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A language supporting polymorphism is a boon to programmers: they can express complex ideas once and
reuse functions in a variety of situations. However, polymorphism is pain for compilers tasked with producing
efficient code that manipulates concrete values.

This paper presents a new intermediate language that allows for efficient static compilation, while still
supporting flexible polymorphism. Specifically, it permits polymorphism over not only the types of values,
but also the representation of values, the arity of primitive machine functions, and the evaluation order of
arguments—all three of which are useful in practice. The key insight is to encode information about a value’s
calling convention in the kind of its type, rather than in the type itself.
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1 INTRODUCTION

Polymorphism supports reuse by allowing one piece of code to work with values of many different
types. But ubiquitous polymorphism usually comes with a runtime cost: all values must share a
common representation, usually a pointer to a “boxed” (heap-allocated) object. This is sometimes
much less efficient than a monomorphic version of the same code, specialized to a particular
representation (such as an unboxed 64-bit word).

One approach is to specialize code to a single type. But we would get more reuse if we could
specialize to, say, “any type represented by an unboxed 64-bit word.” Since kinds classify types,
perhaps we can write code that is monomorphic in the kind, but polymorphic in the type. Hence
our slogan: kinds are calling conventions. For example, consider the function twice:

twice f x = f (f x)
To control performance, we would like to have a say in matters like: Can f be a thunk? How many
arguments does f expect (its arity)? Can x be a thunk? How is x represented? Moreover, we want
to express the answers to these questions in a type system with strong static guarantees.
A major insight of this paper is the discovery that we can refine the vague notion of “ways in
which we want to classify types” along three different axes:
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o Representation. How is this argument represented at runtime?
e Levity. What is the evaluation strategy of this argument (e.g., call-by-value or call-by-need)?
e Arity. For functions, how many arguments are needed before its code can be executed?

Many functions can be polymorphic in some of these axes, but not in others.

Our focus is on an intermediate language. The programmer may write in a uniform language,
but the compiler needs an intermediate language that can express low-level representation choices,
and expose those choices to the optimizer. For example, the programmer might work exclusively
with boxed integer values, say of type Int, but the intermediate language can have an unboxed
type Int#, together with explicit operations to box and unbox integers. This allows the optimizer
to eliminate many box-followed-by-unbox chains [Peyton Jones and Launchbury 1991].

This paper builds directly on several earlier works that statically keep track of different repre-
sentations [Eisenberg and Peyton Jones 2017] and function arities [Downen et al. 2019] within a
type and kind system. Our new contribution is to bring them together into a single framework,
more powerful and more precise than any of its predecessors. Specifically:

e We introduce a polymorphic intermediate language that statically captures calling conventions
in kinds, and has polymorphism over the representation, levity, and arity of types (Section 4).

e Our intermediate language is equally well-suited for both eager and lazy functional languages.
Concretely we show how to compile two higher-level, polymorphic source languages—call-
by-name and call-by-value System F—to our intermediate language (Section 5).

e We show how to compile our polymorphic intermediate language to a lower-level language
with multiple representations (e.g., pointers versus integers) and multi-arity functions, but
not polymorphism (Section 6). Compilation is driven by kinds and keeps type erasure and
code reuse; typing restrictions ensures polymorphic code is compiled to monomorphic code.

e We provide evidence of correctness for the full compilation process (Theorems 1 to 4) from
both call-by-name and call-by-value source languages to machine code.

e We describe a small extension to our intermediate language to allow for dynamic checks on
the arities of closures, so that we can use the best arity available at runtime (Section 7).

2 FUNCTION ARITY

We identify three axes of classification, above. Of these three, we peel off arity to explain it first;
mixed representations and evaluation strategies have existed for longer and may be more familiar.
This section gives a high-level overview of our approach; the details will be nailed down in Section 4.

2.1 Whats Arity?

What is a function’s “arity?” In practical terms, the arity of a function determines what code a
compiler will generate to call that function. All modern architectures support calling conventions
that allow for efficiently calling subroutines by passing multiple arguments at once. If a function
has arity n, then a call to that function will pass n arguments simultaneously.

In a naively compiled curried language, every function has arity 1. This implementation of
functional languages is unacceptably inefficient. Instead, compilers must somehow map curried
surface-language functions onto multi-argument machine-language functions.

To do this, we need two things. First, an arity analysis; and second, an intermediate language in
which arity is explicit, so that we can express and memorialise the results of the analysis.

Arity analysis is not always straightforward. For example:

fi, fo. 5 : Int = Int — Int
fi = Ax.Ay.letz = expensive xiny + z fo=Ax.fix
f5 = Ax.letz = expensive x in \y.y + z fai=Ax.f3x
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Here, f; clearly has arity 2 because it starts with two As: it takes two arguments before computing a
result. Function f, has only one A, but still has arity 2, because we could safely n-expand it to have
two As. In other words, f; has arity 2, just like f;, because it also requires two arguments before
doing serious work. The function f; has the same type as fi, but it must take its arguments one at a
time: in the call (map (f; 100) xs) we expect (expensive 100) to be computed at most once, whereas
the same call for f; would recompute (expensive 100) for each element of xs. Similarly, f; has arity
1: it cannot be n-expanded without the risk of computing (expensive 100) repeatedly.

These choices become particularly clear in a call-by-value language with side effects. For example,
if (expensive 100) printed something on the screen, the fact that it is evaluated only once—rather
than once for each element of xs—is a matter of semantics, not mere efficiency. Even in a pure
language like Haskell, an optimizing compiler should still treat computation as a sort of effect; it
must, for example, avoid changing the asymptotic efficiency of the program.

In light of these examples, here are two informal definitions of arity:

e An expression e has arity n when it can be soundly -expanded to (Axj...xp.€ x1...xy,).
“Soundness” concerns semantics in an effectful language, but “only” efficiency in a pure one.

e An expression e has arity n when it does no “useful work” until it is applied to n arguments;
hence those arguments can be passed simultaneously.

Since the type of a function does not describe its arity (compare f; and f; above), practical compilers
like GHC perform arity analysis based on intensional properties: the form of the expression
determines its arity. In its simplest form, we can just count As. Since that is pessimistic on examples
like f>, GHC uses a variety of simple static heuristic analyses [e.g., Breitner 2014]. The focus of this
paper is not on arity analysis, however, but rather on the intermediate language in which we can
memorialise the results of that analysis.

2.2 Arity in the Intermediate Language

However arity analysis is done, we need a way to express its results in the intermediate language.
In GHC, this is done through an informal decoration on each binder describing its arity.! This turns
out to be extremely unsatisfactory in practice: GHC has lots and lots of dark corners as a result of
this rather squishy notion of arity.

It would be much better if arity were a solid, statically-checked part of the intermediate language.
How is that possible? In the world of A-calculi, we are familiar with calculi having unrestricted
B and n rules (such as the call-by-name A-calculus), as well as calculi having restricted f§ and 7
(such as the call-by-value [Sabry and Wadler 1997] or call-by-need A-calculus [Ariola and Felleisen
1997]). The latter are often used as intermediate languages in compilers, to avoid recomputation of,
say, integers. The exact restrictions depend on the language being compiled: its evaluation strategy,
whether there are side effects, and so on. Our key idea, introduced by Downen et al. [2019], is this:

Define an intermediate language (Z£) that has unrestricted n expansion for functions,
while allowing for restricted f reduction on other types of expressions.

This is an unusual choice, so we use a different notation for functions, A(x:7).e : T ~ o, where the
(~) arrow denotes the new primitive function type. Now arity can be read from types: you can
freely n-expand any expression e : 7 ~» o, without reference to the form of e. The previous paper
[Downen et al. 2019] and this one are simply working out the consequences of this one idea.

2.3 Currying

If the primitive function type of our intermediate language allows unrestricted n-expansion, how
can we express functions like f; that intentionally use currying as a way to avoid work duplication?

1For aficionados, it is part of the binder’s IdInfo
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We can do so like this:

f3:Int ~ {Int ~ Int}

f3 = Ax.let z = expensive x in Clos (Ay.y + 2)
The type Int ~> {Int ~ Int} makes explicit that f; is an arity-1 function that returns a closure,
denoted by the curly braces, inside which is another arity-1 function. In the term language, A builds
a primitive function of type 7 ~ o, while Clos builds a closure of type {r}. Here are the (slightly
simplified) introduction (-I) and elimination (-E) rules:

I'xtre:o Il're:7

Trixre oo ONT '+ Close:{r} Cro-l
F'te:t~o Tre':7 I'ke:{r}
Tree :o Fun-E T'rAppe:t Cro-E

The App form unboxes the primitive function wrapped up by Clos.

Our plan, then, is to desugar the source-language function type ¢ — o into the intermediate-
language type as {7 ~ ¢}, adding the corresponding Clos and App constructs in the terms.? Then
we can perform arity analysis, and express its results by transforming the intermediate language
program into one with fewer intermediate Clos nodes.

2.4 Functions Are Called, Not Evaluated
If we are able to freely n-expand, we must only evaluate functions when they are called. Consider:
x =letf:Int ~ Int = expensive 100 in ... f...f...

When might expensive 100 be evaluated? In a strict language, it is evaluated right away, so the
value (some first-class function) can be bound to f before continuing with the body of the let. In
a lazy language like Haskell, expensive 100 might be forced long before f needs to be called, as
in seq f y or with a strict pattern. But in both cases, evaluating f without calling it violates the
unrestricted n we desire. After all, the definition of x is n-equivalent to:

x" =letf :Int ~ Int = Ay.expensive 100y in ...f...f...

After n-expansion, the only way to evaluate expensive 100 is to call f with an argument. Unrestricted
n means that x and x” must be the same—in both semantics and asymptotic cost.

Unrestricted n-expansion requires a matching evaluation order for function bindings; the evalua-
tor must treat every expression e : 7 ~» ¢ the same as (Ax.e x). Yet, we do not want to change the
evaluation order for expressions of other types, like Int. Thus, our language’s semantics becomes
type-directed: it is only the type of f (in this case, Int ~» Int) that tells us not to evaluate the
right-hand side. In a precise sense (spelled out formally in Section 4), we cannot evaluate functions
(e.g., due to strictness, seq, etc.); functions can only be called. Furthermore, we will see in Section 3.7
that functions are, in fact, 7-expanded during compilation to a lower level. So a semantics that
prematurely evaluates functions before they are called is not supported by our machine language.

3 WHY KINDS ARE CALLING CONVENTIONS

So far we have reviewed the ideas of Downen et al. [2019]. We are now ready to introduce the
problem we tackle in this paper, and our solution to it.

Previous research asserted types are calling conventions [Bolingbroke and Peyton Jones 2009].
We respectfully disagree, instead claiming that kinds are calling conventions. As we shall see,
this principle offers a unified framework combining several previous works on representations

2In Downen et al. [2019], the intermediate language itself had two arrows, (—) as well as (~»), but we have found it clearer
to have only one arrow for primitive functions plus the closure type {z}.
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[Eisenberg and Peyton Jones 2017; Peyton Jones and Launchbury 1991], arity [Bolingbroke and
Peyton Jones 2009; Downen et al. 2019; Marlow and Peyton Jones 2004], and mixed evaluation
strategies [Downen and Ariola 2018] in intermediate languages. Specifically, we provide a type
system in which the kind « of a type 7 : k classifies all the intensional properties needed to compile
an expression of type 7, namely its representation, arity, and levity.

3.1 Why Polymorphism Is a Problem

Consider this example of a polymorphic definition, in our intermediate language

poly : Va. (Int ~ Int ~» a) ~ (a,a)
poly = Aa.A(f : Int ~ Int ~ a).letg: Int ~ a=f3in (g5,94)

What is the arity of f and g? With “arities in the types,” we count the arrows, and answer 2 and 1
respectively. But what if a were instantiated by Bool ~> Bool? Then suddenly the answers become
3 and 2 respectively. Yikes!

One solution is to monomorphize the entire program, creating type-specialized versions of each
polymorphic function. This is patently unsatisfactory. First, it is a whole-program transformation.
Second, some languages (including Haskell and OCaml) support polymorphic recursion, which
makes static monomorphization impossible. Third, there is a risk of creating many copies of
essentially the same function, many of which wastefully compile to identical machine code.

Instead, we retain the traditional type-erasure model: each polymorphic function is compiled to
a single chunk of machine code that works the same no matter how its type is specialized. Under
this model, our function poly above is problematic. To compile code we must know the arity of
every function we call (because its arity determines its calling convention, and thus, what code to
generate), but in poly we do not know a stable arity of f or g for every instance of a.

3.2 Nonuniform Representations and Polymorphism

Interestingly, this exact same problem has arisen before, in the context of unboxed data types. A
contribution of this paper is to show that both can be solved with the same idea.

Nearly thirty years ago, GHC introduced the idea of distinguishing boxed and unboxed data types
in its intermediate language [Peyton Jones and Launchbury 1991]. They introduced two distinct
types for integers: Int# for primitive, unboxed machine integers; and Int for boxed integers,
represented as a pointer to a heap-allocated object and defined as:

data Int = I# Int#

The (sole) goal of distinguishing these two types is efficiency. If we had only boxed integers, then
even simple addition would be forced to evaluate and unbox each argument, then box up the
result. By making boxing and unboxing explicit we expose much more low-level information to the
optimizer, and can eliminate lots of intermediate boxes. For example, assume we have plus# and
minus# primitive operations, both of type Int# — Int# — Int#, and consider:

plus, minus : Int — Int — Int sumFrom :Int — Int
plus  (I#x) (I#y) = I# (plust xy)  sumFrom (1#0) = I#0
minus (1# x) (I# y) = I# (minus# X y)  symFrom x = plus x (sumFrom (minusx (1# 1))

This definition is wasteful; each recursive step allocates several new boxes on the heap only to be
immediately used by plus, minus, and sumFrom. Instead, as Peyton Jones and Launchbury [1991]
show, the recursive function can be optimized using the worker/wrapper transformation, like so:

sumFrom :Int — Int sumFrom# :Int# — Int#
sumFrom (I# x) = I# (sumFrom# x) sumFrom# 0 = 0
sumFrom# x = plus# x (sumFrom# (minus# x 1))
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Now, the recursion is done by the more efficient sumFrom# function which works directly on
machine integers; no boxes are allocated or consumed, and so sumFrom# can be compiled with no
intermediate allocations. sumFrom becomes a wrapper around sumFrom#, just handling the issues
of boxing and unboxing. This is a huge gain in both time and space.

Notice the similarities between this work on unboxed data types and the earlier discussion
about arity. In both cases, we make 7L expose more primitive, but less convenient, types of values
(primitive functions and unboxed integers respectively), along with a way to explicitly “box” them
into a more convenient form (using Clos and I# respectively) and later “unbox” them (using App
and pattern matching on I# respectively). Making these boxing and unboxing operations explicit
in the syntax of 7L programs makes them accessible to the optimizer.

Alas, unboxed types cause trouble with polymorphism. For example, consider the generic, higher-
order binary application function:

binapp : Yabc.(a > b —¢c) 2a—>b—>c¢ binapp fxy=fxy

To compile binapp to a single piece of code, we cannot expect the calls binapp plus and binapp plus#
to both work; binapp would somehow have to handle arguments x and y with different representa-
tions (perhaps stored in different registers) to pass them along to plus versus plus#.

Notice that this is the exact same problem that we had with poly in Section 3.1: the code we
compile for binapp depends on how the type variables a and b are instantiated.

3.3 A Stop-Gap Solution

Because of the difficulty with polymorphism, unboxed types were originally introduced with a
draconian restriction on polymorphism: polymorphic type variables (like a, b, ¢ in binapp) cannot be
instantiated with unboxed types (like Int#) [Peyton Jones and Launchbury 1991]. The mechanism
for enforcing the restriction was the kind system: Int has kind « (the kind of ordinary data types),
but Int# has a different kind # (the kind of unboxed data). GHC then required that the kind of a
quantified type variable ¢ could be x or, say, (x — %), but never #.

Since this is the same problem as the one we encountered for arity, in function poly in Section 3.1,
we might expect the same solution to work. And indeed that is the approach adopted by Downen
et al. [2019]: type variables cannot range over arrow types 7 ~» ¢, whose kind is different from *.

While this approach has served GHC well for nearly three decades, it has two major inadequacies:

(1) Too restrictive. Consider the error function, which prints a message and prematurely ends the
program. It can have the type Vt.String — t. Because error never returns a value, it doesn’t matter
how ¢ is represented; truly the same code can be used no matter if ¢ is boxed or unboxed. But the
draconian restriction on unboxed types rejects this kind of polymorphism. Instead, specialized
versions are needed, like errornt# : String — Int#, even though the compiled code is identical.
For error we would prefer to be able to say that the representation of t doesn’t matter.

(2) Kind polymorphism. In a language with kind polymorphism, we can write a term with type
Vk.¥(a : k).r. Here, a can have any kind k, including #. We have now lost our ability to prevent
quantifiers over #-types, and need a new solution to the problem of uncompilable polymorphism.®

3 A particularly knowledgeable reader might be aware that GHC supported kind polymorphism and restricted quantification
for a few years. This worked because a type like Vk (a:k).a — a is ill-kinded; the — type former puts requirements on a.
However, with kind equalities [Weirich et al. 2013], a type variable a : k can be cast to a more specific kind, causing chaos.
In fact, this interaction originally spurred the development of Eisenberg and Peyton Jones [2017].
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3.4 A Better Way: Look to the Kinds

Fortunately, both (1) and (2) can be solved, by using...more polymorphism. Let’s start with repre-
sentation polymorphism, using the approach of Eisenberg and Peyton Jones [2017].* We give Int
and Int# these more refined kinds:

Int : TYPE PtrR Int#: TYPE IntR

where TYPE : Rep — %, and PtrR, IntR : Rep.’ The idea is that, given r : TYPE r, values of type
7 have a runtime representation described by r. Now we can quantify over types represented
by a heap pointer with V(a : TYPE PtrR).z. But we can also define representation-polymorphic
functions—like error : V(r : Rep)(a : TYPE r). String — a—solving problem (1).

