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Abstract

We consider the problem of outlier robust PCA (OR-PCA) where the goal is to recover principal
directions despite the presence of outlier data points. That is, given a data matrix M™*, where
(1 — o) fraction of the points are noisy samples from a low-dimensional subspace while « fraction
of the points can be arbitrary outliers, the goal is to recover the subspace accurately. Existing
results for OR-PCA have serious drawbacks: while some results are quite weak in the presence of
noise, other results have runtime quadratic in dimension, rendering them impractical for large scale
applications.

In this work, we provide a novel thresholding based iterative algorithm with per-iteration com-
plexity at most linear in the data size. Moreover, the fraction of outliers, «, that our method can
handle is tight up to constants while providing nearly optimal computational complexity for a gen-
eral noise setting. For the special case where the inliers are obtained from a low-dimensional sub-
space with additive Gaussian noise, we show that a modification of our thresholding based method
leads to significant improvement in recovery error (of the subspace) even in the presence of a large
fraction of outliers.

1. Introduction

Principal Component Analysis (PCA) is a critical first step for any typical data exploration/analysis
effort and is widely used in a variety of applications. A key reason for the success of PCA is that it
can be performed efficiently using Singular Value Decomposition (SVD).

However, due to various practical reasons like measurement error, presence of anomalies etc., a
large fraction of data points can be corrupted in a somewhat correlated and even adversarial manner.
Unfortunately, SVD is fragile with respect to outliers and can lead to arbitrarily inaccurate principal
directions in the presence of even a small number of outliers. So, designing an outlier robust PCA
(OR-PCA) algorithm is critical for several application domains.

Formally, the setting of OR-PCA is as follows: given a data matrix M* = D* + C* € R%*"
where D* = [z1,...,x,] corresponds to n clean “inlier” data points and C* has at most a-fraction
of non-zero columns that can corrupt the corresponding clean data points arbitrarily, the goal of
OR-PCA is to estimate the principal components of D* accurately, i.e., recover U* € R?¥" the
top-r left singular vectors of D*.

Vanilla SVD does not do the job since the top singular vectors of M™* can be arbitrarily far
from U* if the operator norm of C* (||C*||2) is large, as can be the case when @ = (). Any
algorithm trying to solve OR-PCA needs to exploit the column sparsity of C* to obtain a better
estimate of U*. In particular, they need to find S* = Supp (C*)—Supp (A) is the index of non-zero
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columns of A—so that U* can be estimated using top singular directions of M\*S*, i.e., columns of
M* restricted to complement set of S*.

Existing results for OR-PCA fall into two categories based on: a) Nuclear norm (Xu et al.,
2012a; Zhang et al., 2016), b) iterative PCA (Xu et al., 2013). Nuclear norm based approaches work
with exactly same setting as ours, but require O(nd?) computational time which is prohibitive for
typical applications. Iterative PCA based techniques require O(n?d) computation which in general
is significantly higher than our algorithms. Moreover, these results do not recover the exact principal
directions even if the inliers are restricted to a low-dimensional subspace and just a constant number
of outliers are present.

Our approach is based on solving the following natural optimization problem:

OR-PCA: min |[M*—D—C|%s.t rank(D) <r, |Supp(C)| < an.
D,CGRdX”

Technical Challenges: The main challenges with OR-PCA are its non-convexity and combinatorial
structure which rules out standard tools from convex optimization. Furthermore, due to the column-
sparsity constraint standard SVD based techniques also do not apply. Instead, we propose a simple
iterative method that constructs an estimate of outliers C' and using that, an estimate of the inliers
M* — C'. SVD of the estimated inliers is then used to obtain an estimate of the principal directions.
Now, a significant challenge is to use these principal directions to re-estimate outliers. There are
two different scenarios here:

o Length of all the outliers is smaller than the smallest singular value of the inliers and hence
do not stand out: In this case however, the principal directions are not much affected by
outliers. So, outliers can be recognized by taking a projection on to the orthogonal space to
the estimated principal directions. As we get better estimate of principal directions, we can
be more aggressive in determining the outliers.

o Length of at least one of the outliers is larger than the small singular values of inliers: In
this case again, length based thresholding fails since the lengths of the inliers are dominated
by the larger singular values. Similarly, the above mentioned thresholding scheme also fails
as some of the estimated principal directions will be heavily biased towards those outliers. A
key and somewhat surprising algorithmic insight of our work is that: as some of the estimated
singular vectors are heavily affected by outliers, projection of such outliers on these spurious
singular vectors will be inordinately high. So, in contrast to the above thresholding operator,
we can use the length of projection of points along estimated principal directions as well to
detect and threshold outliers.

In both the scenarios, we can identify more outliers and repeat the procedure till convergence. A
key assumption we make, in order to ensure that inliers are not thresholded, is that most of the
inliers have “limited” influence on the principal directions, i.e., the data matrix is incoherent (see
Assumption 1). Such an assumption holds for various typical settings, for example when inliers are
noisy and uniform samples from a low-dimensional subspace.

Contributions: The main contribution of our work is to show that, under some regularity condi-
tions, it is indeed possible to solve OR-PCA near optimally, in essentially the same time as that
taken by vanilla PCA. In particular, we propose a thresholding based approach that iteratively esti-
mates inliers using rwo different thresholding operators and then use SVD to estimate the principal
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directions. We also show that our method recovers U* nearly optimally and efficiently as long as
the fraction of corrupted data points (column-support of C*) is less than O(1/r) where r is the
dimensionality of principal subspace U*. More concretely, we study the problem in three settings:

1. Noiseless setting: M* = D* 4+ C* where the clean data matrix D* is a rank-r matrix
with u-incoherent right singular vectors (see Assumption 1) and C* has at most « - n non-
zero columns. For this setting, we design a novel Thresholding based Ouliter Robust PCA

algorithm (TORP) that recovers U* up to an error of € in time O (ndr log M) if

a < m. Vanilla PCA, on the other hand, can be computed in time O(nd + "6—122) via
input sparsity time algorithms (See, for example, Clarkson and Woodruff (2013)) and in time
O(ndr) via orthonormal iteration (Golub and Loan (1996)). Hence, we essentially match the
running time of Vanilla PCA except in the regime where 7 is small where the extra r factor
doesn’t affect the run time significantly. In contrast, existing results for the same setting re-
quire O("G—Cf)1 computation to recover U*. Note that the number of outliers our results can
handle (i.e., « < 1/128u2r) is optimal up to constant factors in the sense that if o > 1/p?r,
then there exists a matrix M* which has more than one decomposition satisfying the above

conditions.

2. Arbitrary noise: In the second setting, M* = D* 4+ C* where the clean data matrix D* can
be written as L* 4+ N* and L*, the rank-r projection of D* has p incoherent right singular
vectors. C* on the other hand, again has at most « - n non-zero columns. If o < 128 o> Our
proposed algorithm TORP-N guarantees recovery of U* (left singular vectors of L*) up to

O (/7 ||[N*||p + ¢€) error, in O (ndr log \[””]3{“”24_

as the time taken for Vanilla PCA. In contrast, existing results for this problem get stuck at
2

a significantly larger error of (y/n || N*|| ), with a runtime of O("e%), which is slower than

ours by a factor of d.

) time. Again this is essentially the same

3. Gaussian noise: In this setting, we again have M* = D* 4+ C* where the clean data matrix
D* is a sum of low-rank matrix L* and a Gaussian noise matrix /N*, i.e., each element of
N* is sampled independently and identically (iid) from A(0,c2). TORP-G, which is our
proposed algorithm for this special case, recovers U* up to an error of O (W ||IN* H2)
This not only improves upon the result we obtained for the arbitrary noise case above, which
is O (/7 ||N*|| ), it also improves significantly upon the existing results. However, in order
to achieve this improvement in error, we require n > d? and the algorithm has a runtime of

O (n2d).

To summarize, our results obtain stronger guarantees in terms of both final error and runtime, while
being able to handle a large number of outliers, for three different settings of OR-PCA. Moreover,
in the first two settings, our run time essentially matches that of standard PCA. Please refer Tables 1
and 2 for comparison of our results with existing results.

Paper Outline: The paper is organized as follows. We will review related work in Section 1.1.
We then present a formal definition of the problem in Section 2 and our main results in Section 3.
We then present our algorithm for each of the three settings: a) noise-less setting, b) arbitrary data,

1. Dependence on € is due to the standard rates of gradient descent when applied to the non-smooth non-strongly convex
optimization problem given in (1); however, using more refined RSC-style analysis, ¢ dependency might be improved
but we are not aware of such an existing result.
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Run time Error(H([ — UUT)L*HF)
Xu et al. (2012b) 0 (‘12—2") O (VnlIN*[|p +€)
TORP-N | O (dnr log M) O (VT IN*||p +€)

Table 1: Arbitrary noise: comparison of our results and existing results for the arbitrary noise
setting. Here, M* = D* + C*, where D* = L* + N* is the clean data matrix with L*, the rank-r
projection of D* having p-incoherent right singular vectors (Assumption 1) and C* has O(ﬁ)
is a column sparse matrix. The error is measured as the residual of L* when projected on to the
estimated space U. Note that we obtain better error and better runtime compared to existing results.
Also, the noiseless case is a special case with N* = 0.

Run time Error(” (I-UUT)L* HF)
Xu et al. (2012b) JED O (onvid+e)
TORP-N | O (ndr? log ') O (ov/nd+e)
TORP-G | O <n2dr log M) 0 (a nlog(d) + e)

Table 2: Gaussian noise: comparison of existing results with ours for the Gaussian noise setting:
M* = D* 4+ C*, where inliers D* = L* + N* with L* being a rank-r matrix with yg-incoherent
right singular vectors (Assumption 1) and N* is a Gaussian matrix with variance 0. Specializing
TORP-N for this setting already gives us faster and better results than existing ones. TORP-
G further improves the error by a factor of /d/ log d. The algorithm however requires extra O(n)
factor in the runtime.

