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Geometry vs Information theory

Set ACR Random variable X on Q@ = {z;};, CR
with prob. mass function p, = Pr|X = z]

volume vol(A) entropy power 27 (X)

Shannon entropy H(X) = — > p, logp,




Set ACR

volume vol(A)

Consider a set A™ = A x

vol(A™) = (vol(A))"

Geometry vs Information theory

o x AeR”

Random variable X on Q@ = {z;};, CR
with prob. mass function p, = Pr|X = z]

entropy power 2 (X)

Shannon entropy H(X) = — ) p. log p.
Consider n i.i.d. r.v. with Pxn = Px ----- Px

has the following property:
Ve > 0 M, . C Q" s.t.

~ Ce (QH(X))TL

and Pr[X" € M, ] >1—¢
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Geometry vs Information theory

Set A e R"” Random variable X on R”
with prob. density function fx
volume vol(A) entropy power ¢2H(X)/n

entropy H(X) = — [, fx(z)log fx (z)dv




Geometry vs Information theory

Set A € R" Random variable X on R"
with prob. density function fx | .rance of
Gaussian r.v. Z
volume vol(A) entropy power e/ T T (7) — H(X)

entropy H(X) = — [, fx(z)log fx (z)dv




Set A € R"

volume vol(A)

addition A + B

Geometry vs Information theory

Random variabl

entropy H (X

fy

entropy power €

e X on R"

with prob. density function fx

- _fRn fx (@

fxiv(z) = [ fx(xz—2)fy(2)dz

variance of

) log fx(z)dx

convolution: X + Y has a density function

Ix+y

S

Gaussian r.v. Z
2HX)/n Y ith H(Z) = H(X)
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Geometric inequalities

Brunn-Minkowski inequality
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Brunn-Minkowski inequality Shannon's entropy power inequality [‘48]
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Geometric analogue of Fisher information
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Geometric analogue of Fisher information

% %
. A A+ exy
A C ~
s _ =
b A 4
AL E
> A + ex5
L1
A
LSS distribution translated in x direction by €
D(Aq, Ay) ="difference” between A; and As J(X) = 2?21 % i D(fo(ea?j))

de Bruijn’s identity

“Fisher Information "= < ° D(A, A+ ez
de c—0 Z]_l ( ]) - 2%|€:O H(X + \/Ez)




Geometry

Set A ¢ R"

volume vol(A)

addition A + B

Classical

Random variable X on R"

with prob. density function fx

entropy power 2 (X)/n

H(X) = — [pn [x(2)log fx(x)dz

convolution: X +Y

fxiy(z) = [ fx(z — 2) fr(2)dz

Quantum

p - n-mode state of a continuous variable g.s.
Qi, Px| =10, 11
Q;, Q] = |Pj, Pr] =0 1 <73, k,<n

eS(0)/n

S(p) = —Tr(plog p)
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entropy power 2 (X)/n

H(X) = — [pn [x(2)log fx(x)dz
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Quantum

p - n-mode state of a continuous variable g.s.
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S(p) = —Tr(plog p)
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Geometry

Set A ¢ R"

volume vol(A)

addition A + B

Classical

Random variable X on R"

with prob. density function fx

entropy power 2 (X)/n

H(X) = — [on fx(z)log fx(x)dx

convolution: X +Y

fxiy (@) = [ fx(z — 2) fy (2)dz

Quantum

p - n-mode state of a continuous variable g.s.
Qi, Px| =10, 11
Q;, Q] = |Pj, Pr] =0 1 <73, k,<n

eS(0)/n

S(p) = —Tr(plog p)

pxm,y = Tra (Ur(px ® py)UY)

beamsplitter with transmissivity A € [0, 1]

Qxm,y = VAQx + V1 — \Qy
PXHH,\Y—\/_PX‘|‘\/1_>\PY n=1




Geometry

Set A ¢ R"

volume vol(A)

addition A + B

Brunn-Minkowski inequality

vol(A)/™ + vol(B)Y/™
< vol(A + B)!/n

Classical

Random variable X on R"

with prob. density function fx

entropy power 2 (X)/n

H(X) = — [pn [x(2)log fx(x)dz
convolution: X +Y

fxiv (@) = [ fx(z — 2) fr(2)dz

Shannon entropy power inequality

e2H(X)/n 4 2H(Y)/n < 2H(X+Y)/n

Quantum

p - n-mode state of a continuous variable g.s.