What of problem (2)? Instead of limiting how type variables can be instantiated (which is
incompatible with full kind polymorphism), we instead add side conditions to the typing rules for
abstraction and application, excluding uncompilable programs like so:

I'x:«t+e:0 T F7mono-rep I'te:t~ o T're :7 T+ 7rmono-rep

TrAxite:T~ 0 Fon- Tree' :o Fun-E

The 7 mono-rep caveat says 7’s kind must be representation-monomorphic; that is, it can be

TYPE PtrR; or TYPE IntR; but not TYPE r. For example, we might try to give binapp this type
binapp : ¥(ra, rp,rc : Rep)(a : TYPErg) (b : TYPErp)(c : TYPEr,).(a > b —>¢c) D a—b—>c¢
binapp f xy = f x y

But that should be rejected because we cannot compile the call (f x y) without knowing how x

and y are represented (and thus, how to retrieve them and pass them to f). Indeed, it is rejected (by

both Fun-I and FuN-E). On the other hand, perhaps surprisingly, this type for binapp is fine:
binapp : ¥(r. : Rep)(a : TYPEPtrR)(b : TYPEPtrR)(c : TYPEr,).(a > b —>¢) D a— b —>c

Notice that binapp can be representation-polymorphic in the return type c. Because our compiler
supports tail-call elimination, f is the one to return a value of type c to the caller, not binapp.

3.5 Arity Polymorphism

Arity and representations share problems (1) and (2), and thankfully, they share solutions, too. We
add a second parameter to TYPE that describes the arity of the function, like this:®

poly : V(a : TYPE PtrR Call[2]). (Int ~ Int ~ a) ~ (a,a)
poly = A(a : TYPE PtrR Call[2]).A(f : Int ~ Int ~» a). letg: Int ~ a= f3in (95,9 4)

Here, a’s kind says that it only ranges over arity-2 types, of kind TYPE PtrR Call[2], while f’s type
Int ~» Int ~» a has kind TYPE PtrR Call[4], hence f has arity 4 in total. Similarly, g : Int ~> a
of kind TYPE PtrR Call[3] has arity 3. In short, the calling convention of a function (how many
arguments to pass simultaneously) is described by its kind. Of course, this meant that we had to
choose a particular arity for a, just as we had to choose a particular representation for the a and b
in binapp’s type. We enforce this “particular arity” constraint not at the point of abstraction, but at
the point of application. Here is the augmented Fun-E rule:

'te:t~o Tre :r T'Frmono-rep T Fzmono-conv

Tree :o Fun-E

where the new side condition 7 mono-conv ensures TYPE’s second parameter is statically known.
Preparing an argument of function type is precisely the point at which a compiler must compile

“The paper Levity Polymorphism in fact describes representation polymorphism. For levity polymorphism, see Section 3.6.
SGHC classifies representations like PtrR, IntR, etc., as RuntimeRep; here, we shorten the name to just Rep.
®These kinds are somewhat simplified; the full story is in Section 4.
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code for that argument that actually takes the number of arguments specified by its kind. Requiring
the calling convention be monomorphic fixes that number statically; it can’t be a type variable, say.

3.6 Evaluation Strategy and Levity

We have discussed arity and representation, two of our three design axes. But what of levity?

When compiling a function call f (1 + 1), we must know the evaluation strategy to use: do we
evaluate (1 + 1) before calling f or after, on-demand? Programming languages typically commit
to a choice here, which is usually to evaluate (1 + 1) before the function call—the eager, call-by-
value strategy. Haskell makes the opposite choice, implementing the lazy, call-by-need strategy;
(1+ 1) is evaluated only when its value is needed, and only once. But regardless of a language’s
choice of evaluation strategy, some scenarios require the opposite. Programmers in eager languages
sometimes use constructs like Delay and Force [Wadler et al. 1998] to embed lazy evaluation, and
programmers in lazy languages manually introduce strictness (such as Haskell’s seq) to force eager
evaluation. So a compiler’s intermediate language should support both lazy and eager evaluation,
and ideally without favoring either over the other.

We can use types (or, more precisely, their kinds) to control evaluation order. For example,
suppose we have types Int and Int", where the L stands for “Lifted” (the type has an extra bottom
element, 1, denoting divergent computation) and U for “Unlifted” (the type has no extra bottom
element). Operationally, a value of lifted type must be represented as a pointer to a heap-allocated
object because it may be an unevaluated thunk; a value of unlifted type may well still be represented
by a pointer, but to the value itself, not a thunk. Variables of unlifted types cannot be bound to
(divergent) computations, so they must be evaluated eagerly at binding-time; variables of lifted
types may be bound to any unevaluated computation, so those bindings may be evaluated lazily.
The types of an eager language (like OCaml) are all unlifted, whereas the types of a lazy language
(like Haskell) are all lifted. But our 7£ supports both, and hence can be a target for both.

Once again, we can track levity in the kinds, like this:

Int" : TYPE PtrR Evalt IntY : TYPE PtrR Eval’ Int#: TYPE IntR EvalY

The levity of a type is all about its evaluation strategy. We already know primitive functions cannot
be evaluated without calling them (Section 2.4), and thus a type has either a levity or an arity.
We accordingly re-use the second component of the kind TYPE, which in Section 3.5 described
the arity of a primitive function, using Eval' and EvalV to classify lifted and unlifted data types
respectively. Reflecting this dual use, we describe the second argument of TYPE as the kind’s
convention, connoting “calling convention” for functions and “evaluation convention” for data.
Once again, we can be polymorphic in both levity (Section 4.4) and convention (Section 4.5).
And we still keep the program compilable despite type erasure using suitable side conditions
(Section 4.6). In the case of levity, the mono-conv premise in FUN-E (recall Section 3.5) is exactly
what is needed to specify whether to compile this application using call-by-need or call-by-value.

3.7 From ILto ML

Returning to arities, how can poly in Section 3.5 be compiled? In particular, since ¢g’s kind specifies
that it has arity 3, we must compile g to code that takes three arguments. So, before generating
code, we n-expand g. But apparently we can’t, at least not in the confines of 7.L’s type system,
because a is not an arrow type!

To have any hope of solving this problem, we must do more than say a is an arity-2 type. We
must also spell out the representations of its two arguments, so that we can generate code for
passing the n-expanded function arguments. In poly, the explicated calling convention looks like:

poly = A(a : TYPE PtrR Call[PtrR, IntR]). A(f : Int ~ Int ~» a).
letg:Int~a=f3in(g594)
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Kind> xu==TYPEpv

Typesr,0:=t|T, | Tyt~ 0|1} |Vy.o TyVars yu=txk|r|g|n
Representation> pu=r|PtrR| IntR|... PrimType > T, == Int#| ...
Levity> yu=g|L|U DataType > Ty == IntY | ...
Convention> v :=n|Eval’ | Call[«] Arity> a ==p,a| e arity(v)

Expr> eux=x|c|I# e | caseeof I# x —e’ | Ax:t.e | ee’ | Clos e | Appe | Ay.e|ed
Const> cu=1i|op PrimOp 3 op ==error | ...

Answer 2 Au=x|c|I# A|Clos¥e |Ay.A| A ¢ Erasable> ¢ ==t |p|y|v
Fig. 1. Syntax of 7L: An intermediate language with levity, representation, and arity polymorphism

The Call[PtrR, IntR] in a’s kind describes the representation of its two arguments.

Before code generation, we compile from 7L into a lower-level representation ML (suggesting
“machine language”). M L is still statically typed, but much more coarsely: ML’s types correspond
to representations and calling conventions. So compiled polymorphic code might look like:

poly = A(f:PtrR).letg : PtrR = A(x:PtrR, y:PtrR, z:IntR). f(3,x,y,2)
in (A(y:PtrR, z:IntR). g(5,y,2), A(y:PtrR, z:IntR). g(4,y, 2))

In ML the functions are uncurried, and specify all their arguments and their representations. As
such, every function is fully n-expanded, and every call is fully saturated. This representation is
less convenient for the optimizer (for which we use 7.£), but is just right for the code generator.
We discuss ML, and the lowering transformation from 7L to ML, in Section 6.

4 THE INTERMEDIATE LANGUAGE (7.£)

Our intermediate language, which we call 7L, is an explicitly-typed A-calculus based closely on
System F, with its syntax (Fig. 1), formation of types (Fig. 2), and type system (Fig. 3). We cover the
kind system of 7L in more detail in Sections 4.2 to 4.7.

The syntax for expressions e is given in Fig. 1, and includes the following forms.

e Variables x, and constants c.

e Primitive integers have type Int# : TYPE IntR Eval’, and are represented by a machine integer
(hence IntR in the kind). There are numeric constants, i : Int#, and primitive functions (op)
that operate over Int#, such as plus# : Int# ~» Int# ~» Int#.

e Boxed integers have type Int¥ : TYPE PtrR Eval?, where the levity y can be L, U or a levity
variable g. A data-constructor application I#" e : Int¥ allocates a box containing the value of
e (see Section 3.6). Such I# boxes are unpacked by a pattern-matching case.

e Primitive functions are introduced and eliminated with the familiar forms Ax:z.e and e e’.
As discussed in Section 2.2 we use a wavy arrow (7 ~» o) to remind ourselves that in
this A-calculus functions have some unusual behavior: they enjoy unrestricted n-expansion.
Multiple arguments, even though they are curried, are always passed simultaneously; e.g., if
f i Int# ~ Int# ~> Int# ~» Int#, then f is always called with all three arguments.

e Function closures are introduced and eliminated with the forms Clos e and App e, respectively.
Similar to boxed integers, Clos! e allocates a new closure containing e, where y records the
levity of the computation responsible for that allocation, just as with I#Y.

e Type abstraction Ay.e and application e ¢, have the same meaning as in System F. While
their operational interpretation in 7.£ is analogous to Ax:7.e and e e’, these abstractions and
applications are fully erased by compilation to a lower-level representation. The only new
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Formation rules for kinds, levities, representations, conventions, arities:
I'tprep T +vconv
I' + k kind I+ TYPE p v kind

' prep I,r+rrep I' - PtrR rep '+ IntR rep

I'tylev Igrglev I'FLlev I'+Ulev

I'kylev [+ qari
I'+vconv| I,ntnconv T + EvalY conv I+ Call[«a] conv
I'tprep TI'haari - v conv
I+ aari T+ p,aari T+ ¢ari T + arity(v) ari
Kinds of types
[rrkind . o CINT# ['Fylev INT
Itkrt:k T+ Int#: TYPE IntR Eval T+ IntY : TYPE PtrR Eval?
Tt :TYPEpy vy TRy :TYPE py vy IF'tylev TrHz:TYPEpvV
T+, ~ 7, : TYPE PErR Calllpy, arity(v)] U~ T r ¥{z} : TYPE PtrR Evaly “*°
I,yro:TYPEpv T+ TYPE pvkind Trr:x k=x'
F+Vyo:TYPEpv ForarL Frrz:x’ K-Conv

Reflexivity, transitivity, symmetry, and compatibility for , plus the following rules:
arity(EvalY) = ¢ arity(Callla]) = a
Monomorphism restrictions:
I'ktz:TYPEpvV F prep I'tz:TYPEpv Fvconv

MonNo-REp Mono-Conv
I' F 7 mono-rep I' F r mono-conv

Fig. 2. Kind and levity system of 7.L

addition here is that binders y and arguments ¢ range over four different sorts of type-level
variables and arguments (all erasable). The expressiveness and restrictions on these different
kinds of polymorphism are detailed in Sections 4.3 to 4.8. Type binders are annotated with
their kinds, and other binders are distinguished by their naming convention; we use a Latin
name for type-level variables and the corresponding Greek name for the syntactic category.
For clarity, we sometimes state the sort of variable being quantified (r:Rep, g:Lev, or n:Conv).

A subset of these expressions are Answers (denoted by A, Fig. 1), meaning that they are possible
results of evaluation. This classification accounts for the eventual type erasure mentioned above.
The apparent redex (Ay.A) ¢ is an answer, because it is erased to A at compile-time. Answers
include closures ClosY e as usual, but not primitive functions Ax:z.e; recall that functions are called
instead of evaluated, and thus cannot be answers of evaluation (Section 2.4).

The rules for well-formed types and kinds are given in Fig. 2, and include type variables t,
primitive types T, (of which we supply one, Int#), algebraic data types T; (of which we supply one,
Int), polymorphic types Vy.o, primitive function types r ~ ¢ and a closure type ¥{z}.

I[’s type system given in Fig. 3 ensures the following guarantees for well-behaved programs:

e Static Compilation: Every well-typed program can be compiled to a lower-level representation
for a monomorphic machine, which models details such as specialized registers (for integers
versus pointers) and function calls with multiple arguments (Theorem 3).

o Type Safety: If a well-typed program is equal to a number (as per Section 4.9), then its compiled
code computes that number (Theorem 4). In particular, executing well-typed programs never
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Types of expressions

F'rr:x c:T
F,x:fl—x:TVAR F}—C:TCONST
Tke:Int# T F're:IntY Ix:Int#re :7r INT-E
TrI#e:Inty T'tcaseeof I#x — e’ : 7
I'x:t+e:o T F7mono-rep I'te:t~ o TrHA:7 TIF7mono-rep
T'riAxte:1~ 0 Fon-I T'reA:o FUN-A-E
'te:zt~o Tre :r TFrmono-rep T F7mono-conv
IF'ree' :o Fun-E
I're:r T F 7 mono-conv Crod I'te:Y{r} CLoE
T'+ClosYe:¥{r} T+Appe: T
Iyre:o TrFVYyo:k Tte:VYy.o T+ [d/x] poly
T+Aye:Vyo v Treg:old/x] vE
Polymorphic instantiations: m
I'kylev I'F prep I+ vconv I't7:x T+ xkind
T+ [y/g] poly T+ [p/r] poly T + [v/n] poly T + [r/t:x] poly
Types of constants:
i:Int# error : Vr.¥g.¥(t : TYPE r Eval?). Int# ~» ¢

Fig. 3. Type system of 7L

gets stuck, because the correct kind of register is used to store each value, and primitive
functions are always called with the correct number and kind of arguments.

Static compilation requires some typing rules in Fig. 3 to explicitly refer to the kinds of types, as
described in Fig. 2, that can be assigned to certain expressions. This shows up in the occasional
7 mono-rep and 7 mono-conv side conditions, which we elaborate in Section 4.6. Intuitively,
7 mono-rep captures the fact that z has a statically-known, monomorphic representation, and
7 mono-conv says that 7 has a statically-known, monomorphic convention.

4.1 Simplifying Assumptions
To maintain a minimal presentation of 7L, we make many simplifying assumptions that reduce
its number of features to a small representative core illustrating our main objectives. A realistic

implementation will include more features, which can either be added as an extension to 7., or
encoded in terms of the features shown here. Our simplifying assumptions are as follows:

e Higher kinds (e.g., * — %) are not included, but are a standard extension orthogonal to 7.L.

e Int# is the only exemplary primitive unboxed type, which introduces the only non-pointer
representation IntR. Other atomic unboxed types and representations—say, for floating-point
numbers, characters, arrays, etc.—can be added straightforwardly, as can primitive operations
on these types, like plus# and minus# of type Int# ~» Int# ~» Int# Unboxed tuple types
(#11, ..., 7,#) are an extension that introduces a compound representation roughly dual to
the calling convention of functions: Call[p, ..., pn] describes the representations of values
that a function needs to consume, while Tuple[py, ..., p,] [Eisenberg and Peyton Jones 2017]
describes the representations of values that a tuple has within it.

e IntY serves as the only example of an algebraic data type, which happens to be parameterized
by a levity y specifying whether the result of the constructor is evaluated eagerly (U) or
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lazily (L). In general, there should be a way to declare new user-defined algebraic data types.
These need not be levity polymorphic (i.e., have a y parameter), but 7L makes it possible to
combine levity polymorphism with user-defined data types; see Section 4.8.

There is no built-in let-binding construct but, as usual, a non-recursive let can be regarded
as shorthand for A and application: letx:z = eine’ = (Ax:r.e’) e. The typing rules for
let-bindings can be derived from the rules for primitive function types r ~» o. As such,
let-bindings inherit similar side conditions on the type of the bound variable; see Section 4.6.
e error is the only source of computational effects in 7L as presented here. Recursive let-

bindings, which are essential for practical functional programming, can be added straight-
forwardly, as can other computational effects, such as printing and state as in OCaml, with
additional primitive operations.

e Because error is the only side-effect in 7L, call-by-name and call-by-need evaluation always
give the same result [Ariola and Felleisen 1997]. So in 7L, we interpret “lifted” (L) as call-by-
need for operational concerns, and as call-by-name for equational reasoning. To accommodate
richer side-effects, the choice should instead be made explicit. This can be done directly in
I L by further dividing L into separate levities for call-by-name (CBN) and call-by-need (Need)
evaluation. For example, evaluating let x:Int? = (print "bye ";I#Y 0)in (print "hi ";x;x)
prints: "bye hi " withy =U, "hi bye bye " with y = CBN, and "hi bye " with y = Need.

4.2 Kinds, Representations, Levities, and Conventions

A kind x has the form TYPE p v, where p describes the representation of the type, and v describes
its convention, that is, what operations are allowed on that type. Suppose x : 7 : TYPE p v; that is,
x is a term variable of type 7, whose kind is TYPE p v. The representation p specifies the runtime
representation of the value of x. Referring to Fig. 1, p can be:

e PtrR, meaning that x is a pointer into the garbage-collected heap.

e IntR, meaning that x is a machine integer (not a pointer).

e r, a representation variable bound by a V; that is, we support representation polymor-
phism [Eisenberg and Peyton Jones 2017].

The convention v describes the allowed operations on x, i.e., how it can be consumed. v can be:

e Eval', meaning that x cannot be bound to a computation like L (hence U for “Unlifted”).
This kind is used for primitive values, and heap pointers that point directly to the value itself
(such as a heap-allocated array).

e Eval', meaning that x may be bound to a computation like L (hence L for “Lifted”). This kind
is used for thunks, which might need evaluation to get its value, and might diverge doing so.

e Evald, where g is a levity variable bound by V; that is, we support levity polymorphism.

e Call[a], meaning that x is a primitive function (not a thunk) with an arity described by
a. The arity of an 7L primitive function might be a fixed non-empty list py,. .., pm, S0 x
takes precisely m > 1 arguments,” with representations given by p;. Otherwise, the arity is
D1, - - s Pms arity(v), meaning that x takes at least m arguments with the listed representations,
followed by possibly some more arguments given by the arity of v.

e 1, a convention variable bound by V; that is, we support convention polymorphism.

