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Quantum capacity of a channel

Quantum channel (cptpm) N : B(Ha) — B(Hg)
e Stinespring dilation: A : p* — tre(VpAVH)
o Complementary channel: NE : pA — trg(VpAVT)
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Quantum capacity of a channel

Quantum channel (cptpm) N : B(Ha) — B(Hg)
e Stinespring dilation: A : p* — tre(VpAVH)
o Complementary channel: NE : pA — trg(VpAVT)
How many qubits per use of A/ can one transmit over it?
o Coherent information: QW(N) = sup, H(B), — H(E)
oBE = VpAVt and H(B), = —tr(cBlogoB).
@ Quantum capacity [Lloyd-Shor-Devetak, 97]:
QW) = limy o £ QI (NEK)
o N, QW(N) < Q(N) [DiVincenzo-Shor-Smolin, 98]
@ Regularization (the limit) is necessary but hard to compute.

e Qubit depolarizing channel Dy(p) = (1 — A)p + A3.
Q(D,) in general is open.
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Degradable channels

N is degradable if IM st. NE = Mo N
o [Devetak-Shor, 05] shows that if A is degradable then

QW) = QW)

e Hadamard channel are degradable. N'(p) = > (hj|plhj)|i){j|.
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Degradable channels

N is degradable if IM st. NE = Mo N
o [Devetak-Shor, 05] shows that if A is degradable then

QW) = QW)

e Hadamard channel are degradable. N'(p) = > (hj|plhj)|i){j|.

Question
Other (nontrivial) channels which has QM(N) = Q(N)? J
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Some general upper bounds on @

@ [Smith-Smolin-Winter, 08] Quantum capacity with symmetric side
channels

o [Tomamichel-Wilde-Winter, 15] Rains relative entropy
@ [Sutter et al, 15] Approximate degradable channels
o [Wang-Duan, 15] A semidefinite programming upper bound
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Some general upper bounds on @

@ [Smith-Smolin-Winter, 08] Quantum capacity with symmetric side
channels

o [Tomamichel-Wilde-Winter, 15] Rains relative entropy
@ [Sutter et al, 15] Approximate degradable channels
o [Wang-Duan, 15] A semidefinite programming upper bound

An upper bound via analysis on Stinespring dilation.

New approach J
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Outline

© Main Results
@ Two examples
@ TRO channels and their modifications
@ Comparison Theorem
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Example |

Let G be a finite group and {|g)| g € G} be an orthonormal basis. Denote
by A(g) the unitary A(g)|h) = |gh). For a probability distribution f on G,

Ni(p) =D f(a)Mg)pA(g)" -
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Example |

Let G be a finite group and {|g)| g € G} be an orthonormal basis. Denote
by A(g) the unitary A(g)|h) = |gh). For a probability distribution f on G,

Ni(p) =D f(a)Mg)pA(g)" -

max{log |G| — H(f), QN1)} < Q(Nf) < Q(M) + log |G| — H(F) .
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Example |

Let G be a finite group and {|g)| g € G} be an orthonormal basis. Denote
by A(g) the unitary A(g)|h) = |gh). For a probability distribution f on G,

Ni(p) =D f(a)Mg)pA(g)" -
-4

max{log |G| — H(f), QN1)} < QNf) < Q(N1) + log |G| — H(f) .

o Not degradable if G is not commutative.

e Q(N1) = logarithm of the largest degree of G's irreducible
representations.
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Example Il

Let -1 <a<1.

a a a a
gl S1s e a1 +ax a3 qaxn
N ( dy1 a2 axs axu ) _ as a3 0
o =
a31 432 433 as vag 0 s
d41 442 43 da4

QUN,) = QL) = 1 — h(E2

)

where h(p) = —plogp — (1 — p) log(1 — p) is the binary entropy function.
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Example Il

Let -1 <a<1.

an
azi
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where h(p) = —plogp — (1 — p) log(1 — p) is the binary entropy function.

@ Not degradable because the first 2 x 2 block goes to the environment.
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Stinespring space

N(p?) = tre(VpAV*) with V : Hy — He ® Hp.
Definition
The Stinespring space of N is defined as X = VH, C Hg ® HE . J

o XN = H, as Hilbert space,.
o N is determined by X € Hg ® Hg (up to a unitary equivalence).
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Stinespring space

N(p?) = tre(VpAV*) with V : Hy — He ® Hp.
Definition
The Stinespring space of N is defined as X = VH, C Hg ® HE . J

o XN = H, as Hilbert space,.
o N is determined by X € Hg ® Hg (up to a unitary equivalence).