Q;, Px| =10, 11
Q;,Qxl =[P, Px)]=0 1<j4k<n
_S(o)/n

S(p) = —Tr(plogp)

pxay = Tr2 (Ux(px ® py)UY)
beamsplitter with transmissivity A € [0, 1]

Quantum entropy power inequality
)\GS(X)/n 4+ (1 i )\)eS(Y)/n < eS(XBHXY)/n

[Konig, Smith 14] A = 1/2

[de Palma et al 15]
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< vol(A + B)!/n
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Classical

Random variable X on R"

with prob. density function fx

entropy power e¢2H(X)/n

H(X) = — [pn [x(2)log fx(x)dz
convolution: X +Y

fxiv (@) = [ fx(z — 2) fr(2)dz

Shannon entropy power inequality

e2H(X)/n 4 2H(Y)/n < 2H(X+Y)/n

Isoperimetric inequality for entropies

LJ(X)e2H(X)/n > 27 e

Quantum

p - n-mode state of a continuous variable g.s.

Qj, Py] =611
Q;,Qr] =[P, P] =0 1<jk<n
oS(p)/n

S(p) = —Tr(plogp)

pxay = Tr2 (Ux(px ® py)UY)
beamsplitter with transmissivity A € [0, 1]

Quantum entropy power inequality

)\GS(X)/n 4+ (1 i )\)eS(Y)/n < eS(XBHAY)/n

[Konig, Smith 14] A = 1/2

[de Palma et al 15]
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Geometry

Set A ¢ R"

volume vol(A)

addition A + B

Brunn-Minkowski inequality

vol(A)/™ + vol(B)Y/™
< vol(A + B)!/n

Isoperimetric inequality

n—1 1

vol(A) ™ <

—area(0A)

nvol(B1)n

Classical

Random variable X on R"

with prob. density function fx

entropy power e2(X)/n

H(X) = — [gn fx(2)log fx (z)dx
convolution: X +Y

fxiv(z) = [ fx(x — 2)fy(2)dz

Shannon entropy power inequality

e2H(X)/n 4 2H(Y)/n < 2H(X+Y)/n

Isoperimetric inequality for entropies

LJ(X)e2H(X)/n > 27 e

Quantum

p - n-mode state of a continuous variable g.s.

Q;, Px| =10, 11
Q;,Qxl =[P, Px)]=0 1<j4k<n
_S(o)/n

S(p) = —Tr(plog p)
classical-quantum

[xip= [ FOWNEE)pW (VIE) dE

[Werner ‘84] t = 1 —= form of Young's inequality

[Huber, Konig, V '16]

[Datta, Pautrat, Rouzé '16] f = fz ~ N (0, 1)




Geometry

Set A ¢ R"

volume vol(A)

addition A + B

Brunn-Minkowski inequality

vol(A)/™ + vol(B)Y/™
< vol(A + B)!/n

Isoperimetric inequality

n—1 1

vol(A) ™ <

—area(0A)

nvol(B1)n

Classical

Random variable X on R"

with prob. density function fx

entropy power e¢2H(X)/n

H(X) = — [pn [x(2)log fx(x)dz

convolution: X +Y

= [ fx(z — 2) fy(2)dz

Shannon entropy power inequality

fX—|—Y

e2H(X)/n 4 2H(Y)/n < 2H(X+Y)/n

Isoperimetric inequality for entropies

LJ(X)e2H(X)/n > 27 e

Quantum

p - n-mode state of a continuous variable g.s.