The kind TYPE PtrR Evall expresses the uniform representation of a value in a lazy language: a
pointer to a lifted (i.e., possibly a thunk) object stored in the heap. Because this kind is so common,

"There is no type in 7.£ with the convention Call[], but it can easily arise in extensions of 7.£. In practice, unboxed tuple
arguments are passed simultaneously in several registers. So the type (# Bool, Int#, String #) ~» Int" can be given the
kind TYPE PtrR Call[PtrR, IntR, PtrR]. The nullary case of unboxed tuple arguments, (# #) ~» Inth, can then be given
the kind TYPE PtrR Call[].
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we often abbreviate it to x for the default kind. In a call-by-value language we would instead define
the default kind % as TYPE PtrR Eval’, and Eval® would be used sparingly, if at all.

4.3 Calling Conventions in Kinds
We track the arity of a function type in its kind, as described in Sections 3.5 and 3.7. For example:
Int# ~ Int# : TYPEPtrR Call[IntR]

Int# ~> Int# ~> Int# : TYPE PtrR Call[IntR, IntR]
Int# ~» Int" ~ Int# : TYPEPtrR Call[IntR, PtrR]

The convention of each of these primitive function types has the form Call[«], where the arity
given by a describes the arguments needed to fully call functions of that type.

The formation rule for (r; ~ 12) keeps track of these arities. Looking at rule Fun in Fig. 2, we
see the kind of (71 ~ 1) has a calling convention of Call[py, arity(v;)]. Two special cases are:

T+ :TYPEpy v Trop:TYPE p’ Call[ps,...,pm] T rHz :TYPEp;v T+ 1p:TYPE p’ Evaly
[+ 1~ 75: TYPEPtrR Call[py, p2,---s Pl T+ 1y~ 1p: TYPEPtrR Call|p]

The representation of the first argument (p;) is that of 7;. The rest of the arguments come from the
convention v, of 7, via the type-level operation arity, as defined in Fig. 2. It returns the arity «
of Call[a]; and the empty arity in the case of Eval?. But v; might also be a variable n, and then
arity(n) is stuck; that is why arity(v) is part of the syntax of « in Fig. 1. Rule K-Conv allows calls
to arity to be calculated whenever desired.®

4.4 Polymorphism in Levity and Representation

We are used to polymorphism over types, but we can gainfully employ polymorphism over levi-
ties, representations, and conventions, which is extremely useful in practice. For example, levity
polymorphism lets us write some functions that work uniformly over both strict and lazy values.
Adding two boxed integers can be defined as

plus : ¥g1.¥g,.Vgs. Int9' ~» Int% ~» Int9 plus (I# x) (I#y) = I# (plus# x y)
which is short-hand for the following definition in 7£:

plus : ¥g1.Ygz.Ygs. Int9' ~» Int%? ~» Int%
plus = Ag1.Aga.Ags A(x":Int9').A(y":Int92). case x’ of I# x — casey’ of I# y — I#% (plus# x y)

Notice that in this definition, the levities g; of the argument and return types are statically unknown,
so we must be able to pattern-match on and return values with unknown levities. Specifically, rule
InT-E in Fig. 3 allows a case-expression to scrutinize an integer of arbitrary levity y. Operationally,
a levity-polymorphic case has to test the scrutinee to see if it is a thunk (in case the levity variable
is instantiated to L), and if so evaluate it. In essence, we can interpret a case on an unknown levity
as a lifted one because a case is always strict and, if it happens that g is U, the branch for handling
a thunk is simply dead code.’
Similarly, suppose we had a primitive type of arrays, Array#", with kinding rule

I'tylev TFrz:TYPEPtrRv
T+ Array#Y 7 : TYPE PtrR Eval?

8 Alternatively, we could require arity(v) to be fully calculated in the Fun kinding rule. This would let us remove arity(v)
from the grammar of arities, but also forces an additional restriction on the formation of types and expressions, specifically
Fun and Fun-1, to rule out arity(n). Such a restriction comes with the cost of breaking a pleasant property of 7.L: except
for the V quantifier, any type made from well-kinded types is itself well-kinded.

9We assume that the concrete, runtime representation of values (not thunks) is the same for both eager and lazy evaluation.
This is true in GHC and seems likely in other systems supporting laziness, but it may not hold in some systems.

Proc. ACM Program. Lang., Vol. 4, No. ICFP, Article 104. Publication date: August 2020.



104:14 Paul Downen, Zena M. Ariola, Simon Peyton Jones, and Richard A. Eisenberg

From a representation point of view, an Array#" is represented by a pointer and contains pointers.
The array itself can be lifted or unlifted, and (independently) can contain lifted or unlifted values. For
example, the type Array#- (Array#’ IntV) is a lifted array of pointers, each of which points directly
to an array of pointers to (boxed) integers. The ability to exclude the possibility of intermediate
thunks in this data structure is very valuable in high-performance code, as a recent spate of GHC
proposals shows [Eisenberg 2019; Graf 2020; Martin 2019a,b,c; Theriault 2019].

4.5 Polymorphism in Convention

We may also be polymorphic in conventions. Consider the reverse-apply function

revappx f = f x
For now, suppose that it returns Int#. What type should revapp have? Here are two possibilities:

(1) revapp: V(t: TYPE PtrREvall). t ~> (t ~» Int#) ~> Int#
(2) revapp: V(t:TYPE IntR Evall). t ~> (t ~ Int#) ~> Int#

We want to compile a function like revapp to a single block of efficient machine code. To do so, we
must know the representation of x, because we have to generate instructions to move x around. If
x is represented by an integer, it will be passed in one sort of register; if a float, in another; if a
pointer then yet another.!® So we can choose (1) or (2), but not both.

On the other hand, consider these other possible types:

(3) revapp : V(t: TYPE PtrR Evall). t ~> (t ~> Int#) ~> Int#
(4) revapp : V(¢ : TYPE PtrR Call[IntR]).t ~> (f ~ Int#) ~ Int#

Since we are simply moving x around, but not otherwise acting upon it, we can simultaneously
allow (1), (3), and (4). That is, we can be completely polymorphic in its convention n, thus:

(4) revapp :¥Y(n:Conv) (t: TYPE PtrR n). t ~ (t ~ Int#) ~ Int#

What about the return type of f? The code for revapp does not manipulate f’s return value at all (it
does not even move it around, thanks to tail-call elimination), so it can be completely polymorphic
in the representation or f,, giving this type:

(5) revapp : ¥(n:Conv) (r:Rep) (g:Lev) (t1:TYPE PtrR n) (¢2:TYPE r Evald). t; ~> (t; ~> ) ~> £y

But notice that, unlike the argument type t;, revapp cannot be polymorphic in the convention of t,,
because a compiler needs to statically know the arity of the A-bound argument f to generate code
for (f x) inside revapp (Section 4.6). It can, however, be evaluated with any levity.

4.6 Restrictions on Polymorphism

Of course we have the usual restrictions on polymorphism,!! but 7£’s polymorphism introduces
some new issues. We have already seen how unrestricted polymorphism is incompatible with
efficient static code generation'? in Section 4.5, where we cannot allow revapp’s type argument ;
to have a representation-polymorphic kind. A second restriction is demonstrated by:

twice f x = f (f x)
Should (f x) be eagerly or lazily evaluated? If it has a lifted type, then we can build a thunk for it,
and pass that thunk to f. Otherwise, we must evaluate it before the call-remember, variables of

1Even if pointers occupy the same sort of register as integers, they are treated quite differently by the garbage collector, so
the code generator treats them differently.

11E.g., every free variable (of every sort) that appears anywhere in the type checking judgment I' + e : 7 must be bound by T.
12Runtime code generation would allow the system to clone fresh code for each representationally-distinct instantiation of
a function. But this is a pretty big hammer: only .NET does this. To keep things simple, we assume static code generation.
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unlifted types are always bound to values, never thunks. So we can give twice either of these types:

(1)  twice: V(£:TYPE PtrREvall). (t ~ t) ~> t ~ t
(2) twice: V(£:TYPE PtrREvalY). (t~ t) ~> t ~ t

but we must choose: unlike revapp, twice cannot be polymorphic in #’s convention.

The restrictions on polymorphism used to ensure static compilability are embodied in the shaded
premises in the type system of Fig. 3. The judgment I' + 7 mono-rep, defined in Fig. 2 checks
that the representation of 7 is monomorphic; that is, that it mentions no variables. This is ensured
by the empty context in the second premise of rule MoNo-REP. There is an equivalent judgment
I' + 7 mono-conv for conventions. Now returning to Fig. 3 we see the shaded premises:

e Rule Fun-E: for a general application, the argument type must be monomorphic in both the
representation (so that we know how to store it while passing), and convention (so that we
know when to evaluate it, or for first-class primitive function arguments, how to create it).

e Rule FUN-A-E: in the special case where the argument syntactically has the form of an
answer, we can allow the argument type to be levity-polymorphic, since in this case there is
no distinction between lazy or eager. If the application is lazy, then the argument does not
need to be evaluated anyway. If application is eager, then the argument is already a value (or
a variable that must be bound to a value), and again, does not need to be evaluated.

e Rule Cro-I: this rule boxes a primitive function so, just as in Fun-E, we must know that
function’s arity statically, so we can compile code for it that starts by taking the correct
number of arguments.

We can justify these restrictions intuitively, but how do we know that these are the “right” re-
strictions? To answer that question we will show, in Section 6, how to compile 7L into our lower
level M L. In the translation from 7L to ML in Fig. 8, we need exactly the shaded monomorphic
restrictions of Fig. 3. If any of these restrictions were removed, then there would be expressions
that are well-typed, yet uncompilable.

Our rules also include two additional, unshaded, monomorphism restrictions, in the Fun-I and
Fun-A-E rules. These restrictions enforce an extra invariant on the environment I': every variable
in T has a monomorphic representation. Besides making intuitive sense, this invariant could be
necessary in a compiler accounting for more low-level details like storing free variables in a
closure; doing so certainly requires knowing their representation. However, perhaps shockingly,
the compilation scheme we give in Section 6 does not require any monomorphism restrictions
in Fun-I and Fun-A-E: they could be deleted and yet all closed, well-typed expressions could
still be compiled. This example suggests different compilers might need different restrictions on
polymorphism. And from the reverse standpoint, other compilation schemes might allow for new
and more adventurous possibilities for levity, representation, and convention polymorphism.

As an example of why different restrictions are needed for the FUN-E and FUuN-A-E rules, recall
the encoding of let-bindings from Section 4.1, which gives us the typing rules

Tte:r T,x:tke’:0 Tz mono-rep Tz mono-conv I'tA:7 I'xitre:o I't7 mono-rep

LET LET-A
T'tlet x:itr=eine’ :o Trlet xxt=Aine:o

derived by composing Fun-I with FuN-E or Fun-A-E, respectively. That is, in general a let can
bind a variables to expressions with both a monomorphic representation and convention; but
convention-polymorphic answers can also be bound. Neither typing rule is more general than the
other: LET-A only applies to some bound expressions (pre-evaluated answers), whereas LET only
applies to bindings of some types (ones with statically-known conventions).
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Now, consider these let-bindings, which follow the restrictions of either LET or LET-A above:

(1) letx:Vg.Int9 (3) letx:VnV(t:TYPEPtrRn).t
x=Ag.I#90 in ... x=yin ...

(2) letx:Intt (4) letx:Vg.IntI~Intd
x =plusLLL (I#"1) (I#-2) in ... x=AgA(y : Intd). f (f'y) in ...

Both (1) and (3) bind x to syntactically manifest answers with convention-polymorphic types
(Vg.Int9 : TYPE PtrR Evald and Vn.V(+:TYPE PtrR n). t : TYPE PtrR n, respectively), which is well-
typed by LET-A. In contrast, (2) and (3) bind x to non-answer expressions, so x needs a convention-
monomorphic type (here, Int' : TYPE PtrR Eval- and Vg. Int? ~» Int9 : TYPE PtrR Call[PtrR],
respectively) in order to be well-typed by the LET rule.

4.7 The ForaLrL Rule

The polymorphic quantifier V¢:x.c has no impact on a type’s kind: it just inherits the kind of & (rule
ForalL in Fig. 2). Intuitively, this is because these quantifiers will be totally erased by compilation,
and have no impact on the final runtime code; the V is “invisible” to the lower-level machine.

However, now that variables may appear in kinds, we must be careful they do not escape their
scope. For example, the following type is not well-kinded:

Vr.V(t:TYPE rEvalt). t ~ ¢t 2 TYPEPtrR Call[r]

Here the representation r of the first parameter escapes in the calling convention of this primitive
function type, because r is meant to be local to the type itself. This nonsense is prevented by the
second premise of rule FORALL in Fig. 2 and the second premise of rule V-I in Fig. 3.

4.8 User-Defined Types and Code Reuse

As we have seen, polymorphism over these type descriptors—representation, convention, and levity—
increases the opportunities for code reuse. We can even have data types that are polymorphic
over these descriptors, although this is beyond the scope of the 7L we formally describe here. For
example definition of boxed integers (given in Section 3.2) might be generalized to

data Int (g:Lev) : TYPE PtrR Evaly where
I#:Int#~ Intg

Now, the Int type is parameterized by a chosen levity (g : Lev), which determines whether or not
the boxed integers are evaluated eagerly or lazily.

Polymorphism over a constructor’s arguments and result can be combined within a single
definition. For example, here is a further generalized definition of lists whose spine can be either
eagerly or lazily evaluated (g), and containing elements of any arity or evaluation strategy (n):

data List (g:Lev) (n:Conv) (¢ : TYPE PtrR n) : TYPE PtrR Evald where

Nil:Listgnt

Cons:t~» Listgnt~» Listgnt
Despite restrictions on polymorphism, we can define some levity-polymorphic functions over
this type. For example, we could write the following polymorphic definition which is capable of
summing up a list of integers with any combination of levities:

sum : Vg1 g2 gs. List gy Eval?? (Int g3) ~ Int gs

sumNil =1I#0

sum (Cons (I# x) xs) = case sum xsof I# y — I# (plus# x y)

sum’s caller chooses the levity of the list’s spine (g;), the list’s elements (g2), and the result (¢3). This
is possible because sum is completely strict anyway; if it is given an evaluated list or an unevaluated
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Type-based definition of substitutable values:

Trte:r Trr:TYPEpEval Tre:r Trr:TYPEpCallla]

I' - A subst I + e subst I + e subst
Equational axioms (in each rule, assume that T + S subst):
(B~) (Ax:t.e) S =e[S/x] (1~) Axt(ex)=e:T~> 0
(Bv) (Axe) ¢ =el¢/x] (nv) Ay(ey)=e:Vyo
(Byy) App (Clos’e) = e (ngy) Clos” (App S) = S : "{o}
(Prnt) case I#' A of =e[A/x] (71nt) case e of =e: IntV
I#x > e I#x — I#' x

Plus closure under reflexivity, transitivity, symmetry, and compatibility.

Fig. 4. Equational theory of 7.L

thunk, the entire thing will be added together before a value is returned. Therefore, the same code
can be used for any combination of eager or lazy evaluation.
Other functions, such as the standard definition for mapping over a list:

map f Nil = Nil map f (Cons x xs) = Cons (f x) (map f xs)

cannot be so levity polymorphic. That’s because the order of evaluation in Cons (f x) (map f xs)
depends on the levity of (f x) and the recursive call (map f xs). We can give this type assignment
to map that specifies its result should be lazy, like in Haskell:

map : Vg n (a:TYPE PtrR n) (b:TYPE PtrR Eval‘). (a ~ b) ~ List gna~» List L Evalt b

Note that the input list can store values of any convention at all, and like with sum, it can be either
spine-strict or spine-lazy; map is strict in its second argument either way. Other evaluation orders
for map can be specified by replacing one or both of L in (List L Evalt b) with U. Although the
definition of map appears the same in 7L, this change will compile to very different machine code.

4.9 Equational Theory

The equational theory for 7L, as defined in Fig. 4, gives us a framework to reason about equivalent
I L expressions. We use this as the basis for correctness of compiling a high-level language to 7.L
(Theorem 2) and further on to a low-level language (Theorem 3). The rules for function closures
(namely B¢, and 7y;) and boxed integers (frnt and n1nt) are unsurprising, as are the rules for
erasable abstractions (fy and ny). More distinctive is 7~,, which (as discussed in Section 2) allows
unrestricted 7 in either direction for any expression of a primitive function type 7 ~» o.

That leaves the reduction rule ., . Asis usual in a call-by-value A-calculus, only some expressions—
called substitutable values, denoted by the metavariable S—can be passed to a primitive function
and substituted for its formal parameter by the S, rule. The S., rule only fires if the argument
of the application is substitutable. Unlike most systems—using a purely syntactic definition of
substitutable values—7L identifies these expressions by their type and kind, as defined by the rules
for the I' + e subst judgment. Using the type and kind of the argument to define substitutability,
rather than only its syntax, allows us to integrate several different evaluation orders (call-by-value,
call-by-name, etc.) within the same language.

Consider the rules for the I' + e subst judgment. Firstly, we designate all answers A to be
substitutable. Notice that, up to type erasure, each answer is considered a value in the call-by-
value A-calculus. In other cases, the criteria for substitutability of a typed term e : 7 depends on
the convention of 7 rather than the syntax of e. For example, in a call-by-name setting, every
expression can be substituted for a variable. So in 7L, all lazily-evaluated arguments—which have
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the convention Evalt-—are substitutable values, and hence allow S~ to fire. In contrast, the only
values in call-by-value languages are answers (A), so variables of type EvalY can only be substituted
with answers. More generally, answers are always substitutable in all of the evaluation strategies
we are interested in here, so we can say something more: A is substitutable for all conventions.
This extra step is helpful in case we are dealing with an expression—like x or I#J i—which has an
unknown convention but will inevitably be substitutable in any case.

For example, consider the different evaluation orders of a function call with lifted or unlifted
arguments. On the one hand, we can express a lazy call to plus (Section 4.4) such as

(Ax:Int.e) (plusL (I#-1) (I#-2)) =5 e[plusL (I#" 1) (I#"2)/x]

which substitutes the unevaluated argument for the parameter x right away according to S~,. This
is possible because the argument has the type Int" : TYPE PtrR Evall, and so it is substitutable by
virtue of its type. On the other hand, the corresponding eager call would be

(Ax:IntYe) (plusU (I#1) (14 2)) = (Ax:Int".e) (I#3) =4 e[I#"3/x]

Here, we cannot apply the S, directly as before, because the argument is not substitutable: it has
the type IntY : TYPE PtrR Eval’ but is not an answer. Instead we must first evaluate the argument;
the result is the answer (I#" 3), and -, can now fire.

