 and Proposition 2 (in particular, Eq. (53)) in
(Zanette & Brunskill, 2019), we can obtain

log (%f*vm)
’\/Varswqp (s \/Varqup(VhH( ))‘ <8H nk (s, a) ;
W(s,a) € S\ {51} x A vk € [K]] >1-20 b
With probability 1 — 24, for any (s,a) € S\ {s.1} x A™V and k € [K], we have
\/Vars ~G,p (Vh+1 \/Vars ~q.p (Vh+1( ))‘
'\/Vars ~ap (VEL (s \/Vafs ~ap (Vi (s /))’
‘\/Vars ~ap (Vi (8 \/Vars ~ap (Vi (s ))’
SNH(mHVEK)
(a) log (™5
</ Varg g5 (Vh“( ") — Vﬁkﬂ(sl)) +8H ( nk(s,a) )
log (w
_ N 2 6
<\/ES’~é,ﬁ [(Viﬁl(s') = Vita(s)) } +8H nk (s, a) )

where (a) uses Proposition 2 (in particular, Egs. (52)) in (Zanette & Brunskill, 2019) and Eq. (11).
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To summarize the concentration lemmas used, we define the following concentration events:

log (SNH(m"VE)
<4 ( " )
nk(s,a)

Eui = |(jk(s,a) —q(s,a (s,a) € S\ {51} x AV Vk € [K]

Varg wq,p (V}TH(S/)) log (%/HVK))

[(@(s, )" (s,0) = als, )p(Cls, ) " Vi | <4

5trans =

n*(s,a)
4Hlog <SNH($HVK)) v S A YE € [K
+ nk(s’a) ) (s,a) € \{SJ-} X ) € [ ]
) 2
’\/Vars ~ap ( V(s \/Vars ~a ( Vi (s ‘ \/]ES ~d | Vi (s) = Vi (s s)]

log (SNH(:;/LH\/K) )
8H v
i i(s.a)

(s,a) €S\ {s.} x A™V Vk € [K]‘|
E =i N Eans N Evar
Lemma 13. Letting §' := g, the concentration event £ satisfies that
Pri]>1-60=1-¢§
Proof of Lemma 13. We can obtain this lemma by combining Lemmas 10-12.

C.1.2. VISITATION

Below we present an important bound on visitation, which will be used in the proof of Theorem 6.

Lemma 14 (Regret Bound of Visitation). Suppose that the concentration event £ holds. Then, it holds that
K m®@WH-1
SO Y Y e < sviog ()
nk(s,a)
k=1 o=0 (=1 (s,a),s#sL
Proof of Lemma 14.
—1)

k=1 o=0

m®HE-D

1
Z Z (S0,a0@e)~TE |: k -1 {SU 7é SL}
=1 o=0 (=1 k(s

m

B aUEBZ)

wMN

m

2. 2 w’”’”
k(s )
’I’LSCL

= (

=1 (s,a),s%s.

p"qx

Ex, wrk Z Xk (s, a)

1 (s,a),s%#s 1

=Ex, < Z Z X(s D)

(aa) s#s) k=1

(S a)

b
I

1
| Y Y X
| (s,a),s7#s1 k=1 Dk Xwr(s,0)

K
<Ex, ~rk Z log (Z Xk(s,a)>
k=1

_(Saa)##él
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2 3 1og<Ekak liXk(s,a)D

(s,a),s#s 1 k=1
(b)
<SNlog(KH),
where (a) uses Jensen’s inequality, and (b) is due to that for a fixed (s,a) such that s # s;, E[Xg(s,a)] <
m@H-1) ) . . S
E[ZU:@@ 71 {ss # s1}] < H, since a single base action cannot be chosen twice in a state.

O

C.1.3. OPTIMISM AND PESSIMISM

Next, we prove the optimism and pessimism of the constructed value functions in algorithm BranchVI, and bound the gap

H
between optimistic and pessimistic value functions. Recall that L := log (%,VK))

Lemma 15 (Optimism). Suppose that the concentration event £ holds. Then,

Vi(s) < Vi (s) < VF(s), Vs € S,h € [H], k € [K]

Proof of Lemma 15. We prove this lemma by induction. Since Vi (s) = Vi, (s) = Vi 1(s) = 0,Vs € S, it suffices
to prove that if Vi, (s) < V;¥(s) < V£, (s),Vs € S, then Vi (s) < Vi (s) < ViF(s),Vs € S.

First, we prove the optimistic direction, i.c., V(s) > V;*(s), Vs € S. In the following, we prove QT (s, A) > Q% (s, A)
forany s € Sand A € A. If sz(s, A) = H, then Q;{k (s,A) = H > Qs (s, A) trivially holds. Otherwise,

sz (87 A) Z Z ((qk(87 a) + bZ(S, a)) T(87 a) + qk(& a)ﬁk("s’ a)T‘_/th + bzpv(& a))

I _ Vary g5 (Vi (s") L
ok gt ok N Tk 1y 3.0 Vi1
(q (s,a) + (s, a) r(s,a) +q"(s,a)p"(:|s,a) Vi'yy + n* (s, a)

JES/NM {(Vh’:l( ") = Vigals )ﬂ 36HL>

n*(s,a) (s,a)
> 3" ((ats.apr(s.a) + @ (s, a0 (Lo @) TV + 4y | (yNVaro g (V5 ()
acA n(s,a)
[ Be~an {(V}f“( )= Vh+1 +8H nk(i,a >+ ngzLa )
(@) o " _ Varg wqp (Vi1 () L 4HL
ZGGA q(s,a)r(s,a) + §"(s,a)p"(:[s,a) Vi + 4\/ (s, a) + (s, )

where (a) is due to the induction hypothesis and Lemma 12, and (b) comes from Lemma 11.

