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Abstract 1. Introduction

This paper describes a novel technique for the synthesis of imper- Automated program synthesis, despite holding the promise of sig-
ative programs. Automated program synthesis has the potential tonificantly easing the task of programming, has received little atten-
make programming and the design of systems easier by allowingtion due to its difficulty. Being able to mechanically construct pro-
programs to be specified at a higher-level than executable code. Ingrams has wide-ranging implications. Mechanical synthesis yields
our approach, which we call proof-theoretic synthesis, the user pro- programs that are correct-by-construction. It relieves the tedium
vides an input-output functional specification, a description of the and error associated with programming low-level details, can aid in
atomic operations in the programming language, and a specifica-automated debugging and in general leaves the human programmer
tion of the synthesized program'’s looping structure, allowed stack free to deal with the high-level design of the system. Additionally,
space, and bound on usage of certain operations. Our techniquesynthesis could discover new non-trivial programs that are difficult
synthesizes a program, if there exists one, that meets the input-for programmers to build.
output specification and uses only the given resources. In this paper, we present an approach to program synthesis
The insight behind our approach is to interpret program synthe- that takes the correct-by-construction philosophy of program de-
sis as generalized program verification, which allows us to bring sign [14, 18, 38] and shows how it can be automated. Program ver-
verification tools and techniques to program synthesis. Our syn- ification tools routinely synthesize program proofs in the form of
thesis algorithm works by creating a program with unknown state- inductive invariants for partial correctness and ranking functions
ments, guards, inductive invariants, and ranking functions. It then for termination. We encode the synthesis problem as a verifica-
generates constraints that relate the unknowns and enforces threéion problem by encoding program guards and statements as logical
kinds of requirements: partial correctness, loop termination, and facts that need to be discovered. This allows us to use certain verifi-
well-formedness conditions on program guards. We formalize the cation tools for synthesis. The verification tool infers the invariants
requirements that program verification tools must meet to solve and ranking functions as usual, but in addition infers the program
these constraint and use tools from prior work as our synthesizers. statements, yielding automated program synthesis. We call our ap-
We demonstrate the feasibility of the proposed approach by syn- proachproof-theoretic synthesisecause the proof is synthesized
thesizing programs in three different domains: arithmetic, sorting, alongside the program.
and dynamic programming. Using verification tools that we previ- We define the synthesis task as requirements on the output pro-
ously built in thevs® project we are able to synthesize programs gram: functional requirements, requirements on the form of pro-
for complicated arithmetic algorithms including Strassen’s matrix gram expressions and guards, and requirements on the resources
multiplication and Bresenham’s line drawing; several sorting algo- used. The key to our synthesis algorithm is the reduction from the
rithms; and several dynamic programming algorithms. For these synthesis task to three sets of constraints. The first set are safety
programs, the median time for synthesis is 14 seconds, and the raconditions that ensure the partial correctness of the loops in the pro-
tio of synthesis to verification time ranges betwegrtd 92< (with gram. The second set are well-formedness conditions on the pro-
an median of ¥), illustrating the potential of the approach. gram guards and statements, such that the output from the verifica-
tion tool (facts corresponding to program guards and statements)
correspond to valid guards and statements in an imperative lan-
guage. The third set are progress conditions that ensure that the
program terminates. To our knowledge, our approach is the first
that automatically synthesizes programs and their proofs, while
previous approaches have either used given proofs to extract pro-

Categories and Subject Descriptord.2.2 [Automatic Program-
ming: Program Synthesis; F.3.1¢gics and Meanings of Pro-
gramg: Specifying and Verifying and Reasoning about Programs

General Terms Languages, Theory. grams [27] or made no attempt to generate the proof. Some ap-
proaches, while not generating proofs, do ensure correctness for a
Keywords Proof-theoretic program synthesis, verification. limited class of finitizable programs [29].

To illustrate our approach, we next show how to synthesize
Bresenham’s line drawing algorithm. This example is an ideal
candidate for automated synthesis because, while the program’s
requirements are simple to specify, the actual program is quite

involved.
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(a) Bresenhams (int X,Y) { () Bresenhams(ii.nt X { , ,

v1:=2Y — X; y:=0; x:=0; [Jtrue — v1=2Y —X A y'=0 A 2'=0

while (z < X) while (z < X)
out [z] :=y; [lvr < 0 — out’=upd(out,x,y) A vi=v1+2Y A y'=y A z'=z+1
if (v <0) [lvr > 0 — out’=upd(out,x,y) A vi=v1+2(Y-X) A y'=y+1 A z'=z+1

1 v1:=v1+2Y; return out;
else
= X)) . }

i U2V =X05 y 0<Y <X Av =2+1)Y—(2y+1)X A

return out: © Invariantr : 2(Y—-X) <wv <2Y A

} ’ Vk:0 <k <z=2outlk]—(Y/X)k|<1
Ranking functionp : X —«

Figure 1. (a) Bresenham’s line drawing algorithm (b) The invariant and ranking function that prove partial correctness and termination,
respectively. (c) The algorithm written in transition system form, with statements as equality predicates, guarded appropriately.

writes to the output arrayut) the discrete best-fit line frorto, 0)

to (X,Y’), where the pointX,Y') is in the NE half-quadrant, i.e.,

0 < Y < X. The best-fit line is one that does not deviate more

than half a pixel away from the real line, i.&y,— (Y/X)z| < 1/2.

For efficiency, the algorithm computes the pixel valdesy) of

this best-fit line using only linear operations, but the computation is

non-trivial and the correctness of the algorithm is also not evident.
The specification for this program is succinctly written in terms

of its preconditionr,.. and postconditionpes: :

0<Y <X
Vk:0< k<X =2outlk]—(Y/X)k|<1

Tpre -
Tpost *

variants can be automated using SMT solvers [10]. In fact, pow-
erful program verification tools now exist that can generate fixed-
point solutions—inductive invariants such-as-automatically us-
ing constraint-based techniques [6, 21, 32], abstract interpreta-
tion [9] or model checking [3]. There are also tools that can prove
termination [7]—by inferring ranking functions such@s-and to-
gether with the safety proof provide a proof for total correctness.
The insight behind our paper is to ask the question, if we can
infer 7 in Eq. (1), then is it possible tiofer the guardg;’s and the
statements;’s at the same time? We have found that we can in-
deed infer guards and statements as well, by suitably encoding pro-
grams as transition systems, asserting appropriate constraints, and

Notice that in the postcondition, we have written the assertion out- then leveraging program verification techniques to do a systematic
side the loop body for clarity of presentation, but it can easily (lattice-theoretic) search for unknowns in the constraints. Here the
be rewritten, as a quantifier-free assertion, inside. Bresenham pro-unknowns now represent both the invariants and the statements and
posed the program shown in Figure 1(a) to implement this specifi- guards. It turns out that a direct solution to the unknown guards
cation. The question we answer is whether it is possible to synthe- and statements may be uninteresting, i.e., it may not correspond
size the program given just the specification and a description of to real programs. But we illustrate that we can impose additional
the available resources (control flow, stack space and operations)well-formednessonstraints on the unknown guards and statements
Let us stepwise develop the idea behind synthesis starting from thesuch that any solution to this new set of constraints corresponds

verification problem for the given program.

