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Quantum search
Amplitude amplification
Quantum walks



Quantum search
Amplitude amplification
Quantum walks



Find Starbucks
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Find a marked vertex

Setup walk at a random vertex
Repeat T times
- Check if vertex marked. If so, halt.
- Update by walking to a random
neighbor




Multiple marked M

Setup walk at a random vertex
e Repeat [ times
1 ¥ - Check if vertex marked. If so, halt.
- Update by walking to a random
neighbor

T =HT(M)
Cost = S+ HT(M)(C + U)

¢ = Prob [random vertex is marked]
number of marked | M |

number of vertices |V |



Unique marked g

Setup walk at a random vertex

Repeat T times

S - Check if vertex marked. If so, halt.

- Update by walking to a random
neighbor

T=HT(g)
Cost = S+ HT(g)(C+U)

¢ = Prob [random vertex is marked]
number of marked 1

number of vertices |V




Quantum Walk

Setup walk at a random vertex

Repeat T times
- Check if vertex marked. If so, halt.
- Update by walking to a random
neighbor




Quantum Walk

Setup |init)

Repeat T times linity 4 G W |final)
.- Check G

- Update W

Cost = S+ Tquantum (C + U)

Glv) = { -|v) if vis marked
|V> otherwise Want: Tquantum = ‘\/Tclassical

[Sze04, Amb0O4] - Szegedy; Ambainis



Unique marked
Szegedy (Detect) S+ VvHU+ JHC

Sze04, AmbO4]
BH97, BHMTOZ2]
'MNRoS1]
KMOR16]
TulO8, MNRIS12]

Ampl. Ampl. +/ 1/ S +4/1/e C

Phase Est. S+v1/(ed)U++1/e C
Interpolated S+ vHU+ +HC
Grid/St.trans. S+ vHU+ +/HZC

BH97 BHMTO2] - Brassard, Hayer; Brassard, Hayer, Mosca, Tapp
MNRoS11] - Magniez, Nayak, Roland, Santha

KMOR16] - Krovi, Magniez, Ozols, Roland

TulO8] - Tulsi

MNRiS12 - Magniez, Nayak, Richter, Santha

1/€ <H < 1/(€d)



Unique marked

Ampl. Ampl. +/ 1/ S +4/1/e C
Phase Est. S+/1/(ed)U++/1/eC
Interpolated S+ vHU+ JHC

Controlled Ampl. S+ VvHU+ VHC
Rec. Ampl. Ampl. S+ VHU+/1/e C
Classical S+ 1 U+ 1/e C

DH16]
DH16]
DH16

1/€ <H < 1/(€d)

BH97, BHMTO02]
MNRoS11]
KMOR16]




Multiple marked

Szegedy (Detect) S+ VHU+ +H C [Sze04, AmbO4]
Ampl. Ampl.  +/1/¢ S ++/1/e C  [BH97 BHMTO2]
Phase Est. S++/1/(ed)U++/1/e C  [MNRoST]
Interpolated S+ +H*U+ +/H*C [KMORI6]

Controlled Ampl. S+ +JH*U+ +HtC [DH16]
Grids S+ VvHU+ JHC [HKIg]

1/€ <H < 1/(€0)
H< H*<H/O INSS



5 Algorithms

Controlled Ampl. S + VvHU+ +/H C [DH16]
Rec. Ampl. Ampl. S + VHU+/1/e C [DH16 Unique
Classical S+ H U+ 1/¢ C [DH16]
Controlled Ampl. S+ /H*U+ H*C [DHI6] |

. Multiple
Grids S+ +JHU+ +/HC [HKIE]

1/€ <H < 1/(€0)
H< H*<H/O



Controlled amplification

linit) — G HW — |final)

OXol® G + |1X7l ®1Id

{10, |7)} is a basis



Controlled amplification
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GHW

linit)

i final) =
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marked)



Szeqgedy (Detect)
Ampl. Ampl.
Phase Est.
Interpolated
Grid/St.trans.

Comparison

0@

GHW




Szegedy (Detect)
Ampl. Ampl.
Phase Est.
Interpolated
Grid/St.trans.

Comparison

v

_"_

GHW

W = Reflection(|init))



Comparison

Szegedy (Detect) ¢/

Ampl. Ampl. 4% 10) —”— )

Phase Est linit) GHW marked)
Interpolated
Grid/St.trans. W = Reflection(|init))

O)|init) = \/g( stays) + |rotates) )

7Y |marked) = \/g ( |stays) - [rotates) )




Comparison

Szegedy (Detect) ¢/

Ampl. Ampl. o/ /
Phase Est.

Interpolated o/
Grid/St.trans.
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Comparison

Szegedy (Detect) ¢/

Ampl. Ampl. Vv —’—Q

Phase Est.

G

e

Interpolated o/

Grid/St.trans. (V4




Comparison

Szegedy (Detect) ¢/

Ampl. Ampl. Vv —"

Phase Est. G LIw

Interpolated o/
Grid/St.trans. v




Measure of cost

Quantum hitting time = Hq =




Comparison on cost

U__ A

G W GHW

Theorems (Unique marked):

HE (U) = Ha (A)

Final state of U =~ |marked)



5 Algorithms

v/ Controlled Ampl. S + VHU+ +JHC DH16]
Rec. Ampl. Ampl. S + VHU+/1/e C [DH16 Unique
Classical S+ H U+ 1/¢ C [DH16]
Controlled Ampl. S+ /H*U+ H*C [DHI6] |
. Multiple
Grids S+ +JHU+ +HC [HKI6]