Then, we have

Vii(s) = Qi (5,7 (5)) = Qi (s, 7" (5)) = Qi (5,7 (5)) = Vi (s)
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Now, we prove the pessimistic direction, i.e., V. (s) < Vi*(s), Vs € S. If V(s) = 0, then V} (s) = 0 < V;*(s) trivially
holds. Otherwise,

KZ(S) = Z (((jk(&a) - bZ(Sva)) T(Sva) + (jk(s,a)ﬁk(~|s7a) Vh+1 - bzpv(sva))

a€A
L . Vary . (V. () L
~k ~k ~k Tk s/ ~G,p ht1
i Zm((q ot mm)’““’“”“s’a)p (ls-a) Vm—‘M " (s.a)
2
Y k
A Egngp |:(th+1(5,) _Kh+1(sl)) }L 6L )

nk (s, a) " nk(s,a)

> <q<s,a>r<s,a>+qk<s,a>zs’“(~|s,afvz+l—4,/n,c(Warmp(m( )
a€mk(s)

e[ (e ) ) - )

Varg oy (Vin()) L 4HEL
nk(s,a) nk(s,a)

< 3 | als.a)r(s.0) + @ (s, ) (s, @) Vi — 4¢

acmk(s)

< Y (als,a)r(s.a) + als, ap(ls.a) TV,

a€mk(s)
=Q} (s, 7" (5))
<Q(s, 7 (s))
=Vi (s)
O

Lemma 16 (Gap between Optimism and Pessimism). Suppose that the concentration event € holds. Then, it holds that

m®E=h)
UZ@ Z]E 170HL\/ ’“(sa@gfag@g/@z) 1 {sem0r Se = 577r’€] .
In particular,
meB(H D
V() -V Z ZE 170HL (sfaa@z) 1{sy # 51} ‘s@ — s,wk]

Proof of Lemma 16. According to the construction of optimistic and pessimistic value functions, we have

\_/h (s,a) +bi(s,a)) (s, a) + " (s,a)p"(-|s,a) T V¥, +bzpv(s7a)
+
aGA (12)
Vi Z( (s,a) = b (s, ) (s,) + 3" (5, )0" (s, @) Vi s — b7 (5,0))
acA
Then,
Vit (s) = Vi () < 3 (208(s,0)r(s,0) + 6 (s, )" Cls, ) T (Viky = Vi ) -+ 2607
h Vo = Sy ) §"(s,a)p”(-|s,a) ht1 — Y1) + 20 (s,a)
acA

<Y (s () + 2 (s,0) + (5,008 (s ) (Vi -~ Vs )
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Is/ g, p Vk 1 s')) L
< Z (81 / 7nk(§ a)r(s, a) + 8\/Va nk((sh;) (+9)
acA ’ ’

Egngp [(V}ﬁ.l( ) - Vh+1( ))2]1’ T2HL

nk(s,a) nk(s,a)
)

L Varg:~q,p (V;f+1(s’)) L
< -
‘Z <8\/ ) +8\/ nk (s, a)

_ 2
]Esl"’q?]; |:<th+1(31) - Zfb-ﬁ-l(sl)) :l L 136 HL

nk(s,a) nk(s,a)

T8 0 (s, )t Cls, )T (Vi - vzﬂ))

+ 16

+als,ap(fs,0)T (Vi = Vi)

+ (@ (s, )" (1s,0) = a(s, a)p(-1s,0) " (Vi —v2+1)>

)
= Z \/7 (s,a) + 8\/Varslqupk(vf?+1(3')) L
acA ) n (S,CL)

_ 2
Egg,p [(thﬂ( N — Vh+1( )) }L L36HL o k
nk(s,a) * n*(s,a) +a(s,a)p(]s, a) (Vh+1 - Kh+1)

+ 16

+ 113" (s,a)p" (15, a) — a(s,a)p(ls, @)L Vies = Vit lloo

3 (3o S
acA

ke T @pCls )T (T - Vi)

nk(s,a)

S - K
< (170HL F(s.a) +q(s,a)p(-|s,a) (thﬂ - Kh+1) )

< Y iEll?OHL\/nk( & 1 {5060

Sodo’ aa‘EBU’EBZ)

So = 8, 7Tk:|

sp = S,7Tk‘|

Thus,

meH-1

Vi(s) -V Z ZE 170HL S 1{s, #s.}

(80, ao’@f)

O

Lemma 17 (Cumulative Gap between Optimism and Pessimism). Suppose that the concentration event £ holds. Then, it
holds that

K mO®HE-1

S Y Y wersa) Y alsap(s' s a) (V) - V() < 28000mH LN

k=1 o=0 (=1 (s,a),s#sL s’
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Proof of Lemma 17.

m

K
3 S ) &Mm—mmﬂf

k=1 o=0 (=1s"#s

2. imww{W&mw—wﬂmwﬂ

gimz Eq, ot [(th(sa) —v;j(s(,)ﬂ
k=1 o=0
K m®E-1)
=y E,, ok {((hk(sg) _Kf‘l(sg» s, £ SL})2:|
i k;l @t(;:@l) o : 2
S; Uz% ;ES ok Jl{sg;éu}.;::w ;E 17OHL\/TL’“(SU@J/7CLJ@U/@Z) 1 {5000 £ 51} |50, ]

K mO®H-1 . 2

S

272

<28900H>L ]; z%) ;Esgwk 1{s; #5,} E ( )Z# Xi(s,a) "R (5.0)
= o= = 8,0),8FS 1L

K m@WH-1 2

=28900H°L*> > D Ey o [(I{se #s1 D |E| Y. Xi(s,a) nk(ia)

k=1 o=0 (=1 (s,a),s7#s 1
K [ S 2m@(H71) m
_ 212 2
=28900H°L ;; E ! )Z; Xi(s,a) T sd) z%) ;Esgwk [(]1 {so #s1}) }
= 5,a),8#S | o= =

<928900H>L?

]~
=
M
s
CIJ
&
:ET‘
=@
8

k=1 | (s,a),57s 1

®) K S
<28900mH*L*) "E Z Xi(s,a)
k=1 (s,a),8%#s 1

=28900mH*L?SE Z ZXk (s,a)
(s,a),s#s1 k=1

(©)
<98900m HA*L3S2 N

@)

Xi(s,a)| <mE[D ., 1{s, # s1}] < mH and (c) comes

where (a) uses Lemma 16, (b) is due to [E [Z(Sﬂ)ﬁiﬁ

from Lemma 14.
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O

C.1.4. PROOF OF THEOREM 6
Now we prove the regret upper bound (Theorem 6) for algorithm BranchVI.
Proof of Theorem 6. Suppose that the concentration event £ holds.
For any k € [K] and (s,a) € S\ {si} x A™Y, let ¢"(s,a) := ¢"(s,a) + bi(s,a), ¢"(s,a)p"(-|s,a) " V}F | =
§"(s,)p*(s,0) "V, + 0V (s, ).
Step 1: Regret decomposition. Using Lemma 3, we can decompose Regret(K) as follows:

K

* ‘n'k
Regret(K) = Z (Vl (s) =V (s))
k=1
K —
=3 (V) - v ()
k=1
K mO®HE-1) .,
= Z Z ZE[ (qk(sm Aoge) — Q(vaad@f)) 7(So; Goae)
k=1 o=0 (=1
- T 5k