5 COMPILATION TO 7L FROM A HIGHER LEVEL

I L is, by design, a fairly low-level language making fine distinctions about representation, calling
conventions, evaluation orders, and so on. This makes it a target for both eager and lazy languages.
To see how, we now give translations for call-by-name and call-by-value System F into 7.L.

5.1 Call-by-Name System F to 7L

To translate call-by-name System F into 7L, we begin by picking a single “uniform” 7£ kind * that
captures all the types of the source language, namely x = TYPE PtrR Eval‘. Each source-language
type 7 translates to an 7L type [ 7] of kind %; that is, a pointer to a lifted value, perhaps a thunk.

Fig. 5 gives this type translation. To get the correct call-by-name semantics for numbers, we
use the boxed integer type Int", which happily has the correct kind. However, even though the
primitive function type [[z] ~ [o] has the correct call-by-name semantics, it has the wrong
kind TYPE PtrR Call[PtrR], so the translation coerces Call[PtrR] to Evalt with a closure type.
Polymorphic type abstraction is unchanged, only clarified that bound type variable ranges over .

To compile expressions, we only need to expand out the additions prescribed by the translation
of types. Numeric constants need to be boxed, functions and their calls need the explicit coercions
to and from closures, and bound type variables are annotated with their uniform kind.

5.2 Call-by-Value System F to 7L

We can compile a call-by-value version of system F using virtually the same procedure as above.
Again, we need to decide on a uniform kind that is suitable for each source-level type, which is
* = TYPE PtrR EvalV for call-by-value evaluation. As before, we can compile source-level types
following the invariant that [ ] : %, as again shown in Fig. 5.

Note that we still compile integers to a boxed type, so that all values are represented uniformly
by a pointer, but this time we make it unlifted to reflect the call-by-value semantics. Function types
are still wrapped in a closure, as in the call-by-name case, but this time unlifted ones.

The translation of polymorphism is more complex, however, due a mismatch with the semantics
of call-by-value System F. With call-by-value evaluation, the abstraction At.L is a value, even
though L diverges, whereas in call-by-name they would be n-equivalent. We need to make sure
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Call-by-name where * = TYPE PtrR Evalt
Intt [t] 2¢ [x] £ x [i] = 1#-i
Hlzl ~ o]y [Axze] 2 Clost Ax:[].[e]) [ee] 2 (App [e]) [€']
Vix [ 7] [At.e] £ At:x.[e] [ez] =[el =]

Call-by-value where x = TYPE PtrR Eval’

>
>

[Int]

[z — o]

[vt.7]

> |~

> 1>

[Int] £ Int’ [t] 2¢ [x] =x [i] = 1#Yi
[z — ol £ %[zl ~ [o]} [Axze] £ Clos” (Ax:[z].[e])  [ee’] = (App [e]) [¢]
[Vt.r] £ Yvex[r]} [At.e] £ ClosY (At:x.[e]) [ez] = (App [e]) [=]

Fig. 5. Compiling call-by-name and call-by-value System F to 7L

Call-by-name substitutable values: Call-by-value substitutable values:
Vao=e Vu=x|Ax:te | Ate
Equational axioms (for both call-by-name and -value definitions of V):
(p=) (Ax:t.e) V =¢[V/x] (n=) Axt.(Vx)=V:r—>o
(Bv) (At.e) T =e[r/t] (nv) At.(Vit)y=V :Vto
(name) (Ax:tex) e’ =ee’

Fig. 6. Equational theory of System F; call-by-value and call-by-name

that this abstraction is still a value even after the polymorphic A is erased. For that reason, we must
introduce the additional call-by-value closure which is preserved to runtime.

The compilation of call-by-value expressions is nearly the same as call-by-name expressions.
Besides swapping L for U, the only difference is in for polymorphic abstractions and instantiations.
These have an extra closure that signifies call-by-value evaluation and, more importantly, makes
sure that the value At.e in System F compiles to a value, namely Clos' (At:x.[ e])), which is essential
when side effects or non-termination enters the picture. For example, evaluating At.error t i returns
immediately in call-by-value System F, but the corresponding At:x.error PtrR Ut i causes an error
in L. Intuitively, the explicit closure and application serve to codify the standard definition of
type erasure for call-by-value System F, which traditionally erases At.e into A().e.

5.3 Correctness of Source-to-7£ Compilation

Compiling call-by-name and call-by-value System F into 7L are both correct: type checking and
equalities are preserved by translation. We assume the standard type system for System F and
semantics in Fig. 6. Note that the name axiom, which gives a name to the argument of a function,
corresponds to a right-to-left evaluation order for the call-by-value semantics, and is a consequence
of B, in the call-by-name semantics. The preservation of types is straightforward, where the
compilation of a typing environment [T'] is defined pointwise.

Theorem 1 (Type Preservation). IfT + e : 7 is derivable then so is [T'] + [[e] : [ 7]

Theorem 2 (Soundness and Completeness). ' + e = ¢’ : 7 in call-by-name System F if and only if
[TT+ el =M€l : [z] via call-by-name compilation, and likewise for call-by-value.

6 COMPILATION FROM 7L TO A LOWER LEVEL

In order to illustrate how our levity-polymorphic intermediate language 7L might be compiled
to a more conventional, lower-level language, we introduce an abstract machine that supports
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PrimRep > & :=PtrR | IntR Strictness > y ==L | U KnownConv 3 n == Eval? | call[7]
Expr> ex=W | W(a) | App e(a) | case e of T#(xrntr) — €’ | letx,lf =eine’
Reference > R := I#(a) | Clos" W | A(X;).e
Value > V :=c | I#(a) | Clos" W WHNF> W =R |a Argdan=c|x,
StackCont 3 K == ¢ | App(a); K | case I#(xntr) — €;K | letx,ine; K | setx; K
Store > H =:=¢ | [x .= R]H | [x := memo e]H

MachineState > m == (e | K| H) | error(n) Final > Fin == (V| e¢|H) | error(n)
(PshApp) (App e(a) | K|H) = (e|App(a); K| H)
(PshCase) (case e of T#(xinr) — €’ | K| H)  (e|case I#(x1ntr) — e’; K| H)
(PshLet) (letx) =eine’ | K|H) + (e|letx, ine ;K | H)
(LAlloc) (letxp, . = ¢’ ine | K |H) — (e[yptrr/xptrr] | K | [y := memo '] H)
(Call) ((A(%r)-€)(a) | K| H) > (e[a/xz] | K | H)
(Apply) (Clos" W |App(a); K | H) = (W(a) | K | H) (ifn = [a])
(Unbox)  (I#(a) |case I#(xtr) — e;K|H) > (e[a/x1nwr] | K|H)
(Move) (c|letx,ine;K|H) +— {(e[c/x,] | K|H)
(SAlloc) (R|letxptrrine; K [H) — (e[yperr/xperr] | K | [y := RIH)
(Fun) (Yperr(a) | K | [y == R]H) = (R(a) | K| [y := R]H)
(Look) (Yperr | K| [y == R]H) — (R| K| [y == R]H)
(Force) (Yptrr | K| [y := memo e]H) > (e |sety;K | [y := memo e|H)
(Memo) (R|sety;K | [y :== memoe]H) — (R|K| [y := R]H)
(Error) (error(n) |K|H) — error(n)

Fig. 7. Syntax and semantics for ML

non-uniform representations and function arities, both of which must be monomorphic. The idea

is to model a realistic machine architecture with multiple basic kinds of data representations

(e.g., pointers vs. integers), and where primitive functions are passed multiple arguments but are

otherwise first order (though primitive function pointers may be passed as arguments and invoked).

The syntax of this language, which we call ML, is given in Fig. 7, along with its abstract machine."
The syntax of ML is restricted from the more A-calculus-inspired 7L in several ways:

e Expressions follow the A-normal form (ANF) convention [Sabry and Felleisen 1993]: all
arguments a are either variables or constants. To support ANF, M L has a let construct.

e Primitive functions (A(y).e) and calls (W (a)) have an explicit arity and pass multiple argu-
ments at once, but cannot be partially applied.

e An applied function cannot be an arbitrary expression; it must be a weak head-normal form,
namely a reference to a A, variable, or constant. Every application W (a) can be resolved in at
most two steps: lookup W if it’s a variable, then apply W if it’s a A or constant (like error).

As such, it is impossible to chain several calls in a row. For example, f(1)(2) is not a legal expression
in M.L.If f is an arity 2 primitive function, it must be called as (1, 2); if it is an arity-1 primitive
function returning a closure of an arity-1 primitive function, it must be called as (App f(1))(2).

3For aficionados of GHC, I.L is like GHC’s Core language, while M L is like the STG language [Peyton Jones 1992].
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The number of arguments passed at once is explicitly fixed in each A-abstraction and call site. In
other words, ML does not support polymorphism of function arity.

ML’s syntax includes annotations that make the semantically important information in types
explicit, so the syntax of programs makes it clear how they are executed. In particular, each
variable is annotated with its representation sz, which must be either a pointer (PtrR) or integer
(IntR), corresponding to an assignment to an appropriate register. In other words, all variables are
permanently assigned a representation—intuitively, stored in either an integer or address register.
By design, ML does not support polymorphism over these representations because the different
types of machine registers are distinct, and the choice made is fixed in the code.

Additionally, each let binding is annotated as either eager (U) or lazy (L). This controls whether
the right-hand side of the let is evaluated first before being bound to the variable, or bound first
and evaluated later as needed. Again, this decision about evaluation order must be statically chosen
for each let, so ML does not support polymorphism over evaluation order.

6.1 The Semantics of ML

Executing an ML program involves a machine configuration of the form (e | K | H), where e is
the expression being evaluated, K is the continuation or call stack of evaluation, and H is the heap
for storing allocated memory. Heaps may contain both values ([x := V]H) or unevaluated thunks
([x := memo e] H). Both call stacks and heaps are conventional, except that a stack may contain
an application of many arguments in a single stack frame, like App(a); K. The other cases of stack
frames include a case, a strict let binding, and a set construct to memoize thunk evaluation.

Many of the steps of the machine are also conventional, including those for pushing stack frames
(PshApp, PshCase, PshLet) and allocating memory (LAlloc, SAlloc), but note that we include
cases for both lazy bindings (LAlloc) and strict ones (PshLet, SAlloc). Next we have the rules for
performing interesting reductions. Apply resolves the application of a closure by extracting the
primitive function it contains, and Call calls a primitive function directly. Note that Apply can check
that the number of arguments matches the arity of the closure at runtime (and potentially respond
appropriately if they do not match, as we do later in Section 7). Instead, Call is merely undefined
when the arguments don’t match the bound parameters, representing a type or memory unsafe
error. In addition, we have Move for moving a constant into an appropriate variable (corresponding
to a register) and Unbox for extracting the contents of a boxed integer. Finally, we have the rules
for handling pointer variables at runtime. Fun expects a function pointer to map to a value. For
other pointers, we have to check if it is evaluated, to either Look up values or else Force thunks.'*
When a forced thunk returns a value, it is Memoized to share the result on future uses.

6.2 Compilation

Compilation from 7L to the low-level machine language ML is given in Fig. 8. The top-level
translation is 8V[[e]]g, which compiles a typed expression I' + e : 7 given 7’s convention is
v. The environment 0 is a mapping from 7L variables to ML arguments (either constants or
representation-annotated variables) written as [a;/x1] ... [an/x4].

A key part in understanding the compilation in Fig. 8 is to remember the distinction between
calling and evaluating. In our system, only expressions with types like Int#, Int¥, and ¥{r} can be
evaluated. In contrast, expressions with types like 7 ~» ¢ can only be called. Implementing this
distinction is the main role of SV[[e]]g, which takes into account the convention v of e: if it is Eval¥

4Note that this uniform check on pointers yptrg is needed to support levity polymorphism for types like Int9 and 9{z}.
In a more practical compiler, we could have specialized code that avoids a check when it is statically known, due to type
checking that yptr must be unlifted, so that the Look step always applies without a dynamic check. Thus, a language
which is call-by-value by default does not have to pay the runtime penalty for thunks unless they are actually being used.

Proc. ACM Program. Lang., Vol. 4, No. ICFP, Article 104. Publication date: August 2020.



104:22 Paul Downen, Zena M. Ariola, Simon Peyton Jones, and Richard A. Eisenberg

In the following, all equations are tried left-to-right, top-to-bottom.
Top-level eta expansion:

EMAllp 2 AlAly  Exvavlelly £ Clelp(e)  Ecanmllelly 2 AG).Clelper)
Constants and variables:

Clillp(e) 2 i Clx]l5 (e) = 6(x) (fT F 7 > Eval¥)
Cllerror]j(a) £ error(a) C[[x]]g’”(ﬁ) 2 (0(x))(@ (fTF 7 call[z])

Applications (the following equations are tried top-to-bottom):
CllApp e]l5(@) = App (Cllel5(e)) (@)
Cle ¢15@ = Clels(@
Cle Aly(@) = Clely(A[A]5 ) (if A[A]p = xx or A[A]ly = ¢)
Cle Al (@) 2 letxY, ., = A[A] inC[e]lh(xptrr, @)

Clee']p(@) = letxlev(n)

- =&y [e'lpinClely(xr.a) (fTre":r,Tr vor, and T F o)

Boxing and unboxing:
Cl1# Alp(e) = A[T# A
ClI#" e]lp(e) £ letx. . = Clle]lp(e) in T#(xrntr)
Cllcasee’ of I# x — e]p(a) = case Cl[e'Ty(e) of T#(xtntr) — Clel |57 5 (@)

Abstractions:

C[[Ax:o.e]]g(a/, a) = C[e] 1[";/(;]9 (@)

ClAx-ely@ = Clel,”* @
Cl[Clos” e () £ A[ClosY e]lp
Type erasure of answers:
Allc]lp £ ¢ Alx]p £ 0(x) A 1# A]G £ 1#(A[A]D)
ALA ¢l = AlAly AlAx-Alp = ALAl
Al ClosY ey 2 closl@rityml g

conv

Call[arity(q)]'le]]g (iffTre:randTF7 > 1)

Calculating known representations and conventions, and the levity of a known convention:

F'rz:TYPExv x € PrimRep IF'r7:TYPEpn ne KnownConv lev(Eval?) = ¢
rep conv

Trr~or F'kr~p lev(Call[x]) = U

Fig. 8. Compiling 7.L to ML

then we can evaluate the result of e directly by the main compilation translation, otherwise if it is
Call[7] then e must be called (not evaluated). To make sure that the definition and call sites of
a primitive function match, we always fully n-expand these expressions when they are defined:
either on the right-hand side of lets or in the body of Closures. Because of n-expansion, this step
of compilation is only defined when the calling convention is statically known (e.g., it is not a
variable n or partially-defined like Call[r, ry, arity(n)]). In any case, we next move to the main
work-horse of compilation, C[[e]]g(a), that produces ML code to evaluate the result of e applied
to the arguments (a). Again, there are invariants to this translation that we will enumerate shortly.

For C[[e]]g(ﬁ), literal constants are just passed through, but compiling a call to error assumes
precisely one argument. What if the user has written a partial application of error? Such partial

Proc. ACM Program. Lang., Vol. 4, No. ICFP, Article 104. Publication date: August 2020.



Kinds Are Calling Conventions 104:23

applications are always n-expanded to be fully saturated, satisfying the requirement here. Compiling
a variable x looks it up in the environment 0, but there is different ML code for evaluating x
versus calling it, even when there are no arguments. In other words, a primitive function variable
x with the empty calling convention Call[] compiles as C[[x]]l[ﬂyptrR /x10(€) = Yperr()—a nullary
function call—but a variable x with the convention Eval? compiles as to the pointer lookup
CUxN o210 (&) = Wpern.

Closure applications are compiled straightforwardly, and erasable arguments ¢ and binders Ay.e
are simply dropped. 7L answers can be compiled outright to a M £ WHNF via ﬂ[[A]]g. Compiling
an application to an answer A depends on the nature of that answer:

o If ﬂ[[A]]g is a variable or constant (after type erasure), then it can be passed directly.

o Otherwise, name the argument with a let (respecting the A-normal form) and pass it by
reference. In this case, the compiled argument will always have the form I#(a) or Clos™ W,
meaning the let-binding will always be represented as a pointer into the heap.'

In the variable case, we do not need to track the levity or representation of the argument, because
these decisions have already been made by the context, when the variable definition itself was
compiled. Crucially, we did not have to look up any information in the typing environment to
compile answer arguments; this is why no highlighted premises are needed in rule FUn-A-E.

In the case of an application e e’ to an arbitrary argument that needs to be computed, corre-
sponding to FUN-E, we always generate a let similar to the second case for e A. However, for FUN-E,
we need to determine the representation, convention, and levity of the binding, which could truly
be anything. This corresponds to the highlighted side conditions in Fun-E.

6.3 Correctness of Compilation

Notice how the same polymorphism restrictions used in the typing rules also appear during
compilation. Even though the defined compilation translation is partial (not every syntactically

valid expression can be compiled), all well-typed 7L expressions with a known convention have
a defined compilation to M.L. In particular, E,[[e] is well-defined for any closed expression
Fe:7:TYPE p n, where the syntax of known conventions 7 is given in Fig. 7.

In fact, we allow for a little more levity polymorphism during compilation: Egya19[e], for a
polymorphic levity g, is also allowed. That’s because the generated code will be executed exactly
when expression is evaluated: in other words, when a computation is forced, there is no difference
between eager (U) or lazy (L). This added flexibility is essential for compiling levity polymorphic
expressions appearing in strict contexts, such as in the discriminant of a case or first argument of
App. Although implicit, the C translation assumes that evaluation of the compiled expression is
being forced. In contrast, the A translation does not assume this, because it is used in contexts
that do not force the expression. This small difference is how we are able to pass variables of any
convention (eager, lazy, or primitive functions) without erroneously introducing extra strictness.

During compilation, we occasionally need to know representation (;r) or convention (1) of a

sub-expression. This appears in Fig. 8 as highlighted side conditions I' + 7 W wandT ko W n,
respectively. In general, compilation could fail if the representation or convention in the kind of
7 are partially unknown—that is, contains free variables. But any closed representation has the
form 7 and any closed convention is equivalent to a 7, as defined by the syntax of ML in Fig. 7.
The places where this requirement appears corresponds exactly to the highlighted monomorphism
restrictions in Fig. 3.