Qj, Py] =611
Q;,Qr] =[P, P] =0 1<jk<n
oS(p)/n

S(p) = —Tr(plogp)

classical-quantum

frip= [ FOWNE)pW (VEE) dE

Classical-quantum entropy power inequality

teH(f)/n 4 oS(p)/n < eS(fxep)/n t >0

Isoperimetric inequality for entropies

L J(p)eSP/m > 4re




Classical vs Quantum information theory

Classical

X - R™-valued r.v. with a prob. density function fx.

Relative entropy

D(fl|lg) = [| f(z)(log f(x) —log g(x))dx

Quantum
p - n-mode state of a continuous variable q.s.

Q;,Qr] =[P, P] =0 1<jk,<n

D(pllo) = Tr(plog p — plogo)




Classical vs

Quantum information theory

Classical Quantum
X - R™-valued r.v. with a prob. density function fx. p - n-mode state of a continuous variable q.s.
Relative entropy
D(fllg) = | f(z)(log f(x) — log g(x))dx D(pllo) = Tr(plog p — plog o)
Fisher information matrix
For 0 € R™, define f(e) () = f(z —0)

J(f(e))‘gzeo — (ae 90; |6= 90
Fisher information

J(f) =Tr

(JFO)oy,)

(fwo)Hf(e)))?Tf

,7=1




Classical vs Quantum information theory

Classical Quantum
X - R™-valued r.v. with a prob. density function fx. p - n-mode state of a continuous variable q.s.

Qi,Qr]l = |P;, P] =0 1 <13, k,<n
Relative entropy

D(f|lg) = [ f(x)(log f(x) —log g(x))dx D(p||lo) = Tr(plog p — plog o)

Fisher information matrix
For § € R™, define fO(z) = f(x —0) For 6 € R?", define p(?)7?

2n
J(f (0) ‘9 0o (89 86; |o= eoD (f(QO)Hf(Q)))..

,7=1

Fisher information

() =T (D) ,y,)




Quantum Fisher information

For 6 € R*" the Weyl displacement operators are defined as

Translated state is

W(0) = exp{iv2r (1P —02Q1 + -+ 02, 1P, — 02,Qn)}

pl? =W (0)pW (6)*




Quantum Fisher information

For 6 € R*" the Weyl displacement operators are defined as

Translated state is

W(0) = exp{iv2r (1P —02Q1 + -+ 02, 1P, — 02,Qn)}

pl9 = W(6)pW (6)*

Weyl operators translate position and momentum operators

W@)Q W) =Q; + 0211 W(0)P,W(0)" = P; 4+ 05,1




Quantum Fisher information

For 6 € R*" the Weyl displacement operators are defined as
W(0) = expliv2m (01 Py — 02Q1 + -+ + 02,1 Py — 02,Q) }

Translated state is .
pl9 = W(6)pW (6)*

Weyl operators translate position and momentum operators
W@)Q W) =Q; + 0211 W(0)P,W(0)" = P; 4+ 05,1

Fisher information matrix is defined by

2n
T(p')gzo = (89 80; 16=0 (PHP(9)))..

1,7=1

(Divergence-based quantum) Fisher information is defined as

T(o) = Tr (J(p)],_o)




Properties of Quantum Fisher Information

Non-negativity
For any state p
J(p) = 0

Reparametrization Formula

For any w € R and 0, € R*"

J(p“)| g, = w?I(0?)

o—0, o—0,

Data Processing for Fisher Information

For any CPTP map T
J(T(p)) < J(p)

[Konig, Smith '12]

Petz '96]

[Lesniewski, Ruskai '99]




Define

Quantum-Classical Convolution

(fsp) = [ 5t p = [nan FIOW(VEE)pW (VIE) dE

Werner ‘84| t =1

Huber, Konig, V '16]

Datta, Pautrat, Rouzé '16] f = fz ~ N(0,1)