to a valid, real program. Additionally, even if we synthesize valid

Observe that we can write program statements as equality pred-programs, it may be that the programs are non-terminating. There-
icates and acyclic fragments as transition systems. For example, wefore we need to impose additionadogressconstraints that ensure

can writex := e asz’ = e, wherex’ is a renaming of: to its out-

that the synthesized programs are ones that we can actually run.

put value. We will write statements as equalities between the output We now illustrate the need for these well-formedness and progress
(primed) versions of the variables and the expression (over the un-constraints over our example.

primed versions of the variables). Also, guards that direct control

Suppose that the statementScry, Sboayr aNd Spoay2, are un-

flow in an imperative program can now be seen as guards for state-known. A trivial satisfying solution to Eq. (1) may set all these
ment facts in a transition system. Figure 1(b) shows our example unknowns tofalse. If we use a typical program verification tool
written in transition system form. To prove partial correctness, one that computes least fixed-points starting fragthen indeed, it will

can write down the inductive invariant for the loop and verify that
the verification condition for the program is in fact valid. The ver-
ification condition consists of four implications for the four paths

output this solution. On the other hand, let us make the conditional
guardsgpody: andgseay2 UNKNOWN. AgaiNgueayt = gooay2 = false
is a satisfying solution. We get uninteresting solutions because the

corresponding to the entry, exit, and one each for the branches inunknowns are not constrained enough to ensure valid statements

the loop. Using standard verification condition generation, with the
preconditionr,r. and postcondition,.st, and writing the renamed
version of invariant- as7’, these are

Tl

:};ost (1)

T/

Tpre /\ Sentry

TN “Gloop

T A G1oop N gbody1 /\ Sbody1
T A G1oop N Gbody2 /\ Sbody2

where we use symbols for the various parts of the program:

P4yl

Goody1 : v1 <0

Gbody2 © V1 >0

Gloop * T S X

Sentry : V1=2Y-X Ay'=0 A 2'=0

Sboay1 : out’=upd(out, z,y) A vi=v1+2Y A y'=y A x'=z+l

Sbody2 : out'=upd(out, z,y) A vj=v1+2(Y-X) A y'=y+1 A a'=x+1

With a little bit of work, one cavalidatethat the invariant shown
in Figure 1(c) satisfies Eq. (1). Checking the validity of given in-

and control-flow. Statement blocks are modeled/\@sd = e,
with one equality for each output variahi¢ and expressions;
are over input variables. Therefoglse does not correspond to
any valid block. Similarlygseayr = gvoay2 = false does not cor-
respond to any valid conditional with two branches. For example,
considerif (g) Si1 else S with two branches. Note how,; and
S» are guarded by and—g, respectively, ang Vv —g holds. For
every valid conditional, the disjunction of the guards is always a
tautology. In verification, the program syntax and semantics en-
sure thavell-formednessf acyclic fragments. In synthesis, we will
need to explicitly constrain well-formedness of acyclic fragments
(Section 3.4).

Next, suppose that the loop guayd., is unknown. In this case
if we attempt to solve for the unknowns and g1..p, then one
valid solution assigns = gi.p = true, which corresponds to
an non-terminating loop. In verification, we were only concerned



with partial correctness and assumed that the program was termi-The three components are as follows:
nating. In synthesis, we will need to explicithncode progresby
inferring appropriate ranking functions, like in Figure 1(c), to
prevent the synthesizer from generating non-terminating programs
(Section 3.5).

1. Functional Specification The first componen of a scaffold
describes the desired precondition and postcondition of the synthe-
sized program. Leti, andwvey be the vectors containing the input

Note that our aim is not to solve the completely general svnthe- and output variables, respectively. Then a functional specification
pietely 9 Y F = (Fpre(Vin), Fpost (Uin, vout)) is @ tuple containing the formu-

sis problem for a givefunctional specmcatlonGu_ards and state- lae that hold at the entry and exit program locations. For example,
ments are unknowns but they take values from given domains, spec-,

ified by the user agomain constraintsso that a lattice-theoretic f})r the program T Figure 1f%-.(X,Y) = (0 < ¥ < X and

o . post(X,Yout) = Vk : 0 < k < X = 2(Y/X)k—-1 <
search can be performed by existing program verification tools. 20ut[k] < 2(Y/X)k + 1
Also notice that we did not attempt to change the number of invari- = )
ants or the invariant position in the constraints. This means that we 2. Domain Constraints The second componefft of the scaffold
assume a given looping dlowgraph structuree.g., one loop for describes the domains for expressions and guards in the synthesized
our example. Lastly, as opposed to verification, the set of program program. The domain specificatin= (Dexp, Dg:q) is a tuple that
variables is not known, and therefore we need a specification of the constrains the respective components:
stack spacavailable and also a bound on the typecomputations
allowed.

We use the specifications to construceapansiorthat is a pro-
gram with unknown symbols and construct safety conditions over 2b. Program Guards:The logical guards (boolean expressions)
the unknowns. We then impose the additional well-formedness and ~ used to direct control flow in the program come from the do-
progress constraints. We call the new constrasytgthesis condi- main Dgyq.
tionsand hope to find solutions to them using program verification g, example, for the program in Figure 1, the domains,, Dgea
tools. The constraints g_e_nerated are non-sta_ndard, ar_1d therefo_re Qe both linear arithmetic.
solve them we need verification tools that satisfy certain properties. ) ]

Verification tools we developed in previous work [32, 21] indeed 3. Resource Constraints The third componertk of the scaffold

have those properties. We use them to efficiently solve the syn- describes the resources that the synthesized program can use. The
thesis conditions to synthesize programs, with a very acceptableresource specificatioR = (Reiow, Rstack, Reonp) iS @ triple of
slowdown over verification. resource templates that the user must specify for the flowgraph,

The guards, statements and proof terms for the example in Stack and computation, respectively:

this section come from the domain of arithmetic. Therefore, a 35 Flowgraph Templatewe restrict attention to structured pro-
program verification tool for arithmetic would be appropriate. For grams (those that are goto-less, or whose flowgraphs are re-
programs whose guards and statements are more easily expressed ycible [22]). The structured nature of such flowgraphs allows
in other domains, a corresponding verification tool for that domain ;5 1o describe them using simple strings. The user specifies a
should be used. In fact, we have employed tools for the domains of  gying R, ., from the following grammar:

arithmetic and predicate abstraction for proof-theoretic synthesis

2a. Program Expressionsthe expressions manipulated by the pro-
gram come from the domaiPey;.

with great success. Our objective is to reuse existing verification T uw= o | x(T) | T5T )

technology—that started with invariant validation and progressed whereo denotes an acycnc fragment of the flow grapm’)

to invariant inference—and push it furthergmgram synthesis denotes a loop containing the body and 7;T" denotes the
o sequential composition of two flow graphs. For example, for

1.2 Contributions the program in Figure 10, = 05%(0).

This paper makes the following contributions: 3b. Stack Templaté\ map Rsacc : type — int indicating the

e We present a novel way of specifying a synthesis task as a number of extra temporary variables of each type available
triple consisting of the functional specification, the domains of ~ to the program. For example, for the program in Figure 1,
expressions and guards that appear in the synthesized program, ftstack = (int, 1).
and resource constraints that the program is allowed to use3c. Computation TemplateAt times it may be important to put an