15 A more feature-rich language may allow for representations other than just a single pointer, in this case. Even then,
answers compile to values with syntactically manifest representations, so no additional typing information is needed here.
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Theorem 3 (Closed Compilation). If + e : 7 and + 7 : TYPE p v then &,[ e] is defined.

This theorem just states when compilation succeeds in generating ML code from a closed 7.L
expression. We should also expect that compilation preserves the behavior of that 7L expression as
well. In other words, if an expression is equal to some answer in 7L (as per Fig. 4), then executing
the compiled code should give the same answer in ML. But we are not interested in evaluating
primitive functions directly—they are called, not evaluated!—so answers will be of some Evaluatable
types like (un)boxed integers, which are simple enough values to line up on the nose.

Theorem 4 (Soundness and Completeness).

(1) Forany v+ e: Int#, +e=i:Int# ifand only if (Eg aulle] |l e) =" (i|e|H).
(2) Forany v e:IntY, v e=1I#i:IntY ifand only if (Epvarr[e] | €| &) =" (T#(i) | ¢ | H).

7 DYNAMIC ARITY
Consider the following program written in Haskell, where exp is some expensive function:!®

appT1: T — Int — Int
appT1(MkTg) =g1

appI2 : T — Int
appT2 (MkT g) =g12

dataT = MkT (Int — Int — Int)
t1 = MkT (Ax.letz = exp xin dy.z + )
t2 = MKkT plus

In terms of the informal notion of arity in the source language (Section 2), we can say that t1 stores
an arity 1 closure and ¢2 stores an arity 2 closure. Likewise, appT1 performs an arity 1 application
and appT2 performs an arity 2 application. This can be compiled to 7L (extended with data type
declarations) similar to the translation in Fig. 5, which formalizes the arities like so:

L
dataT = MkT Y{Int ~ Y{Int ~ Int}} appT1: T ~ {Int ~> Int}

t1 = MkT (Clos" Ax.letz = exp x inClos" Ay.z + y) appT1 (MKT g) = Appg 1
L L appT2 : T ~ Int
t2 = MkT (Clos" Ax.Clos" Ay.plus x y) appT2 (MKT g) = App (Appg 1) 2
Notice how appT2 (MkTg) does not apply g to both arguments at once; instead, it must evaluate g
applied to 1 first, then apply the returned closure to 2 in a separate step. The two-step application
process is mandated by the type of the MkT constructor, even though most of the time MkT will
ultimately be used store a closure capable of accepting both arguments at once. This arity demotion
can be seen in t1, where the binary plus function is wrapped up in a chain of two unary closures,
as required by MkT. As a result, the call appT1 t2 must pass 1 and 2 separately to plus, losing the
opportunity for the faster binary calling convention that seemed possible in the source program.
We can attempt improve the performance of t2 and appT2 with an alternate translation:
appT?’ : T' ~» Int ~ Int
appTl’ (MkT' g) x = Appg 1x
, , L appT2’ : T ~ Int
t2’ = MkT’ (Clos plus) appTZ’ (MkT/ g) =Appg12
Now, MkT’ contains a closure of a single binary function. This way, appT2’ t2’ steps to the single
binary application plus 1 2, passing both arguments at once to plus. But the type of MkT’ makes
it impossible to contain closures that memoize work when applied to only one argument—an
unfortunate, unintended ramification of this “optimization.” Unlike before, the closure inside ¢1’
recomputes exp x every time the second argument is given, instead of memoizing the result once
the first argument is provided. Here, we make this fact syntactically explicit by n-expanding the

dataT’ = MKT’ Y{Int ~ Int ~ Int}
t1" = MKT’ (Clos" Ax.Ay.letz = exp xinz + y)

16The exact same example applies to OCaml as well by replacing L with U in translations into 7.£ that follow.
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definitions of t1” and appT?1’, but because ~»-types are fully extensional, the same recomputation
will occur no matter what. For example, map (appT1’ t1’) [1..1000] recomputes exp 1 for all 1000
elements of the list, whereas the previous map (appT1t1) [1..1000] only computes exp 1 once.

The root of the problem is that the data type definition of T forces us to pick one type for the
constructor MkT. Because 7L statically links this type to an arity, we are thus forced to pick one
arity for MkT closures that is used throughout the entire program. MkT may often be used to hold
essentially binary function closures, but the computational effect of unary application of MkT
closures can still be crucial in certain corners of a program—either for asymptotic complexity in
Haskell or for side effects in OCaml.

Rather than enforcing statically that every call is exactly saturated, perhaps we could perform
a dynamic check. Given a binary application, we could interrogate the function value to check
its arity, and behave differently depending on whether that arity is 1 (an over-saturated call), 2
(exactly saturated, the fast case), or greater than 2 (unsaturated). This is, in fact, what GHC does
today, and corresponds to the “unknown” function calls of Marlow and Peyton Jones [2004] which
inspect the arities of closure values at runtime to choose the best calling convention. But how can
T L—with its statically-tracked notion of arity—accommodate dynamic arity checking?

The key is to allow for the primitive functions contained in closures to have a different arity than
their call site, thus requiring a dynamic check on all Applications of closures. Applying too few
arguments creates a partial application, and applying too many is broken down into several steps.
More formally, the syntax of ML can be extended with partial applications Clos” f(a), where f
has been applied to arguments a so far and n is the number of remaining arguments expected before
f can be called. Now, consider these extra rules for dynamic handling a runtime arity mismatch:

(Apply) (Clos" W(a) | App(a’); K |H) — (W(a,a’) |K | H) (if [a’| = n)
(PApp) (Clos" W (@) | App(@'); K | H) — (Clos™ @l w(a, @) |K|H) (if|a’| < n)
(OApp) (Clos"W(a) |App(a’,a”’);K |H) — (W(a,a’) | App(a”’);K |H)  (if [a'| = n,[a”’| > 0)

In practice, these extra rules for partial- and over-application lets us treat closure types like
HiInt ~ YInt ~ Int}}andY{Int ~> Int ~» Int} as the same, without endangering type safety
due to arity mismatch. For example, this would eliminate the difference between the T and T’ data
types from before. With these dynamic arity checks, it is safe to call appT1 t2’: this results in a
partial application because the caller (appT1I) only provides one argument to the binary closure (¢2”).
Likewise, it is safe to call appT2’ t1: this results in an over application where the caller (appT2’)
wants to pass two arguments to a unary closure (t1). Yet, in the cases where the optimal arities do
match (like appT1 t1 and appT2’ t2’), the fastest calling convention is used at runtime. Therefore,
the types T and T’ can be used interchangeably, in some sense, as long as arities are checked at
runtime. More generally, dynamic arity checks lets us safely equate these two closure types:

"7~ Ho}} ="{7~ o}

This could be formalized in 7L as a type equality or a type-safe coercion [Breitner et al. 2016]:
both types are represented identically at runtime as closure objects with some runtime arity count.

In the end, both known and unknown calls of Marlow and Peyton Jones [2004] can be captured in
the intermediate language. The arity of a type r ~ ¢ is known statically by its kind, and the program
must provide the right number of arguments and binders. However, types like ¥{z ~» ¢} and
Y{r ~» ¥{o}}, which both store additional arity information at runtime, can be freely interchanged
at compile time, as long as the arities are checked at runtime. To be clear, this extension has a
trade-off: the closures described here are subject to extra dynamic checks. It is possible that an
implementation would want to have both statically checked closures and dynamically checked
ones. We can accommodate both by simply having two different closure types (with their own
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Clos and App). Then, an optimizing compiler, or an expert user, can select the one with the best
performance for a particular part of a program.

8 RELATED WORK

The system presented in this paper is the culmination of several independent lines of work on
expressing performance issues directly in an intermediate language. The underlying theme is to
capture the low-level details of calling conventions as features of a higher-level functional language.

8.1 Representation and Levity in the Kinds

The idea of distinguishing (un)boxed and (un)lifted types goes back to Peyton Jones and Launchbury
[1991]. That distinction has been static until recent work added levity polymorphism to the mix
[Eisenberg and Peyton Jones 2017], and shown that its utility is greater than expected (see Section
7 of that work). However, Eisenberg and Peyton Jones [2017] conflates levity polymorphism and
representation polymorphism. Our contribution separates the two completely, with applications
that are polymorphic in one but not the other. One our main requirements is to generate only one
piece of code for every polymorphic definition. Certain definitions that must be rejected, because
compilation would depend on a choice made at runtime. An alternative approach by Dunfield
[2015] accepts more uses of levity polymorphism at the cost of generating different code for each
choice—an exponential blowup of code size in practice—which we avoid.

8.2 Optimizing Curried Functions

Previous work established methods for optimizing curried function calls dynamically at runtime,
avoiding the overhead of naively calling ((f 1) 2) 3 by passing one argument at a time. In practice,
f will often expect all three arguments before doing any interesting work, so those calls should be
fused when possible. Fusing can be done by pushing many arguments on the stack at once (the
push/enter model) [Krivine 2007; Leroy 1990] or by evaluating the arity of closures (the eval/apply
model) [Marlow and Peyton Jones 2004]. In this work, we capture this dynamic type of optimization
within the syntax and types of programs, as described in Section 7.

8.3 Function Arity in Types

While there is performance to be gained by dynamically optimizing curried function calls at runtime,
it is even better to optimize statically at compile time. Of course, this is easy to do when the compiler
can find the definition of the called function [Marlow and Peyton Jones 2004]. This scheme is easily
thwarted by higher-order functions, so a less syntactic approach—like one based on types—can be
beneficial. Uncurrying—representing a function a—b—c—d as (a, b, c)—d—is an obvious place to
start, and has been investigated before [Bolingbroke and Peyton Jones 2009; Dargaye and Leroy
2009; Hannan and Hicks 1998]. However, when polymorphism is brought into the picture, type
quantification is irreparably fused with multi-arity functions; see [Downen et al. 2019, Section 8.1].

Following Downen et al. [2019], 7L instead retains the curried form of function types. However,
IL goes significantly beyond that work by supporting type polymorphism over arrow types
(Section 4.3), and polymorphism over levities (Section 4.4) and conventions (Section 4.5). Another
difference is that Downen et al. [2019] had two function arrows, (7 % ¢) and (7 ~> o), whereas 7L
has just one arrow (7 ~» o), plus the closure type Y{r}. The two are inter-convertible: we showed
how to translate 7 % o to 7L for either y in Fig. 5, and in the other direction we have "{r} = () & ¢
with (ClosY e) = AY().e and (App €) = e (). Note that, to make the analogy operationally exact, the
unit type () should be an unboxed, empty tuple (i.e., represented as 0 arguments at runtime). The
approach here has a greater economy of concepts, and a nice correspondence with Int# and Int”.
However, two function arrows might be better for a practical compiler.
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8.4 The Glasgow Haskell Compiler

GHC already implements a rich kind system, including polymorphism over types, kinds, and
representations. Indeed GHC goes further: instead of a stratified zoo of different things (types,
kinds, representations, etc.) as in Fig. 1, they are all types [Weirich et al. 2013] kept separate
by their kinds. This is a fantastic simplification, immediately allowing polymorphism over all
these conceptually-different things. This does, however, make it hard not to have polymorphism!
Returning to Section 4.3, it would be hard to prevent instantiation of a forall-quantified type variable
with an arrow type, requiring a restriction like “this quantified variable can have any kind other
than Call” So GHC’s infrastructure strongly encourages fully-fledged polymorphism.

8.5 Logical Foundations

The 7L language is not an ad-hoc collection of design compromises driven by only performance
considerations. Rather, it grows directly from principled foundations in logic.

Previous work on unboxed types and extensional functions shares the observation that lifting—in
the sense of denotational semantics—corresponds to a mismatch between machine primitives and
the semantics of a programming language. Unlifted types can be implemented more directly—and
therefore more efficiently—in a machine. But the cause of lifting depends on the type: unlifted
integers need to be call-by-value whereas unlifted curried functions need to be call-by-name. The
first reconciliation was achieved in call-by-push-value [Levy 2001], which avoids all lifting unless
explicitly requested. As such, this paper can be seen as a practical extension of this foundation.

The same connection between types and evaluation is also tied to focusing and polarity [Andreoli
1992; Laurent 2002] in proof search, which corresponds to pattern-matching in functional program-
ming [Zeilberger 2008, 2009] and semantics and computation [Munch-Maccagnoni 2009, 2013].
Recently, these mixed evaluation strategy languages have been extended with practical features
like call-by-need evaluation [Downen and Ariola 2018; McDermott and Mycroft 2019] to model
shared computation. Of note, the types in 7L used for boxing and indirection correspond exactly to
the “polarity shifts” of Downen and Ariola [2018] to and from call-by-need. In particular, the boxed
integer type corresponds to an “up shift” (Int = Int#) and the function closures to a “down shift”
({r ~ o} = |(r ~ 0)). For the sake of usability, 7L performs other implicit polarity conversions
of types based on their context. For example, closing over a non-function type like Int# implicitly
shifts it to a “nullary function” (there written T Int), expressed by the encoding {Int#} = [JTInt#.

9 CONCLUSION

This paper illustrates a cohesive system for including low-level details—specifically representation,
levity, and arity—inside a higher-level intermediate language. Not only does this let the language
express intensional properties of programs, it also lets programs abstract over these details when
they do not impact compilation. Parts of this work have been implemented already in the Glasgow
Haskell Compiler, and we intend to further implement the entirety of kinds as calling conventions.
The story presented here takes an explicitly typed intermediate language and—through type-driven
elaboration—compiles it to an untyped target language. As future work, it could be enlightening
to consider how types might be preserved by compilation by giving a sufficiently expressive type
system for the lower-level language. Since the main objective is to capture performance in the
intermediate language, we would also like to characterize the cost of computation in its semantics.
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A OPERATIONAL SEMANTICS FOR 7L
A.1 Notation

. . . . 2 . .
We use — to denote the single step relation of an operational semantics, —" to denote its reflexive
closure, —™* to denote its transitive closure, and —* to denote its reflexive-transitive closure. This
same notation is used for other reduction arrows.

A.2 Substitution-based (call-by-name) operational semantics

Final 3 Fin ==V | E[error py t V]
Value> V u= xa | ca | I#' V | ClosY e | Ax:t.e | Ay.V
EvalCxt> Eux=0O|eE|Ee|AppE|I#'E|caseEof I#x > e|E¢ | Ay.E
Note that the definition of value above only differs from answer (in Fig. 1) in that we don’t allow for
Pv redexes. In other words, every answer reduces (by the following operational semantics) to some
value: for all answers A there is a value V such that A —7 V. A the correspondingly generalized
notion of substitutable value can be bound to a variable is determined in part by the type of the
expression as given by the following rules:
I'te:r Tr1:TYPEpCallla] F're:r Trr:TYPEpEvalt
I'+Vval I'+eval I'+eval

The decomposition of an expression into an evaluation context surrounding an expression is
r/
also defined in part by typing information, written with the judgementT' - E@e: 7 = o, by

the following inference rules:

r r
e TtE@e:7 = Int# TtE@e:7 = IntY T,x:Int#re :0
e:T
r r
Tro@e: 7 = 7 T+ I#%"E@e: 7 = IntY I'tcaseEof I#x e’ @e: 7 = o
I’ r I
TFE@e: 7 = Y{o} I'+E@e: 1 = Vy.o IyrE@e:1 = o

r I’ I,
F'rAppE@e: 7 = 0o I''rEd@e:7 = old/x] rl—A)(.E@e:‘L':X>V)(.O'

o
FI'+E@e:7r = 7/ T+7 :TYPEpEval! Tre:7'~ 0 Fprep

r/
Tt E@e: 71 = o

r
I'+E@e:t = 7"~ o0 Tre':7” T'te'val Tr 7 mono-rep T + 7’ mono-conv

’

THFEe @e: 71 = o

The (typed) operational stepping relation is written I' + e — ¢’ : 0, and always assumes as a
precondition that I' - e : ¢ holds. The primary reduction steps are by the following rules (where
we omit the typing precondition on the left-hand side):

(B) It (Ax:ite) e’ > ele’/x]: o (if T ¢’ val)
(Bv) T+ (ALV) ¢ o VIglxl : olp/x]

(Bgy) T'+App (Closte) = e: o

(Pint) T'rcaseI# VofI#x e e[V/x]:0o

Additionally, the operational steps are closed under evaluation contexts:

I‘/
TtE@e:1T = o0 [ I're—> e 1
I'+E[e] » E[e/] : o

compat
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r
Lemma 1 (Typed Decomposition). IfT' - E@e:7 = o thenI,I"+re:7andT + Ele] : 0.
1"/
Proor. By induction on the derivation of the decompositionI'FE@e: 7 = o. O
Lemma 2 (Unique Decomposition). For every I.L expressionT \ e : o, either:

(1) e € Value, or

r
(2) there is a uniqueT v E @ e’ : t = o such that either
(a) €’ is a variable or constant, or
(b) T+ e +— e” : rdirectly (i.e., not by compat).

Proor. By induction on the typing derivation of T' - e : 0. O

Corollary 1 (Determinism). IfT e+ e;: 0 andT e > ez : 0 thene; =4 e;.

Proor. Follows directly from Lemma 2 and the fact that the operational rules don’t overlap. O

Lemma 3 (Stability under Substitution).
(1) IfT+e” :oandT +e” val thenT,x : o+ e > e : r impliesT + e[e”’ /x] — e’[e” [x] : 0.
(2) IfT v [¢/x] poly thenT, x + e > e’ : tif and only if T{¢/ x| + e[¢p/x] = €'[$/ x] : 7[d/ x].
Similarly, the decomposition of evaluation contexts E is stable under substitution.

Proor. By induction on the derivation of the reduction, or the syntax of the context. O

Lemma 4 (Typed Substitution). (1) IfT,x:ct+e:7andT +e’ :othenT Fele’/x]: 7.
2)IfT,t:x+te:tandT +o:x thenT v e[o/t] : t[o/t].

(3) IfT,gre:tandT v+ ylev thenT[y/g] v ely/g] : tly/g].
(4) IfT,r+e:tandT + prep thenT[p/r] + e[p/r] : c[p/r].
(5) IfT,ntre:tandl + vconv thenT[v/n] v e[v/n] : [v/n].

Proor. By induction on the given typing derivation of e. O

Lemma 5 (Progress). If+ e : r then either:
(1) e € Final, or
2 rer—e 1.

Proor. Follows directly from Lemma 2 and compatibility. O

Lemma 6 (Preservation). IfT +e+> e’ :rthenT e’ : 1.