Quantum-Classical Convolution

Detine Werner ‘84] t = 1
(fs0) = fxtp= fron FEOW(VEE)pW (VEE) dE |
Huber, Konig, V '16]
Rescaling Datta, Pautrat, Rouzé '16] f = fz ~ N (0, 1)

If fx is a prob. density function of a r.v. X, then

fx % p= f\/ZX *1 P here the r.v. v/tX is given by f\/gX(C) = fx(C/\/%)/(\/%)Qn

Addition
fx*1 (fy x1p) = fxqyvy *1p where (fx, fy) = fx+v(2) = [ fx(z — 2) fy (z)dx

s ation Let we,wy >0, and ¢ > 0. Then for all § € R*"

(f ko p)(we) — f(wce) *t p(wqe) W = \/%wc —+ wq




Quantum-Classical Convolution

Detine Werner ‘84] t = 1
(fs0) = fxtp= fron FEOW(VEE)pW (VEE) dE |
Huber, Konig, V '16]
Rescaling Datta, Pautrat, Rouzé '16] f = fz ~ N (0, 1)

If fx is a prob. density function of a r.v. X, then

fx % p= f\/ZX *1 P here the r.v. v/tX is given by f\/gX(C) = fx(C/\/%)/(\/%)Qn

Addition
fx*1 (fy x1p) = fxqyvy *1p where (fx, fy) = fx+v(2) = [ fx(z — 2) fy (z)dx

s ation Let we,wy >0, and ¢ > 0. Then for all § € R*"

(f % p)(wG) = flwed) 4, p(wqd) w = Viw. + Wy

Data Processing Inequality

D(fxpllg*o) <D(f|lg)+D(plo)




Inequalities for Convolution

Classical Quantum

(fx, fr) = fxiv(2) = [ fx(z — 2) fy (z)dx (f,0) = frip= [ FOW(VEE)pW (VEE) déE




Inequalities for Convolution

Classical Quantum
(fx, fr) = fxiv(2) = [ fx(z — 2) fy (z)dx (f.p) = [ p= [ FOOWNEE)pW (VEE) de

: : : : Huber, Konig, V 16
- the Fisher information ineq. | |

for A € [0, 1] for w = vtw. + w,

J(VAX +VI=AY ) S M(X) + (1= NJ(Y) | @I (fxp) 2T () +w7 ] (p)

- Stam inequality
J(X+Y) " 2 J(X)"t+J(Y) J(fxep)t > tI ()L + T(p) 7!




Gaussian States

Recall: the Weyl displacement operators have the property

W(O)R,W(0) = R; + 0,1

R=(Q1,Py,...

0 € R?"

, Qny Pn)"




Gaussian States
Recall: the Weyl displacement operators have the property

W(@O)R,W(0)" =R; + 0,1 R=(Qi,P,...,Qu BP,)"

A . . . . : 6 € R?"
state p is defined by its characteristic function

Xp(0) := Tr(p W(0))

or equivalently by its Wigner function

Fo(2) = i Jon €590X,(6)d6 where w — ( 0

Note that fRZn fp(z)dz : (27.‘.)n




Gaussian States

Recall: the Weyl displacement operators have the property

W(@O)R,W(0)" =R; + 0,1 R=(Qi,P,...,Qu BP,)"

A . . . . : 6 € R?"
state p is defined by its characteristic function

Xp(0) := Tr(p W(0))

or equivalently by its Wigner function

fo(2) = Gryw Jron €7 x0(6)d0 where w = ( X
Note that fRZn fp(z)dz : (27.‘.)n

A Gaussian state has a characteristic function of the form

Xp(e) — pin0—50-M,0

where 1 € R*™ is a mean vector: u; = Tr(p R;)
M, is a covariance matrix: M;; = 5Tr(p(RSRS 4+ RSRY)), with RS = R; — ;1