(Section 2). upper bound on the number of times an operation is performed
e We view program synthesis as generalized program verifica-  InSide a procedure. A maficon, : op — int of operationsp

tion. We formally define constraints, called synthesis condi- 0 the upper bound specifies this constraint. For example, for

tions, that can be solved using verification tools (Section 3). the program in Figure 1R..,, = @ which indicates that there

. I are no constraints on computation.
¢ We present requirements that program verification tools must )
meet in order to be used for synthesis of program statements ~ Onthe one hand, the resource templates make synthesis tractable

and guards (Section 4). by enabling a systematic lattice-theoretic search, while on the other
they allow the user to specify the space of interesting programs and
can be used as a feature. For instance, the user may wish to reduce
memory consumption at the expense of a more complex flowgraph
and still meet the functional specification. If the user does not care,
then the resource templates can be considered optional and left
2. The Synthesis Scaffold and Task unspecified. In this case, the synthesizer can iteratively enumerate

We now elaborate on the specifications that a proof-theoretic ap- ip;]c;]srs‘;tgltljlﬂtra:efsor each resource and attempt synthesis with increas-

proach to synthesis requires and how these also allow the user to

specify the space of interesting programs. 2.1 Picking a proof domain and a solver for the domain
We describe the synthesis problem usirggaffoldof the form

¢ We build synthesizers using verification tools and present syn-
thesis results for the three domains of arithmetic, sorting and
dynamic programming (Section 5).

Our synthesis approach is proof-theoretic and we synthesize the
(F,D,R) proof terms, i.e., invariants and ranking functions, alongside the



program. These proof terms will take values from a suitably chosen constraints on these unknowns and ensure partial correctness, loop
proof domainD,.¢. Notice thatD, ¢ will be at least as expressive  termination and well-formedness of control-flow. We begin our
as Dg:a and Deyp. The user chooses an appropriate proof domain discussion by motivating the representation we use for acyclic
and also picks a solver capable of handling that domain. We will fragments in the synthesized program.

use program verification tools as solvers and typically, the user will ) . ]

pick the most powerful verification tool available for the chosen 3.1 Using Transition Systems to Represent Acyclic Code

proof domain. Suppose we want to infer a set of (straight-line) statements that

. transform a preconditiog:. to a postconditionpy.st, where the
2.2 Synthesis Task relevant program variables areandy. One approach might be to

Given a scaffold(F, D, R), we call an executable prograwalid generate statements that assign unknown expressjoasde,, to
with respect to the scaffold if it meets the following conditions. x andy, respectively:
e When called with inputsy, that satisfyFp.. (vin) the program {Ppre } 1= €5y 1= ey{Ppost }

terminates, and the resulting outpug$; satisfyFpost (vUin, Vout )-
There are associated invariants and ranking functions that pro-
vide a proof of this fact.

Then we can use Hoare's axiom for assignment to generate the
verification conditioNpere = (¢post[y — €y]) [z +— ez]. However,
this verification condition is hard to automatically reason about
There is a program loop (with an associated loop gugrd  because it contains substitution into unknowns. Even worse, we
corresponding to each loop annotation (specified &%) tn have restricted the search space by requiring the assignment to
the flowgraph templat&;,,,. The program contains statements y to follow the assignment ta:, and by specifying exactly two
from the following imperative languageqL for each acyclic assignments.
fragment (specified bys"). Instead we will represent the computation as a transition system
S u= skip | 8;9 | z:=e | if gthenS elseS which provides a much cleaner mech_a_nism for reas_o_ning when pro-
gram statements are unknown.tl@nsitionin a transition system
Wherez denotes a variable, denotes some expression, and s a (possibly parallel) mapping of the input variables to the output
denotes some predicate. (Memory reads and writes are modeledvariables. Variables have an input version and an output version (in-
using memory variables and select/update expressions.) Thedicated by primed names), which allows them to change state. For
domain of expressions and guards is as specified by the scaffold,our example, we can write a single transition:

i.e.,e € Dexp andg € Digyq. /
? e . . {¢pre} <$ 7y/> = <€w7 e:u> {¢1/)ost}
The program only uses as many local variables as specified by

Retacx i addition to the input and output variables, vays. Here ¢, is the postcondition, written in terms of the output

Each el N i | i variables, and,, e, are expressions over the input variables. The
ifiggl iﬁgmen ary operation only appears as many Umes as SpeCyeification condition corresponding to this tupleds.. A =’ =
comp *

ex NY = ey = @poss. Note that every state update (assignment)
EXAMPLE 1 (Square Root)Let us consider a scaffold with func- ~ €an always be written as a transition.

tional specificatiord = (z > 1, (i — 1)2 < z < i%), which states We can extend this approach to arbitrary acyclic program frag-
that the program computes the integral square root of the ipput ~ MeNts. Aguarded transition(written [lg — ) contains a state-
ie,i—1= |z Also, let the domain CONStrain®exp, Dgea ments that is executed only if the quantifier-free gugrtolds. A

be limited to linear arithmetic expressions, which means that the transition systenconsists of a sef|g: — s:}; of guarded transi-

program cannot use any native square root or squaring operations. iOns. It is easy to see that a transition system can represent any
Lastly, let theRe1os, Retace aNd Reonp be03%(0);0, {(int, 1)} and arbitrary acyclic program fragment by suitably enumerating the

0, respectively. A program that is valid with respect to this scaffold paths through the acyclic fragment. The verification condition for

is the following: {Ppre Hgi — 8i}i{Ppost } IS SIMPIY A, (dpre A gi A 8i = Bpost )
IntSqrt(int z) { . . In addition to the simplicity afforded by the lack of any order-
vi=lii:=1; Invariant 7 ing, the constraints from transition systems are attractive for syn-

—i2 12 A4 A .
while™? (v < z) v=EAS2 (-1) AL 2 1 thesis as the program statemestsand guardsy; are facts just

| vi=v+2i+1;itt; Ranking functiony: like the pre- and postconditiong:. and ¢p.s.. Given the lack of
return i—1; 2 — (i—1)2 ' differentiation, any (or all) can be unknowns in thegathesis con-

} - ) ) ) ditions This distinguishes them from verification conditions which
where v, i are the additional stack variable and loop iteration  can only have unknown invariants, or often the invariants must be
counter (and reused in the output), respectively. Also, the l0op known as well.
is annotated with the invariant and ranking functiony as shown, Synthesis conditions can thus be viewed as generalizations of
and which prove partial correctness and termination, respectively. yerification conditions. Program verification tools routinely infer
fixed-point solutions (invariants) that satisfy the verification condi-
tions with known statements and guards. With our formulation of
statements and guards as just additional facts in the constraints, it
is possible to use (sufficiently general) verification tools to infer in-
variantsand program statements and guar8gnthesis conditions
serve an analogous purpose to synthesis as verification conditions
do to verification. If a program is correct (verifiable), then its veri-

. . fication condition is valid. Similarly, if a valid program exists for a

3. Synthesis Conditions scaffold, then its synthesis condition has a satisfying solution.

In this section, we define and constrigyinthesis conditionfor
an input scaffold(F, D, R). Using the resource specificatio,
we first generate a program with unknowns corresponding to the We synthesize code fragments for each acyclic fragment and loop
fragments we wish to synthesize. Synthesis conditions then specifyannotation in the flowgraph template as follows:

In the next two sections, we formally describe the steps of
our synthesis algorithm. We first generatgnthesis conditions
(Section 3), which are constraints over unknowns for statements,
guards, loop invariants and ranking functions. We then observe that
they resemble verification conditions, and we can employ verifica-
tion tools, if they have certain properties, to solve them (Section 4).