¢) Gaussian noise, in Section 4, 5, 6, respectively. We provide a brief overview of our proofs
in Section 7. Finally, we conclude with a few open problems and promising future directions in
Section 8.

1.1. Related Works

In this section, we will discuss related work and compare existing results with ours. Existing theo-
retical results for OR-PCA fall into two categories:

a) The first category of approaches, more in-line with our own work, are based on Outlier-Pursuit
(Xu et al. (2012a)) which optimizes a convex relaxation of the OR-PCA problem where the rank
and column sparsity constraints are replaced by the trace-norm (sum of singular values) and ||| ;
(sum of the column lengths) penalties. That is, they solve the following optimization problem: 7

(Outlier Pursuit): min ||L[|, + A[|Clly; st |[M — L+ Cl|p < |IN¥[|p. (1)

While outlier pursuit obtains optimal recovery guarantees in absence of any noise, a main drawback
is that its computational complexity is quadratic in d, i.e., O(nd?). Moreover, in presence of noise
the bounds given in Xu et al. (2012a) are O(/n) worse than our result. Extensions of Outlier-Pursuit
to the partially observed setting (Chen et al. (2016)) and online setting Feng et al. (2013) have also
been proposed but share the drawback of high computational complexity. Recently, Zhang et al.
(2016) showed that Outlier Pursuit achieves recovery even with the fraction of outliers larger than
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the information theoretic lower bound. However, this requires the outliers to be “well-spread” which
in practice is restrictive; our results allow the corruption matrix to be constructed in adversarial
manner although the corruptions cannot depend on the Gaussian noise in the setting (3) described
in previous section.

b) The second line of approaches based on HR-PCA (Xu et al. (2013)) iteratively prune or
reweigh data points which have a large influence on the singular vectors and select an estimate
with the Robust Variance Estimator metric. When applied to our finite sample setting, these results
cannot achieve exact recovery even in the noiseless case with a single outlier. Moreover, their
running time in this setting is O (ner) while ours is nearly linear in the input size. In the special
case of Gaussian noise, these results incur at least a constant error O (o1 (L*)) whereas our recovery
guarantee scales linearly with the standard deviation of the noise O (y/ro logd), achieving exact
recovery when o = 0. Feng et al. (2012) propose a deterministic variant of HR-PCA and Yang and
Xu (2015) extend HR-PCA to PCA-like algorithms like Sparse PCA and Non-Negative PCA.

In recent work, Diakonikolas et al. (2016) study the problem of robust parameter recovery which
requires clean data to be sampled from a distribution. This assumption is more restrictive than the
one on incoherence made in this paper which allows us to solve deterministic problems as well.
In addition, our method is based on computationally efficient tools like the SVD and iterative hard
thresholding. On the other hand, the methods described in Diakonikolas et al. (2016) are based on
the use of the ellipsoid method which require O(n3d*) time which can be prohibitive for large-scale
datasets.

There has been much recent work on the related problem of Robust PCA (Candes et al. (2011),
Netrapalli et al. (2014), Yi et al. (2016), Cherapanamjeri et al. (2016)). In contrast to the setting
considered here, the corruptions are assumed to be both row and column sparse i.e., unlike our
setting no data can be corrupted in all its dimensions. This restriction allows stronger recovery
guarantees but makes the results inapplicable to the setting of outlier robust PCA.

1.2. Notations

We use the following notations in this paper. For a vector v, ||v|| and ||v||, denote the ¢ norm
of v. For a matrix M, ||M|| and || M ||, denote the operator norm of M while ||| denotes the
Frobenius norm of M. oy (M) denotes the k" largest singular value of M. SVD refers to singular
value decomposition of a matrix. SVD, (M) refers to the rank-r SVD of M. Given a matrix M,
M; denotes the i™ column of M while M; . denotes the i row of M. Given a matrix M € R*"
and a set S C [n], Mg is defined as

| M; forie§,
(Ms)i = { 0 otherwise.

M, g denotes M)\ g. Supp (M) denotes column support of M, i.e., the set of indices of non-zero
columns of M.

We use two hard -thresholding operators in this paper. Given a matrix R, the first hard thresh-
olding operator, H7 , (R) denotes the set of indices j of the top p fraction of largest columns (in /o

norm) in I2. Given a matrix R, the second hard-thresholding operator 7T7i(R) is defined as,
HT¢(N) ={i: s.t. [ Nifl2 = ¢} 2

PY (M) denotes (I — UUT)M. For any set S € R%, we will use Ps to denote the projection onto
the set S. We will also use Py to denote the projection onto the column space of U for U € R*".
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2. Problem Formulation

In this section, we will formally present the setting of the paper. We are given M* = D* + C* €
R where columns of D* are inliers and C* are outliers. Only an « fraction of the points are
outliers, i.e., only alpha fraction of the columns of C* are non-zero. Broadly, we consider three
scenarios:

e OR-PCA (Noiseless setting): The points in D* lie entirely in a low-dimensional subspace i.e.,
D* = L* is a rank-r matrix.

e OR-PCAN (Noisy setting): The points in D* lie approximately in a low-dimensional sub-
space i.e., D* = L* + N* where L* is the rank-r projection of D* and N* is the noise
matrix.

e OR-PCAG (Gaussian noise setting): The points in D* come from a low-dimensional subspace
with additive Gaussian noise i.e., D* = L* + N* where L* is a rank-r matrix and N* is a
Gaussian noise matrix i.e., each element of N* is sampled iid from N(0, 2).

In all the above settings, the goal is to find the low dimensional subspace spanned by the columns
of L*.

This problem is in general ill-posed. Consider for instance the case, when most of the true data
points L* are zero and only an « fraction of them are non-zero. These points can either be considered
inliers or outliers. In order to overcome this issue, standard assumption used in literature (Xu et al.,
2012a; Feng et al., 2013) is that of incoherence. Also, incoherence is satisfied in several standard
settings; for example, when the inliers are noise and uniform samples from a low-dimensional
subspace.

Assumption 1 Rank and incoherence of L*: L* € RYX™ s g rank-r incoherent matrix, i.e.,
HeiTV*H2 < puy/E Vi € [n], where L* = U*s*(V*) T is the SVD of L*.

Having already ruled out Vanilla PCA as a viable solution to the OR-PCAproblem, we will dis-
cuss the shortcomings of an intuitive sampling based solution in order to build intuition. Consider
the sampling strategy where O(p?r) columns are randomly sampled from the matrix and the SVD
of the submatrix so obtained used as an estimate of the singular subspace of D*. With constant
probability, this sampling scheme will avoid any corrupted points. Hence, repeating the experiment
will obtain a subspace contained in the true principal subspace. Unfortunately, some singular vec-
tors can also be completely unrepresented in such a sample and hence, a subspace which does not
contain any of the top singular vectors may be obtained. Thus, the solution obtained via this method
can be arbitrarily bad as the top singular vectors may contain most of the mass of the matrix. From
this experiment, we conclude that for any viable pruning-based solution to OR-PCA, accurate rep-
resentation of singular vectors and careful pruning of outliers are important. We incorporate and
develop these intuitions in the design and analysis of our proposed solution to the OR-PCAproblem
and its variants.

3. Our Results

In this section, we will present our results for the three settings mentioned above.
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3.1. OR-PCA - Noiseless Setting

Recall that in the noiseless setting, we observe M* = D* + C* where D* is a rank-r, u-incoherent
matrix corresponding to clean data points and the column-support of C* is at most an. The follow-
ing theorem is our main result for this setting.

Theorem 1 (Noise-less Setting) Let M*, D* and C* be as described above. If a < then

128 128421
Algorithm I run with parameters p = and T = log w, returns a subspace U such

that,

128 128u2r

H(I —uyuT)D*

<ee.
F

Remarks:

e Note that the guarantee of Theorem 1 can be right away converted to a bound on the sub-
space distance between U and that spanned by the columns of D*. In particular, we obtain
|(I —UUTU*||, < €¢/or(D*), where 0,.(D*) denotes the smallest singular value of D*
and U™ contains the singular vectors of D*.

e Since the most time consuming step in each iteration is computing the top-r SVD of an n x d
matrix, the total runtime of the algorithm is O (ndr log W)

e The above assumption on the column sparsity of C* is tight up to constant factors i.e., we may
construct an incoherent matrix L* and column sparse matrix C* such that it is not possible to
recover the true column space of L* when the column sparsity of C* is larger than ﬁ

3.2. OR-PCAN - Arbitrary Noise

We now consider the noisy setting. Here we observe M* = D* 4+ C*, where D* is a near low rank
matrix i.e., D* = L* + N* where L* is the best rank r approximation to D* and is a p incoherent
matrix, while N* is a noise matrix. C* is again column sparse with at most an « fraction of the
columns being non-zero.

Theorem 2 (Arbitrary N01se) Consider the setting above. If a <
20||M ll2-n

128 1382, then Algorithm 2 when

run with parameters p = 128“ p 2uf and T = log iterations, returns a subspace
U such that:

H(I —uyunL

- < GOW\\N*\\F + €.
Remarks:

e The theorem shows that up to /7 || N*||  error, recovered directions U contains top r prin-
ciple directions of inliers. We do not optimize the constants in our proof. In fact, we obtain
a stronger result in Theorem 6 which for certain regime of noise N* can lead to significantly
better error bound. Note that when there is no noise i.e., N* = 0, we recover Theorem 1.

e The guarantee here can again be converted to a bound on subspace distance. For instance, for
any k < r, we have H(I — UUT)U[’Z} - < (60y/7 [|[N*||p + €) /or(L*), where U} denotes

the top-k left singular subspace of L* and oy (L*) denotes the k" largest singular value of L*.
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10][M* 2

e The total runtime of the algorithm is O <ndr2 log -

). However, the outer loop over

k in Algorithm 2 can be replaced by a binary search for values of & between 1 and r. This

10[|M*|l2-n
€

reduces the runtime to O (ndr log rlog . See Algorithm 4 for more details.