Entropy Power Inequality

Classical-classical convolution (fx, fy) = fx+v(2) = [ fx(z — ) fy (z)dz

2H(X+Y)/n > 2H(X)/n 4 o25(Y)/n

Quantum-quantum convolution (,OXHOY) — PXHE,Y = Iro (UA(PX X IOY)US'i)

6S(XEH>\Y')/TL > )\GS(X)/n 4+ (1 . )\)eS(Y)/n

Classical-quantum convolution (f,p) = fHep= ff
For some p, e.g. Gaussian states

eS(f*tp)/n Z teH(f)/n | €S(p)/n

W (VEE) pW (Vt€)" dé

[Shannon '48]

[Stam '59]

[Blachman '65]

[Konig, Smith 14]
[de Palma et al 15]

[Huber, Konig, V '16]




Classical

Isoperimetric Inequality

Quantum
For some p, e.g. Gaussian states:

nJ(X)BQH(X)/n > 21e %J(p)eS(p)/n > Are

[Huber, Konig, V '16]

[Datta, Pautrat, Rouzé '16]
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Isoperimetric Inequality

Classical Quantum
For some p, e.g. Gaussian states: [Huber, Konig, V '16]
%J(X)BQH(X)/TL > Ire %J(p)GS(p)/n > dre [Datta, Pautrat, Rouzé '16]
Tightness

For n =1 let p = w, be Gaussian thermal state with a mean photon number n
Then S(wn) =g9g(n) =(n+1)log(n+1) —nlogn

Under £ the state evolves as

e'r (wn) = wn, where n; = n + 27t

In particular, by de Bruijn identity ] ir Szl
J(wn) =25 S(e(wn)) = 4mlog (237)

n

t=0
Also 1)+

exp(S(wn)/1) = = nn
Therefore J(wn)GS(wn) . (HTH)HIOg (nT_H)n—I—l o A

Nn— o0




Classical Heat Diffusion Semigroup Quantum Diffusion Semigroup

For Z = N(0,1) - stand. Gaussian r.v. on R2": f;(&) = (27) e I€17/2

X, = X + v/tZ has a density function wu;
ut = f /57 * Uo foiz ~N(0,1)
The function satisfies
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for a Laplacian
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Classical Heat Diffusion Semigroup Quantum Diffusion Semigroup

For Z = N(0,1) - stand. Gaussian r.v. on R2": f;(&) = (27) e I€17/2

X, = X 4+ +/tZ has a density function u; fz *t p= (2;)n i e~ IEI°/ 2V (\/2€) p W (V) *dé
Ut:f\/zZ*Uo foiz ~N(0,1) :f\/fz*lpzpt
The function satisfies The state satisfies
%ut = Auy %Pt = L(p;)
for a Laplacian for a Liouvillean

— 223 18;15 ﬁ(ﬁ):—WZ}?’:JQJ’»[QJ»PH+[Pj»[PjaPH-
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Quantum Dynamical Semigroup

The state of the system at time ¢ is given by the solution of the Markovian master equation

%Pt = L(pt)
po = P

Solution is given by a quantum dynamical semigroup (A¢):>0
pt = Mi(p)

The dynamical maps A; form a one-parameter completely-positive trace-preserving (CPTP) semigroup

1) A; is completely positive
2) Tr(A(p)) = Tr(p)

3) Ay(I) =1

4) AgAy = Asyy

5) limy 0 [|A¢(p) — pl| =0




Inequalities for Diffusion Semigroup

Classical

- Fisher information isoperimetric inequality

) X +vin}] T 2

dt
t=0

_ Quantum Blachman-Stam inequality
For a, 5 > 0 and t > 0,

(0 + B)2J(X + VEZ) < a?J(X) + 2

For Z - N'(0,1) Gaussian r.v.

Quantum

ew(ﬂ) = fz % p

[Huber, Konig, V '16]
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Inequalities for Diffusion Semigroup

Classical

- Fisher information isoperimetric inequality

) X +vin}] T 2

dt
t=0

_ Quantum Blachman-Stam inequality
For a, 5 > 0 and t > 0,

(0 + B)2J(X + VEZ) < a?J(X) + 2

For Z - N'(0,1) Gaussian r.v.