3.2 Expanding a flowgraph
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¢ Acyclic fragmentsfor each acyclic fragment annotation”,
we infer a transition syster{iy; — s:}s, i.€., a set of assign-

mentss;, stated as conjunctions of equality predicates, guarded

by quantifier-free first-order-logic (FOL) guardssuch that the
disjunction of the guards is a tautology. Suitably constructed

modeling; andp asy > ¢, for some constant), and consequently
ordered in a lattice.

EXAMPLE 2. Let us revisit the integral square root computation
from Example 1. Expanding the flowgraph template(c);o with

equality predicates and quantifier-free FOL guards are later n = 1 yieldsexpsgre:

translated to executable code—assignment statements and con-

ditional guards, respectively—in the language |

Loops: For each loop annotations* we infer three elements.
The first is theinductive loop invariantr, which establishes

partial correctness of each loop iteration. The second is the choose {[lgs — s3}

ranking functiony, which proves the termination of the loop.
Both the invariant and ranking function take values from the
proof domain, i.e.7, ¢ € Dgre. Third, we infer a quantifier-
free FOL loop guard.

Formally, the output of expanding flowgraphs will be a program
in the transition system languagesiT(note the correspondence to
the flowgraph grammar from Eq. 2):

| while™?(g)do {p} | p;p

Here eachs; is a conjunction of equality predicates, i.A.j (x; =
e;). We will usep to denote a sequence of program statements

p = choose {[Jg: — si}s

in TsL. Note that we model memory read and updates using se-

lect/update predicates. Therefore,sin= e the variablex could
be a memory variable anglcould be a memory select or update
expression.

Given a string for a flowgraph template, we define an expan-
sion functionExpand : int X Dy X R XD X Re1ow — TSL that

introduces fresh unknowns for missing guards, statements and in-

variants that are to be synthesizedpand%’ff;’“ (Rs10w) €Xpands a

flowgraphRs1., and is parametrized by an integethat indicates
the number of transition each acyclic fragment will be expanded

choose {[Jg1 — s1};

0 € Dprsl|v
while™¥ (go) { T o
s € D
choose {[|Jg2 — 52} ; i;ijjij c /\g,r;lvz e
1

h

xi € V7 e; € Dexp‘V

whereV = {z, 4, r,v}. The variables andr are the loop iteration
counter and ranking function tracker variable, respectively, and
v is the additional local variable. Also, the chosen domains for
proofs Dy, guardsDg:q and expression®.,, are FOL facts over
quadratic expressions, FOL facts over linear arithmetic and linear
arithmetic, respectively.

Notice that the expansion encodes everything specified by the do-
main and resource constraints and the chosen proof domain. The
only remaining specification i§, which we will use in the next
section to construct safety conditions over the expanded scaffold.

3.3 Encoding Partial Correctness: Safety Conditions

Now that we have the expanded scaffold we need to collect the
constraints (safety conditions) for partial correctness implied by the
simple paths in the expansidBimple pathgstraight-line sequence
of statements) start at a loop headgf. and end at a loop header
or program exit. The loop headers, program entry and program exit
are annotated with invariants, preconditiBg. and postcondition
Fhost, respectively.

Let ¢ denote formulae, that represent pre and postconditions
and constraints. Then we defiBathC : ¢ X TSL X ¢ — ¢

to, the proof domain and the resource and domain constraints. Theas a function that takes a precondition, a sequence of statements

expansion outputs a program in the language.T

n, Dpre

Expand,; 4 (o) = choose {[|lgi — Si }i=1.n i, S : fresh
unknowns
Expand%’%’rf(*(T)) =while™? (g) { T,p,g : fresh
Expand;;’?{’rf (T); unknowns
1, Dprs } n, D, n,D,
Expand,; i (T1;T2) = Expandy, ™ (T1);Expandy) ™ (T2)

Each unknowry, s, 7 generated during the expansion has the fol-
lowing domain inclusion constraints.

T € Dptlv
g € Dgrd'V
s € N;zi=e; wherez; € V,e; € Dexplv

HereV = viy U vy UT U L is the set of variables: the input,
and outpubey, Variables, the set of temporaries (local variablEs)
as specified byRs:acx, and the set of iteration counters and ranking
function tracker variables i& (which we elaborate on later), one
for each loop in the expansion. The restriction of the domains by
the variable seV indicates that we are interested in the fragment
of the domain over the variablesin. Also, the set of operations in
e; is bounded byRconp.

The expansion has some similarities to the notion of a user-
specifiedsketchin previous approaches [31, 29]. However, the un-

knowns in the expansion here are more expressive than the integer
unknowns considered earlier, and this allows us to perform a lattice pathC(epre, (choose {[gi — si}: ;while™? (
search as opposed to the combinatorial approaches proposed ear- A, (bpre A gi A si = 7') APathC(T A g, pi,

lier. Notice that the unknowns g, s, p we introduce can all be in-
terpreted as boolean formulae § naturally;s using our transition

and a postcondition and outputs safety constraints that encode the
validity of the Hoare triple. Let us first describe the simple cases of
constraints from a single acyclic fragment and loop:

PathC(¢pre, (choose {[lgi — si}i ), bpost) =
/\i (¢pre A gi N s; = ¢post,)
PathC(gpre, (while™" (g) {fi}), Ppost) =
¢pre = 7—/ /\ PathC(T /\ 971717 7-) /\ (T /\ _'g = ¢P°Stl)

Here ¢pos:” andr’ are the postcondition,os. and invariant- but

with all variables renamed to their output (primed) versions. Since
the constraints need to referaatputpostconditions and invariants
the rule for a sequence of statements is a hit complicated. For sim-
plicity of presentation, we assume that acyclic annotations do not
appear in succession. This assumption holds without loss of gener-
ality because it is always possible to collapse consecutive acyclic
fragments, e.g., two consecutive acyclic fragments witlnansi-
tions each can be collapsed into a single acyclic fragmentmith
transitions. For efficiency, it is prudent to not make this assumption
in practice, and the construction here generalizes easily. For a se-
guence of statements insT, under the above assumptions, there
are three cases to consider. First, a loop followed by statements
p. Second, an acyclic fragment followed by just a loop. Third, an
acyclic fragment, followed by a loop, followed by statemefits
Each of these generates the following, respective, constraints:

PathC(ppre, (While™? (g) {Pi};D), Ppost) =
(¢pre = T') APathC(T A g,p1, 7) A PathC(T A =g, P, dpost)

{ﬁ})ﬂﬁpost) -
A (T A =g = Ppost’)