3.3. OR-PCAG- Gaussian Noise

We now consider the Gaussian noise setting. Here we observe M* = D* + C*, where D* is a
near low rank matrix i.e., D* = L* + N* where L* is a rank-r, p incoherent matrix, while N* is
a Gaussian matrix with each entry sampled iid from A/(0, o2). C* is again column sparse with at
most an « fraction of the columns being non-zero.

Theorem 3 (Gaussian Data) Consider the setting mentioned above. Suppose o < Wl;ﬂr‘ Then,

Algorithm 3 stops after at most T' = an iterations and returns a subspace U such that:
I(I = UUT)L* |2 < 4y/log d| N*|l2.

with probability at least 1 — § as long as n > 16“07217'2‘[ [log (%) + dlog(80d)] for some absolute
constants c1 and cs.

Remarks:

e Data points coming from a low-dimensional subspace with additive Gaussian noise is a stan-
dard statistical model that is used to justify PCA. Though this can be seen as a special case of
arbitrary noise model, we get a much tighter bound than that obtained from Theorem 2.

e While Theorem 2 gives an asymptotic error bound of ||(/ — UUT)L*HF < 60T ||N*||
Theorem 3 gives an asymptotic error bound of ||(I — UU ") L*||,, < 4y/rTogd || N*||,. Note
that the right hand sides above refer to Frobenius and operator norms respectively.

e The improvement mentioned above is obtained by carefully leveraging the fact that Gaussian
random vectors are spread uniformly in all directions and that there is a small fraction of
vectors which is correlated. However, in order to make this argument, we need n = O (dz).
It is an open problem to get rid of this assumption.

e Note also that our result is tight in the sense that as ¢ — 0, we recover the result of Theorem 1.
However, the running time of the algorithm is O(n2d) which is significantly worse than that
of TORP. We leave design/analysis of a more efficient algorithm that achieves similar error
bounds as Theorem 3 as an open problem.

e We can obtain the above result even when each column in N* is drawn from a sub-Gaussian
distribution rather than each entry being iid NV'(0, o2).

4. Outlier Robust PCA: Noiseless Setting

In this section, we present our algorithm TORP(Algorithm 1) that applies to the special case of
noise-less data, i.e., when M* = L* + C*, L* is rank-r, u-incoherent matrix. While restrictive,
this setting allows us to illustrate the main ideas behind our algorithm approach and the analysis
techniques in a relatively simpler fashion.
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Recall that the goal is to estimate U™, the left singular vectors of L*. However, SVD of M* can
lead to singular vectors arbitrary far from U*, because a few column of C* can be so large that they
can bias entire singular vectors in their direction.

Our algorithm instead tries to exploit two key structural properties of the problem: sparsity of
C* and incoherence of L*. Our algorithm maintains a column-sparse estimate C'*) of C*. Each
iteration of the algorithm computes a low-rank approximation of an estimate of the inliers M™* —
CW = [* 4 C* — CY. Note that if (I — U*(U*)T)C* = (I — U*(U*)"T)CW, then left singular
vectors of M* — C® will be U*.

Our next step finds residual length of each column M. when projected on to the orthogonal
subspace to U"). If length of each outlier is smaller compared to the smallest singular value of L*,
then using sparsity of C'!) and C"*, we can show that U®) is “close” to U* in all directions. So, the
residual of some of the outliers will stand out and those columns can be removed. This is achieved
by the hard-thresholding step 5, 8 of Algorithm 1.

A big challenge in this scheme is that if a column of the perturbation matrix C* — C® is
”very” long compared to smaller singular values of L*, then they can perturb some directions of
U™ significantly. This will lead to a failure of the above thresholding approach. However, in such
a case, some of the columns of C* — C® will be close to a few spurious singular vectors in U(*)
(our current estimate of U*). Hence, projection of such outliers along U will be inordinately
long. On the other hand, due to incoherence of L*, inliers’ projection along U® can be bounded in
magnitude. So, we can safely threshold out certain outliers. Steps 6, 8 of Algorithm 1 perform this
thresholding operation.

In summary, our algorithm computes low-rank approximation of M* — C () and uses the ob-
tained singular vectors U(*) to threshold out a few columns of C® to obtain next estimate C'(‘+1)
of C*. See Algorithm 1 for a pseudo-code of our approach.

Time Complexity: Note that the computationally most expensive operation in each iteration is
that of SVD which requires O(ndr) time. So, the overall time complexity of the algorithm is O(ndr-
T). As we show in Section 7, as long as C* is column-sparse, T =~ log% suffices to obtain an €

approximation to U*. So, the overall complexity of the algorithm is O(ndr-log w) Note that
typically SVD computation is approximate, while all three of our algorithms and analyses assumes
exact SVD. However, extension of our analysis to allow for small additive error is straightforward
and we ignore it in favor of simplicity and readability.

Parameters: The algorithm requires an estimate of rank  and threshold parameter p which in
turn depends on estimate of incoherence i of L*. We propose to set these parameters via cross-
validation. Note that setting rank to be any value larger than rank of L* will lead to recovery of U™,
as long as C* is sparse enough. Similarly, if estimation of y is larger than incoherence of L*, then it
only effects number of corrupted columns in C* that can be allowed. So, a simple cross-validation
approach with appropriately chosen grid-size leads to recovery of U* as long as C* is sparse enough
(as specified in Theorem 1).

5. Outlier Robust PCA: General Noise

In this section, we introduce our algorithm for the general case of Outlier Robust PCA with arbitrary
inlier data D* = L* + N*, i.e., the noise matrix N* is arbitrary. Recall that the goal is to recover
left singular vectors of L*.
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Algorithm 1 Thresholding based Outlier Robust PCA (TORP)

1: Input: Data M* € R%", Target rank r, Threshold fraction p, Number of iterations 7’
2: CO) 0
3: for Iterationt = 0tot =T do Projection onto
4 [UO, 5O VO]« SYD, (M* - CW); LO « yOTO )T} space of
50 R (I—UDUD)T)M* /* Compute residual */ low rank matrices
6: B« (SO)"HU®)T M*/* Compute incoherence %/ Projection onto
7. €S — UT,(R)UHT, (E) space of -

. (t+1) . column sparse
& C “ MCS(f“) matrices

/* Threshold points with high coherence or high residual*/
9: end for
10: [U, %, V]« SVD, (M* — CT+D)
11: Return: U

Our algorithm for the general OR-PCA problem builds upon the TORP algorithm but with
added complexity due to the presence of noise matrix /N*. That is the algorithm alternately updates
estimate of the outliers C'(*) and the principal direction U ) using two thresholding operators along
with SVD. However due to noise N*, our estimate of U(*) gets perturbed furthermore leading to
arbitrary perturbation of the singular vectors of U* corresponding to smaller eigenvalues of L* and
hence cannot be recovered. To alleviate this concern, our TORP-N algorithm proceeds via a pair of
nested loops:

Outer Iteration on k: The outer loop iterates over the rank-variable £ which represents the rank
of the principal subspace we wish to estimate.

Inner Iteration on t: The inner loop iteratively revises estimates of the principal subspace and
a set of outliers until a stopping criteria is triggered.

Intuitively, as in Algorithm 1, each inner iteration of Algorithm 2 obtains a better estimate of C*
and top-k singular components of L*. That is, the k-th outer iteration after several of such inner
iterations estimates U* up to ~ oy (L*). But when the noise || N*| r becomes comparable to the
k' singular value of L*, then the algorithm terminates (Line 14, Algorithm 2) as at that point it
may not be possible to estimate the remaining singular vectors of L*. As we don’t know || N*| ¢
explicitly, we detect this event based on the number of data points which have a large influence on
the estimated singular vectors (see lines 11, 12 of Algorithm 2).

Roughly, our stopping criterion allows us to make two statements regarding the termination of
the algorithm:

1. When the algorithm terminates, the outlier columns that we have not thresholded will only have
small influence on the estimated principal vectors. This is because all points with large influence
will be thresholded before the estimate is computed.

2. The algorithm will not terminate if o}, >> || N*|| ;: The bound on || N*||  ensures that not many
inlier points can have large influence on estimate of the k" singular vector.

By using the above two claims, our analysis shows that TORP-N recovers U* up to ~ | N*|| ¢ error.

10
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Time Complexity: Time complexity of each inner iteration of TORP-N is O(ndk). Hence,
overall time complexity is O(ndr?), as k can be as large as 7. However, using a slightly more
complicated algorithm and analysis (see Algorithm 4), we can search for appropriate k using binary
search, so the time complexity of the algorithm can be improved to O(ndr logr).

Parameter Estimation: The algorithm requires 3 parameters: rank r, threshold p which depends
on incoherence p of L* and expressivity parameter 1. We can search for these parameters using a
coarse-grid search as estimates of these parameters up to constants are enough for our algorithm to
succeed albeit with a slightly stricter restriction (by constant factors) on the number of corrupted
data points.