(0 (50, a000) 8" (150, 6000) = 4(50, G0e0)P (150, 0500) | Vit

K m®WH-1 q

XX 2 2wl

k=1 o=0 (=1 (s,a),s#s.L

5k _ ~k T &

[(q (s,a) q(s,a)) r(s,a) + (q (s,a)p ( s, a) q(s,a)p(-\s,a)) Vi

K m®WH-1 oy

Z Z Z Z Weee(S, ) [ (§"(s,a) — q(s,a)) (s, a)

k=1 o=0 (=1 (s,a),s#s, Term 1

- T - . T s
+ (0" (s, )" (]s,a) = 4" (s, @)p" (-]s,a))  Viips + (°(s,a)p" (s, @) — a(s,@)p('[s, @) " Vi
Term 2 Term 3
T/ *
+ (0" (s, )" (15, @) — als, )p(ls,0)) " (Vi = Vi) | (13)

Term 4

Step 2: Bound the bonus term for triggered rewards — Term 1.

m®H-D

K
Termlzz Z:@ ;( )z:# wkaé(sva)((qk(saa)_Q(Saa))r(Saa))

m®EH-D

K
o (LRI e )
= 1(s,a),s7#s1 ’

m@EH-1

K
:82 Z Z Z Wkeo(S,a) nk(?a)r(s,a)

k=1 o=0 {£=1(s,a),s#s.

K m®H-1) weor (5, 0) K m
<SVL (>0 > ; > ;gfsa > > Wkot(s,a)r?(s, a)

k=1 o=0 =1 (s,a),s#s1 k=1 o=0 (=1 (s,a),s#sL

m®(H-1)
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K m®H-1) m

SBLSNY T > Y E[1{sh, #5.}]

k=1 o=0 (=1

(a)
<8LVmSNHK, (14)

where (a) uses Lemma 5.

Step 3: Bound the bonus term for triggered future values — Term 2.

eE-1)

Term 2 —Z Z Z Z w;wg(s,a) (qk(s a) |8 a) — q (S Cl) ( |s a))T V}ﬁrl

k=1 o=0 (=1 (s,a),s#sL

K m®WH-1 At (VF (s Esivgp (th+1( ') — Vh+1( ))2 L
_Z Z Z Z Wiee(S,a) <4\/V s Nq;fk((‘;h;-;( ))L+4 |: oo ]

k=1 o=0 (=1 (s,a),s#s1L

Esng,p [(th+1( )= Vias >)2}L

K m®UH -1
@ Varg g p (Vi1 (8) L
SZ Z Z Z Wroe(s, a) (4\/ n* (s, a) +8 nk(s,a)

k=1 o=0 (=1 (s,a),s#s.

_ e Varg/~q,p (V}j+1(3/)) e & Wiot(s, @)
S S D S e OV DYDMo

k=1 o=0 {£=1 (s,a),s#s. k=1 o=0 (=1 (s,a),s#s1

_ 2
K m®H=D m Egngp |:(fo+1($/) _Kflﬁ-l(sl)) } L

+SZ Z Z Z Wroo(S, @) nk (s, a)

k=1 o=0 (=1 (s,a),s#sL

K mOH=-1) mqm m®(H -1

K ) m
§4\/Z Z Z Z Z w’:l:fssaa ’; Z Z Z wko’Z(S, a)Varsl,\,q’p (V}:<+1<s/))

k=1 o=0 (=1 (s,a),s#sL o=0 (=1 (s,a),s#s

K mO®EH-1)

coHLY YD Y ednd

k=1 o=0 (=1 (s,a),s#sL

_ 2
K mOEH=-1) Es’wtj,ﬁ |:(V}f;r1($/) —Kﬁ+1(s’)) :| L

B D 2 2 wesa) (s, a)

k=1 o=0 (=1 (s,a),s#s.

() H mh
<AL SNZ]EM D> Vargeg, (Vi (s)) | + 68SNHL?
h=1/¢=1
_ 2
K mOU0 Evmi | (o (8) ~ Via(s)) | £

+SZ Z Z Z Wroo(s,a) n* (s, a)

k=1 o=0 (=1 (s,a),s#sL
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_ 2
Km0 Eygp {(Vh’ﬂrl(s’) ~ V() } L
< 4LV3SNKH? + 68SNHL? + 8 o
VSN + 53 b D pRTwINs e ,
k=1 o=0 [(=1(s,a),s#s
Term 2.1
(15)
where (a) uses Lemma 12, (b) comes from Lemma 14 and (c) is due to Lemma 4.
Then, we bound Term 2.1 as follows:
Term 2.1 (16)

Tl k 2
nLeB(H—l) m Es’wtj,ﬁ |:(Vh+1<8/) Vh+1( )) :| L

K
=2 >, 2L wils0) (s a)

k=1 o=0 (=1 (s,a),s#sL

<\/E K m®H=1) 4y ’wkgz(S,a)’
< > Y e

k=1 o=0 (=1 (sa)s#s.

Y Y el @ @ Clsa)T (T () = Vi ()

k=1 o=0 (=1 (s,a),s#sL

S\/Z Z wlwg(s,a).

k
k=1 o=0 (=1 (s,a),s#s. n (S,CL)

S kel @)als,apCls, )T (Vi () — Vhi () +

(s,a),8751

1:

\IZ Z Z Wiee(s,a) (GF(s,a)pk(-|s,a) — q(s,a)p (-|8,Cl))—r (Vﬁl(s/) VZH( /))2>

k=1 o=0 (=1 (s,a),s#s,

K m®H=-1) m 2
J Z Z wkgg(s,a)q(s7a)p(~|s7a)—'—(1_/}f+1(s’) Vﬁﬂ( )) +

K m®H-1) gy
§ § ’Lng[(S,a)

k=1 o=0 (=1 (s,a),s#sL

(3 (s @) (1s.0) — a(s.a)pC[s,) " (Vy () = V()

)

K m®H=1) 2( )
Wrot(S,a
= . Z Z nk (s, a) ’

(J S Y wnlsa)alsapCls.a)T(Vh () - Vi () +
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K mO®H-1) m
S D wkels,0) (@ (s, (s a) — als,)pCls, @) (Vi () = Vi (s /))])

k=1 o=0 (=1 (s,a),s#s1
(2)
<VIVSNL (\/28900mH4L352N - \/I?\/ 17052NH2L2\/mL>

<184SNH?L*VmSL (17)
where (a) comes from Lemmas 14,17 and Eq. (20) (the upper bound of Term 4).