{P1}3P), Poost) =

9)
i 7)
PathC(¢pre, (choose {[]gi — s;}i ;while™? (g)
Ni(Ppre A gi A si = 7') APathC(T A g, 1, T)

A PathC(T A =g, 7, Ppost)



The safety condition for a scaffold with functional specifica- by finding any satisfying guard (and corresponding transition)—
tion F = (Fpre, Fpost), flowgraph templateRs1.., and expansion which can even bealse. We then iteratively ask for another guard

exp = Expandfﬁ y (R:10v) is given by: (and transition) such that the space defined by the new guadt is
F entirely contained in the space defined by the disjunction of the
SafetyCond(exp, F) = PathC(Fpre, €xp, Fpost) (3 guards already generated. If we ensure that at each step the newly

) discovered guard covers some more space that was not covered
ExAMPLE 3. Consider the expanded scaffold (from Example 2) py earlier guards, then eventually the disjunction of all will be a
and the functional specificatiofi (from Example 1) for integral tautology.

square root. The loop divides the program into three simple paths, More formally, suppose: such calls result in the transition

which results inSafetyCond(expsqre, F): system{[]g: — $:}i=1..n, andV,—1. ., g; is not already a tautology.
z>1AgAsy = 7 A Then for then + 1°* transition, we assert the constraintg, 1 =
TAGAgaAsa = T A (Vi=1..ngi)). This constraint ensures thaf 1 will cover some
TA-goAgsAss = (I —1)2<a Az <i? space not covered by;—1..»g:. We repeat untilv;g; holds. This
iterative search for the transitions also eliminates the need to guess
Notice thaty;, s;, 7 are all unknown placeholder symbols. the value ofn.
3.4 Encoding Valid Control: Well-formedness Conditions Well-formedness of an Expanded ScaffoldWe constrain the

We next construct constraints to ensure the well-formedness of Well-formedness of each transition system in the expanded scaf-

choose statements. In the preceding development, we treated eachfold ezp = EXPandf,’gprf (Re104) Using Eq. (4).

path through thechoose statement as independent. In any ex-

ecutable program control will always flow through at least one ~ WellFormCond(exp) = /\ WellFormTS({[lgi — si}i) (5)
branch/transition of the statement, and each transition will contain choose {[]g;—s;}; Econd(ezp)

well-formed assignment statements. We first describe a constraintwhereCond(exp) recursively examines the expanded scaffoig

that encodes this directly and then discuss an alternative way of .\ 4 retirns the set of alhoose statements in it.

ensuring well-formedness of transition guards.

ExamMPLE 4. For the expanded scaffold in Example 2, since
each acyclic fragment only contains one guarded transition, the
well-formedness constraints are simple and state that each of
g1, 92,93 = true andvalid(si) Avalid(sz)Avalid(ss) holds.

Non-iterative upper bounded searchDuring the expansion of

a scaffold, we can choose to be greater than the number of
transitions expected in any acyclic fragment. Any excess transi-
tions will have their guards instantiated talse. For any state-
mentchoose {[Jg: — s;} in the expansion, we impose the well-

formedness constraint:
. e L _ L Until now our encoding has focused on safety conditions that, by
WellFornTS({[lg: — si}s)=(/\; valid(s:)) Vagd transition (4) themselves, only ensure partial correctness but not termination.
A (Vz‘ gi) OVers space Next, we add progress constraints to ensure that the synthesized

Here the predicatealid(s;) ensuresone and only one equality ~ Programs terminate.

assignmento each variable is;. This condition ensures that each To encode progress for a lodp= while™?!(g) do {p}, we

s; corresponds to a well-formed transition that can be translated to @ssert the existence ofranking functionas an unknown (numer-
executable statements. The second term constrains the combinatioffal) expressionp; that is lower bounded and decreases with each
of the guards to be a tautology. Note that this is important to ensure iteration of the loop. Because is anunknown expressiahis dif-

that each transition system is well-formed and can be converted to aficult to encode directly that it decreases. Therefore, we introduce a

valid executable conditional. For example, consider the executabletracking variable;, such that;, = ¢;. We user; to remember the
conditionalif (G) then x := E; else x := E». The correspond- value of the ranking function at the head of the loop, and because

3.5 Encoding Progress: Ranking functions

ing transition system i§[Jg1 — (z' = E1),[lg2 — (2’ = E2)}, it is a proof variable no assignments to it can appear in the body
whereg; = G andg, = —G andg; V g holds. Ineverywell- of the loop. On the other hang; changes due to the loop body,
formed executable conditional the disjunction of the guards will be and at the end of the iteration we can then check if the new value is
a tautology. The second term imposes this constraint. strictly less than the old value, i.ex > ;. Without loss of gen-

Notice that this construction does not constrain the guards to erality, we pick a lower bound ai for the tracking variable and
be disjoint (mutually exclusive). Disjointedness is not required Conservatively assume that the termination argument is implied by
for correctness [11] because if multiple guards are triggered then the loop invariantr, i.e,7 = r; > 0. o
arbitrarily choosing the body for any one suffices. Therefore, ~ Now that we have asserted the lower bound, what remains is
without loss of generality, the branches can be arbitrarily ordered to assert thap, decreases in each iteration. Assume, for the time
(thus ensuring mutual exclusivity) in the output to get a valid bPeing, that the body does not contain any nested loops. Then we

imperative program. can capture the effect of the loop body usiPgthC as defined
_ _ _ earlier, with preconditiom A g and postconditiom; > ¢. Then,
Iterative lower bounded search Notice that Eqg. (4) is non- the progress constraint for lodpvithout any inner loop is:

standard, i.e., it is not an implication constraint like typical ver- . .
ification conditions, and we will elaborate on this in Section 4. Pro8(l) = (1t = @i A (T = 11 > 0) APathC(T A g, 5,11 > 1))
For the case when a program verification tool is unable to handle  sjng the above definition of progress we define the progress

such non-standard constraints, we need a technique for ensuri“%onstraintforthe entire expanded scaffeigh — EXpandD’y (Rerou):
well-formedness of transitions without asserting Eq. (4). 7 Dpre

We first assume thatalid(s;) holds, and we will show in _
Section 4.3 the conditions ungler) which it does. Then all we need RankCond(exp) = /\ prog(l) ©
to ensure well-formedness is thetg; is a tautology. Since the
transitions of achoose statement represent independent execution where loops(exp) recursively examines the expanded scaffold
paths, we can perform an iterative search for the guarda/e start exp and returns the set of all loops in it.

l€loops(exp)



ExAMPLE 5. In the expanded scaffold of Example 2 there is only
one loop, whose ranking function we denotedpwand with tracker
r;. Then we generate the following progress constraint:

=@ A(T=r>0)A(TAGoAgaAsa =1, > @)

To relax the assumption we made earlier about no nesting of
loops, we need a simple modification to the progress constraint
prog(l). Instead of considering the effect of the entire bqggly
(which now contains inner loops), we instead consider the fragment
end(l) after the last inner loop inp. Also, let 7e.a denote the
invariant for the last inner loop. Then, the progress constraint for
loopl is:

prog(l) =r = @i A (T = 11 > 0) A PathC(Tenq, end(l), 71 > @)

Notice that because the loop invariants are not decided a priori, i.e.,
we arenotdoing program extraction, we may assert that the invari-
ants should be strong enough to satisfy the progress constraints
Specifically, we have imposed the requirement that the intermedi-
ate loop invariants carry enough information such that it suffices to
consider only the last loop invariant,q in the assertion.