Algorithm 2 Thresholding based Noisy Outlier Robust PCA (TORP-N)

1: Input: Corrupted matrix M* € R*™ Target rank r, Expressivity parameter 7, Threshold
fraction p, Inner iterations T’

2: fork=1tok =rdo

30 OO 0,7« false

4: fort=0tot="Tdo

Projection onto

5. (U0, 50, VO] « SYD;, (M* — CB), LU « yOsO (v O)T } fpace of
ow rank
matrices

6: E «— (SO)=YU®YT M* /% Compute Incoherence */ Projecti - ¢

7: R« (I —UDW®)YTYM* /* Compute residual */ rojection onto space o

. cStHD) HT s, (M, E)UHT, (M*, R) column sparse matrices

o CUY = MYy

10: TNthres <— {0 : ﬁEZH > n}| /* Compute high incoherence points */
11: T = TV (Nnres > 2pn) /* Check termination conditions */

12:  end for

13:  if 7 then

14: break

15:  end if

16:  [U,%,V]+ SVDy (M* — CT+D)

17: end for

18: Return: U

6. Outlier Robust PCA: Gaussian Noise

In this section, we present our algorithm for the special case of the Outlier Robust PCA problem
when inlier points are generated using a standard Gaussian noise model. That is, when D* =
L* 4+ N* € R¥" where each entry of the noise matrix N* is sampled i.i.d. from A/(0,0?). Our
result for arbitrary N* (Theorem 2) estimates U™ up to ~ || N*| ¢ error, which is Q(ovdn) for
Gaussian noise. However, using a slight variant of Algorithm 2 and exploiting the noise structure,
Algorithm 3 is able to estimate U* up to o+/nlog d error, which is better than the previous one by

a factor of O (\/W)

At a high level the philosophy of our TORP-G algorithm is similar to TORP, i.e., we iteratively
revise estimate of C* and the top singular vectors U* using SVD and thresholding. That is, we

11
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Algorithm 3 Thresholding based Outlier Robust PCA with Gaussian Noise (TORP-G)

. Input: Corrupted matrix M* € R%*"™, Target rank r, Incoherence Parameter ;, Noise Level o

M «— M*, T < true

G0 (ZM\/T"M; +2di\/bg(7";’")>,62 —oV2r (Zu+2W lﬁ“))

4: 0O 0,80 « {},¢8CD {0}, t+0
5: while CS® £ ¢St do Projection onto
U0, 5O VO] SYD,,, (M — ), LO « pOsO0)T } space of
low rank matrices
7. EW — {z: 2 =UDLOy for some ||y| < 2u+/r/n}
8: LM < Pouy(LW) /% Projection onto incoherent matrices %/
9: I+ {z : HLZ@ — El(t) H > CZ} /* Points with large influence */
10 eS8t eSO UHT,, (L<t> - E<t>)
/* Updating support of outliers */
1:if 1] > 272 then
- eSttD) L ogt+) | 777\? (L(t) B E(t)) Projection onto space of
2 column sparse matrices
/* Update support of outliers */
13:  end if
14 CUFD e M
/* Compute Sparse Projection */
150 t+t+1
16: end while
17: Return: U

iteratively threshold columns of M*, that we estimate are corrupted. However, due to Gaussian
noise structure our thresholding step is significantly different than that of TORP or TORP-N.

In particular, the choice of our thresholding criteria (see lines 10, 12 of Algorithm 3) uses the

following two insights:

1. Length based thresholding (with respect to (;—Iline 10 of Algorithm 3): This thresholding
step is used to ensure that the noise in each data point is at most O (aﬂ). As the length

of random Gaussian vector is at most O (a\/@ with high probability, only a small number
of inliers are thresholded in this step (Lemma 16).

2. Projection based thresholding (with respect to (;—line 12 of Algorithm 3): In this step, we
threshold points that have large projection along the estimated principal subspace. Note

that out of n columns of N*, at most O <ﬁ) fraction of points have projected lengths

greater than O <a log(d)> along any direction (Lemma 19). Thus, chances of a inliers

being thresholded in this step is low. On the other hand, any outlier that heavily influences
a principal direction will be thresholded by this step.

Algorithm 3 provides a detailed pseudo-code of TORP-G. Step 6 of the algorithm computes rank-
(r + 1) SVD of the estimate of inlier matrix M* —C™*. Step 7 defines a set of vectors, whose projec-

12
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tion onto singular vectors of L(®) is “typical” for an inlier which is composed of a low-dimensional
point perturbed by Gaussian noise vector of length O(a\/ﬁ).

This set is used in step 10 to threshold outliers using the hard-thresholding operator ??7{4 as
defined in (2). Next, the set Z consists of points which have a large influence on the estimated
principal components. In the absence of outliers, the size of this set is bounded by fgldfg with high
probability. A large deviation in the size of this set indicates the presence of of outliers and the
entire set is thresholded.

Note on Approximate Computation: We would like to note that the projection operator defined
in step 8 of the algorithm can be computed efficiently to arbitrary accuracy. A pseudo-code for
computing the required projection can be found in Algorithm 5. Algorithm 5 reduces the problem
to the univariate problem of finding the root of a monotonically decreasing function in a bounded
interval which can be found efficiently via binary search. For the sake of simplicity, we assume that
the projection step and the SVD are computed exactly. Our analysis can be extended to the case
where the projection and SVD are computed approximately with some added technical difficulty.

7. Proof Overview

In this section, we provide a brief overview of our analysis for the three main results.

7.1. Noiseless Setting—Theorem 1

In this section, we present the proof of Theorem 1. Recall that we are given M* = D* + C*, where
D* = L* is a rank-r, u-incoherent matrix and C* has at most a fraction of p non-zero columns.
We can assume with out loss of generality that D* and C* have disjoint column supports as we can
rewrite M, for i € Supp (C*), as M = D + CF = 0+ (C; + Dy) thus absorbing D} in C;
itself.

Our proof consists of three main steps. Given any set of columns .S and letting [U\ 55205 V\ s
be the top-r SVD of M{‘ o> we establish the following:

Step 1: Every non-zero column of D* has significantly smaller residual when projected onto sub-
space orthogonal to U\ g than the norm of corrupted columns of My (Lemma 4), so its
likelihood of being thresholded (Line 6, 8 of Algorithm 1) is small,

Step 2: Every non-zero column of D* has small incoherence with respect to [U\ 55 20\ 55 VA 5] (Lem-
ma 5), i.e., its projection onto U\ g cannot be “too large”. Hence, its likelihood of being
thresholded (Line 7,8 of Algorithm 1) is also small,

Step 3: Any non-zero column of C* which has small residual and incoherence compared to those
of a non-zero column of D* and hence won’t be thresholded by Algorithm 1, has small
residual when projected onto U* . That is, the column itself is close to subspace spanned
by U* and hence does not effect estimation of U* (Proof of Theorem 1).

That is, either a corrupted column will be thresholded or it is close to U* while inliers (D*) have little
likelihood of being thresholded (step 1,2 above). We now present the formal statements and their
proofs. We start with two lemmata establishing Steps 1,2 above. Detailed proofs of the lemmata are
given in Appendix B.1 and B.2, respectively.

13
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Lemma 4 Consider the setting of Theorem 1. Let S C [n] denote a subset of columns of M* such
that |S| < 2pn. Let Mik g L< g) be obtained from M™ (L*) by setting the columns corresponding to

indices specified in S to 0. Let U\SE\S(V\S) (s \S( \’E)T) be the rank-r SVD ofM\*S (L”\ks),

then Vi:
33 T
- 32

Lemma 5 Under the setting of Lemma 4, we have for every i:

33 T
- 32

We now present the proof of Theorem 1 where we illustrate Step 3:
Proof We will start by showing the quantity ||(I — U “(U*)T)ME+1) H - decreases at a geometric
rate, where M (T = A+ — (D) Let Q) denote the columns of C* that are not thresholded in
iteration ¢. Also let () denote the columns of L* that are thresholded in iteration ¢. Let L(+1) =

|- os@e) | <

| (Gl Un(U)" )M

Hz oL <

LY g0 CtH) = = Gy, and PY(M) = (I = U(U)")M. Then, we have:
el - el ey,
- 3 [rrwosowt el <2 3 e womont ] o
JEQ®) QW

where W) = (80)~{(UO)TCt and R = PV (C3), ¥j € Q. The last inequality follows
from triangle inequality and the fact that (a + b)? < 2(a? + b?).

Recall, that we threshold a particular column [ in iteration ¢ based on HPE(Q (M)|| and

(2 DYT My || For a particular j € Q) that wasn’t thresholded in iteration ¢, we know

that there exists a column 4; such that H (x®)= (U(t))Tij > ‘(Z(t))_l(U(t))TC;
- , oy. U (s

there exists a column k; such that HPL (ij)H > HPL (C7)

e o ) ey el

. Similarly,

. From Lemmas 5 and 4, we have:

Using (3) and (4), we have:

frtrrenf sz 3 () st @orme' (5) okt wenf
JE€QW®

2

I

<4 Y O < || PY ()|

where second last inequality follows from |.S (t)\ < pn and the last inequality follows from p < o <

ﬁ. By recursively applying the above inequality, we obtain:

bt o], <
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Also, note that using variational characterization of SVD, we have
|1 PY(MT+) || p < | PY" (M T+0))] - Theorem now follows from the following argument:

[PV = | PEET)|[ + 3 PV
1€S(T)
<fetaemf e 3 2; g Pw»\r
E 1€S(T)
< tren]l oo (8 2 e} < 1o

where the first inequality follows from Lemma 11 and using M7+ = LT+ 4 C(T+Y) and the
fact that LT+ and C(T+1) have different support. The second inequality follows from the fact
that at most 2p - n points can be thresholded and then using (5). |

7.2. Arbitrary Noise—Theorem 2

We now briefly discuss the proof of Theorem 2. In fact, we prove a stronger result:

Theorem 6 Let M* = L* + C* + N* such that L* satisfies Assumption 1 and C* has column

sparsity a < . Furthermore, suppose that | N*|| p < % for some k € [r]. Then, Algorithm 2

128 128u2r

run with p = and n set to 2u\f with T = log w, returns a subspace U such that:

128,u r

€

I-UUNL* —
H( vu ) 10n

L<8|u-viwyHr

9||N*
LOIN g+

Intuitively, the proof of Theorem 6 proceeds along the same lines as that of Theorem 1 but requires
significantly more careful analysis due to presence of noise and due to the outer loop. For example,
due to the presence of noise, we cannot guarantee that Lemma 5, that was critical to proof of
Theorem 1, holds for all columns i. We show instead that the number of data points which have
a large influence on the top-k singular vectors is bounded (see Lemma 17). This ensures that the
algorithm at least reaches the k" stage of the outer iteration before terminating. Similarly, we
generalize Lemma 4 to handle N* (see Lemma 18). Finally, we present the key lemma that shows
that if the algorithm does not terminate in the k" outer iteration, then it would have obtained a good
approximation to the top-£ principal subspace of L*.