Plugging Eq. (17) into Eq. (15), we obtain

e B o | (Va9 - V()] 2
Term2 =4LV3SNKH?>+68SNHL*+8> > > > wioi(s,a) o a)
k=1 o=0 {=1(s,a),s#s, ’
Term 2.1
<8HLVSNK + 68SNHL? + 1472SNH?L>*V/mSL
<8HLVSNK + 1540SNH?*L?*vVmSL (18)

Step 4: Bound the estimate deviation term for triggered future values — Term 3.

K m@WH-1

TermB:Z Z Z Z Woo(s,a) (G (s, a)p® (s, a) — q(s,a)p(-|s,a))TV,:‘+1
k=1 o=0

£=1 (s,a),s#s 1

K m i Varg gy (Vi (8)) L 4HL
SIS0 Sl st P L A

k
k=1 o=0 (=1 (s,a),s#s. nt(s, a)

K mO®H-=-1) m w s, a K m®H=-1) m
kd[ *
<4\/E Z Z Z nk 3 a Z Z Z Z ’LUka-g(S,a)Vars/qu (Vh-‘rl(sl))
k=1 o=0 (=1 (s,a),s#s, k=1 o=0 (=1 (s,a),s#sL
K EB(H 1) m ( )
Wroe\S, A
PHLY S S S
k=1 = =1 (s,a),s#s 1 ’
K H mh
AL\ SN B |30 Vargeg, (Vi (s) | +4SNHL?
k=1 h=1¢=1
(a)
<AIV3SNKH? + ASNHI?
<8HLVSNK +4SNHL?, (19)

where (a) comes from Lemma 4.

Step 5: Bound the second order term. — Term 4.

K m®&UW-1
Term 4 :Z Z Z Z Wieo(S,a) (qk(s a)p ( ls,a) — q(s,a)p (~|5,a))T (V,ﬁ_l — V;:‘H)
k=1 o=0 {=1(s,a),s#s.

m®E-1

K

X X X wele ) L () ol )p(s e 0) () - V()
k=1 o=0 (=1 (s,a),s%s1 s’
K
2

m®H-D

Z Z Z Wroe(s,a Z ’q s,a)p”(s']s,a) — q(s,a)p (s’|57a)’ . (X_/,f+1(s’) — V}TH(S/))
o=0

=1 (s,a),s#s 1

IN
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59 >3 Y o)

£=1 (s,a),8#s 1

\/ s,a)p(s']s, a)T(;c(Tg7q0L()S7a)p(S/|57a))L + nk(i a)) (Viﬁrl(s/) —Kfﬁl(sl))

Z > wkee(s, a) Z W(thH( ") = V(s ))

k=1 o=0 (=1 (s,a),s#s.

. HL
+Z Z: z_: Z wka@(sva)Zm

q(s,a)p(s']s;a) (- 2
< Z o) LS EEGEE ) (V) ~ Vi ()
k=1 o= ,a),s
Ko SHL
DI S S SRS
k=1 o=0 (=1 (s,a),s#s, ’
| & me D Wkoe(S,a)
kot\9,
SSLZZZ Z nk(sa).
k=1 o=0 (=1 (s,a),s#s1 ’
K m@(H—l) m 9
Z Z Z Z wkaé(&a) ZQ(sva)p(sl|Sva) (th+l(8 ) VZ+1( /))
k=1 o=0 (=1 (s,a),s#sL s’
Term 4.1
K m®H-1 ( )
Wkot\S, @
pery. Y Yy Ml
k=1 o=0 (=1 (s,a),s#s1 ’
(a)
<VSLVSNLV28900mHAL3S2N + SN HL?
<170S*NH?L*VmL (20)

where (a) is due to Lemmas 14,17.

Finally, we combine the upper bounds of Term 1, Term 2, Term 3, Term 4 and the minimal regret contribution to bound the
total regret.

Plugging Eqs. (14),(18),(19) and (20) into Eq. (13), we have
Regret(K)

K mO®HE-1 .

SZ Z Z Z wkgg(s,a)[(éjk(s,a) — q(s,a)) r(s,a)+ (qk(s a)p ( |s,a) — ¢ (s a)p ( |3, a))T‘_/th

k=1 o=0 (=1 (s,a),s#sL

Term 1 Term 2

+ (" (s, )" (15, 0) — als, @)p(1s,0)) " Virps + (@ (5,000" (s, @) = als,0)pC s, @) " (Vi = Vi) |

<8LVmSNHK + 8HILVSNK + 1540SNH?L>VmSL + 8HILVSNK + 4SNHL?
+170S2NH?L*VmL

-0 (HLW)
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Step h = 2 X; Herei,i' € [S—3]
. Take optimal action 4; (x;)
Steph =3 sy S, Sy s, or suboptimal action A # A; (x;)

seph=4 @ ©® © © © © O

S1 S1 S22 S22 S22 S22 Sy S1

Figure 3. The constructed instance with m = 2 in regret lower bound analysis.

C.2. Regret Lower Bound

In this subsection, we prove the regret lower bounds for branching RL-RM in cases with Assumption 1 (Theorem 7) and
without Assumption 1 (Theorem 2).

C.2.1. PROOF OF THEOREM 7

Proof of Theorem 7. As shown in Figure 3, consider a random instance as follows: There are N base actions, i.e.,
i . N 3 3 — — —
A = ay,...,an}, and d := - super actions, i.e., Ay = {a1,...,am}, A2 = {amy1,...,02m}, ..., Aq =

{@m(d-1)415- -+, ama}. The action setis A = {A;,..., Ag}. The state setis S = {51, 51,52, 1,...,T5-3}.
The trigger probabilities are as follows: ¢(s1,a) = ¢(s2,a) = a+nand q(s,a) = 0 for any a € A™.

The transition distributions are as follows: s is the initial state. p(x;|s1,a) = ﬁ for any a € A™. p(sg|z;,a) =1 for
any a € A*™ i € [S — 3]. p(s2|s2,a) = 1 and p(sy|sy,a) = 1 forany a € A,

The reward function is only dependent on the current state. 7(s,a) = 1 forany s € S\ {s. },a € A, and r(s ,a) =0
for any a € A7,

The randomness of this instance is as follows: for each z; € {x1,...,xs_3}, we uniformly choose an action A,(x;) from
Aq, ..., Aq as the optimal action. Let g(z;,a) = a+nforalla € A;(x;), and ¢(x;,a) = aforall a ¢ A;(x;). Let
a+n= %

In words, in each episode, at step 1, an agent starts from state s; and takes an action that contains m base actions, where
each base action has trigger probability a4 7. For each state-base action pair at step 1, if triggered successfully, it transitions
to x; € {z1,...,xr5_3} with probability ﬁ; Otherwise, if triggered successfully, it transitions to ending state s . At step
1, in a bandit state x;, the agent takes an action A € A that contains m base actions, where each base action has trigger
probability o + nif A = A;(x;), and has trigger probability only « if A # A;(x;). At step 2, for each state-base action
pair, if triggered successfully, it transitions to so; Otherwise, it transitions to s . At step 3, starting from state s, the agent
takes an action where each contained base action has trigger probability « + 7. For each state-base action pair at step 3, if
triggered successfully, it still transitions back to so; Otherwise, it transitions to s . The following steps 4, ..., H are similar
to step 3, where the agent starts from sy and transitions back to s, or transitions to s .