3.6 Entire Synthesis Condition

Finally, we combine the constraints from the preceding sections to
yield the entire synthesis condition for an expanded scaéod=
Expandji’gprf (Rs10w)- The constraintafetyCond(exp, F) (EQ. 3)

ensures partial correctness of the program with respect to the func-

tional specification. The constraiife11FormCond(exp) (Eq. 5)
restricts the space to programs with valid control-flow. The con-
straintRankCond(exp) (Eq. 6) restricts the space to terminating
programs. The entire synthesis condition is given by

sc = SafetyCond(exp, F)AWellFormCond(exp) ARankCond (exp)

Notice that we have omitted the implicit quantifiers for the sake
of clarity. The actual form iISSUVV : sc. The setV denotes
the program variablesjiy U vene U T'U L whereT is the set of
temporaries (additional local variables) as specified by the scaffold
andL is the set of iteration counters and ranking function trackers.
Also, U is the set of all unknowns of various types instantiated
during the expansion of scaffold. This includes unknowns for the
invariantsr, the guardg and the statements

ExAMPLE 6. Accumulating the partial correctness, well-formedness
of branching and progress constraints we get the following synthe-
sis condition (where we have removed the trivial guaydsyz, gs

as discussed in Example 4):

c>1As1 = T A
TANGoN\S2 = T’ A\
TA-goAss = (I —=1)2<z' Az’ <i? A
valid(s;) A valid(sz) A valid(ss) A

= A(T=1r>0)A(TAgoAss=1]>¢])

Here is a valid solution to the above constraints:

T v=PAz>(G-12Ai>1

go: v<=zx

or: xz—(i—1)32 )
s1: V=1Ai=1A2 =xzAr]=m

So : v':v—|—2i+1/\i/—i—|—1/\1:/:z/\7"2:7’l

S3 : v':v/\i':i/\x’:x/\rfzm

Notice how each of the unknowns satisfy their domain constraints,
i.e., 7 is from FOL over quadratic relationsy; is a quadratic
expressionsi, sz, s are conjunctions of linear equalities afnd is

from quantifier-free FOL over linear relations. In the next section
we show how such solutions can be computed using existing tools.

Input: Scaffold(F, D, R), maximum transitions.,
proof domainDy.+
Output: Executable program or FAIL
begin
exp = Expand;;”[;aprf (Rs1ow);
sc:=SafetyCond(exp, F) A
WellFormCond(exp) A
RankCond(exp);
7 = Solver(sc);
if (unsat(7)) then
L return FAIL;

return Exe™ (exp);
end

Algorithm 1: The entire synthesis algorithm.

Under the assumption [13] that every loop with a pre- and post-
condition has an inductive proof of correctness, and every termi-
nating loop has a ranking function, and that the domains chosen are
expressive enough, we can prove that the synthesis conditions, for
the case of non-iterative upper bounded well-formedness, model
the program faithfully:

THEOREM1 (Soundness and Completenes®)e synthesis con-
ditions corresponding to a scaffold are satisfiable iff there exists a
program (with a maximum of transitions in each acyclic frag-
ment wheren is the parameter to the expansion) that is valid with
respect to the scaffold.

Additionally, for the alternative approach to discovering guards
(Section 3.4), we can prove soundness and relative completeness:

THEOREM 2 (Soundness and Relative Completene&s).Sound-
ness:If there exists a program that is valid with respect to the
scaffold then at each step of the iteration the synthesis conditions
generated are satisfiabléh) Relative completeneskithe iterative
search for guards terminates then it finds a program that is valid
with respect to the scaffold.

4. Solving Synthesis Conditions

In this section we describe how the synthesis conditions for an
expanded scaffold can be solved using fixed-point computation
tools (program verifiers).

Suppose we have a procedelver(sc) that can generate
solutions to a synthesis conditiaa. Algorithm 1 is our synthesis
algorithm, which expands the given scaffold ¢op, constructs
synthesis conditionsc, usesSolver(sc) to generate a solution
to the unknowns that appear in the constraints and finally generates
concrete programs (whose acyclic fragments are from the language
IML from Section 2) using the postprocesgae™ (exp).

The concretization functioxe™ (exp) takes the solutionr
computed bySolver(sc) and the expanded scaffolekp, and
outputs a program whose acyclic fragments are from the language
IML. The function defines a concretization for each statement in
TsL and annotates each loop with its loop invariant and ranking
function:

Exe” (p;p) Exe (p);Exe™ (p)

Exe” (while™%(g) do {p})

while™ )9 (n(g)) { Exe™ (7) }

Exe™ (choose {[lg — s})

if (7(g)) {Stmt(nw(s))} else {skip}

Exe” (choose {[|gi — Siti=1.n) = (wheren > 1)
£ (7(g1)) {Stme(m(s1))}

else {Exe™(choose {[]gi — Si}i=2..n)}



wherer maps eachs to a conjunction of equalities and the con- In contrast, let us consider the components (from Section 3)
cretization functionstmt(s) expands the equality predicates to of the synthesis condition. The componeyfetyCond(exp)
their corresponding state updates: (Eq. (3)), in addition to the unknowns due to the invariants
L ) contains unknowns for the program guaggdand program state-
stmt( N\ zi=e)= (t:= €15 tn := en); ments s. These unknowns appear exclusively as negative un-
2 ? P— . . Pp— :
(.'121 = tl, eI = tn) . .
i=1..n knowns, and there can be multiple such unknowns in each con-

The above is a simple translation that uses additional fresh tem-Straint. For example, in Eq. (1), the guards and statement unknowns
porary variableg; .. . to simulate parallel assignment. Alterna- &PPear as negative unknowns. On the other hand, the component

tively, one can use data dependency analysis to generate code tha{e11FormCond(exzp) (Eq. (5)) contains the well-formedness con-
uses fewer temporary variables. ition on the guards/; g; that is a constraint with multiple positive

unknowns. Therefore we need a verifier that satisfies the following.

4.1 Basic Requirement forSolver (sc) REQUIREMENT 1. Support for multiple positive and multiple neg-

Our objective is to use verification tools to impleménLver(sc), ative unknowns.
but we realize that not all tools are powerful enough. For use as . ) . .
a solver for synthesis conditions, verification tools require certain  Notice this requirement is more general than that supported by
properties. typical verifiers we discussed above. _

Let us first recall [32] the notion of the polarity of unknowns ~ Now consider, an example safety constraint such/ag /s =
in a formula. Let¢ be a FOL formula with unknowns whose 7 With unknownsr, g ands, that can be rewritten as = 7'V
occurrences are unique. Notice that all the constraints we gen- "9V ™s- AlSo, letus rewrite an example well-formedness constraint
erate have unigue occurrences as we rename appropriately. WeYg: aStrue = Vg;. This view presents an alternative explanation
can categorize unknowns as eitfsitiveor negativesuch that ~ for Requirement 1 in that we need a tool that can infer the right
strengthening (weakening) the positive (negative) unknowns makes¢ase split, which in most cases would not be unique and would
é stronger. Structurally, the nesting depth under negation—in the equiré maintaining multiple orthogonal solutions. Intuitively, this

boolean formula written using the basic operatorsi, =, 3, ¥)— is related to a tool's ability to infer disjunctive facts.

defines whether an unknown is positive (even depth) or negative  In the above we implicitly assumed the invariant to be a con-
(odd depth). For example, the formula\V —b) A —~(—c V d) has junction of predicates. In the general case, we may wish to infer
positive unknownga, ¢} and negative unknown, d}. more expressive (disjunctive) invariants, e.g., of the farm=- u.