Lemma 7 Asume the conditions of Theorem 2. Furthermore, assume that Algorithm 2 has not
terminated during the k' outer iteration. Then, the iterate U at the end of the k™ outer iteration
satisfies:

|a—vone|, <s||a - vipwinLe

€
9|IN* —
when Algorithm 2 has been run with parameters p = ﬁpﬁr andn =2u \/g

See Appendix B.5 for a detailed proof. We can now prove Theorem 6 as follows:
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Proof Note that by Lemma 17, the algorithm does not terminate before the completion of k" outer
iteration. Now, suppose that the algorithm terminates at some iteration ¥’ > k. Then, by Lemma 7,
we have:

9||N*
|+ lp+

\Wﬂvwé3melww -

€ U*
9||N* —<3HP k(L
| oIVl + g <3Pl

This concludes the proof of the Theorem. |

7.3. Gaussian Noise—Theorem 3

Our analysis of TORP-G show that the algorithm maintains the following critical invariant with
high probability:

Invariant 1 We assume that the following hold with respect to the two thresholding steps used in
Algorithm 3.

1. With respect to (1: If a column i ¢ Supp (C*) is thresholded, then the following condition

holds:
2
N7l = o (\/&—F 2d1 log <,u7°>> .
c2

3nex points are removed in this step.

2u2r

and consequently only

2. With respect to Co: If a thresholding step occurs due to the second thresholding step with (o,
then at least half the points thresholded in this step are corrupted points.

Lemma 8 Assume the conditions of Theorem 3. Then, Invariant 1 holds at any point in the running
of Algorithm 3 with probability at least 1 — 6.

See Appendix B.8 for a detailed proof.
Our proof then uses the above invariant along with a careful analysis of each of the two thresh-
olding steps (Line 10, 12) to obtain the desired result. See Appendix C for a detailed proof.

8. Conclusions and Future Works

In this paper, we studied the outlier robust PCA problem. We proposed a novel thresholding based
approach that, under standard regularity conditions, can accurately recover the top principal direc-
tions of the clean data points, as long as the number of outliers is less than O(1/r) which is informa-
tion theoretically tight up to constant factors. For noiseless or arbitrary noise case, our algorithms
are based on two thresholding operators to detect outliers and leads to better recovery compared to
existing methods in essentially the same time as that taken by vanilla PCA. For Gaussian noise, we
obtain improved recovery guarantees but at a cost of higher run time.

Though our bounds have significant improvement over existing ones, they are still weaker than
guarantees obtained by vanilla PCA (with out outliers). For instance, for arbitrary noise, our errors
are bounded in the Frobenius norm. In contrast, in absence of outliers, SVD can estimate the

16



THRESHOLDING BASED EFFICIENT OUTLIER ROBUST PCA

principal directions in operator norm. A challenging and important open problem is if the principal
directions can be estimated in operator norm even in the presence of outliers.

Similarly, for Gaussian noise, where each entry has variance o2, our result obtains an error
bound of O(o+/n) which is significantly better than the Frobenius norm bound we get for arbitrary
noise. Unfortunately, our algorithm for the Gaussian setting is nearly a factor of n slower than that
for vanilla PCA. In order for this to be practical, it is very important to design an algorithm for this
setting with nearly the same runtime as that of vanilla PCA.
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Theorem 9 Let A € R¥™™, Furthermore, let B = A + E for some matrix E. Then, we have that:
lo(A)i —o(B)i| <||E|| Vi€ min(d,n)

In the next lemma, we show that the singular values of the sum of two matrices with disjoint
column supports are greater than either of the two matrices individually.

Lemma 10 Let A € R and B € R¥*™ be two matrices with disjoint column support. Then, we
have Vi € min(d, n):
max(c;(A),0;(B)) < 0;(A+ B)

Proof Let the SVD of A and B be UsX ,4VAT and UgY BVBT respectively. The lemma holds for

1=0as HUT(A + B) } > manJUTA , vTBH). For any matrix M,
oi(M) = ngir(l_ , |(I =UU")M|| Vi > 1. For any U, there exist v1 and v in Span((Ua)p))
UE]R X(t—

and Span((Up)j;) respectively and v{ U = vy U = 0. This is because the rank of Span(U) is
at most (7 — 1) and Span((Ua)};)) and Span((Up)j;)) are both rank-i subspaces. Now, we have
|lvf (A+ B)|| = ||v] A]| > 0iA and |[v] (A + B)|| > ||v{ B|| > 0:(B). The lemma by using
either v; or vy for any U. |

The next lemma shows that an incoherent matrix remains incoherent even if a small number of
columns have been set to 0.

Lemma 11 Let L € R¥™™ be a p-column-incoherent, rank-r matrix. Let S C [n] such that
|S] < ?QTLW Let [U,%, V] and [U\g, ¥\ g, W\ 5] denote the SVDs of L and L g respectively. Then,
the following hold ¥i € [n]:

33 r 31
Claim 1: |le; V\SH < 32,u\/; Claim 2 32UZ(L) <oi(lg) < oi(L)

Furthermore, each column L;¥i € [n] can be expressed as:
. . 33 r
Claim 3: L; = U\ g\ gw; with [Jw;|| < 32;1,\/;

Proof Let T be defined as the matrix V' with the rows in set S set to 0. We will first begin by
proving that 7" is full rank. Let u € R" and ||u|| = 1:

n 1
1 2
V= WVl =l = (X v - Y i) = (1= = (1 5)

i=1 = jes

where the third inequality is obtained from the bound on [S| and [|V;||. Since T" and V| ¢ have the
same column space, there exists a matrix 2 € R"*" such that TR = W g. We know that R is full
rank. We will now prove bounds on the singular values of R. For any u € R" and |ju|| = 1

1
1\ 2
IRl = IV Rl > TRl = Vil =1 = [Visul| = 7Rl = (1= 30} I
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From this, we obtain the following inequality:

R ! -
1< <({1l-——
<lrul < (1- )

From this, we have the first claim of the lemma as TR = V5. We also know that U\ g3\ SV\Tg =

UST'. Writing Vi g as TR, we have U\ g3\ gR"T" = UST". Using the fact that 7" is full rank,
we have U\g¥\gR" = UY. From this we have that L = USV " = U\¢%\gR"V'. Choosing
w; = (RTV'T);, the second claim of the lemma follows.

For the final claim of the lemma, note that the singular values of L g are the same as the singular
values of UL (R")~!. We know that opr1(lng) = Qrerlgglxk H(I —QQNUX(R™)™! H The upper

bound follows from setting () to be the first k singular vectors of L and our bound on the singular
values of R. For the lower bound, consider any @ € R¥**. Span(Q) is a subspace of rank at most
k. Therefore, there exists v € Span(U;) such that ||v]| = 1 and v T Q = 0. We now have

H'UT([ - QQT)UE(RT)*H - HUTUE(RT)*H > W > %akﬂ(M)

Where the last inequality follows from our bounds on the singular values of R and noting that the
singular values of R~ are the inverses of the singular values of R. This proves the third claim of
the lemma. u

We begin by stating a lemma used for bounding the length of Gaussian random vectors from
Laurent and Massart (2000):

Lemma 12 Let Y1, Yo, -, Yy be i.i.d Gaussian random variables with mean 0 and variance 1.

d
Let Z =) (le — 1). Then the following inequality holds for any positive x:
i=1

P (Z > 2Vdx + 2x) < exp(—x)
We will now state the famous Bernstein’s Inequality from Boucheron et al. (2013).

Theorem 13 Let X,,..., X, be independent real-valued random variables. Assume that there

n
exist positive real numbers v and ¢ such that 3 E [X?] < v and
i=1

n
SB[ < Loer?vg >3,
=1

where xy = max(z,0).

IfS => (X; —E[X;]), then ¥t > 0, we have:
i=1
P (S > Vout + ct) < exp(—t)

20



THRESHOLDING BASED EFFICIENT OUTLIER ROBUST PCA

We will now restate a lemma for controlling the singular values of a matrix with Gaussian
random entries from Vershynin (2010).

Lemma 14 Let A € R¥™™ be a random matrix whose entries are independent standard normal
random variables. Then, for every t > 0, with probability at least 1 — 2 exp (—t2 / 2), we have:

V= Vd—t < omin(A) < Omaz(A) < Vn+ Vd+t

Corollary 15 Let A € R¥™™ be a random matrix whose entries are independent standard normal
random variables. For n > 200 (d + 2log (%)) we have:

09\/7; < Umzn(A) < Umaz(A) < 11\/7771
with probability at least 1 — §

Lemma 16 Let Y1,Y5,...,Y,, be iid d-dimensional random vectors such that Y; ~ N (0,1)Vi €
[n]. Then, we have for any ca < 1:

. 1 1 1 9 3
P i:||Y;]] > d2 +2d% ( log . + log (p*r)
2

16u°r 1
whenn > = — log <,3)

> 3n) g
2ur

Proof LetY7,...,Y, be iid random vectors such that Y; ~ N (0, ) Vi € [n]. From Lemma 12, we
have that:
1/2 L 1 2 s ©2
P |1Yi] > d"/? + 2d1 <log <> + log (p r)) < —-
C2

1/2
Letp =P <||}Q|| > dY/2 4 9di (10g (é) + log (uzr)) ) Consider random variables Z;Vi €

1/2
1|l > a2 s 2k 1 2 |
(2 7 - . 7
[n] be defined such that Z; = I [HYH > dV/2 4247 (log (L) +1og (%)) } Note that Z

satisfy the conditions of Theorem 13 with ¥ = np and ¢ = 1. We can now bound the probability

n
that » Z; is large by setting t = 1g;§T:
i=1

n n n
3ncs nea
E 7 < < E 7 < E E|Z;
P(i:l o 2u2r> _P<i:1 T i=1 | l]+2u2r>

<P (Z Zi < np+ +/2npt +t> <exp(—t) (6)
=1

For our choice of n, the above inequality implies the lemma. |
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Appendix B. Proof of Technical Lemmas
B.1. Proof of Lemma 4

Proof We prove the lemma through a series of inequalities:
(¢2) 33 r Tk
S H (I - U\sUs) L)l < ol EH(I_U\SUJ\S) )M\sH

33 r * *\ T *
< B o - v

where (¢1) holds from Lemma 11 and (¢2) follows by using the fact that L{ 4 can be obtained by
setting a few columns of M\* to 0. The last inequality follows from the fact that U\ g contains the
top-r singular vectors of M, \ 5 |

H(I U\sU\s) L

B.2. Proof of Lemma 5

Proof The lemma can be proved through the following set of inequalities:

Hz JULUS: SwH< \/>Hz SUGL|

@3 S \[Hz Julgar| < 33 \/7

where (¢;) holds with ||w|| < 3 ,uf from Lemma 11 and ({2) follows from the fact that L{g can

be obtained from M, {k o by settmg some columns in M\ to 0.