The optimal policy 7, is to take action A;(z;) at state x;, and we have

K
E[Revard™] =E | > V(s1)| = K (m(a+n)+m*(a+n)?+---+m"(a+n") = HK 1)
k=1
Fix an algorithm A. Let 7% denote the policy taken by A in episode k. For each z; € {z1,...,75_3}, let TyiAj(zi) =

S L{n"*(x;) = A;(2;)} denote the number of episodes where A chooses A;(z;) in state x;. Then, the number of
episodes where A chooses suboptimal actions in state z; is K — 1%, 4, (x,)-

K k
> (31)]
k=1

E[RewardA] =E
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S—3 d
1
=1 j=1

+ (K =Ty, 4,(21)) (m?(a+n)a+m?(a+n)ala+n) + - +m" (a+n)a(a+n)"?) }

S5-3 d
1
=Km(a 1)+ ggig 3 3 B[Teu oy (2t 0 oo tm )
i=1 j=1
+ (K =Ty, a;(2)) (m*(a+n)a+m?(a+n)’a+-+m(a+n)"'a) } (22)
Subtracting Eq. (22) by Eq. (21), we have
E[Regret”] =E[Reward™] — E[Reward”]
K
=E |3 (V) —v:’“m)]
k=1
-t SZ_B iE[(K - T ) (m(a +n)mn +m?(a+n)*mn+ - +m o+ n)Hﬁlmn)]
(5= 3 2 2 s (@)
, $3.4d
T ; ;E[ (K = Ty o)) (H = 1an]
, S=3.d
—mn(H—1) | K — ——— E [Ty 4, (23)

Let E4,(,,)[-] denote the expectation operator under the instance Z 4 (,,) where the optimal action of state x; is A;(x;).

Let E,, uniz[] denote the expectation operator under the instance where all actions A € A at state x; have the same trigger

probability, i.e., ¢(z;,a) = « for any a € A", and other distribution settings are the same as 7 A (i)

Note that the KL-divergence between the above two instances is m - KL (Bernoulli(«)||Bernoulli(a+17)) < m -
2 2

7 L Wi _ iti

G-y S M- ¢ with (e +n)(1 — (a+mn)) > ¢ for some absolute positive constant ¢;. After a pull of

x;, Aj(z;)), we receive an observation of such difference between the two instances.

Using Lemma A.1 in (Auer et al., 2002), we have

EAj(aci) [Tzl,AJ(J:T)] SEz,;,unif [TJCT,AJ(%)]

K /1 1
+ 5 \/2 ) ﬁEm“unif [Twi’Aj(m)] -mKL (Bernoulli(«)||Bernoulli(a + 7))

@ K m
<E:; unit [Twi,Aj(xi)] + 2\/201(5_3)]Ewi,unif [Tm“AJ(mi)] U

m

Kn
:Ewi,unif [T;thj(mi)] + 2\/261(5_3)]Exi,unif [Tw“AJ(w,)]

Since Z;l=1 Ey, unit [TM,AJ. (l'i)] = Z;l=1 Zkl,(:l Eq, unit [wk (A; (xl)\xl)] = K, we have

d d d
Kn m
Z]EAJ(@) [Txi,Aj(zi)] < ZEzi,unif [T@i,AJ(zi)] + -5 Z \/W_?))Em,unif [Tthj(xi)}
j=1 j=1 j=1
d d
Kn dm
S ZExiﬂmif [Tquj(wi)] + "2 \| 2¢1(S —3) 4 B junie [TM;AJ'(M)]

Jj=1 Jj=1
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g K [ amK
B 2 \[ 2¢1(S - 3)
and thus
5-1 d
1 K dmK
E <= —
(S — 3d;; Ay6e) [Toia) mﬂd( 2 \/ 2¢,(S 3))
1 n mK
4+ = 24
(d 2\ 2¢1d(S —3 > @4
Plugging Eq. (24) into Eq. (23), we obtain
1 5-3 d
E[Regret®] >mn(H — 1) [ K — T3 SN E[Th, a560)
i=1 j=1
1 mK
> _ - _ L/
>mn(H — 1)K (1 73 201d(5—3)> (25)

Letn = ca4/ d(S 3) for some small enough constant ce, we have

E[Regret®] =Q ((H — /(S — 3)de>
— (HVSNE)

C.2.2. PROOF OF THEOREM 2

Proof of Theorem 2. This proof uses the same instance and analytical procedure as the proof of Theorem 7, except that we
set a + 1 = ¢ for some trigger probability threshold § > %

Then, Eq. (23) becomes

E[Regret”] =E[Reward™] — E[Reward”]

K
=E Z (Vl*(sl) Vi (81))]

k=1

| s34
e 3)d; ;E (K = o aw0) (ma - mom +m2@2 o -+ =272 )|

5-3 d i H-
__ 1 mg ((mg)™~' —1)
TS 3)d & ;E[(K—Tmmi)) ]
~mg ((mg)" ' —1) 1 BBY
- mq — 1 mn | K= gy ; ;E [To,.a5(00)] (26)
and Eq (25) becomes
o mg (mg)H-1 = 1) | B #573 d
E[Regret”] > g —1 mn | K S =34 ; ;]E [Ty, 0, (20)] (27)
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mq ((mg)?=1 - 1) 1 7 mK
> K | 1—=— | ————— 28
=T mg-1 i d 2\ 2¢,d(S —3) (28)
Letn = ca4/ % for some small enough constant cs, we have
= NH—-1 _ 1
E[Regret®] =0 (mq ((m({) ) (S - 3)de>
mq—1
= NH—-1 1
_ (mq ((ma) ) SNK)
mq—1

Therefore, when relaxing the trigger probability threshold in Assumption 1 to some g > %, any algorithm for branching
RL-RM must suffer an exponential regret.

O

D. Proofs for Branching RL with Reward-Free Exploration

In this section, we prove sample complexity upper and lower bounds (Theorems 8,9) for branching RL-RFE.