Proor. Follows by induction on the decomposition of expressions into evaluation contexts and
redexes and cases on the operational rules, using the fact that well-typed substitution preserves
typing (Lemma 4). O

A.3 Environment-based (call-by-need) operational semantics

The primary difference between the call-by-need operational semantics—using environments to
handle variables—versus the call-by-name operational semantics—using substitution instead—is
sharing: when a lazy expression is bound in call-by-need, it is computed at most once. In order
to make this distinction more syntactically apparent, here we officially at let-expressions to the
language, with the typing rules given by the encoding

letx:t =eine’ £ (Ax:r.e') e
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The refined definition of final expressions, evaluation contexts, etc.is given as follows:

Value > V::=c$|R | Ay.V
Reference> R :=1I#"a|Clos'e| Ax:it.e | Ay.R
Arg 3 a::=c$|x5|A)(.a

Final > Fin == H[V] | E[error py 7 a]
EvalCxt > E:=0O| F[E] | B[E]
ClosCxt > H =0 | B[H]
FrameCxt> Fu:=0a|AppO|caseOof I#x — e |letx:ir =DOine |0 ¢
BindCxt > Bu=letx:ir=einO | Ay.O

Notice that to support call-by-need evaluation, we further distinguish references to values, which
may be copied at will, versus bindable expressions, which are merely allocated. Intuitively, referenced
values may be copied, whereas bound expressions must be fully evaluated first before they can be
copied.

Tre:r TFr:TYPEPtrR Call[q]

T+ Rref T+ eref
I'keref I'te:r TFr:TYPEPtrREvalt
T + e bind T+ e bind

The type-driven decomposition of expressions into evaluation contexts and their sub-expression
is the same for all syntactic forms except for applications and let-expressions (which are new for
call-by-need). Decomposition for these cases are defined as:

r/
THtE@e: 7T = '~ o0 Ttra:1

1"/
'+ Ea@e: 7T = o

r
ILx:T"+E@e:7 = o T're':7 T're'bind T F 7 mono-rep

T x:7
Trletx:r' =e’inE@e:7 = o

r
FT+E@e:7 = ¢ T,x:7're’:0 Tr1 :TYPEpEval! T F 7/ mono-rep

r/
Ttletx:t' =Eine’ @e: 7 = o

T T
Tx:TFEL@x:7 = o TrE,@e:7r = 1/ T :TYPEPtrREvalt

T,
T+letx:ir’ = EinE[x] @e:7 = o

As with decomposing an evaluation context, we also need to confirm that final results are
properly decomposed into the appropriate context surrounding either a value or an error:

y r
I‘kH@V:réa I''rE@errorpyrta:t = o
'+ H[V] fin T+ E[error py ra] fin

The reduction rules for call-by-need are also updated from the call-by-name semantics. Of note,
B~ is much more restricted to only substituting arguments which (after type erasure) are variables
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or constants. The analogous substitution is repeated for renaming in a let-expression.

(B~) I'+ (Ax:te) a—> ela/x] : o
(Bo) Ik (Ay.Fin)  — Finlg/ ] s o6/ ]
Py) I'+App (ClosYe) —e: o
(Pint) T rcasel#'aof I#x > e ela/x]:o
(rename) I'tletx:r =aine — ela/x] : o
(namers) TrI# et letx:Int# =einI#' x: Int¥ (ife ¢ Arg)
(name) IF'te'eletx:ir=eine’ x: o (ifT+e:7rande ¢ Arg)

Because the grammar of evaluation context is simplified to be primarily based on lets—rather than
chains of curried function application—we convert more complex applications to an alternative
let form, as done by the name and namer; rules. These let-expressions are interpreted by variable
lookup (which inlines the definition of a let only when its needed in an evaluation context, and only
when the definition is a copyable reference). The presence of delayed let bindings also necessitates
administrative commuting conversions, which push bindings out of the way to bring frames of an
evaluation context closer to the root of a final expression.

TrYrE@x:rt Fz o x¢dom(I') T+ eref
T'rletx:t =einE[x] — letx:tr =einEfe] : o
TrF@letx:t' =einFin: 7 = o T+ letx:t’ = einFin fin
I+ F[letx:7” = ein Fin] +> letx:t’ = ein F[Fin] : o

look

comm

r
T'E@e:71 = o ILI'ter e :1
I'+E[e] = E[e/] : o

compat

o
Lemma 7 (Typed Decomposition). If T+ E@e:7 = o then,I'+e:7andT + Ele] : 0.

r
Proor. By induction on the derivation of the decomposition'FE@e:7 = o. O

Lemma 8 (Unique Decomposition). For every I.L expressionT F e : o, either:
(1) e € Final, or

r
(2) there is a uniqueT + E @ e’ : 1 = o such that either
(a) €’ is a variable or constant, or
(b) T e’ +— e” : 7t directly (i.e, not by compat).

Proor. By induction on the typing derivation of T' - e : o. O
Corollary 2 (Determinism). IfT' e e;: 0 andT + e ey : 0 thene; =4 €.
Proor. Follows directly from Lemma 8 and the fact that the operational rules don’t overlap. O

Lemma 9 (Progress). If+ e : t then either:
(1) e € Final, or
2)rer—e 1.

Proor. Follows directly from Lemma 8 and compatibility. O
Lemma 10 (Preservation). IfT' e e’ : T then e’ : 1.

Proor. Follows by induction on the decomposition of expressions into evaluation contexts and
redexes and cases on the operational rules. O
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A.4 Bisimulation between call-by-name and call-by-need

Definition 1 (Unwinding Simulation). The base simulation relation between the call-by-need
and call-by-name operational semantics of 7L, written I' +¢; e ~ ¢’ : 7 where e may contain
let-expressions but e’ cannot, is defined inductively by the following rules for unwinding lets:

Frgyee~e:t Tyiitrqye,~e:0 Tresval Threg"es:t

copy
I'bqrletx:t =e.inel[x/y;] ~ eilesi/yi] : o

Frqgee~e:7 Tix:thqe,~e:0

I'bqletx:it =ecine, ~ (Ax:t.e)) es: 0 share
plus rules for compatibility with all other syntactic forms. The full simulation is then defined by
inlining some unneeded names in the call-by-name semantics:

", 7 * [
IF'tye~e’:7 T're > unname.unnamer, € © T

F'tye~e' 1

(unname) 't (Ax:ite'x)e>e'e:o (if x ¢ FV(e"))
(unnamery) T F (Axc:Int#.I#' x) e I# e: IntY
o
Lemma 11 (Context Unwinding). (1) IfT + E. @e. : T = o in the call-by-need IL,T rq
Eclec] ~ €/ : 0, andT ¥ e, val, thenT + e —" Es[es[0]] : 7 for some evaluation context Es

—_— r’
and substitution 0 = [e/x] in the call-by-name I.L such thatT + E; @ es[0] : 1 = o and
[T T” rqs ec ~ es : 7. Furthermore, if I,T",T" + e, =" e, : tand I, T',T" Fes =" ¢, : T
such thatT,T',T" v e, ~ e; : 7, thenT'E,[e;] ~ Es[e;[0]] : 7.

l"/
2) IfT + H. @e. : T = o andT + e, val in the call-by-need 7L andT rq Hele.] ~ €} : o,
thenT + e, —* es[0] :  for some substitution 6 = [e/x] in the call-by-name I.L such that
T/ bqre. ~es: 1.

Proor. By simultaneous induction on the evaluation context decomposition and the unwinding
simulation (note that the part (2) follows analogously to part (1) for bound lets):
o The cases for all non-let evaluation contexts follow from the inductive hypothesis.

l—v,r//,x,r/ ’ "

: T .
eI'rletx:t' =e,inE, @e,: 7 = obecausel,x:7'FE.@e,:7 = ocandT r e, bind.
This case depends on the rule of the simulation:
— share: We have

Ix:7' bq Eclee] ~es:0 Trqe,~el:1

I letx:t’ = el inE.[e.] ~ (Ax:t".e5) el : o
By the inductive hypothesis, we get that
r’
I'te " Esleq1[0]]:0 Tx:t"+E,@eq[0]:7 = o Tx:7 T/ T" rqrec~es:1
In other words, we reduce to
(Ax:t'.e5) €5 op, es[eg/x] " Esleg/x][es:[0, e5/x]]

which gives our new evaluation context and substitution, since evaluation contexts are
stable under substitution (Lemma 3). Any further reduction of e, and es; preserve the
relation by the copy rule.
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— copy: We have Eqo[eqo] [x/y;] = Ee[ee] such that

’

T,y;: 7 tq Eeoleeo] ~es:0 Treyel~el:t F're ,—el:1

I bqletx:t’ = e inEgo[eco] [x/yi] ~ eslel;/yi] : o
By the inductive hypothesis, we get that

[y;: v’ res " Egoleso[0]] : 0 T, y, : 7' FEso @ eso[0] : T : o T, yl 1T Fegg ~ €59 1 O

In other words, by stability of call-by-name reduction under substitution (Lemma 3), we
reduce to es[e;;/y;] =" Esoleso[0,e;/yi]]. Any further reduction of e, and ey preserve

the relation by the copy rule.
o o
oT + letx:t' =E,ine, @e, : T = o becauseT + E, @e, : 7 = ' andT + 7’

TYPE p Eval'. Only the share rule applies, so we have that
Ix:t'vqe,~el:0 TrqEcle] ~es:t

I b letx:t’ = E.[e.] ine, ~ (Ax:7".el) es : 0

By the inductive hypothesis, we get that

1"/
TFeg" Egleso[0]] : T I'+Eo@exwl[d]:7 = o LI, r” Faree ~e€s0: T

In other words, we reduce to (Ax:7’.e}) e; = (Ax:7".el) Eso[eso[0]]. Any further reduction
of e, and ey preserve the relation by the share rule.
LI LI
o I'rletx:t/ = EppinEe [x] @ee : 7T 2= o becauseT - Ese @e, : T 2= r’andT Eie@x:

LI et
v =2 sandTr ¢ : TYPE p Eval[L]. This case depends on the rule of the simulation:

— share: We have
Iox:7' bqEei[x] ~es:0 T rq Ee2[ee] ~€l:7T

’

T ke letx:t’ = Egale.] inEpq[x] ~ (Ax:7".e5)el : o

By the inductive hypothesis, we get that

Ix:7' +es " Egles1[0]] : o Trel " Eple[0]]: 7

T iy
Ix:7 FEqg@eq[0]:7 = o TrEo@el[0]: T = 7
Ix:t'bgyx~esq:T [abkqree~e i1

It follows that es; must be x and x ¢ dom(8), so because reduction is stable under substitu-
tion (Lemma 3) we reduce to

(Ax:t’.es)eg —p., es[ef/x] =" Eqleg] =" Eq[Es[ef[6]]]
Any further reduction of e, and e;’ preserve the relation by the copy rule, notably expanding
the other instances of e;.

— copy: We have E,, [x/y;] = E,; and (without loss of generality) x ¢ FV(E,;) such that

’

Tox:7,y;: T bqy Eear[x] ~es:0 T rq Eeplee] ~el:t Fre, - e 1

7

[ bqsletx:t’ = Egp[ec] in Eeq[x] ~ es[e;,/x, e;/yi] : 0
By the inductive hypothesis, we get that

Lx:7,y;: 7 +es " Egqleq[0]]: 0 Trel—"Egle[0]]: 7
L

Lx:7,y;: 7'+ Eq @est[0] : T =>0 I“I—Esz@e;’[e]:r=2>r'

Lx:r,y:0 by X ~egq: T [ ke ~e)
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It follows that eg; must be x and x ¢ dom(6), so we reduce to

es[eso/x, e;i/yi] " Egi[eso] =" Eqy [e;] =" Eg [ESZ[ESN[O]]]

Any further reduction of e, and e;’ preserve the relation by the copy rule, further expanding
the other instances of e;.

]

Lemma 12 (Finality Simulation). IfT +q; Fin ~ e : 7 then e € Final, and if T +q; e ~ Fin : 7 then
e € Final. Likewise, if T +n Fin ~ e : 7 thenT + e =" Fin’ : 7, and if T +n e ~ Fin : 7 then e € Final.

Proor. The first part about U follows immediately from Lemma 11 and the fact that final
expressions are closed under substitution. The second part about U follows by induction on the
simulation relation. The remaining statement about A follows by the reductions of the simulation,
which are all instances of fS-,. O

Lemma 13 (Forward Simulation). IfT" Fx ey ~ e; : T and T + e; +— e] : T by the call-by-need
semantics then T + ey =" e), : T by the call-by-name semantics.

Proor. First consider the cases where an operational step is applied directly to e; (i.e., not
compat). These cases are as follows:

e B, Bv, By}, and Prnt in call-by-need follow the rule of the same name in call-by-name.
e rename is either immediate (due to an application of copy) or follows by ., (due to an
application of share).
o namery and name follow from the share unwinding rules followed by a step of unnamers or
unname, respectively.
e look and comm follow immediately when the let is simulated by copy, and follows by S,
when simulated by share or name.
compat, follows by Lemma 11 and the fact that reductions are stable under substitution (Lemma 3).
In more detail, suppose that

’

r
I'tE.@e:7 = o I'T're e, :7
I'+E.[e.] — Ecle.] : 0

Then we know that, given any T’ Fy E [ee] ~ es : 0, we have T + es —* Eglesi[0]] —F

Egi[el,[0]] : o suchthat T +x Ec[e;] ~ Esi[e;; [0]]. O

o
Lemma 14 (Context Rewinding). IfT + E; @es : T = o in the call-by-name I.L andT +q e, ~
Egles] : o, then

Proor. By induction on the unwinding relation first, then on the decomposition of evaluation
contexts.

o The cases for compatibility of unwinding with non-let syntax all follow by the inductive
hypothesis.

e share: Where
7

. - _ ! ’ .
IF'rgyee~es:7" Iix:t'bty=e, ~e;:0

I'bFgletx:t’ =eline, ~ (Ax:t’es) el : o

The only possible decompositions of (Ax:7’es) e; into an evaluation context is the empty con-
text (for which the result follows immediately), or else (Ax:7’es) Es whenT + 7 : TYPE p EvalY
(for which the result follows from the inductive hypothesis).
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e copy: Where

’ ’ ’ ’
Ly :t'tqgye ~e:0 Treval kel e 1

Frqe,~e:t

copy
T b letx:t’ =ejine.[x/y;] ~ es[el;/yi] : o

There are two possibilities for the decomposition of es[e/;/y;] into an evaluation context
surrounding a sub-expression (let 6 = [e;,/yo,0'] and 0" = [e],/y1,...]):
— Commutation es[0] = Eg1[0][es1[0]] = Es1[es1][0] where the substitution does not interact

with decomposition. In this case, we also have that T, y; : 7/ + Eg; @ e : T Fz o before
substitution, and so the result follows from the inductive hypothesis.

— Interference es[0] = E1[0][Es2[0][es2[601]] = Es1[yo] [Esz[esz2]/yo, 0’] where the substitu-
tion lands in the middle of an evaluation context (without loss of generality, assume this is
the only free appearance of 1) and that substituted expression is further decomposed. In
this case, the evaluation context is composed of Eg = E; [Es,] which includes part of an
expression in the substitution . In other words, we have

es[0] = Es1[0"][ego] = E1[6][Esz[es2]] = Es1[67] ]

7

where we know already that I' Fqs e, ~ e : 7’.
]

Lemma 15 (Backward Simulation). IfT' Fy e; ~ ey : T andT + ey > e : 7 by the call-by-name
semantics thenT' + ey =" e] : T by the call-by-need semantics such that Iy + e] ~ e} : T.

Proor. Note that any unnaming expansions are either S., redexes, or preserve the target of the
evaluation context (in the case of a strict EvalY application), but these must be done first. Assuming
there are additional reductions afterward, we can proceed by induction on the derivation the
number of reduction steps in T + e > e/ : 7 first and the underlying unwinding I' kq/ ey ~ e : 7
first then. In the cases for compatibility of unwinding, we either reduce a sub-expression, which
follows by induction, or the top-level expression itself. The latter cases may be:

e By, By, and Prnt all follow by the inductive hypothesis by applying the call-by-need rule of
the same name, using Lemma 12 to ensure the body of the A-abstraction is still final in the
case of fy. Note that it is possible that a redex of the form F[e] (where e fin) might have a
let inserted in between the frame context and the final expression as F[B[e]]. In this case, an
additional comm reduction is required.

e f.,: note that in call-by-need we have

Ik (Ax:T.ee) e, S name letx:r. = e, in(Ax:T.e.) x =p, letx:r. = e ine, : 0
such that the copy rule relates this to the call-by-name S, reduct like so

Trye, ~e:7 IxiThqee~e:0

- copy
I ke letx:t. = eline, ~ es[el/x]

This reduction is still possible if an additional let-binding is inserted in the middle of the By
redex, pushing the application to the argument a inside via comm.
Finally, we have the cases for unwinding a let-expression, which are as follows:
e share: Where

I_O.

Frgree~e:7 Lx:t' by=e, ~el:

: share
I'bqletx:t’ =eline, ~ (Ax:T’es) e} : o

The only possible decompositions of (Ax:7’es) e{ into an evaluation context are
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— the empty context, for which the only possible reduction is S-,, whose reduct is related to
the original expression by copy instead, or
— else (Ax:7’es) E when T + 7 : TYPE p EvalY, for which the result follows from the inductive
hypothesis.
e copy: Where

’ 7 ’ ’
Ly :t'tqe ~e:0 Treval T'rel > e 1

Trye,~e:t

copy
[ ke letx:t’ = ey inee[x/y;] ~ esley;/yil : o
There are two possibilities for the decomposition of es[e/;/y;] into an evaluation context
surrounding a sub-expression (let 6 = [e;,/yo,0'] and 0" = [e], /y1,...]):
— Commutation es[0] = Eg1[0][es1[0]] = Es1[es1][0] where the substitution does not interact

with decomposition. In this case, we also have thatI',y; : 7/ - Es) @ es; : T F: o before
substitution, and so the result follows from the inductive hypothesis.