= U\SL*

B.3. Lemma 17

Lemma 17 Consider the setting of Theorem 2. Let S C [n| denote any subset of the columns

of M* such that |S| < 3pn. Furthermore, suppose that | N*||, < U’“%*) for some k € [r]. Let
S(L\S, {"S, *S) denote the matrix M*(L*, N*, C*) projected onto the columns not in S. Let

U\SE\SV\S denote the rank-k' SVD of Mg for some k' < k. Then, we have:

# (550802 20 ) <20m

Proof From Lemma 11, we get that ak/(Li ) >3 5 Low (L*). Along with Theorem 9, we conclude

where E = ¥ ¢UlcM*

that o (L s T \S) > O'k/(L*) Since the column supports of L* + N* and C* are disjoint, we
have that oy (L g + \S) < o (Mg). Thatis,

7
ow(Mg) > gow (L"), )
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We first bound the quantity HE\ Sl U, SL* Vi € [n]:
. (¢1) 33 r
DA 32“\[ s ULl

< 22 \[<HE sU\s(Lis + Ns) H+H2 sUss

&8 7 (v« s

s v 1\ _9 [r
Tlie =) < 2u/l, @
= 3 <+14>_8M\/;’()

where (7 follows from Lemma 11, (5 using triangle inequality, (3 using the above given fact that
SVD, (M) = U\s3\s(Vs) ", ¢4 follows from using (7) with bound on || N*|| .

Suppose HE UlL(L: 4+ NH)|| > 214/ Z for some 7. We now have:

\S7\S
>7\/7
8“
3 r
N > - —ow (LF).
V212 By Zoa)

LetT == {i : HE\_SlU\TS(L}‘ +NY)
set I'. Then we have,

)

|=aoin:

Similarly, using (7), we get that:

> 2u \/g }. Let N} denote the matrix N* restricted to the

Tl Lo (1) < [N < IV < gowE).

This implies that |T'| < < pn. Also, by our assumption, o < p, i.e., number of non-zero C

144 144,77
is less than pn. That is, the set {7 : HE\SIU\TSC* > 2u\/f} is of size at most pn. Using the fact
that support of C* and L* + N* is disjoint, we have that the set {i : ‘Z\SlU\SM* > QM\/E} is
of size at most 2pn. |

B.4. Proof of Lemma 18

Lemma 18 Assume the setting of Lemma 17. Let U\SE\SV\—; (U\*SE%(V\E)T) be the rank-k SVD
of M, (L*S) then the following holds Vi,1 < i < n:

| =0Tz + N0 < oy = (o - Vet g

1)+ I3
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Proof

|7 - o st s + ;)

< INFIl+ || (1 = D\ s U L
(Cl) 33 r T
LN+ B[ - o0

* 33 r T * * *
<IN+ o= (|| = st + M) | + s

N 33 r .
<IN+ S 2 (0 - v

* 33 r * * \ T *
<IN+ 2 (| = VWi g

)

[+ 1v7)

1)

where ((;) follows from Lemma 11 and the fact that only 3pn columns are ever thresholded
at any stage of the algorithm. The remaining inequalities follow using triangle inequality and
Mg = Lig + N{g along with SVD, (Mg) = U\sZ\5(Vis) - |

B.5. Proof of Lemma 7

Proof Let S() denote the columns of C* that are not thresholded in the ¢" inner iteration. For each
j € S®, we know that H (x®)-1 (U(t))TC; H < 241/ from our assumption on the termination of
the algorithm. Furthermore, since C; is not thresholded, we can associate a unique column 4; which
is thresholded and i; ¢ Supp (C*) such that HI —UOUO) Mg | > HI ~UO@®) T, Let
yit = (UO)"(SO)=10r¥ and vt == (I — UD(U®)T) M7, Vi. Thus we have:

I < 2[5 ) < )

Let Q(t) denote the columns of L* that have been thresholded in the tth iteration. Furthermore,
we definite the matrices L(+1) = Lgw» N t+1) .= N and Ct+D) = C%- Recall the

notation, PY (M) = (I — UUT)M. We now have for any t > 0:

H U(t+1

= ||prer ey - By ©

et -
F

1
2

HPU(HI L(t+1))HF n Z HPU(HI (10)

), <F )

(e s meny | wen)) )
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93 et e e, e
F

F

= ot )-b\Cﬂ

»&\cnv

(4_4) (pfl:k(i(tﬂ) 4+ N+ +5(t+1))) 4 HN(tH)H (CS

e = ([P0 i)

1D

where ((1) follows from Lemma 11, ({2) from triangle inequality and bound over p, ({3) from
Lemma 10, ((4) from the properties of the SVD and ((5) from Lemma 10.

. U .
We will now show that HP (M (t+1)) HF decreases at a geometric rate:

(Ce)
<

HPfl*:k(M(t+l)’ L2

i, st ()

(C7

\_/

I P S S P (Gl
jest—1)

‘P”“L

N|=

(¢s) * x 2 2
< || U], v+ (2 30 P @0z 0|+ [ PE e

jes®)

~—

< [Pl )|,

* 2 * N2
+IN*|| o + Spn— HPUlk (t)z(t))H +92 Z H_Pflzk(r],t)H
jes®)

(CQ « 1 Ur t t 2 i ]2
‘P lk L) FJFHN HF+ gHPJ—Lk(U()E())H +9 Z Hrw,|
jes®)
(Clo 1y RUEPANTE:
< ||Pr )| e + | 5 ||PC o0z
Term 1
1
2
« || 33)° 2’ ONOBEONINS
Y v+ <32) w2l (v @o5o))’| . a2
jes®)
Te%Q

where ((g) follows from triangle inequality, ((7) follows from Lemma 10, ((g) follows from triangle
inequality and the fact that (a + b)? < 2a? + 2b2, ({9) from our previous observations about 37"
and 77! and ({;0) from Lemma 17.

We will now proceed to bound Term 1 as follows:

HPfY:k(U“@(t))H? (e

PU )| (13)
where ((11) follows from considering the full SVD of M () and Lemma 10.

25



CHERAPANAMIERI JAIN NETRAPALLI

We now proceed to bound Term 2 as:

PO )

32 8

e (B) e (@ FO|) <1+ ot .

. 1 ur 2
<IN+ 55 [P L as

where the first inequality follows from Lemma 10 and the second inequality from the fact that
U+ are top-k left singular vectors of M (),
Using (12), (13), (14), we have:

|Piaren],

1
<[P+ e + (8 | Pl ||+ 2z + HPMM%HF)

Ut (14 . Ly ,us
< |[PI )|+ 31870 + 5 [ PU* ) |

F

where the first inequality follows from Lemma 10 and considering the full SVD of M (") and the last

inequality follows from the fact that /a + b+ ¢ < v/a + Vb + \/c.
By recursively applying the above inequality, we have:

HPJ[_]{K%(M(T_H))HF <2 Hpijfzk (L*)

€
6[|N* —

Lemma now follows using (11) with the above equation. |

B.6. Lemma 19
Lemma 19 Let Y1,Ys,...,Y, be iid d-dimensional random vectors such that Y; ~ N (0,I)Vi €

[n]. Then, we have for any ¢; < 1:
) 1
) word\ \ 2 3cin
v, Y >2 (1 > 2an) o g
{z (.77 = 2 (105 (7)) }'_Mgrd>_ﬁ

when n > 161°rd [log (%) + dlog (80d)]

C1

P (Elv eRY, |v]| =1s.t

Proof Letv € R%s.t ||v]| = 1. We define the set S, ¢ as follows:
Svo = {u:u€RIA JJul| = 1 A (u,v) > cos(6)}.
We now define the set 7 (v, 6, 9) as:

T (v,0,0) ={x:z € RIAJu € Spo st (u,z) >0}
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Now, let y ~ N (0, I). Using spherical symmetry of the Gaussian, w.l.o.g. v = e;. We now define
the complementary sets Q (v) and R (v) as

QWw)={z:zeRI Nz <V}, R(w)={z:z RNz > v}

1/2
We will now bound the probability that y € T (v,8,d) for 6 = 2 (lo (“ Td)) and 6 =
~L(10(d — 1)1/2).