Quantum

(a+ B)2J(e™(p)) < a?J(p)

e'“(p) = fz xt p

[Huber, Konig, V '16]

[Datta, Pautrat, Rouzé '16]

21,32

t

- de Bruijn identity
J(X)=24| H(X+tZ)
- Concavity of the entropy power

4| exp{2H(X +1Z)/n} <0
t=0

For some p, e.g. Gaussian states:

J(p) =28 ,— S (e (0))

| exp{S(e'(p))/n} <0

[Konig, Smith ‘12]

[Huber, Konig, V '16]

[Datta, Pautrat, Rouzé '16]
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A Schwartz function f : R™ — C is an infinitely differentiable function for which:

SUp,cgn |22VE2 f(2)| < 00 for all o, B € N

n
mn

VE =90 ... .90

where % = z{"' ... x
e.g. p.d.f. of a Gaussian r.v.

A Schwartz state p is a state whose characteristic function x, is a Schwartz function.

[Keyl et al. ‘16]
e.g. Gaussian state




[Nash 58]

Classical

For w = u(x,t), z € R”

Dirichlet form of a diffusion semigroup

E(u)

= — Jon uAudz

Nash Inequality

Quantum

[Datta, Pautrat, Rouzé '16]




Nash Inequality

[Nash 58] Classical Qua ntum [Datta, Pautrat, Rouzé '16]

For w = u(x,t), z € R”

Dirichlet form of a diffusion semigroup

E(u) = — Jgn v Audz E(p) = —Tr(pL(p))
Nash inequality For a Schwartz state of positive Wigner function
there exists c,, > 0 s.t. there exists C,, > 0 s.t.
2 n 1_|_%
(lull3) ™ < eallulli/ "€ () (Iol13) %" < Cul(p)

where ||p||5 = Tr(p?)




Ultracontractivity

[Datta, Pautrat, Rouzé '16]

There exists k, > 0, s.t. for any ¢ > 0, for any Schwartz state p with positive Wigner function
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Ultracontractivity

[Datta, Pautrat, Rouzé '16]

There exists k, > 0, s.t. for any ¢ > 0, for any Schwartz state p with positive Wigner function

tc(

for py = e (p)

H/OtHoo < HptH2 < “nt_n/Q

with ||p||5 = Tr(|p|?)

Purity Te(p2) = lpel3 < w2t

2

Entropy S(pt) > nlog(zkn "t)

Largest Eigenvalue ||pt]/cc < Fopt /2
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Convergence to a space of Gaussian states
[Datta, Pautrat, Rouzé '16]

The Gaussification of a state p with finite mean and covariance is the Gaussian state p“ with the
same mean and covariance as p.

Th T .
ST For all p s.t. quantum de Bruijn inequality holds for p; = e**(*), forany 0 < e < 1, 0 < 4,

there exists a and Ty > 0 s.t. for any t > Tj
D(pil|p%) < at(e=D/2

By quantum Pinsker inequality, this implies that: .
A R P lo: — o511 < v/2D(pel|pf) < v2atle=D/4,

Classically
For smooth g

lue — fymrizlln, < v/2D(uollfz) (2t + 1)~/ here Oyuy = Auy




Quantum Ornstein-Uhlenbeck semigroup
n =1
Quantum Attenuator: Quantum Amplifier:

L_(p) = apa* — 5{a*a, p} L. (p) = a*pa — 5{aa*, p}

Let p = w, be a Gaussian thermal state with a mean photon number n. Then p4 () = wn_ (1)




n =1
Quantum Attenuator:

L (p) = apa* — 3{a*a,p}

Quantum Ornstein-Uhlenbeck semigroup

Quantum Amplifier:

Li(p) = a*pa — 5{aa*, p}

Let p = w, be a Gaussian thermal state with a mean photon number n. Then p4 () = wn_ (1)

Under £_
n_(t) =e ‘n

A

Under £

n,(t)=en+e" —1

!
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Quantum Ornstein-Uhlebeck semigroup

One-parameter group of CPTP maps {e£#};>(, generated by
Lox=pL_+NL, for p > A>0

Fixed point of £, xis o, x=(1—v)> "2 v"n)(n|, with v =X*/pu?