— Interference es[0] = Eq1[0][Es2[0][es2[601]] = Es1[yo] [Esz[esz2]/yo, 8’] where the substitu-
tion lands in the middle of an evaluation context (without loss of generality, assume this is
the only free appearance of yy) and that substituted expression is further decomposed. In
this case, the evaluation context is composed of Es = E; [ Es,] which includes part of an
expression in the substitution 6. In other words, we have

es[0] = Es1[0"][ego] = E1[6][Esz[es2]] = Es1[67][e]
where we know already that I' Fq; e, ~ e; : 7’. Therefore, the reduction in call-by-name is

either catching up to copy, or if there are any steps remaining afterward, the result follows
by the inductive hypothesis. O

A.5 Correspondence to the equational theory
Here we show the correspondence between the equational theory (given in Section 4.9) and the

call-by-name operational semantics for 7L (given in Appendix A.2). Note that, crucially, the
correspondence will hold specifically for expressions of final answer types 74,

Tfin, Ofin = Int# | IntY

This restriction prevents the 7., and 7(; rules from exposing any underlying computation that
needs to be evaluated, and thus, they are unnecessary for evaluating the final answer.

Theorem 5. IfT e+ ¢’ :7thenT +e=¢":1.
Proor. Each call-by-name operational step is an instance of an equational axiom of 7.£. O

For the other direction, we can show via confluence and standardization. First, let reduction

relation
F're—e' :1

be defined as the generalization of the call-by-name operational semantics in Appendix A.2 so that
compatibility (compat) applies to any context, as well as the generalization of the Sy rule to the
left-to-right reading of Sy rule in Fig. 4. In other words, fy applies to any polymorphic instantiation
(Ay.e) ¢, not just ones where the body e is final. Note that the reflexive-transitive-symmetric
closure of this reduction theory the same as the equational theory presented in Fig. 4, even though
the -, rule only applies to values of kind EvalV rather than answers. That’s because all answers
evaluate to values, anyway.

Lemma 16 (Answer Value). IfT+FA:rthenT FA— V : 1.
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Theorem 6 (Confluence). IfT + e —" ey : tandT F e —" e; : T thenT + e »" ¢ : 7 and
T're, > e :7 forsomee’.

Proor. The only critical pairs in the reduction rules are between matching f and 5 rules, which
join together immediately (in zero steps). As such, the reduction theory forms a combinatorial,
orthogonal rewrite system. O

Corollary 3 (Church-Rosser). I' e = ¢’ : T ifand only if T F e =" " <" ¢’ : 7.
Proor. Follows from Theorem 6. O

Definition 2 (Internal Reduction). An internal reduction, written I’ + e — ¢’ : 7, is any reduction
Trte— e :rsuchthatT Fetb e : 1.

Internal reductions (that is, ones that differ from the next operational step) are useful because
they are never needed to convert expressions into final ones.

Lemma 17 (Final Stability).

(1) IfT e — €’ : 7, then e € Final if and only ife’ € Final, and T + e val if and only ifT' + ¢’ val.
(2) IfT + e — e’ : 15y, then e’ € Final whenever e € Final, andT + e’ val wheneverT I e val.

Proor. By induction on the syntax of final expressions and derivation of val, then cases on the
possible internal reductions. Note that the restriction on the type in the second part prevents an
N~ or 1y} reduction from exposing a non-final expression. O

Definition 3 (Parallel Reduction). The parallel reduction relation, written T + e = €’ : 7, is given
by the restriction on T + e — ¢’ : 7 to only non-overlapping redexes that are all present originally
in e. The internal parallel reduction relation, written I' + e = ¢’ : 1, is the restriction of parallel
reduction to only internal reductions.

Parallel reduction is interesting because, unlike an ordinary single reduction step, it commutes
with substitution in one parallel step:

Lemma 18 (Parallel Substitution).
IfT,x:t+e:candT e = e” :tthenT +ele’/x] = e[e”/x] : 0.

Proor. By induction on the derivation of I, x : 7 - e : 0. O

’

r
Lemma 19 (Internal Decomposition). IfT + e = Ez[e;] : oy andT + E; @e; : T = 0pp then

there is an Ey and 0 = [¢/ x] and ©’ such that
Iy
e ¢e=, E[e]] andT +E; @e; : T’ =% Ofin»
® ¢, =4 e[0] andT,T', y - ey = e;: 7, and
o I'+ Eles] = E'[e3[0]] : opin for anyT,T, y +e3: 7.

Proor. By induction on the syntax of evaluation contexts, and inversion on the possible internal
reductions. The substitutions 6 are possible due to internal applications of iy to an abstraction Ay.e
with e not final. Note that the restriction on the final answer type required to prevent an internal
N~ or nyy reduction from exposing a deeper evaluation context inside the body of a A-abstraction
or closure. As such, each application of these two 5 rules must either occur outside the eye of
the evaluation context, or inside a f., or f(} redex. In the latter case, such 7 reductions mimic f3
operational steps, therefore making them non-internal and ruling them out. O

Lemma 20 (Standard Preponement). IfT e = e; =" e’ : 14, thenT ke =" e; = €’ : Tpp.
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Proor. First, we show the case for a single step: f T - e => e; > e’ : rthenT Fe e =2 e’ i 7
for some e;. The cases for applying an operational step directly to an expression are as follow from
Lemma 18. For example, the S, step is as follows: assume that

Ik (Ax:T.e1) e; = (Ax:r.e]) e) =5 ef[ey/x] : o
because I,x : 7+ ey = e/ : cand T + e; = e; : Tand I + e val. Note that ' +- e; val due to
Lemma 17, so we can do the f., step first, like so:
Tk (Ax:T.er) ex p, er[ex/x] = ef[e;/x]

The other cases are similar. Compatibility of an operational steps inside an evaluation context
follows from induction on the derivation and Lemma 19. Notably, if we have

’

r
F+E,@e:0 = 15, LTFexoe o

I'te= Eylex] = Ezleg] : 7hn
Lemmas 3 and 19 ensure there is an E;, e, and 6 = [M] such that the beginning e =, E;[e;], the
reduced e, =, e3[0], and:
LT, Y ke = e3> e5: 1hp LT ke [0] = e e5[0] : tpin
meaning that e; =, e;[0] by Corollary 1. Therefore, from the inductive hypothesis and compatibility:
[Tre " ey ef:1p, Tk Ei[e;] =" Ei[es] = Ez[e5[0]] =« Ezle;] : 7fn

Finally, the case for multiple steps of the operational semantics follows from the single-step case
by induction on the transitive closure of the stepping relation. O
Lemma 21 (Internal Postponement). IfT e —" e; " e’ : 75, thenT I e =" ey —* e’ : 7p,.

Proor. Note that —* and =" are the same relation, so the theorem is equivalent to: If T' + ¢ =*
e; =" e’ : 15, then T + e =" e; =" e’ : 7f,. This follows from Lemma 20 by induction on the
reflexive-transitive closure of =*. O

Lemma 22 (Standard Order). IfT Fe —" e’ : 7, thenT Fe =" e” —" €’ : 15,

Proor. Every reduction sequence corresponds to alternations between operational steps and

internal reductions:

e = e, iffeg =~ e ... 2T e 1 % e,
Therefore, by induction on the number of these alternations, we can reorder all the operational
steps to come first with Lemma 21. O
Theorem 7 (Standardization). IfT + e —" Fin: tp, then there is aT + Fin’ —" Fin : 14, such that
T+ e " Fin' : g,

ProoF. From Lemma 22, we know that T + e —* ¢/ —* Fin : 7 for some e’, and from Lemma 17
e’ must be final. O
Corollary 4. IfT + e = Fin: tf, thenT + e =" Fin" : 7f, such that T + Fin’ = Fin : tp,.

Proor. From Corollary 3 we know that T’ + e —* Fin’ «* Fin : Tfn, and from Theorem 7 we
know that I' + e =" Fin”" —* Fin’ <" Fin: tp, m]
B CORRECTNESS OF 7£L-TO-M L COMPILATION
In this section, assume the use of black holes to mask forced thunks:

(Force) (xptrr | K| [x :== memo e]H) — (e|setx;K|[x := o]H)
(Memo) (R|setx;K|[x :=e]H) — (R|K|[x := R]H)
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B.1 Well-typed Expressions Can be Compiled

While we might only be interested in applying the compiler to whole, closed programs, we still need
to be able to handle fragments of that program during compilation. In general, we must consider
compiling open expressions of different types which may have free variables in them. To do so, we
need to calculate the primitive representation of function arguments a, which is defined as:

rep _rep rep
Xg ™ T i~ IntR error ~»» PtrR
These free variables are tracked in both a typing context I' (used for type checking sub-expressions
during compilation) as well as a renaming environment 6 (used for replacing 7L variables with
ML ones). We need to check these two forms of environments correspond to one another, and
also that each ML variable has a known representation matching the type in T', as follows:

I+ 6 mono-rep iff foranyx:r e L,T+ ¢ % 7w and 0(x) B

Note that the main compilation of expressions, Cﬂe]]g(ﬁ) generates code which evaluates e.
In other words, this operation is always strict in e. As such, it does not matter if e is lifted or
unlifted: evaluation of e is being forced either way. In general, compilation needs to know about
the convention of e—if it is just being evaluated or called with a list of parameters—in order to
generate the appropriate ML code. However, it does not need to know its levity, since the code
that is generated will only be run when the result is needed anyway. To state this assumption
formally, we need a more relaxed notion of calculating the calling convention of a type even if

the levity is unknown—in other words, a levity polymorphic version of r %5 y—as defined by the

conv—Ip
following rules forT' -7~ p:

Trrow g T+ 7:TYPE p Evall
—1 —1
Trr g T+ Evall

With the notion of a levity-polymorphic, but otherwise statically known, calling convention, we
can state the invariants for when static compilation is defined:

Lemma 23 (Open Compilation). &,[e])y is defined if:

(1) T + e : 7 is derivable for some type T,

-1

2)Trr T v for some v, and

(3) T + 6 mono-rep.

Proor. By induction on the given typing derivation of T - e : 7. Note the following invariants to
ensure that C[[e]|§(@) is defined:

(1) T + e : 7 is derivable for some type 7,

conv—Ip _ rep

(2) Tz ~»  vfor some v, such that |a| = |arity(v)|, and a; »» 7; for each 7; € arity(v), and

(3) T + 0 mono-rep.
Furthermore, the only invariants required for A A]|j to be defined are that (1) T r e : 7 is derivable
for some type 7, (2) I’ + 6 mono-rep. The side conditions in rules requiring I' + 7 % and

conv . . . .

I' - 7 ~» p are ensured by the following facts about the monomorphism restrictions:

(1) If + p rep, then p = & for some 7.
(2) If + y lev, then y = ¢ for some .
(3) If + v conv, then either v = n for some 7. O
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B.2 An Expression-based Operational Semantics for ML
Final > Fin == H[V] | E[error(n)]
EvalCxt> E==0O| F[E] | B[E]
ClosCxt > H ==0O| B[H]
FrameCxt > F ::= App 0O(a) | case 0 of I#(x1nr) — e | letxy = Oine | let x5,z = Oin E[xperr]
BindCxt > B :=letxg, s = RinO | letxp, 5 = einO

Main reductions:

(Call) (A(xx).€) (@) - e[a/xx]
(Apply) App (Clos" W)(a) — W (a) (if [al = n)
(Move) letxg =cine  el[c/x;]
(Unbox) case I#(a) of I#(x1ntr) — € > e[a/xntr]
Pointer lookup and memoization (assume E does not bind xp¢r):
(Fun) let xp, .z = Rin E[xpt,r(@)] — letxp, g = Rin E[R(a)]
(Look) let xp, g = Rin E[xptrr] — letxp, g = RinE[R]
(Memo) let xp 5 = Rin E[xptrr] > letxp, ., = Rin E[R]
Percolating frame contexts out of binding contexts (assume x ¢ FV(F)):
(LAlloc) F[letxp, ., = ein Fin] > let x5, = e in F[Fin]
(SAlloc) F[letxp, ., = Rin Fin] > letxy, = Rin F[Fin]

B.3 Bisimulation between M L’s operational semantics and abstract machine

Translating evaluation contexts to stacks and heaps:

K[o] £ ¢ H[o] e
K FLE]] = K[E] o K[ F] H[FIE]] = H[E] o H[F]
KIBIE]] = K[E] HIBIE]] = H[B] o H[E]
K[ App o(a)] £ App(a); e HlAppO(a)] £ ¢
K[ case O of I#(x1nr)—e] = case I#(xinir)—e; e H| case Oof I#(xinr) —e] = ¢
K[letx) = oine] £ letx, ine;e K[letx) =oine] 2 ¢
K[[let x5, 5 = Oin E[xpe,r] ]| 2 setx; K[E] H|letxp g = Oin E[xperr] ]| 2 H[E] [x = o]

H|letxp, g = RinO] £ [x := R]
H]letxs, 5 = einO] £ [x := memoe]
Definition 4 (Refocusing). The refocusing steps of the abstract machine are PshApp, PshCase,
PshLet, LAlloc, SAlloc, Force, and Error. We write m +— m’ for a transition by one of the refo-
cusing steps, and m g m’ for a transition by a non-refocusing reduction step.
Lemma 24. (E[e] |K|H) 7 (e | K[E] o K| H[E] o H)
Proor. By induction on the syntax of E. The most interesting case is for an evaluation context
of the form let x',;trR = E, in E; [xptrr], which proceeds as follows:
(letxp, ¢ = Ex[e] in Eq [xperr] | K | H) S attoc (Eilxperr] | K | [x := memo E[e] | H)
—ra (Xperr | K[E1] o K| H[E1] o [x := memo E;[e] |H)
F Force (E2[e] |7([[E1]] oK| W[[El]] o [x := e]H)
g (e | K[Ez] o K[ E1]] o K| H[E:]| e H[[E:1] o [x := o] H)
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And note that the corresponding stack is K[ let xF';trR = Eyin Ey [xperr] ] = K[ E:z] o K[ E:] and
heap is H|letxp, 5 = E2 in Ey [xperr] ] = H[Ez] o H[Ei] o [x := o] O

Corollary 5 (Finality Preservation). If Fin ~ m then m —7, Fin'. If e ~ Fin, then e € Final.

Proor. By definition of final expressions and machine states in ML, from Lemma 24, taking a
final Error step in the erroneous case E[error(n)]. )

Definition 5 (Machine Simulation). The simulation relation between ML expressions and ma-
chine states is

e~miff (e|ele) —»Em

Lemma 25 (Forward Simulation). (1) Ife + e’ by LAlloc, or SAlloc and e ~ m then e’ ~ m.

*

(2) Ife > €’ by any other step and e ~ m then m =}, m’ g m” and e’ ~m”.
Therefore, ife " e’ and e ~ m thenm —" m’ and e’ ~ m’ for some m’.

Proor. First, consider the cases where e — e’ by applying a single step of the reduction rules
directly. Each of the rules in the operational semantics corresponds to the machine rule of the same
name.

e LAlloc is, due Lemma 24 and the fact that the heap is unordered:

(Flletxp, g = einFin] | e | &) 7} (letxp,r = ein Fin| K[ F] | H[F])
pattoe (Fin| K[F] | [x := memo e] H[[F])
5 (F[Fin] | ¢| [x := memo e])

—ir (letxp, 5 = ein F[Fin] | ] &)

e SAlloc is similar to LAlloc.

e Callis ((A(xz).e)(a) | e | &) —can (ela/xz]|e]e).

e Move is similar to Call.

o Apply is (App (Cos™ W) (@) | €| €) pshapp (CLoS™ W [ ADp(@): €] €) gty (W (@) ¢ €)
e Unbox is similar to Apply

e Look is

(letxp, g = RinE[xperr] | K | H) = (E[xperr] | K | [x = RIH)
=5 (Xperr |KIE] e K|K[E] o [x := R]H)
Lok (R|K[E] o K| K[E] o [x := RIH)
i (E[R] | K| [x = RIH)
. (letxp, .5 = RinE[R] | K | H)

e Fun is similar.
e Memo is

(let xp, g = Rin E[xperr] | K | H) —F (E[xptrs] | K | [x := memo R]H)
—% (xperr | K[E] o K| H[E] o [x := memo R]H)
—r (R|setx; K[E] o K| H[E] o [x := o]H)
—pMemo (R|K[E] o K| H[E] o [x := R|H)
ook (Xperr | K[E] o K| H[E] o [x := R]H)
i (Elxpeer] | K| [x == R]H)
i (let xp, .z = Rin E[xper] | K | H)
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Now, assume that e +— e’ by applying one of the reduction rules as in the above steps, by Lemma 24
and due to the fact that refocusing steps are deterministic, reduction within an evaluation context
Ele] — E[e’] proceeds like so:

(Ele] IK|H) =} m =5 (e| K[E] o K| H[E] o H)
" m’ iy (&' | KE] o K| HIE] o H) j i (E['] | K| H)

so that E[e’] ~ (¢’ | K[E] o K| H[E] o H) . Finally, multiple reductions e +—* ¢’ follows from
transitivity by induction on the number of steps. O

Lemma 26 (Backward Simulation). Ifm +—* m’ ande ~ m thene’ ~ m’ and e —* €’ for somee’.

* *

Proor. Note that if m % LAlloe.SAlloc
e’ +— ¢’ and by forward simulation Lemma 25 and determinism of the abstract machine, we know
thate’ ~ m’. m]

m’ then e ~ m’ directly. Otherwise, if m +>g m’ then e

B.4 Bisimulation between 7L and ML

Here, we relate the environment-based call-by-need operational semantics for 7L with the oper-
ational semantics for ML, so in the following, assume those definitions given in Appendix A.3.
The simulation relationship between the two languages is given by compilation. Note that the
compilation of let-expressions can be derived from the encoding of lets as applied A-abstractions.

Definition 6 (Compilation Simulation). The simulation relation between open, typed 7L expres-
sionsT + e : 7: TYPE p v and ML expressions is defined as

Trce~e :Tiffe r—%nliﬂ C[[e]]g(a)

for some 6 and a such that I' - € mono-rep and a 0 arity(v), where the Unlift reduction is:
(Unlift) letxp, = Rine — letxp, ; = Rine
For the purpose of this simulation, we treat an Apply followed by a Call as a single step in M.L.

Lemma 27 (Answer Stability). &,[A]p 2 A[A]} and C[A']}(e) £ A[A’]), when defined and
when A’ is not a variable.

Proor. By induction on the syntax of A. O

Lemma 28 (Finality Preservation). If T + Fin fin and T +¢ Fin ~ e : 7 then e € Final If
T'tc e~ Fin: 1, then e € Final.