P(y S T(617975)

= / ! 7 €Xp < |2> dy

T(e1,0,0) (var)*

1 2

= / 7 €Xp ( ’2> dy + / (\/ﬂ)d exp (—‘y2”> dy

T(el,eﬁ)ﬂg(é/f) T(e1,0.6)NR(6/v/2)

1 vl 1 Iyl
< / S exp ( ) dy + 7 €xp (— dy
V2 2 V2 2
R(5/V2) ( 77) T (e1,6, 5)09(5/\/) (v2r)

) 1 Iy [I”
< + exp | ——— | dy,
wird / /50)% ( 2
T(e1.0.6)NQ(5/v2) (var)

oo
where ((1) follows from the fact that for ¢ > 1, [ \/% exp (_L> dx < exp (—%)
i

2
We will use M (6,6, 7) to denote the set {z : z € R A (y,2) € T (e1,6,6) N Q (6/v2)}.
We can bound the second term as follows:

1 lyII*
/ (\/ﬂ)d exp (—2> d

T (e1,0,0)nQ(5/v2)

5/V2
<7 L o (—y%> / U (SR ) e as)
- Ve 2 (var)™! 2

—o0 (975,?41)

Now, let z € R? be such that z; = y1 A 22,4 € M (6,8, y1) for some y; € [—oc,d/+/2]. Therefore,
Jw € S, ¢ such that (w, z) > 6. We can decompose w into its components along v and orthogonal
to it, w = cos(6)v + sin(#')v* for some unit vector v orthogonal to v and some ¢’ € [0, §]. We
know that (w, z) > ¢ and that (w, v) < §/+/2. From these two inequalities and using the fact that
v = e1, we get:

sin(0") || z2.ql| > sin(¢) <vl, z> > 6§ —cos(d) (v,2) >0 — COS(G’)\% > (1 - \2) J.
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This allows us to lower bound the length of zy.4 by 10(d — 1)/2 (1 - %) 0. For our choice of

C1
u2rd:
Thus, we have the following bound on P (y € T (eq,0,9)):

261

P(yeT(e0,9)) < (16)

p2rd
Let p be used to denote the value P (y € T (e1,0,9)). Now, assume Y7,...,Y,, are iid random
vectors with Y; ~ A (0, ) Vi € [n]. Now let Z; be defined such that Z; = 1[Y; € T (e;,0,9)]Vi €
[n]. Note that Z; is a Bernoulli random variable which is 1 with probability p. It can be seen that
Z; satisfy satisfy the conditions of 13 with v = np and ¢ = 1. Therefore, setting t = 16’:;17“ - in
Theorem 13, we get:

(ZZ . 3ncl> <7’<ZZ > np + 2Td>

<P (Z Z; > np+ V2t —i—t) <exp(—t). (17)

i=1

Now, consider the subset IC := {z : x € RY A |z;| < 1Vi € [d]}. Consider a partitioning of K into
subsets IC(¢€,7) = {x : x € KAVi € [d]jie — 1 < z; < (j; + 1)e — 1} where j € J is an index
for each of these subsets. Note that for any €, at most ({%w )d such indices are required to ensure
that € C (J;c7 K (¢, 7). Setting e = 1+, we have for any two unit vectors v1 and vy such that
v1,v2 € K (€, ) — g < 40d#1/2' From this fact, it can be seen that Equation 17
holds for all unit vectors in /C (e, j) with any unit vector v € K (¢, j). Therefore, we choose for each
subset K (e, j), which contains a unit vector, a unit vector v and take an union bound over all such
subsets K (e, j). After doing so we get the following bound:

3ncl

2rd
=1

(C2)
P <3v eRIN|jv]| = 1s.t ZZ > ) < (80d)%exp (—t) < B, (18)

where ((2) follows from the conditions of the theorem. Thus, we have proved the theorem. |

B.7. Lemma 20

Lemma 20 Assume the conditions of Theorem 3. Let S C [n] denote any subset such that
S| < #;ﬁr Let M* (L\S, \S’ C’(‘S) denote the matrices M* (L*, N*, C*) restricted to the
columns not in S. Let [U\s;X\s:V\s] = SVDyia( \*S) Furthermore, let £ = {z : © =

U\s¥\ sy for some |y|| < 2u~/7/n}. Then Vi, we have:

< B v+ [P0

[Pus (L + N7) = Pe (L7 + N7

where Py, o (M) = U\SU\TSM
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Proof Let [U\S,

%M\/% Now consider the vector y; == U\SE\SV\EV\*Swi. Note that H I\s)” U \Syl

E(S,V\S] SVD,(L is) Using Lemma 11, L7 = L{gVqw; for some [lwi|| <

= 32:“\F

Now, using definition of Pg:
[Pus (L + N0) = Pe (L1 + D)

< [Pty
(<1

| < [[Pos i+ Ny -
(LtsWswi) — DD\ sWEVsws
o [P (236) Vs = (2555 W
+ 22”\/3 Pus <N\*S)

where ((1) holds from Lemma 11 and the fact that V\ ' has zeros in the rows corresponding to the
support of C*. |

)PU\S (V)

oy

B.8. Proof of Lemma 8

Proof Note that under the conditions of Theorem 3, the following three conditions hold with prob-

ability at least 1 — .
. . 1 p2r 3can
#i | INF|| = o [ Vd+2d3,[log (— ] | | <=5
c2 war

2 Qd
Vol =1 # <<U,N:>rzaa 1og(’” ))s beun

C1
0.90v/n < |N*|| < 1.lov/n

Also, for ¢; = T%zss and co = ﬁ, the invariant implies at most % clean data points are
thresholded at any stage. This allows us to apply Lemma 20 in the subsequent steps.

We will prove the lemma by induction on the number of thresholding steps completed so far.
Let ¢ denote the number of thresholding steps executed so far.

Base Case (t = 0): The invariant trivially holds before any data points have been thresholded.

Induction Step (t =k + 1): Assuming that the invariant holds after the k" thresholding step,
we now have two cases for the (k + 1) thresholding step:

Case 1: Thresholding with respect to ;. For a column ¢ ¢ Supp (C*) thresholded with respect to
(1, we have from Lemma 20 that:

5
\|N*\|><1u\f||zv*|—o< e+ b 2 g (27 )) I
( 1 1 <u2r>>
o|d2+2daq/log| — ) ]. (19)
C2

From our choice of (1, there are only 102ZW clean points which satisfy 19.
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Case 2: Thresholding with respect to (2. For a column 7 ¢ Supp (C*), it can only be thresholded
if the number of columns to be thresholded exceeds 24‘31” . Note that:

C1

2d
Py (N 2 G2 — ou/F = 20V 1og( r )

Note that U (*+1) is at most a rank 2r subspace. Therefore, 3; such that:

‘<N U§k+1)>‘ > 20 [log ("Md). (20)

C1

Taking a union bound over all j € [r + 1] and using Lemma 19 for both positive and
negative inner product values, we get that at most 12C1" clean points satisfy 20. Since, we

threshold at least 2401” - boints, at least half of them must be outliers and hence the invariant
holds in the next 1terat10n

Appendix C. Gaussian Noise: Proof of Theorem 3

Proof We will prove the theorem for ¢c; = ﬁ and ¢y =
n, we have that:

1556 536 For our choices of ¢ and ¢y and

i <||Nz-*|| >0 <\/8+2di log (“ 7”))) < 303”
C2 uer

272
Vil =1 i <<v,N;>rzzo— 10g</“" d)) < ban

C1
0.90vn < |[N*| < L.lovn

with probability at least 1 — § from Lemmas 19, 16 and Corollary 15 along with our choice of n.
From Lemma 8, we know that Invariant 1 holds at the termination of the algorithm. Therefore,
at most 51#2? inliers are removed (The number of inliers removed is at most an + 10#“‘27,).
Suppose the algorithm terminated in the T iteration. Let M = M* — C'T). We will start
by making a few observations. The algorithm terminates when no data point is thresholded. Let
[U,%,V] = SVD,41(M). Furthermore, define & = {z : = UXy for some ||y|| < 2u\/r/n}.
Now, define set A as:

A= {i:HPU((M)z-)— e((M >>r>a@< it 2log? <ﬂ2r2d>)}’

C1

and B as:

B = {z NP (M) — Pe(My)]| > o (dz 4+ 2dt <1og% <’“‘c2;)>) —i—aiuﬁ}.
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Recall that we will threshold the columns in A if |[A| > 2401 57 and the columns in B if B is not
empty. Therefore, we know that:

24c1n
pird

Vi € [n] [Py (M) — Pe(M >|r<a<d2+2d4 <1og% ("2"")))+04M 4] <

2

Let S denote the set of data points that have been thresholded when the algorithm terminated, i.e
§=CSM. Let L = Lig, N = Nig and C = Cg. Additionally, let [U'g, St g, Vig] = SVD(L).
Similar to the proofs of Theorems 1 and 2, we start as follows:

1
2) 2

< (HPE”(L)H2 +3 HPflzr(U;*Sz§Swi)
€S
2 <‘ Pl (L) ED %ﬁ% PEI”(U\*SEQ)W) 22)
€S

2 9 oT . 2\ 2
_ _ P 1:r L H
—|—3pn8u n H () )

prlzr (L*)

NI

‘ Pj{l:r (L)

IN ING
RSN B

~—

[PV < 2 (N0 + [PV 2+ )

22 (v + B an)) = 2 (v + | Y o) 23)
(1 follows using Lemma 11, ¢, follows using |S| < 2pn, (3 follows using Lemma 10 where the last
equality follows from the fact that U consists of the top r 4 1 singular vectors of M.

Now, let Y be an orthogonal basis of the subspace spanned by Py (L). Note that the subspace
spanned by Y is at most rank-r. Let O denote the set of corrupted columns that haven’t been
thresholded at the termination of the algorithm and let O; := O N A and O, := O\O;. We can now

bound HPE“ (Pu(M)) H as follows:

| PV @uan)| < |PY PulL + N+ )| < [|[PY (Pu(N + )| < INJ + || PY (Pu(©))]

1

2

<IN+ | SSIPY (P |+ X 1PV Po )P | 24)
€0y J€O0;
Term 1 Te;r:12

where first inequality follows from the fact that Uy, are top singular vectors of Py (M) and second
inequality follows from definition of Y.
We can now bound Term 1 as follows:
v 5 (€1) v 2 v 2
SO IPY o C)F £ 2D [|PY (Pe (C)||* + [|PY (Pu (C) = Pe (C))|

€0y €0y

4 2
<2 E F:LT HPK(UE)H2 + | Py (Cy) — Pe (Cy)||? (From Definition of &)
€0y
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C2 48c1n 4M r

|PYUS)| + o® | 4p®r +2 <f+2d4 ( - >>

w2rd
() 4
< 801 ( YUs)| + o <4u2r+2 <2d+8d2 log CT>
2
4 442
< 801”( Yo + o2 <4u2r+4d+ 16d%10g< )))
w2rd
C4 4801 2 1 2 1
o YD) + o2 (4u ¢+ 4d + 16d3 log(u2r) + 16d> 1og(1536))
4
Sein ( YWE)|* + o (24u rd+120d)>

Y
HP )H 4801” o? (144p*rd) (From Lemma 10)

< e an?