Via Hg ® He = B(Hg, Hg),
Ix) € Ha ¢ V|x) € XN & x € B(Hg, Hg)

Nx) () =xvt, NE(x)(y]) = yix.
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Stinespring space (cont'd)
Let M, , be n x n complex matrices and M, = M, ,.
a) N=id : M, - M,, X=M,1. N=tr: M, - C, X =M,
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Stinespring space (cont'd)
Let M, , be n x n complex matrices and M, = M, ,.
a) N=id : M, - M,, X=M,1. N=tr: M, - C, X =M,
b) N =idy, @ try : My & Mp, — M,, X = My
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Stinespring space (cont'd)
Let M, , be n x n complex matrices and M, = M, ,.
a) N=id : M, - M,, X=M,1. N=tr: M, - C, X =M,
b) N =idy, @ try : My & Mp, — M,, X = My
c) Let N = &yid,, @ try, be a direct sum of partial traces i.e.

P11 P1k idnl ® trm1 (pll) 0 0
N )= 0 0 ’
Pkl Prk 0 0  idy, ® trm, (prk)
then X = @Mnk,mk = Mnk7mk
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Stinespring space (cont'd)
Let M, , be n x n complex matrices and M, = M, ,.
a) N=id : M, - M,, X=M,1. N=tr: M, - C, X =M,
b) N =idy, @ try : My & Mp, — M,, X = My
c) Let N = &yid,, @ try, be a direct sum of partial traces i.e.

P11 P1k idnl ® trm1 (pll) 0 0
N )= 0 0 ’
Pkl Prk 0 0  idy, ® trm, (prk)
then X = @Mnk,mk = Mnk7mk

This is the so-called conditional expectation. By [Fukuda-Wolf, 07]

QW(N) = QW) = log max .
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Ternary ring of operators (TRO)

o X 2 @(M,, .m, ® C1,) is a (finite dimensional) ternary ring of
operators.
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Ternary ring of operators (TRO)

o X 2 @(M,, .m, ® C1,) is a (finite dimensional) ternary ring of
operators.

Definition [Hestenes, 79]

A ternary ring of operators (TRO) X is a closed subspace of B(H, K) such
that
x,y,zeX=>xylze X.
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Ternary ring of operators (TRO)

o X 2 @(M,, .m, ® C1,) is a (finite dimensional) ternary ring of
operators.

Definition [Hestenes, 79]
A ternary ring of operators (TRO) X is a closed subspace of B(H, K) such

that
x,y,zeX=>xylze X.

We call N a TRO channel if XV is a TRO.
o If XN = @M, m,., then N = @y (idy, @ trm, ).
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Modification of TRO channels

Modification by matrix multiplication:

Ha XN B(He, Hg)

|x) Yox — x-a

Question. When this gives a channel? "x — x - a" an isometry?
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Modification of TRO channels

Modification by matrix multiplication:

Ha XN B(He, Hg)

|x) Yox — x-a

Question. When this gives a channel? "x — x - a" an isometry?
e The normalized trace 7(p) = Ltr(p) on M,.
o A positive f € M, is a normalized density if 7(f) = 1.

Definition
Two *-subalgebra A, B C M, are independent if
T(xy) =7(x)7(y),x € A,y € B.

An element f € M, is independent of A if the C*-algebra generated by f
(the closure of all polynomials of f and f1) is independent of A.

Answer. When f = aa' is a normalized density independent of Ran(NE).
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Modification of TRO channels (cont'd)

Let A/ be a TRO channel N(|x){y|) = xy' and f € B(Hg) be a normalized
density independent of Ran(NE). Then the map

Ne() ) = x- £yt

is again a channel (cptp).

B(HE)

f=r(f) Ran(N'F)
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Modification of TRO channels (cont'd)

Let A/ be a TRO channel N(|x){y|) = xy' and f € B(Hg) be a normalized

density independent of Ran(NE). Then the map
Ne(){yl) = x- £y

is again a channel (cptp).
° N1 = N

o Ny is a lifting of NV, i.e. £ o Nf = N where £ is the conditional
expectation from B(Hg) onto Ran(N).