In program verification we infer loop invariants given verifica- Of V& : us = ua, whereu;’s are unknowns. In this case, multi-
tion conditions with known program statements. Let us reconsider Pl€ negative and positive unknowns appear even in the verification
the verification condition in Eq. (1) with known program statements condition and therefore the verification tool must satisfy Require-
and guards. Notice that the constraints can be categorized into threén€nt 1, which matches the intuition that disjunctive inference is

forms,7 A fi = 7, 7T A fo = fs andfy = 7/, wheref;’s de- required.
note kr_lown _formulae. Also, _obser_v_e th_at these_t_hree are the only4_2 Constraint-based Verifiers asolver(sc)
forms in which constraints in verification conditions can occur.

From these, we can see that the verification conditions contain at Constraint-based fixed-point computation is a relatively recent ap-
most one positive and one negative unknown (using the disjunctive proach to program verification that has been successfully used for
translation of implication), depending on whether the correspond- difficult analyses [32]. In previous work, we designed efficient
ing path ends or starts at an invariant. Program verification tools constraint-based verification tools for two popular domains, pred-
implementing typical fixed-point computation algorithms are spe- icate abstraction [32, 20] and linear arithmetic [21]. The tools for
cialized to work solely with constraints with one positive and one both domains satisfy Requirement 1.

negative unknown because there is no need to be more general. Constraint-based verification tools reduce a verification condi-

In fact, traditional iterative fixed-point computation is even tion vc (with invariant unknowns) to a boolean constraiftuc)
more specialized in that it requires support for either just one pos- such that a satisfying solution to the boolean constraint corresponds
itive unknown or just one negative unknown. Traditional verifiers to valid invariants. The property they ensure is the following:
work either in a forward (computing least fixed-point) or back-
wards (computing greatest-fixed point) direction starting with the
approximationl or T, respectively, and iteratively refining it.

A backwards iterative data flow analyzer always instantiates the
positive unknown to the current approximation and uses the result- The reduction can also be applied to synthesis condiioto get
ing constraint (with only one negative unknown) to improve the boolean constraints(sc) and a similar property holds. That is, the
approximation. For example, suppose the current approximation to boolean constraint(sc) is satisfiable iff there exist statements,
the invariantr is fs, then a backwards analyzer may instantigte ~ guards and invariants that satisfy the synthesis condition.
in the constraint A f1 = 7’ to get the formular A f1 = f£ (with . -
one negative unknown). It will then use the formula to improve ~ 4-3  lterative Verifiers asSolver(sc)
the approximation by computing a new value fothat makes this Let us now consider the case where the verification tool cannot han-
formula satisfiable. dle non-standard constraints, such as Eq. (4). This is the case for

Similarly, a typical forwards iterative data flow analyzer in- typical iterative program verification tools that compute increas-
stantiates the negative unknown to the current approximation andingly better approximations to invariants. We show that despite this
uses the resulting constraint (with only one positive unknown) to lack of expressivity it is still possible to solve synthesis conditions
improve the approximation. For example, suppose the current ap-as long as the tool satisfies an additional requirement.

PROPERTY1. The boolean constraint(vc) is satisfiable iff there
exists a fixed-point solution for the unknowns corresponding to the
invariants.

proximation to the invariant is fs, then a forwards analyzer may The only non-implication constraint in the synthesis condition
instantiater in the constraint A fi = 7’ to get the formula sc is WellFormCond(sc). In Section 3.4, we discussed how an it-
fo A fi = 7' (with one positive unknowm). It will then use the erative lower-bounded search can discover the transififips —

formula to improve the approximation by computing a new value s;}; without asserting Eq. (5). There we had left the question of
for 7’ that makes this formula satisfiable. ensuringvalid(s;) unanswered. Consider now the case where a



valid solutiong;, s; exists (i.e.,s; is notfalse or thatvalid(s;)

the precondition) and hints about the form of the invariants. The

holds) that satisfies the constraint set. As an instance, in Example 6tool then generates invariants that suffice to prove the assertions. If
we have a synthesis condition for which a valid solution exists as the tool fails to generate the invariants, then either the assertions in

shown by Eq. (7). Notice that this solutionsgrictly weaker than

the program do not hold or no invariants exist that are instantiations

another solution that assigns identical values to other unknowns of the given template form.

but assign£alse to any ofssz, ss or s3. In fact, we can observe
that if the tool only generates maximally weak solutions then be-
tween these two solutions (which are comparable as we saw), it
will always pick the one in which it does not assiiil se to state-
ment unknowns. Therefore, it will always generatesuch that
valid(s;) holds unless no suck; exists. Therefore, if the pro-
gram verification tool satisfies the following requirement, then we
can omit Eq. (5) from the synthesis condition and still solve it using
the tool.

REQUIREMENT 2. Solutions are maximally weak.

This requirement corresponds to the tool's ability to compute
weakest preconditions. The typical approach to weakest precon-
ditions (greatest fixed-point) computation propagates facts back-
wards, but this is considered difficult and therefore not many tools
exist that do this. However, although traditional iterative data flow
verifiers fail to meet Requirements 1 and 2, there do exist some iter-
ative tools [32] that compute maximally weak solutions and there-
fore satisfy the requirements.

We have argued that maximally weak solutidos statement
unknownss; ensurevalid(s;), but this comes at the cost of de-
graded performance because maximally weak solutions are gener-
ated for guard and invariant unknowns too. We require maximally
weak solutions only for the statement unknowns, while for syn-
thesis we are interested amy solution to the guard and invari-
ant unknowns that satisfy the synthesis condition. In our trials, the
constraint-based scheme [21, 32] (which computes any fixed-point
in the lattice rather than the greatest fixed-point) outperformed the
iterative scheme [32]. In fact, our tool based on iterative approxi-
mations does not terminate for most benchmarks, and we therefore
perform the experiments using our constraint-based tool.