- 32
where (1) and (C3) follow from (a + b)? < 2a? + 2b?, (s follows from (21). (¢4) and ((5) follow

from log(z) < x and /z < z forall z > 1.
We now bound Term 2 as:

+ 0.5630%n

S 1P P )L 2 S P e ()] + P (P (C5) - Pe ()]

jeOs jEOs

4 2
<2} *;T |PY @Us)|* + |[Pv (C;) — Pe (Cy)|? (Definition of )
€0,

2,2
< 2an (4“ LIPY )P + 202 (4u2r—|—8rlog (”Cr d)))
1

) || PY (M
< M + 4anc? (4u2r + 8rlog(u?) + 167 log(r) + 8rlog(d) + 8rlog(12288))

= 32

¢ v ?

(Sg) HPL?,(]QW)H + 4anc? (12/127" + 24rlog(d) + 8r log(12288))
o) || PY ?

(éo HPL;);W)H +0.43502n log(d),

where ((g) and (¢7) follow from (a+b)? < 2a%+2b? along with (21). ((g) follows from Lemma 10,
({9) follows from the fact that r < d and log(z) < x and ((19) follows from assuming log(d) > 1
and p > 1.

From our bounds on Term 1 and Term 2 and (24), we have:

| PV Puan))|| < |[PY (Poan)]| < gam.

Theorem now follows by using the above observation with (23):
6 5
< ZJ\/E + gax/n log(d) < 4o+/nlog(d).

32

HPJ[_]LT (L*)




THRESHOLDING BASED EFFICIENT OUTLIER ROBUST PCA

Appendix D. TORP-BIN

In this section, we propose an improvement to Algorithm 2 which uses binary search instead of a
linear scan in the outer iteration. This improves the running time on Algorithm 2 by almost a factor
of r.

D.1. Algorithm

In this section, we present our algorithm (See Algorithm 4) for OR-PCAN which improves the
running time of Algorithm 2 by almost a factor of . The main insight is that inner iteration of
Algorithm 2 is independent of the value of k in the outer iteration save for the rank of the projection.
In Algorithm 4, we use binary search on k instead of a linear scan which reduces the number of outer
iterations from O (7) to O (log 7).

Algorithm 4 Binary search based TORP (TORP-BIN)

1: Input: Corrupted matrix M* € R%™, Target rank r, Expressivity parameter 7, Threshold
fraction p, Number of inner iterations T’

2: minK < 1, mazK < r

3: while minK < maxK do

4: ko« LminK-gmaacKJ

5. 0O 0,7« false ..

6 fort—0tot—Tdo Projection onto

7: U0, 50, VO]  SYD;, (M* — CH), LW « gOx®O 1T } fpace of
ow rank
matrices

8: E « (SO)=YU®)T M* /* Compute Incoherence */ Proecti ¢

9: R+ (I —UDW®)YTYM* /* Compute residual */ rojection onto space o

10: cSt+l) T, (M*,E) UHT, (M*, R) column sparse matrices

11: CUL — M2 (o1

12 Nthres <— {7 : ﬂgEZH > n}| /* Compute high incoherence points */

13: T 4= T V (Nunres > 2pn) /* Check termination conditions */

14:  end for

15:  if 7 then

16: marK +— k—1

17:  else

18: minK «+ k+1

19: [U,£,V] + SVD;, (M* — CT+Y)

20:  end if

21: end while
22: Return: U
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D.2. Analysis

In this section, we will state and prove a theoretical guarantee for Algorithm 4.

.. « L*
Theorem 21 Assume the conditions of Theorem 2. Furthermore, suppose that || N*|| , < a’“§6 ) for

some k. Then, for all o < Algorithm 4 when run with parameters p = m, n= 2u\/%

1
128u2r’
20no1 (M) : : .
and T' = log =——_——=, returns a subspace U which satisfies:.

€
9|N* —
AN+

Proof We will begin by bounding the running time of the algorithm. Note that because of the binary
search, the algorithm will run for at most O (log ) outer iterations.

Let ¢ denote the number of outer iterations of the algorithm. Let the value of k(max K, minK)
in iteration ¢ be denoted by k®) (maxz K", mink ®)). We will first prove the claim that at any point
in the running of the algorithm, maxz K > k. We will prove the claim via induction on the number
of iterations ¢:

H(I —uUT)L*

L <3||a - o e

Base Case: t = 0 The base case is trivially true as max K = r.

Induction Step: ¢ = [+ 1 Assume that the claim remains true at iteration ¢ = [. In the (I+1)*"
iteration, we assume two cases:

Case 1: The inner iteration finishes with 7 = false. In this case, max K is not updated.
So, the claim remains true for t = (I + 1)

Case 2: The inner iteration finishes with 7 = true. In this case, k() > k (From
Lemma 17 and the termination condition of the inner iteration.). In this iteration, max K
is updated to k(*) — 1 > k. Thus, the claim remains true.

Therefore, at termination of the algorithm, we have max K > k. Suppose that the algorithm
terminated after iteration 7. Note that minK® < k < mazK®V0 < ¢t < T. Therefore, we
have minK T+Y) = maxz KT+ 4 1. For this to happen, the inner iteration must have run with
ET) = maz KT+ with 7 = false for some iteration 7" and also that this is the last such suc-
cessful iteration as minK is not updated after iteration 7’. Therefore, the algorithm returns the
subspace corresponding to ET) = max KT+ > k. Since the inner iteration is successful for
iteration 7", the Theorem is true from the application of Lemma 7 and noting that T > k. |

Appendix E. Fast Projection Operator

In this section, we will describe a fast algorithm to compute the projection operator onto the ellipsoid
in Algorithm 2. Formally, we are provided an orthogonal basis U € R%*", a positive diagonal matrix
Y., abound b and a vector z. Let £ = {y : y = UXz for some ||z|| < b}. The goal is to compute
the projection of the vector = onto the set £.

E.1. Algorithm

In this section, we present our algorithm (Algorithm 5) to compute the projection onto the set £. We
show that the projection operation boils down to an univariate optimization problem on a monotone
function. We then perform binary search on an interval in which the solution is guaranteed to lie.
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Algorithm 5 w = FAST-PR(U, X, b, x, €)

1: Input: Orthogonal Basis U € R%*", Positive Diagonal Matrix X, Bound b, Projection Vector
x, Accuracy Parameter €

2: Omin = min(Em), Omazr = max(Ei,i)
1€][r] i€[r]

y«— XUz
Amin = 0, AMpaz = @

T g (Ansperll

€

for Iteration ¢ — 0 to ¢ = T do
A® Amm?maz
2B (A + %)y
if ||2()]| < b then

10: Anax — A®

11:  else

12: Amin — A®)

13:  end if

14: end for

15: Return: UXz(T)

R A

E.2. Analysis

Theorem 22 Let U € R be an orthonormal matrix and ¥ € R"*" be a positive diagonal
matrix. Then, for any b > 0, x € R and ¢, the vector w returned by Algorithm 5 satisfies:

lw = Pe(z)] <€
where € == {y : y = UXz for some ||z|| < b}

Proof We first define the convex optimization problem corresponding to the projection operator
Pe. Then, we have:
Pe(x) = argmin ||z —y|| stye &
y

Since, y € &£, a solution to the above optimization problem is equivalent to:
Pe(z) = argmin ||z — USz|]* st ||z]* < b? (25)
z

Note that both the constraint and the objective function are convex. Therefore, we can introduce
a KKT multiplier A > 0 and writing down the stationarity conditions of 25, we get:

222 + 202 = 25U T = 2= (S24\) U Tx

Now, we just need to ensure that H (22 + )\I)_l EUTxH < b. Let

fA) = H (22 + /\I)_1 ZUTxH for A > 0. Let \* be the solution to f(\) = min(HE_lUTac ,b).
We will first prove that at any point in the running of the algorithm A;,q. > A™ and A\ < A*. We
prove the claim by induction on the number of iterations ¢:
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Base Case ¢ = 0: Since \.,;, = 0, the lower bound holds trivially. That A\,,q. > A* can be
proved as follows:

ft&mm>—\M224-AmmJ)‘IEUTmHf;nma<Hz—1UTm ,

HZUTwH)

)\maa:

< min (HE_IUT:B

5.

Induction Step ¢ = (k + 1): Assume that the claim holds till ¢ = k. We have two cases for
iteration k + 1:

Since, f is a monotonically decreasing function, the claim holds true in the base case.

Case 1: Moz < MY In this case, Apin < A* still holds from the inductive hypoth-
esis. For \,,qz, we have:

(ﬂA“+U)=H(22+A“+QO_IEUTx

< min (HZ_lUTaBH ,f(/\(t"“l)))

< min (HZ_lUT:U

where the last inequality holds from the fact that \,,,, was updated in this iteration.

From the monotonicity of f, the induction hypothesis holds in this iteration.

Case 2: \pin < A In this case, Amaz > A® by the inductive hypothesis. In this
case, we have:

FOED) > b > F(A).
From the monotonicity of f, the induction hypothesis holds in this iteration.

Note that (Anaz — Amin) 18 halved at each iteration. Therefore, at the termination of the algorith-

m, we have (Ao — Amin) < \/@ﬁ"H From our claim, this implies that ‘)\* A(T) ’ < \/’Eﬂ”” Note

that we can write Pge(z) = UX2(A\*I+X2)"1U Tz. Note that | Pe(z) — w| = HUT Pe(z) —w)|.
We will now bound the element-wise difference between U ' Pg(z) and U Tw:

L[ 1 1
7\ -2_A(T>+a.2

AT — = AT — \x
s <1 |

TSI+ 27 = WD+ 57U | < o]

< ||z o

<

=k

l

By applying the element-wise bound to X2((A\*1 + £2)~1 — (AT [ + %2)~1)U Tz, we have:

\%@—MSW%Se
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