
Anyons and Matrix Product 
Operator Algebras

Dominic Williamson

Verstraete Group

University of Vienna



Nick Bultinck Michael Marien Burak Sahinoglu

Jutho Haegeman Frank Verstraete



What states of matter are there?

𝜓 := 𝜓′ 𝜓′ = 𝑈𝜓, ∃𝑈 a local unitary}



Anyons / Superselection sectors

(Modular Tensor Categories)



×

 

≠

𝜌 := 𝜌′ 𝜌′ = 𝑈𝜌𝑈−1, ∃𝑈}
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Tensor Networks
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Normal form
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𝑀𝑃𝑆𝑁(𝐴) = 𝑀𝑃𝑆𝑁(𝐵) ∀𝑁

⇒ ∃ 𝑋 s.t.

A BX
-1

X =

Fundamental Thm. of MPS
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Matrix Product Operator 
Algebras



Normal form: 𝑀 = ⨁ 𝑀𝑎
𝑎

= ∑
𝒂

𝒂



𝑀𝑎Mb = ∑ 𝑁𝑎𝑏
𝑐 𝑀𝑐

𝑐
𝑀 L 2 = 𝑀 L

𝑀𝑎

𝑀𝑏

= 𝑀𝑐𝑋𝜇
−𝟏

𝑋𝜇



𝑀𝑎

𝑀𝑏

= 𝑀𝑐𝑋𝜇 𝑋𝜇

The Zipper condition



𝛼
𝛽
𝛾

𝛿

𝑖

Zipper ⇒

=

=



𝑋𝜇
𝑋𝜈 𝑋𝜆

𝑋𝜎
= 𝐹𝑑;𝑒𝑓
𝑎𝑏𝑐

𝑎

𝑏

𝑐

𝑎

𝑏

𝑐

𝑑

𝑒 𝑑

𝑓





𝑀𝑎
Fusion category 𝒞

Objects 
𝑀𝑎

𝑀𝑏
𝑎 ⊗ 𝑏X

morphisms

Tensor product



How to construct 
an anyon?
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Toric Code
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Double Fibonacci 𝜏 × 𝜏 = 1 + 𝜏
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ℎ(1, 𝜏) = −4/5

ℎ(𝜏,1) = 4/5



• Fermions

• SET & transversal gates

• Topological Quantum Computation

• Domain Walls

• ≥ 3 Dimensions

Future Directions



• Tensor networks with topological order are 
not generic

• By studying their entanglement structure we 
extract a fusion algebra

• From this we can construct a tube algebra to 
extract (all) information about the 
topological order in the system