Then Wn(t) IS s.t.

n(t) = e W20t 4 (1 — e~ W= A)t)n with n,, = tr(o, \n) = &

n(?) A




Fast convergence of qOU semigroup

Proposition
For a large class of states p we have

D(etfex(p)|lo,n) < e =2IED(pllo,, 5)

In other words,

d

4| D (p)llon) < — (12 = A)D(pllo,.)

t=0

Moreover, for any ¢ > p? — \? there exists a state p s.t.

d

|, D (p)llowx) > —CD(plloya)

t=0

forall t >0

[Huber, Konig, V '16]
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Fast convergence of qOU semigroup

Proposition [Huber, Konig, V '16]

For a large class of states p we have
D(etu2 (p)|lopin) < €= AD(plloy ) for all £ >0

In other words,

d

4| D (p)llon) < — (12 = A)D(pllo,.)

t=0

Moreover, for any ¢ > p? — \? there exists a state p s.t.

d

|, D (p)llowx) > —CD(plloya)

t=0

Conjecture (June '16)

For any state we have - 2y
D(em (p)lloy,n) < e A D(plloy, ) for all ¢ > 0

Proved by Carlen, Maas in Sep '16




Proposition

Quantum Log-Sobolev inequality

For A>0and v = \?/u® <1

D(plloua) < AJ(p) — 2 —log(4rA) + nlog L — log(1 — v)

[Huber, Konig, V '16]

[Datta, Pautrat, Rouzé '16]




Quantum Log-Sobolev inequality Huber, Kénig, V/ '16]

Proposition For A>0and v =M\?/p? <1 [Datta, Pautrat, Rouzé '16]
D(plloua) < AJ(p) — 2 —log(4rA) + nlog L — log(1 — v)

Proof
From Isoperimetric inequality for entropies  for A > 0

—5(p) < AJ(p) — (2 + log(4mA))




Quantum Log-Sobolev inequality Huber, Kénig, V/ '16]

Proposition For A>0and v =M\?/p? <1 [Datta, Pautrat, Rouzé '16]
D(plloua) < AJ(p) — 2 —log(4rA) + nlog L — log(1 — v)

Proof
From Isoperimetric inequality for entropies  for A > 0

—S(p) < AJ(p) — (2 +log(4mA)) ~S(p) <log{ £ J(p)}




Quantum Log-Sobolev inequality Huber, Kénig, V/ '16]

Proposition For A >0 and v = )\2/,u2 <1 [Datta, Pautrat, Rouzé '16]

D(plloua) < AJ(p) — 2 —log(4rA) + nlog L — log(1 — v)

Proof
From Isoperimetric inequality for entropies  for A > 0
—5(p) < AJ(p) — (2 + log(4mA))
Note that
D(plloy,x) = =S(p) — (logv)n —log(1 — v) v=\/p? <1
Therefore

D(plloux) < AJ(p) —2 —log(4rA) + nlog + — log(1l — v)




Classical Log-Sobolev inequality

Gross' logarithmic Sobolev inequality is

[1fPlog|fPe ™ de < £ [ |7 fPem dw for [|fPemm* dr =1
Let g(z) = f(x)e ™1*I"/2. Then

[lg|*loglgl?dz < L [ | g|*dz —n with [ |g|2dz = 1

[Carlen '91]
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Gross' logarithmic Sobolev inequality is

[1fPlog|fPe ™ de < £ [ |7 fPem dw for [|fPemm* dr =1
Let g(z) = f(x)e ™1*I"/2. Then