B(HE)

f=(f) Ran(NF)
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Comparison Theorem (main technical result)

Let 1<p<ocoand L+ L =1 Recall |l ,=r(f|?)?.

Theorem

Let N : B(Ha) — B(Hg) be a TRO channel and f a normalized density
independent of Ran(NE). For any positive p € B(Ha) and o € Ran(N),

Dp(N(p)llo) < Dp(Ne(p)llo) < Dp(N(p)llo) + p'log || f |+.p

Sandwiched Renyi-p divergence:

1 1

plog|lo™ % po~ 2" if supp(p) C supp(o

D (ollo) = { H s (p) € supp()
+o00 else
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Sandwiched Rényi-p divergence D,
lpll,= tr(lpl?)>. For p,o >0,

1 1
plog ||o™ 2 po~ 2’ if supp(p) C supp(c
D (olo) = { H s (p) € supp()
400 else

@ limy_1 Dy(pllo) = D(p||o) := tr(p(log p — log o))
e Data processing inequality: Dp(p||o) > Dp(N(p)||N(c)). (will be used)
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Sandwiched Rényi-p divergence D,
lpll,= tr(lpl?)>. For p,o >0,

1 1
plog ||o™ 2 po~ 2’ if supp(p) C supp(c
D (olo) = { H s (p) € supp()
+oo else

@ limy_1 Dy(pllo) = D(p||o) := tr(p(log p — log o))

e Data processing inequality: Dp(p||o) > Dp(N(p)||N(c)). (will be used)

o Coherent information: QW(N) = sup,cs(aay Ic(A')B)o, where
o”'B = idy @ N(p™') and

I:(A)B), = H(B) — H(AB) = D(p""|[1 @ p”) = inf D(p""[[1 @ p°).
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Capacity bounds

QW) < QW) < QW) + 7(flogf)
In particular, Q(N') = log maxy ni if XN = @ (Mn, .m,)-
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Capacity bounds

Corollary

QWN) < Q(WNf) < QW) + 7(f log f)
In particular, Q(N') = log maxk nk if XN = @ x(Mn, m,).

Proof.
o Apply the comparison to (id ® Nf) = (id @ Ny,

Dp(N (p*)l]0) < Dp(N5(p™)l|0) < Dp(N (p*)l]0) + p'log | |5

@ Take limit p — 1, choose ¢ = 1 ® N(p”) and then take supremum over
all bipartite states p*".

QW) < QW) < QWN) + 7(f log )

o Regularization: (N7)®k = (N® ) e, 7(F log X)) = k7(f log f).
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Proof of Comparison Theorem

@ The lower bound follows from data processing inequality. £ o Nf = N

= Dp(N¢(p)llo) = Dp(€ o Ne(p)l|E(a)) = Dp(N(p)llo) -

Li Gao (UIUC) TRO Channels QIP 2017, Microsoft Research, Seattle 16 / 23



Proof of Comparison Theorem

@ The lower bound follows from data processing inequality. £ o Nf = N

= Dp(N¢(p)llo) = Dp(€ o Ne(p)l|E(a)) = Dp(N(p)llo) -

@ Upper bound via complex interpolation.

> Consider the right matrix multiplication: x — x - a
» Complex interpolation (Stein's theorem).
[ xalloo <l xllocl alloo, [ xall2=Il x[|2[| a|2,~ (independence).

=lIxallp <l xl2p]l all2p.7 -

» Let p=nn' and f = aa’. Then | f||,=| a||3, and
57 — 5 — 307 12
o2 Ni(p)o % [lp= o > nallz,

—507 112 2 -5 -1
<llo = nllpllall2p-=llo 2 N(p)o 2" [lp[| £ I+
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Capacity bounds

Corollary

QW) < QNf) < QW) + 7(f log f)
In particular, if XN = Sk(Mp, m, ), QN) = log maxy ng.

Remarks.