D.1. Proof for Sample Complexity Upper Bound
D.1.1. AUGMENTED TRANSITION DISTRIBUTION

First, we introduce an augmented transition distribution p®“8(-|s, a) and connect it with trigger distribution ¢(s, a) and
transition distribution p(-|s, a).

For any (s,a) € S x A7 let p®*&(-|s, a) denote the augmented transition distribution on S, which satisfies that

p*(s1|s,a) =1 —q(s,a),
p*&(s'|s,a) = q(s,a)p(s|s,a), Vs' € S\ {s.}.

For any episode k, we can also define the empirical augmented transition distribution as

ﬁaug#k(sLL% CL) =1- dk(sa a)7

P28k (5|5, a) = G7(s,a)p* (s']s,a), Vs' € S\ {s.}.
Lemma 18. For any function f(-) defined on S such that f(s1) = 0 (e.g., f can be the value function V" (-), Yh € [H], ),
it holds that
paug('|57a)Tf:(I(Sva)p('|57a)Tf7 (29
P ([s,a) " Vaer = 45 (s, a)p" (s, a) T f. (30)

Proof of Lemma 18. We prove Eq. (29) as follows:

p5([s,0)TF = 7 p™E(s']s, a) (')

s'eS

= > alsap(sls a)f(s)

s’e€S\{s.}

= Q(Sv a)p(~|s, a)Tf

Eq. (30) can be proved in a similar manner. O
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D.1.2. CONCENTRATION

In the following, we introduce a concentration lemma.

Lemma 19 (KL-divergence Based Concentration of Triggered Transition). Defining event

log (2¥) + Slog (8e(n”(s,a) + 1))

G = {KL (ﬁa"‘&k(.‘s,a)\|paug(-|s,a)) < , V(s,a) € S % AuniV,Vk},

nk(s,a)
it holds that
PriG]>1-4.
Proof of Lemma 19. Using Theorem 3 and Lemma 3 in (Ménard et al., 2021), we can obtain this lemma. O

D.1.3. KL DIVERGENCE-BASED TECHNICAL TOOLS

Below, we present several useful KL divergence-based technical tools.

Lemma 20 (Lemma 10 in (Ménard et al., 2021)). Let p; and ps be two distributions on S such that KL(p1,p2) < «. Let f
be a function defined on S such that for any s € S, 0 < f(s) < b. Then,

2
[p1f = p2f| < y/2Vary, (fa + Sba

Lemma 21 (Lemma 11 in (Ménard et al., 2021)). Let p; and ps be two distributions on S such that KL(p1,p2) < a. Let f
be a function defined on S such that for any s € S, 0 < f(s) < b. Then,

Varpz (f) < 2varp1 (f) + 4b2a
Vary, (f) < 2Vary, (f) + 4b%a

Lemma 22 (Lemma 12 in (Ménard et al., 2021)). Let p; and ps be two distributions on S such that KL(p1, p2) < a. Let
fs g be two functions defined on S such that for any s € S, 0 < f(s), g(s) < b. Then,

Vary, (f) <2Vary, (g) + 2bp1|f — g|
Varpz (f) SVal‘pl (f) + 3b2a||p1 - p2||1

D.1.4. ESTIMATION ERROR

Next, we state an important lemma on estimation error.

Lemma 23 (Estimation Error). Suppose that the concentration event G holds. Then, for any episode k, policy w and reward
function r,

‘{A/lk’”(s;r) - ‘/177(8;7“)’ < dey/ Bf(s) + Bi (s).

Proof of Lemma 23. Forany t € N,k € (0,1), let 8(t,x) := log(SN/k) + Slog(8e(t + 1)). Then, for any =, r and
(s,4) € S\ {51} x A

|Qh (s A7) = QR (s, Air)|

= Z ’((jk(s, a) — q(s, a)) r(s,a) + (jk(s, a)ﬁ’“(~|s7 a)Tthﬂ —q(s,a)p(-|s, a)TVh”H‘
a€A

<Y (ld*(s.0) — gls.0)| r(s.) +|d" (5, @)p* (s, @) — qls.a)p(-]s. a)] " Vi
acA

~ ~ Ok,
+ 3" (s, )P (1s,0) " |ViE = Vira )
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nk(s,a) nk(s,a) 3 nk(s,a)

(2 B(nk(37a)>5/)r(8 \/QVarSqu h+1( ))B(nk(s,a),é’)+2Hﬁ(nk(s7a)76’)

+¢"(s,a)p"(-|s,a) " ‘thﬂ - Vhﬂ+1‘>

(s,a) 4Var5/~qp Vi (s )) B(n*(s,a),d") w 2
a€A ( \/7 \/ ( 70') +8H2 ( nk(s,a) )

“ )5 k,m
3 nk(s,a) + (500" (1s,a)" ‘Vh“ Vh“‘

g Z (21 / Wr(s, a)
acA ’

+V@VMSU@+A#W%nW&a%&)

nk(s,a)

+8HG*( k(-|s,a)

1 h+1

nWa@ﬁ@+Mp(mw@@»&§

nk (s, a) nk(s,a)

) Vi =¥
K K
+q"(s,a)p ('\Saa) ‘Vh—&-l Vh+1 )

2 B(n*(s,a),d")
B
@ 5 (s.q). 8" 8Vary ;5 (VT (s')) B(n* (s, a),d) (s, a),0')\ 2
< Z (2 WT(&G) + J ( h;k(s OL)) * \/8H2 (ﬁ(nk((sa)))>
acA ’ ’ ’

, 2 n*(s,a),d’
a2 e08) 2004501 5)

1 k,m
+\/qu(5 a)pk(:|s, a) ’Vhﬂ-i-l Vh+1

+¢"(s,a)p"(-|s,a) " ‘thﬂ - VhﬂJrl‘)

e B(n(s,q), 8" 8Vary g5 (VT (s)) B(n* (s, a),d)
(_)Z ( )(s)r(s,a)—I—J ( h;k( a))

k
AN e

1 ﬂ ) ~ ~ Ok, T
(s Cls,a) T Vi - U H2(())+¢@mﬂ@mTwL—wHD

*(s,a)
. 8Vary 5 (VT (s)) B(n* (s, a),d) k(s q). 8"
_ZA< 771]6 T 3)6)7“(8,0,)4—\] ( h;k(&a) +12H27B( nk((s’7a))’§)

1
(1 ) it (s [V - n+4>

Here (a)(b)(c) use Lemmas 20,21,22, respectively. (d) is due to that \/z +y + z < /= + VY + Vzforz,y,z > 0. (e)
comes from that \/zy < x + y for z,y > 0.