[lg|*loglgl?dz < L [ | g|*dz —n with [ |g|2dz = 1

Let r.v. X has density hx(z) = |g(z)|? and r.v. Y has density hy (z) = e~ ™%I". Then

H(X|Y)

\‘

jq}LthDg;hggcﬂt —-Lf)h)(1C¥§quCﬂB

[Carlen '91]




Classical Log-Sobolev inequality Carlen '01]

Gross' logarithmic Sobolev inequality is

[1fPlog|fPe ™ de < £ [ |7 fPem dw for [|fPemm* dr =1
Let g(z) = f(x)e ™1*I"/2. Then

[lg|*loglgl?dz < L [ | g|*dz —n with [ |g|2dz = 1

Let r.v. X has density hx(z) = |g(z)|? and r.v. Y has density hy (z) = e~ ™%I". Then

H(X|Y) <14 (| hY?)Pde—n— [ hxloghyd

\‘

th 10ghxd513 . th loghydx

1
47




Classical Log-Sobolev inequality Carlen '01]

Gross' logarithmic Sobolev inequality is

[1fPlog|fPe ™ de < £ [ |7 fPem dw for [|fPemm* dr =1
Let g(z) = f(x)e ™1*I"/2. Then

[lg|*loglgl?dz < L [ | g|*dz —n with [ |g|2dz = 1

Let r.v. X has density hx(z) = |g(z)|? and r.v. Y has density hy (z) = e~ ™%I". Then

4[| 7 B2 2de —n — [ hx log hyda

v v

LJ(X) +7E| X |?

H(X|Y) < ﬁ




Classical Log-Sobolev inequality Carlen '01]

Gross' logarithmic Sobolev inequality is

[1fPlog|fPe ™ de < £ [ |7 fPem dw for [|fPemm* dr =1
Let g(z) = f(x)e ™1*I"/2. Then

[lg|*loglgl?dz < L [ | g|*dz —n with [ |g|2dz = 1

Let r.v. X has density hx(z) = |g(z)|? and r.v. Y has density hy (z) = e~ ™%I". Then

H(X|Y) < +=J(X)—n+7nE|X?




Classical Log-Sobolev inequality Carlen '01]

Gross' logarithmic Sobolev inequality is

[1fPlog|fPe ™ de < £ [ |7 fPem dw for [|fPemm* dr =1
Let g(z) = f(x)e ™1*I"/2. Then

[lg|*loglgl?dz < L [ | g|*dz —n with [ |g|2dz = 1

Let r.v. X has density hx(z) = |g(z)|? and r.v. Y has density hy (z) = e~ ™%I". Then

H(X|Y) < +=J(X)—n+7nE|X?

Quantum case:

D(plloux) < AJ(p) —2 —log(l —v) —log(4mA) + nlog L v=XA/u? <1
A>0




Open Problems

Multimode Ornstein-Uhlenbeck process




Open Problems

Multimode Ornstein-Uhlenbeck process

For what class of states does the quantum de Brujin identity hold?




Open Problems

Multimode Ornstein-Uhlenbeck process

For what class of states does the quantum de Brujin identity hold?

definitely for Gaussian states
[Konig, Smith ‘12]




Open Problems

Multimode Ornstein-Uhlenbeck process

For what class of states does the quantum de Brujin identity hold?

definitely for Gaussian states
[Konig, Smith ‘12]

inequality for Schwarz states

[Datta, Pautrat , Rouzé '16]




Open Problems

Multimode Ornstein-Uhlenbeck process

For what class of states does the quantum de Brujin identity hold?

definitely for Gaussian states
[Konig, Smith ‘12]

inequality for Schwarz states

[Datta, Pautrat , Rouzé '16]

Entropy Photon-number Inequality: replace entropy power e°(?)/™ by ¢=1(S(p))
[Guha, Erkmen, Shapiro ‘08]

photon number of a Gaussian state with the same entropy

g(x) =—(x+1)log(x +1) —zlogx




Thank you!
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