1/€ <H < 1/(€d) H<H < H/0



5 Algorithms

v/ Controlled Ampl. S + VHU+ +JHC DH16]
Rec. Ampl. Ampl. S + VHU+/1/e C [DH16 Unique
Classical S+ HU+ 1/¢e C [DH16]
Controlled Ampl. S+ +/H*U+ /Ht*C [DH16] ,
. Multiple
Grids S+ +JHU+ +/HC [HKIE]

1/€ <H < 1/(€d) H<H < H/0



Algorithm - multiple marked

G W

Theorems (Multiple marked for quantum walks):

Final state of U =~ |marked)
He (UM) = — E(W,M)

E(\WM) = € HT



5 Algorithms

v/ Controlled Ampl. S + VHU+ +JHC DH16]
Rec. Ampl. Ampl. S + VHU+/1/e C [DH16 Unique
Classical S+ HU+ 1/¢e C [DH16]

v Controlled Ampl. S+ +H*U+ +H*C [DH16] ,

. Multiple

Grids S+ +HU+ +HC [HKIG]
1/€ <H < 1/(€d) H<Ht<H/O
lemma:  E(WM) < 1/0 [DH16]
Theorem: % <H< HY = %E(W,M) < %% [DH16]



5 Algorithms

v/ Controlled Ampl. S + VHU+ +JHC DH16]
Rec. Ampl. Ampl. S + VHU+/1/e C [DH16 Unique

Classical S+ HU+ 1/e C [DH16]
v Controlled Ampl. S+ +H*U+ H*C [DH16] ,
. Multiple
Grids S+ +HU+ J/HC [HKIg]
Unique marked: H = %E(W,g)
Szegedy: P random walk <— W(P) quantum walk

Theorem: If E(WW(P)M)=D then E(W(PP)M)=1 [DH16]



5 Algorithms

v/ Controlled Ampl. S + VHU+ +JHC DH16]
Rec. Ampl. Ampl. S + VHU+/1/e C [DH16 Unique
v Classical S+ HU+ 1/¢e C [DH16]
v Controlled Ampl. S+ +H*U+ +H*C [DH16] ,
. Multiple
Grids S+ +JHU+ +/HC [HKIE]

Unique marked: H = %E(W,g)



5 Algorithms

v/ Controlled Ampl. S + VHU+ +JHC DH16]
Rec. Ampl. Ampl. S + vH U+ v/ 1/e C [DH16] Unique
v/ Classical S+ HU+ 1/¢e C [DH16]

v Controlled Ampl. S+ +H*U+ +H*C [DH16]

Multipl
Grids S+ JHU+ +HC [HKi6] — P°

Unique marked: H = %E(W,g)

|dea: Phase Estimation in the Escape time



Phase Est. in the Escape time

P
A A /p ’ 5
g 1 A a1
P P Pz P4

1
smallest phase

Phase Estimation in

yields S ++/1/(¢8) U+ +/1/¢ C algorithm  [MNRoST1]

O = (smallest phase)?



Phase Est. in the Escape time

P
}L A /p ’ 5
g 1 A a1
P P Pz P4

Phase Estimation in sqgri(Escape time)

yields S+ +/H U++/1/s C algorithm  [MNRoST]

O = (smallest phase)?



5 Algorithms

v/ Controlled Ampl. S + VHU+ +JHC DH16]
v Rec. Ampl. Ampl. S+ VHU+/1/e C [DH16 Unique
v/ Classical S+ HU+ 1/¢e C [DH16]

v Controlled Ampl. S+ +H*U+ +H*C [DH16]

Multipl
Grids S+ JHU+ +HC [HKi6] — P°

_— 1 11
Theorem: — S H=H" = —EWM) < —%



5 Algorithms

v/ Controlled Ampl. S + VHU+ +JHC DH16]
v Rec. Ampl. Ampl. S+ VHU+/1/e C [DH16 Unique
v/ Classical S+ HU+ 1/¢e C [DH16]

v Controlled Ampl. S+ +H*U+ +H*C [DH16]

Multipl
Grids S+ JHU+ +HC [HKi6] — P°

_— 1 11
Theorem: — S H=H" = —EWM) < —%



Finding a Starbucks




Finding a Starbucks




Finding a Starbucks

Grid with cluster of 4§

Random walk: ©O(1)
M\ iamti s aaaalloe A ran
\JUOI Ui Watk., (= U\])
M iarntiima waall?. . Y4 NI I I A
wuahtum -wWaiK. (N TOgIN]




Finding a Starbucks

Grid with cluster of 4§

Random walk: ©O(1)

M varmtiima vasall.e A
uUOI ILUI I Vlel’\. wU\])

M iarntiima waall?. . Y4 NI I I A
\.(UGI ILUIII VVAlN . Ukl\l lugl\l)
Lemma:

Quantumly search locally

Lemma:
H*(W,M) < H(W,0)
for worst-case ge M

Theorem: Up to logs,

S+ U+ C
for grids




5 Algorithms

v/ Controlled Ampl. S + VHU+ +JHC DH16]
v Rec. Ampl. Ampl. S + vH U+ v/ 1/¢ C [DH16] Unique
v Classical S+ HU+ 1/¢e C [DH16]
v Controlled Ampl. S+ +H*U+ +H*C [DH16] ,

| Multiple
v Grids S+ +JHU+ J/HC [HKI6]




Controlled amplification

__

G W

v/ Controlled Ampl. S + VvHU+ +H C [DH16]
v Rec. Ampl. Ampl. S + VHU++/1/e C [DH6 Unique
v/ Classical S+ HU+ 1/¢ C [DHI6

v Controlled Ampl. S+ +H*U+ +H*C [DH16]

Multipl
v Grids S+ +JHU+ JHC [Hkig — PE

Theorem: % <H < HY = %E(W,M) < H(g) < %%



Thank you