@ Entropy with respect to 7:

1
. / — J— — -
lim p'log || £ [,=7(flog f) = log |E]| H(|E|f)

@ “Local” comparison: for any subspace Ag C A,

QN a,) < Q(Nrla,) < QN |ap) + 7(f log f) .
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Outline

© Further Applications
@ Private capacity
@ Superadditivity
@ Strong converse rates
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Classical private capacity of a channel

The private capacity of N is

P(/\/’)—IumkP J(NEKY P<1>(/\/)—sup/(x B)y — I(X:E), ,

where I(A:B) = H(A) + H(B) — H(AB), and
o*PE =30, p(x)lx) (x| @ VpgVT .
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Classical private capacity of a channel

The private capacity of N is

P(/\/’)—IumkP J(NEKY P<1>(/\/)—sup/(x B)y — I(X:E), ,

where I(A:B) = H(A) + H(B) — H(AB), and
o*BE =32, p(x)|x) (x| @ VpRVT.
o PO(N) < P(N) possible [Smith-Renes-Smolin, 08]
o QW(N) < PW(N) and Q(N) < P(N) (1 ebit = 1 kbit).

o For degradable channels, Q(N) = Q(N) = PO(N) = P(N).
[Smolin, 08]

Corollary
QW) = P(N) < P(Ny) < P(N) + 7(flog f) = QN) + 7(f log ) J
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Superadditivity
o [Winter-Yang, 16] introduced the potential capacities
QPIN) = sup QN @ M) — QM (M),
M

PPN = sup POV @ M) — PD(M) .
M

o N is strongly additive for Q) (resp. P(M) iff QPI(N) = QW(N)
(resp. PPI(N) = PO(N)).
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Superadditivity

o [Winter-Yang, 16] introduced the potential capacities

QP (N) = sup QU @ M) — QI(M),
M

PPN = sup POV @ M) — PD(M) .
M

o N is strongly additive for Q) (resp. P(M) iff QPI(N) = QW(N)
(resp. PPI(N) = PO(N)).

Corollary

QN) = QPI(N) < QP(NF) < PPY(N7) < PPN + 7(f log f)
= Q(N) + 7(f log f)

@ Observe that N @ M = (N @ M)sg:.
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Strong converse rates

Let PT (resp. Q) denote the smallest strong converse rate for private (resp.
quantum) communication.

o [Wilde-Tomamichel-Berta, 16] shows that for any channel
PIN) < Er(V),

where Eg the relative entropy of entanglement

Er(N) = sup Eg(id @ N(p)) , Er(p"?) = et Dlpllo) .-
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Strong converse rates

Let PT (resp. Q) denote the smallest strong converse rate for private (resp.
quantum) communication.

o [Wilde-Tomamichel-Berta, 16] shows that for any channel
PT(N) < Er(N),
where Eg the relative entropy of entanglement

Er(N) = sup Er(id ®N(p)) , Er(p"?) = et Dlpllo) .-

Corollary
Er(Nf) < ER(N) + 7(f log f), Er(N) = Q(N) and in particular

QW) < Q'(WF) < PT(NF) < QW) + 7(f log f)
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Final Example

P11 - Pla
Write p = : U with pj being 4 x 4 matrices.
pa1  c pPas
Ne(p) = > tr(pufu)li) (k]
1<j,k<4
1 O£3Z®Z —ia2Y®Y O[1X®X
where f — a3Z @72 1 aX®X —ioY®Y
T imY®Y aXeX 1 —3Z®Z
CK1X®X ia2Y®Y —Cl(3Z®Z 1

X, Y, Z Pauli matrices.
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Final Example

P10 P14
Write p = : U with pj being 4 x 4 matrices.
pa1  c pPas
Ne(p) = > tr(pufu)li) (k]
1<j,k<4
1 O£3Z®Z —I'CY2Y®Y O[1X®X
where f — a3Z @72 1 aX®X —ioY®Y
T imY®Y aXeX 1 —3Z®Z
CK1X®X ia2Y®Y —CK3Z®Z 1

X, Y, Z Pauli matrices.
QW (WF) = PMI(NF) = QT(WF) = PT(NVF)

— Q) = PPN = 1 - n(AE 1

2)'

where |a| = \/|a1[? + az|? + |a3[> < 1 (Bloch sphere).
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Summary

@ TRO channels are orthogonal sums of partial traces.

@ Using analysis on Stinespring space, we give capacities estimates on
modifications of TRO channels.

@ Examples wit nonzero capacity that is strongly additive, has strong
converse but not degradable.
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Summary

@ TRO channels are orthogonal sums of partial traces.

@ Using analysis on Stinespring space, we give capacities estimates on
modifications of TRO channels.

@ Examples wit nonzero capacity that is strongly additive, has strong
converse but not degradable.

Thanks!

Marius Junge Nicholas LaRacuente
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