Then, unfolding ’Q’f” (s,a;1) — QT (s,a;7)|, we have

‘Qlf’” s, Air) — QT (s, 4 T)’

®(H-1)

m h—1 1
8 B () (R e
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8Varg g5 (Vi1 (s *(80, ome), 0’ '
+ v ( hia (8 )> Bn' (55, asae), ) +»12}{25(”k(80’a0®6)”5)> “1{s, #:SL}]

n*(Sq, aqe) n*(sq, Goge)

@(ZH v i Z ”’“”(37(1) . Vary g5 (thﬂ(sl)) H2B3(nk(s,a),d) n 12H2ﬁ(nk(s,a),5’)

Yot H? nk(s,a) nk(s,a)
= =1 (s,a),8#s 1

m®H=-1) Var. - (Vk 77( /)) m@(H 1) m & ,
e s/ ~G,p \ Vit ko B(nk(s,a),d)
s 'Y SN aea iy I S
o=0 (=1 (s,a),s#s1L o=0 (=1 (s,a),s#sL ’

m®EH-1)

n*(s,a),d’
+ 12¢H* Z SO k(s 02 200

k
o=0 {=1(s,a),s#sL " (S’G)

1 m®H=-1) m mGB(H D m ﬁ(nk(s (1) 5/)
~k,m ) 9
=5e mEqﬁM Z ZVars qu( }H_l(g’)) Z Z (I (s,a)ink(s )
o=0 €=1(s,a),s%s. ’
m@E-1
2 ~k,m B(nk(saa)aél)
+ 12eH Z Z Z W,y (s,a)w
o=0 {=1 (s,a),s#s1L ’
mOH=-1) m m®H=1
(a) ~k,m B(nk( ) 5 ~k,m ,B(nk(s,a),(S’)
=10e | H? Z Z Z Wy, (s,0) ———FF—"——~— 7 (s, a) —|—12 H? Z Z Z (O (s,a)w,
o=0 {=1(s,a),s#sL =1 (s,a),s#s 1 ’

€1y

where (a) uses branching law of total variance (Lemma 4), which also holds for the estimated model (¢*, p*) if adding a clip
operation ¢ (s, a) < min{g"(s, a), %} in algorithm BranchRFE to guarantee §* < %

Define
, T L ﬁ )’5/) 1
w5 (i G (1) o) )
BZJ( ) : Bkﬂ(s m(s)).
25 )75/) i G* S, a S.a T
M(m ) +(1+H)q< 5 (15, a)T B (s >) H}

By (s) = 1max By (s, A)

BF(s,A) :=min {

In the following, we show

(s, Air) = QT (s, Aim)| < dey/ BY (5, 4) + B (s, 4) (32)

If BP™ (s, A) = H, Eq. (32) holds trivially. Otherwise, unfolding BY™ (s, A), we have

m®H—1)
T - ~k, ﬁ(nk(87a)75/)
B]]f; (8 A = 12€H2 Z Z Z w’;z (S,a)w,
o=0 {=1 (s,a),s7#s1 ’

and using Eq. (31), we obtain

A7 (s, Air) = QT (s, Aim)| < dey/ BY (s, 4) + B (s, A).
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Thus, by the definitions of Bf (s, A) and BF(s), we have

Vlk"”(s;r) — V(s r)’ < 4de Bf’”(s) + Bf’ﬂ(s) < 4e\/B¥(s) + B¥(s).

D.1.5. PROOF OF THEOREM 8

Now, we prove the sample complexity upper bound for algorithm BranchRFE (Theorem 8).

Proof of Theorem 8. First, we prove the correctness.

Let K denote the number of episodes that algorithm BranchRFE costs. According to the stopping rule (Line 2 in Algo-
rithm BranchRFE) and Lemma 23, when algorithm BranchRFE stops in episode K, we have that for any 7, r,

(VI (s137) = Vi (s13m)| < e/ BE () + BE () < 5
Then, we have that for any 7,
Vi(s3m) — Vi (s13m) =V (s17) — VI (sus) + V75T (s157) = VT (susr) + TPOF (s157) = Vi (s 7)
<[V ) = VI o) | 4 [T (o) = T )

€€
-2 2
=¢

Now, we prove the sample complexity.

k /
Bi(s,A) <Y (12H2ﬁ(”(5’“)’5) + (1 + 1) @’f(s,a)pk(-|s,a)TB,’;'+l>

acA nk(&a) "
k 6/
= (12H2W T (1 + ;) q(s,a)p(-|s,a) " By 4
a€A ’

+ (1 + ;) (¢ (s, )5" (15 a) — q(s,)p(-]s,a)) " BSH)

25 <12H2W + (1 + ;) a(s, a)p(-1s,a) " Bl

%
= nk(s,a)

nk(s, a),d’ nk(s. a),d
(14 3) <\/2v (5t (o) P00, ) ;H/ww))

nk(s,a) nk(s,a)

<3 <12H2W + (1 + ;) q(s,a)p(|s,a) " By,

k
a€cA (87 a)

nk(s,a),d’ nF(s,a),d
* <1+I{I> (\/2HQ(s,a)p('ls,a)TB’ﬁHﬂ( (0,0),0) | 2 f s, )’5)>>

nk(s,a) 3 n*(s,a)

n*(s,a),d
S <12H2w # (14 57 ) s aCin o) B

a€A (S a

nk(s.a). o n*(s,a),d
+ (1 + 11{> (\/;Q(S, a)p(-[s, G)TB;?HQHQﬁ( :’“((;, a))’ ” - gHﬁ( nk((;»fz)’ : )>>
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o, B(n*(s,a),d
<> <12H W + (1 - é) q(s,a)p(-|s,a) " By,

i
+ (1 + If[) (;q<s,a>p<~|s,aﬁ3::ﬂ + QHzﬁ(n:k(Z’ai), 7). §Hﬁ(”:,ffjj; 6’)))
<2 (12HW # (14 7 ) atsnCls.0) B + Fals alplls. ) B

+ 6H2W>

where (a) uses Lemma 20.