Proor. The first part follows by induction on the syntax of final 7L expressions. Of note, in the
base cases are where Fin is a reference I#" arg or ClosY e (which have a convention of EvalY and

cannot be applied to any arguments) or a constant ¢ ¢ (which could have any calling convention
but cannot reduce further, even when applied). Dually, the only 7L expressions that can compile
to final ML machine states are final 7.L expressions. O

Translation of 7L evaluation contexts (surrounding an expression of type 7) to ML evaluation
contexts is written as CA[E]]g(E). The definition for most cases, where strictness is obvious from
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the syntax, are defined as follows:
Clolp(@ £ oa
CAE @ Th@ = CED (AL T
C:[[case Eof I# x — e]]g(ﬁ) £ case CT[[E]]g(g) of I#x — C|[e]]g(5)
C:[[App Ellg(@) 2 App (C[E]y(2)(a)
ClE ¢]5@ = CED5(@)
ClAxEl5(@ = C[E],* (@)

The most complicated cases are for let-expressions, which rely on the types of the variable binding
to determine the difference between strictness and laziness. These cases are defined (top-to-bottom)
as follows:

C:[letx:oc = Rin E]|(a@) £ letxY, o = A[R]y in C[E]}"° .., (a)

[xperr/x]0
Ci[letx:o = ein E]|(a@) £ let xé‘;vr(g) = 8,7|[e]]g in C,|[E]]{;C’::R/x]9(a)

conv

(ifT - ebindandT' + o ~» 1)
Ccletx:o = Eine]y(a) 2 letxY = C[E]j(¢) inClle] 5 10(@)

[ /x
GfT + o "% Eval’ and T ¢ o 7)

Cel[letx:o = By in By [x]]5(a) 2 let s = Ce[Ey(e) in Co[E 7 1 10(@) [xpten]
(if T + ¢ “~ Evall)

Note that 7L closing, frame, and binding contexts are all special cases of evaluation contexts, and
are defined as above, and all translate to their corresponding special case in M L.

1"/
Lemma 29 (Context Compilation). IfT + E @e: 7 = o then

CIE[e]T5(@ £ CETp@ [Clellp(e)]
Proor. By induction on the derivation of ' FE @e : T ;) o. O
Lemma 30 (Instantiation). (1) ForanyI,x:t+e: 0 andT + a’ : t, renaming an argument for
a variable commutes with compilation: C[[e[a’/x]]p(@) £ C[le] """ (a).

[ALaTy/x]0
(2) Forany T,y + e : 0 andT + [¢/x] poly, instantiation of a type variable commutes with

compilation: C[[e[gb/)(]]]g(a) e C[[e]lg’x(a)~

Proor. By induction on the syntax of e. O

Lemma 31 (Forward Simulation). For any I L expression e; and ML expression ey,
(1) IfT v+c e; ~ ey : TandT + e; > e/ : 7 by a p,, Py, rename, name, or namer; step, then
Fhel~ep:T
(2) IfT rc e; ~ ey : T and e; — e by a By}, Pint, look, or comm step, then ep, +— e, and
I'vre] ~ep: 1 for somee,.

Therefore, if T k¢ e; ~ ey, : T and T + e; " e : T then e, —" e, andT + e/ ~ e, : T for somee;,.

Proor. First consider the cases where I' + e; — ¢/ : 7 by applying a single step of the reduction
rules directly (i.e, not compat). The first case of 7L reductions, which are erased by compilation
are:
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o B, Cl(Ax:t.e) ' [(a) 2 ClAx:te]y(Ala' ] a) 2 C[[e]]fﬁ}farng/xw(a) 2 Clela’/x]]5(@)
which follows from Lemma 30.

e rename is the same as f.,, via the encoding of let as applied A-abstractions.
o By is C[(Ay.e) gzﬁ]]g(ﬁ) 2 C[[A)(.e]]g(a) S C[[e]]g’)((a) S C[[e]]g(a) which follows from
Lemma 30.
o namer, is C[I#" ]|} (¢) £ let XY e = Clle]l§(e) in T#(x1ner) £ Clletx:Int# = e in T# x]|5(e).
e name is similar to namery, and depends on the argument of application and its kind.
The second case of 7L reductions that are mirrored by compilation are:
o s
Cl[App (Clos! e)]p(a) = App (Clos" &, [ e]y) (@)
= appty Enllellp(@)
e Clelp@
rep _

assuming'Fe:7and T+ 7 X n, which forces 7 = arity(n) and n = |7| = |a| and a@ ~» 7.
e frnt follows from Lemma 30

Clcase I#" a’ of I# x — e]]g(a) £ case I#(?{[[a’]]g) of T#(x1ntr) — C[[e]]r’x:mt#]e(a)

[x1ntr/x

Fx:Int# —\ A ’ T ,—
—Unbox C[[e]] [ﬂ[[a’]lg/x]e(a) - C[[e[a /x]]le(a)

e comm is, for some v and
ClFlletx:r = ein Fin] |§(@) ;7. Col F15(@) [letxby = Eulle]ly in C[Fin]g(e)]
> altoc let xby o = Eyllelly in Co[[ F15(@) [Cl Finl (2)]]
2 C[let x:z = e in F[Fin] | (a)

where Alloc = LAlloc if = L and Alloc = SAlloc if y = U.
e look is, by Lemma 27, for some v and ¢

Clletx:r = ein E[x] (@) 17, letxby = Eulle]lp in Co[E]5(@) [xpers]
> Intine letx% g = el in Co[E] (@) [E[e]l}]
£ Clletx:r = einE[e]]]g(E)
where Inline = Look or Inline = Memo if v = EvalY and Inline = Fun if v = Call[7].

Now, assume that T + e > e’ : 7 by applying one of the reduction rules as in the above steps.
Reduction within an evaluation context E[e] + E[e’] proceeds like so:

ClELel]5@ 2 CAEL, @ [Clelg(e)] i B [e”]
= CLET@LCle To ()]
=g CLELE1]5(@)
where additional applications of the Unlift step may be needed when a bound lazy expression (of
kind Evall) is finally reduced to a reference R. O
Lemma 32 (Backward Simulation). IfT ¢ e; ~ ey, : 7 and ey, =" e, thenT + e; =" e/ : 7 and
I' ¢ el ~ ey, for somee’.

Proor. Note that if ' ¢ e; ~ e, : 7 then e, > by the Call or Move steps. Otherwise, given
em — e, by any other step, it is the case that I' - e; =" e;” : T by f~,, By, rename, name, and namer;
steps, followed by ' + e/’ + e] : 7 by one of the other steps. Therefore, by forward simulation
Lemma 25 and determinism of the ML operational semantics, we know that T ¢ e; ~ e;,. O
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Types o corresponding to the source call-by-name System F
oux=allnty|¥{r}|Vtk.o Tu=0~> 0o Kk ::= TYPE PtrR Eval’ yua=L
Types o corresponding to the source call-by-value System F
rua=a | IntY | ¥{7} =0~ o |Vtk.o K = TYPE PtrR EvalY y=Uu

Decompilation of source types | [o] ™' |and target-only types | [z] "

[a]™ 2 [1nt"]™ 2 Int Mo 2 ]
[Vtx.o] " £ Ve[o]™" [o~ o] 2[c]" =[]

11>

Fig. 9. Decompiling I.L types back to System F.

B.5 Correctness of closed compilation

The correspondence between the equational theory of 7L and the abstract machine of ML is
based on four parts:

(1) Standardization and confluence relating the equational theory of 7L to the call-by-name
operational semantics of 7.L (defined as a sub-relation of the equational theory).

(2) A bisimulation between the call-by-name and call-by-need operational semantics of 7L
based on unwinding (i.e., copying) let-bindings.

(3) A bisimulation between the call-by-need operational semantics of 7£ and the operational
semantics of ML based on the compilation given in Fig. 8.

(4) A bisimulation between the operational semantics and abstract machine of M.L.

Each of these four parts are bi-directional, and bisimulations compose with one another. Therefore,
we can trace high-level equalities in 7L all the way down to the ML machine, and back. The only
restriction imposed is the types of final answers allowed: a necessary restriction to respect the full
n-extensionality we’re after.

Theorem 8 (Soundness and Completeness).

(1) Forany v+ e :Int#, +e=i:Int# ifand only if (Eg,pvle] |ele) —* (ile|H).
(2) Forany +e:Int¥, +e=1I#"i:Int" ifand only if (Egvarr[e] | €] &) —* (1#(i) | ¢ | H).

Proor. We show the case for Int# as IntY is analogous.
First, from the assumption that +- e = i : Int#, we know:

e e " i:Int#in call-by-name 7L from Corollary 4,

e e —* H[i] : Int# in call-by-need 7L from Lemmas 12 and 15 and the fact that i is closed,
o Sppavlle]l —* H'[i] in ML from Lemmas 28 and 31, and

o (Eyavlle]l lele) »* (il e| H) from Lemma 25 and Corollary 5.

Second, from the assumption that (&g, ,jue] | ]| &) —* (i|e| H), we know:

Eevarv[le]l —* H[i] in ML from Lemma 26 and Corollary 5,

ke " H'[i] : Int# in call-by-need 7L from Lemmas 28 and 32,

F e " i:Int#in call-by-name 7L from Lemmas 12 and 13 and the fact that i is closed, and
te=1i:Int# from Theorem 5.

]
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Expressions corresponding to call-by-name -value System F (invariant: x : o)

ex=x|I#i|lee | Axic.e|eo | At:x.e | Appe | Clos'S

. . . . -1 . .
Decompilation of serious expressions | [e] ™ | (invariant: e : 7 or e : o)

[x] " £ x [1# i)~

1>

i

fee’T™ £ [el™ [T [Ax:o.e] ™" £ Ax:o.[e]
leol™ 2 [el™ [o] [Atxe]™ £ At[e] ™
[App e] ™" = [e] ™ [clos’ V] = yv]™

n-expanded decompilation of values | p[e] " | (invariant: e : 7 and e is a value)

nax:oe] ™ 2 Ax:[o] " [e]l™  nlAppe] " £ Ax:[o] '[e] 'x  (ifAppe: o~ o)
nAtk.e] ™ £ Atfe] nlAepe] ™ £ Atfe] 't (if App e : Vt:k.0)

Fig. 10. Decompiling 7L expressions back to System F.

C CORRECTNESS OF SYSTEM F-TO-7L COMPILATION
Decompilation of types and expressions from 7L back to System F is shown in Figs. 9 and 10 for
call-by-name and call-by-value, respectively, which is defined over the sublanguage of 7L that is
reachable from compiling System F. Note that this sublanguage is closed under reduction.

We now show that both call-by-name and call-by-value compilation a decompilation form an
equational correspondence between System F and 7.L.

Lemma 33 (n-Expansion). For both the call-by-value and call-by-name I L sublanguages:
(1) ifT ke:o~> o, thenpfe] =g, Ax:[o] " [e] " x, and
(2) if T+ e : Vtx.o, thenplle] ™" =p, Atx.[e] " .

PROOF. By cases on the form of e. First, note that either type of n[[App e]] ™" is definitionally equal
to the right-hand side. If instead e is a A- or A-abstraction, then p[e] ™" f-expands to the right-hand
side. O

Lemma 34 (Value Preservation). For both call-by-name and call-by-value:
(1) Given any valueT + V : 7 in System F, [T] + [ V] subst in IL.
(2) Given anyT + e subst in the I.L sublanguage, [e] ™" is a value in System F.
(3) Given anyT r e subst in the I.L sublanguage, n[e] ™" is a value in System F.

Proor. Call-by-name value preservation is immediate, because every expression is a value
in call-by-name System F, and every System F expression compiles to one with a type of kind
TYPE PtrR Eval® so it is a value in 7.£.

Call-by-value value preservation follows by cases on the forms of values in the source System F
and target 7.£ sublanguage. Note that the p-expansion of 5[[App e]] ™" ensures that this is always a
value for types like 0 ~» ¢’, from which value preservation follows for [[e] ™" for expressions of
type o which all have kind TYPE PtrR Eval’. O

Lemma 35 (Forward Inverse). In call-by-value or call-by-name System F:

@) [Iz117" 2 7, and
) ifT re:1then[[e]] ™ 2e.
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Proor. By induction on the syntax of 7 and e, each case following directly from the inductive
hypothesis. O

Lemma 36 (Backward Inverse). In the I.L sublanguage, for both call-by-value and call-by-name
(de)compilation:

W) 7171 2 wand [ o] '] = Ho},

(2) ifT re:othen[[e] '] =gynony €

(3) if T e : 7 then App [[e] '] =g, nwny € and

(4) ifT ke : 7 andT + e subst then [n[e] ] =g, nwny Clos’e.

Proor. The first part follows directly on the syntax of 7 and o, and the remaining parts follow
simultaneously by induction on the structure of the syntax of e. The cases for x and I#" i are
immediate, and the remaining cases are as follows:

o @ lee 11 App [Tel " T IIT T =) e [T T = e €

e (2) [[e o171 =(23) e o is analogous to the previous case for call-by-value, and for call-by-
name is: [[e ] '] = [[e] "1 [[o] 7] = e [[o] "1 =) e o

o (2) [[Atx.e] '] 2 At.[[e] '] =(2) At:x.e Note this case only applies in call-by-name
(de)compilation.

o @ [lclos” sI7'] 2 [9[S]™'] = Clos’ s

e (3) App [[Ax:o.e] '] £ App [Ax:[ o] " .[e] '] £ App (Clos” Ax:[[o] ' T-[Me] ')

=(1.2) App (Clos? Ax:o.e) =p,, Ax:0.e

e (3) App [[At:c.e] '] =(1,2)p, Atx.e follows analogously to the previous case. Note this case
only applies in call-by-value (de)compilation.

o (3) App [[App e] "1 2 App [[el '] =(z) App e

o (4) [n[Ax:a.e] '] = [Ax:[o] " [el 1 2 clos” Ax:[[o] " -[[e]l '] =(12) Clos¥ Ax:a.e

o (4) [n[At:x.e] '] =2 Clos’ At:.e follows analogously to the previous case. Note this
case only applies in call-by-value (de)compilation.

e (4)GivenT Fe:¥{o~ o'}

[nlApep e] '] £ [Ax:[o] " [e] " x] £ Clos” (Ax:[[o] ' ]-App [[[e] '] x)
=(1,2) Clos’ (Ax:c.App e x) =, Clos" (App e)

o GivenT + e : {Vtx.o}, [n[App €] '] =(1.2)5 APP e analogously to the previous case. O
Lemma 37 (Forward Soundness). For anyT + e; : t in System F, if T + e; = e : T in either

call-by-value or call-by-name then [T] + [[e1] = [ez] : [z]] with regards to the corresponding
compilation.

Proor. Note that, since the compilation translation is compositional, substitution commutes
with compilation (i.e, [e] [[V]/x] £ [e[V/x]] and similarly for type substitution). The equational
axioms of call-by-name System F are sound w.r.t. compilation as follows:

* (Bpy)
[(Ax:z.e) V] = App (Clos! Ax:[z].[e]) [V]
=g, (Ax:[].[el) [VI =p. [el (IV1/x] = [e[V/x]]

* (Bv)
[(Ate) 7] = (At [e]) [ 7] =p, [el[[z]/t] = [elz/t]]
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e (1)
[Ax:t.(V x)] £ Clos? Ax:[z].(App [ V] x) =;., Clos" (App [V]) =4, [V]
* (nv)
[At.V t] £ At [ V] t =, [V]
e (name)

[(Ax:.e x) e’]] = App (Clos? Ax:[z].App [[e] x) [[¢’]
=p, (Ax:[z].App [e] x) [e'] =5 App [le] [e'] = [e €]
The equational axioms of call-by-value System F are similarly sound, where the only difference is
that the compilation of the By and 7y more closely resemble f(} and 7. O

Lemma 38 (Backward Soundness). In either the call-by-value or call-by-name sublanguage of I.L:
(1) foranyT Fe;: 0, ifT ey =ey: o then [T] " + [[e1] " = [e2] " : [o] ", and
@) foranyT re; 7, ifT - e; =ey: 7 then [T] "+ nlles] ™ = nllez] " : []

in the corresponding System F.

Proor. Note that, since the compilation translation is compositional, substitution commutes
with decompilation (i.e., [e] '[[e’] " /x] £ [e[e’/x]] " and similarly for type substitution). The
equational axioms of the call-by-name 7L sublanguage sound w.r.t. decompilation as follows:

* (fv)
[(Axre) el = (er[e]l™) [e17 =, [el ™" [[e'17"/x] = [ele’/x1] "
e (Bv)
[(Arx.e) o] 2 (At [e] ™) [l =p, el Il /t] = [elz/t]]™
e (B;;) Given thatT + e: o ~» o', we have
nl[App (Clos’ e)] " £ Ax:[o] ".[Clos’ e] ' x £ Ax:[o] ".n[e] " x = nle]™
The case in call-by-value where I' +- e : Vt:k.o is analogous.
* (1)
pAxio(e )] ™" £ Ax:[[o] ".([e] " x) =g, nle]™
¢ (nv) In call-by-name, we have
[Atx.(e )] = At.([e] " 1) =, [e]™
whereas in call-by-value, we have an analogous equality to the previous case.
e (ngy) GiventhatT' + V : ¥{o ~ ¢’}
[Clos (App )] ™" 2 nllApp e] ™ £ Ax:[o] ™[] ™! x =, [V]™
The case in call-by-value where I' + e : "{Vt:x.0} is analogous.

Congruence of equality follows by induction on the syntax of expressions, where the only cases
that do not follow immediately from the inductive hypothesis are those which introduce [ e]] when
T + e : 7. This can occur with function application and App e expansion of type ¢ ~> ¢’, which
simplify to a known case as follows:

Lee']™ 2 el ™[] =name o] Ll ™ ) ('] = el ']
lApp e 2 Aol el ™ x =5, nle]”

An analogous derivation is also required for polymorphic application and App e expansion in
call-by-value, which both follow from the fy axiom. O
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Corollary 6 (Equational Correspondence). There is an equational correspondence between both
call-by-name and call-by-value System F and the corresponding sublanguage of 7L. Namely, the

following properties hold:

(1) IfT + ey = ey : T in System F, then [T] + [e1] = [e2] : [z] in Z7L.

@) IfTvrey=ey:0inIL, then[T] " [er] " = [ez] " : [o] " in System F.

(3) ForallT v e : 7 in System ET + [[[e] ] ' =¢: z.

(4) ForallTre:oinIL,Tr[[e] 'J=e:o0.
Corollary 7 (Soundness and Completeness). For anyT \ e; : T in either call-by-name or call-by-
value System F,T + e; = e; : T if and only if [T] + [[e1] = [ e2] : [ =]-
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