Then, unfolding Bf(s) = B¥(s, 7" (s)) and summing over k = 1,..., K — 1, we have

K-1 K—-1m®WH-1

S B <Y Y S E e {18e3H26(”kk(3”’“"®4)’5/) 1 {s, # SJ_}:|
k=1 k=1 o=0 =1 n (Sovaa@ﬁ)

=18¢’H’E, ,, rx Xk(s,a)

<18¢*H’E, , 1« Xk(s,a)

<18e°H* - 5 ((K - 1)m_175'> Egprr | Y log(n"!(s.a)
(s,a),87#s 1
mH+1 - m B
<18e°H* - 5 ((K - 1)m_175') > log (Bgpm 077 (s.0)])
(s,a),8#s 1

H+1
,5') log (H(K — 1))

m —m

<18¢*H?*SN - j3 ((K —1) —

(a) SN
<18¢*H?*SN - (log ((5,

> + Slog (8eHm" (K — 1))) log (H(K — 1)), (33)
where (a) comes from 3(t, k) := log(SN/k) + Slog(8e(t + 1)) and m:j# < HmH+L,

According to the stopping rule, we have ¢ < 4e/Bf(s) + Bf(s) fork = 1,..., K — 1. Then, summing over k =

1,..., K — 1 for both sides, we obtain
K-1 K-1
(K —1)e <de Y \/Bl(s)+ Y Bf(s)
k=1 k=1
K-1 K-1
<de,| (K —1) Y Bi(s)+ > _ Bl(s)
k=1 k=1
and thus
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§§ (K —1)-18¢3H2SN - (log (?) + Slog (8e HmHA+1(K — 1))) log (H(K —1))
63 2
+ M . <log <5;5]’V> + S'log (SeHmHH(K - 1))) log (H(K — 1))
s@\/@( —1)-log <55N> log (H (K — 1)) + Slog (8em!*+1) log (H (K — 1))
63 2
y BTSN, <1Og (S(SJ,V) log (H(K — 1)) + Slog (Sem+!) log? (H(K — 1>)>

Using Lemma 13 in (Ménard et al., 2021) with 7 = K — 1, ' = 4eVA8CHEIN T f = 100 (SN) o = H, B = E =
Slog (8em* ™) and D = w, we obtain

K —1=0 (C*(A+ B)C})

2
=0 (H;N <10g (S(;N) + Slog (e - mH)) Cf) ;

where Cy = log(a(A + E)(C + D)).

2
KO(HEEN <log (S(;N) + Slog (e-mH)) Cf),

C, =log ((log (56N> + Slog (e-mH)> . H‘:N> .

Thus, we have

where

D.2. Sample Complexity Lower Bound

In this subsection, we prove the sample complexity lower bound (Theorem 9) for branching RL-RFE.

Proof of Theorem 9. This lower bound analysis follows the proof procedure of Theorem 2 in (Dann & Brunskill, 2015).
We consider the same instance as the proof of regret minimization lower bound in Section C.2.

The optimal policy m, is to take action A;(x;) at state x;, and we have

Vi(s1) =m(a+n) +m*(a+n)?+---+mT(a+n” =H (34)

Fix a policy 7. For each i € [S — 3], let G; := {m(x;) = A;(x;)} denotes the event that policy 7 chooses the optimal action
A;(x;) in state ;. Then, we have
1 S-3
Vi'(s1) =m(a+n) + [CEE)) Z E[]l {G;} (mz(a +0)2 4+ mf(a+ 7))H)
i=1

+ (1= 1{G:}) (m*(a + ma +m*(a +nafa+n) + - +m” (a +nala+ )2 |
1 S—3
=)+ gy ;E[R{Gi} (m(a+m) 4 -+ mf () )

+ (L= 1{G}) (m¥a+ma+m(a+n)Pa+- -+ m (a+n)a) (35)
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Subtracting Eq. (35) by Eq. (34), we have
S-3

Vi(s1) = Vi (s1) =ﬁ Z E[(l — 1{G:}) (m(a +n)mn +m?(a+n)*mn + - -+ m" (o +n)" " mn) }

1 S—3
53 B[ (1= L{Ghmn(T - 1)
=1

S—3

—rn(H — 1) (1_ (Sl_?))ZE[ﬂ{Gi}D

i=1

The following analysis follows the proof procedure of Theorem 2 in (Dann & Brunskill, 2015). For 7 to be e-optimal, we
need

5-3
1
Pr |mn(H —1) (1 -5 Z]E{]I{Gi}D < E] >1-4
i=1
Letn = cm?f,il) , where c is an absolute constant that we specify later. Then, we have

1 = c
Pr [(S_B)ZIE[IL{GZ-}]<1—864] >1-90

i=1
Using Markov’s inequality, we have

1 =3 c
WZE[H{GZ}] <1-ca

i=1

1-6<Pr

1 S—3
SE ) 2 Pric

8el) =1

Since all G; (i € [S — 3]) are independent of each other, there exist {d; };c[s_3] such that Pr [G;] < §; and

1 S-3
(S=3)(1-ga) ;“*502175,

which is equivalent to

S—-3

Zaig(s—3)(1+5(1—é)—(1—8724)).

i=1
Let € be small enough such that = Cms(ie_l) < %, and let d to be small enough § < 5. Since all G; are independent, we
can use Theorem 1 in (Mannor & Tsitsiklis, 2004) to obtain

s (146 (1-5) - (1 5)
<t (1+0-(1-53))

0 1
¢ s

<
~ et

Let n; denote the number of observations on state x;. The KL-divergence of the trigger distribution on state x; between our
2
constructed instance and the uniform instance is m - KL (Bernoulli(«)||Bernoulli(a + 7)) < m - W’w =

O(mn?) with (o +n)(1 — (a + 1)) > ¢; for some absolute positive constant c;. Then, to ensure Pr [G;] < §;, we need

E[ni]>;;;ilog<§j)~]l{cc5i<(1+5—(1—824))}7 (36)
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where c¢; and ¢y are appropriate absolute constant, e.g., ¢; = 400 and co = 4.

In the following, we compute the worst bound over all ¢1,...,ds_3 to ensure that ngf 0 < (S -

3 (146 (1 )~ (1 550)).

, min 3zlog( ) o< (149 (1-53)) }

s.t.i&i§(5—3)(1+6<1—8%)—(1—8%>> 37)

Using Lemma D.1 in (Dann & Brunskill, 2015), the optimal solution of this optimization is §; = --- = dg_3 = z, if
c(l—logz) <lwithz=1+6(1-5%) - (1-5%).

Since z > 1 — (1 — é) = g5 and ¢ (1 — log 2) is decreasing wi respect to z, we can obtain a sufficient condition for

c(l—1logz)<1las
() =

Letc = ﬁ, which satisfies this condition. Thus, §; = = §g_3 = z is the optimal solution to Eq. (37).

Since in each episode, we only observe a single state x;, the number of required episodes is at least

S—3
K > E[ni
i=1

chd(S 2— 3) 10g 02
mn 1+ 6 824)
2 _ _
chc (s 321 : 1)2 log :
64cie 864 + 5

(5w ()