5. Experimental Case Studies

To evaluate our approach, we synthesized examples in three cate-
gories: First, easy to specify but tricky to programithmeticpro-
grams; secondsorting programs, which all have the same spec-

e VS, works over the theory of linear arithmetic and discovers
(quantifier-free) invariants in DNF form with linear inequali-
ties over program variables as the atomic facts. As hints, it
expects three integer parametetsx s;, maxen;, maxpy. 1he
parametersiaxqs; andmaxcy; limit the maximum number of
disjuncts and conjuncts (in each disjunct) in the invariants. Ad-
ditionally, maxs, is a integer pait(by, b2) for the size in bits
of invariant coefficient$; and intermediate computationhs.
None of our synthesized benchmarks required disjunctive in-
variants fiax4s; = 1), and we choose appropriate values for
max.n; andmaxs, for different benchmarks. For example, sup-
posex, y, z are the program variables and< y A z = x + 1
is the unknown program invariant. The user will specify some
valuew; for max.,; and(vz, vs) for maxy,. VSir, will setup and
solve constraints for a conjunctive invariant with atoms of the
formco + c1x + coy + csz > 0. It will search for solutions to
each coefficient; assumed to have, bits and uses bits for
any intermediate values in the constraints. In this example, any
v1 > 3 and anyvy > 2 (one bit for the sign) will work, and we
can choose a large enoughto avoid overflows.

vs3, works over a combination of the theories of equality
with uninterpreted functions, arrays, and linear arithmetic and
discovers (possibly) quantified invariantgss, expects the
boolean structure of the invariants, i.e., quantification and dis-
junctions, to be made explicit as a template. As hints, it expects
a boolean templaté& (with holes for conjunctive facts) and a
set of predicate®. VS5, infers the subset of predicates from
P—the atoms of the conjunct—that populate the hole§"in
For example, ift > 0AVEk: 0 < k <z = A[k] < A[k+ 1]

is the invariant, thesg, would discover it when run with any

T thatis at least[—] A Vk : [-] = [—]) and anyP that is a
superset ofx > 0,k > 0,z > k, Alk + 1] > A[k]}, where

[—] denotes a conjunctive hole.

ExtensionsThese tools are powerful and can infer expressive

ification but yield different sorting strategies depending on the invariants such as those requiring quantification and disjunction,

resource constraints; thirdlynamic programmingprograms for

but for some of the benchmarks, the reasoning required was beyond

which naive solutions yield exponential runtimes, but which can even their capabilities. We therefore extended the base verifiers

be computed in polytime by suitable memoization.
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We augmented our constraint-based verification tools from prior
work to build more powerful verifiers that we use as solvers for
synthesis conditions. In this section, we summarize the capabilities
of these tools and our extensions to them. The description here
is necessarily brief due to lack of space, and more details can be
found in the companion technical report [35]. We also describe a
technique we use to simplify user input by expanding flowgraphs
to be more expressive as required sometimes.

Implementation

Verification Tools Our synthesis technique relies on an underly-
ing program verification tool. For this work, we used tools that are
part of thevs® project [33]. We used two tools: an arithmetic verifi-
cation tool [21], which we calvs?;, here; and a predicate abstrac-
tion verification tool [32, 34, 20], which we callss, here.
CapabilitiesBoth verification toolg/sy;, andvs;, are based on
the idea of reducing the problem of invariant generation to satisfia-
bility solving. Each tool takes as input a C program (annotated with
assertions, typically the postcondition; and assumptions, typically

with the following features.

e Quadratic expressions for arithmefor handling quadratic ex-
pressions in the proofs, we implemented a sound but incom-
plete technique that renames quadratic expressions to fresh vari-
ables and then uses linear arithmetic reasoning, already built
into vs3;,. This suffices for most of our benchmarks, except
when linear relations need to be lifted to quadratic relations,
e.g..a >b> 0= a’®>b? > 0. This happens in one isolated
step in the integral square root binary search case, which we
circumvent by explicitly encoding an assumption. We call this
augmented solverss,.

¢ AxiomatizationProposals exist for extending verification tools
with axioms for theories they do not natively support, e.g., the
theory of reachability for lists [26]. We take such axiomatiza-
tion a step further and allow the user to specify axioms over
uninterpreted symbols that define computations. We implement
this in Vs3, to specify the meaning of dynamic programming
programs, e.g., the definition of Fibonacci. We call this aug-
mented solvevss,.



(@)

Strassens(int a;j,bi;) {

(b)
SelSort(int A[],n) {

v1:=(a11+az22)(b11+b22) 11120
vg:=(az1+az2)bi1 o1 ¢ _
vgi=a11(b12-b2o) wh:;)lc-.::i ' (i1 <n—1)
v4:=a22(b21—b11) Z21=Z11-;1
Us :=(a11+a12)b22 while™ %2 (iy < n)
ve:=(az1-a11)(b11+b12) it (Alia]< A[v1])
vr:=(a12-az22)(b21+b22) e
C11 :=v1+Ug-Vs+UT iybts 12725
c12:=v3+Us5 . .
Cc21 :=V2+vg :wff'(A[“LA[vl]) 5
€22 =01FV3TU2HUG retilrn’ A;

b

return c¢;;;
}
(C)
Fib(int n) {
v1 :=0;v1 :=1;471 :=0;
while™¥ (i1 < n)
v1 1=v1+vg;swap (vi, v2);
11+
return vi;

Ranking functions:

p1:m—1 —2

w2:m—1i2 —1
Invariantry :

Vk1,ka :0< k) <ks<mn

Nkl <i1 = A[k‘ﬂ < A[kz}

Invariantry :
i1 <t2N11 <wvp <n
Vki1,k2: 0< ki <ka<n

Ranking functionp: Ak < i1 = Alk1] < Alka]
r=s Vk:ip <k <iagAk>0
Invariantr:

= Alv1] < A[K]

v = Fib(i1) N vg = Fib(i1+1)

Figure 2. lllustrative examples from each of the domains. (a)
Arithmetic: Strassen’s Matrix Multiplication (b) Sorting: Selec-
tion Sort (c) Dynamic Programming: Fibonacci. For simplifying
the presentation, we omit degenerate conditional branches, i.e
true/false guards, We name the loop iteration countérs=

{i1, 2, . .} and the temporary stack variabl€s= {v1, v2, . .}.

Note that these extensions are to facilitate verification and not syn-

specify an acyclic flowgraph templafe:;., = o and a computa-
tion templateR..., = () that imposes no constraints. To ensure that
no temporaries are used we specily.... = (. The synthesizer
generates various versions of the program, e.g., one being

Swap(int z,y){z =z 4+ y;y =z —y;xz:=xz —y; }

Strassen’2 x 2 Matrix Multiplication ~ Consider Strassen’s ma-
trix multiplication, which computes the product of twox n ma-
trices in©(n?8") time instead 0B (n?). The key to this algorithm

is an acyclic fragment that computes the product of 2wo2 input
matrices{ai;, bi; }i,5=1,2 using 7 multiplications instead of the ex-
pected 8. Used recursively, this results in asymptotic savings. We
do not attempt to synthesize the full matrix multiplication proce-
dure because it contains no significant insight. Instead, we synthe-
size the crucial acyclic fragment, which is shown in Figure 2(a).
Here the preconditiof}.. iS true and the postconditioftpes: iS

the conjunction of four equalities as (over the outduis }i,j=1,2):

(& a)=( )

The synthesizer also generates many alternate versions that are
functionally equivalent to Figure 2(a).

As a side note, we also attempted synthesis using 6 multipli-
cations, which failed. This suggests that possibly no asymptoti-
cally faster solution exists using simple quadratic computations—
theoretical results up ta>37® are known, but use products that
cannot be easily be captured in the simple domains considered here.

a11b12 + a12b22
a21b12 + a22b22

a11b11 + ai12b21
a21b11 + a22b21

C12
C22

C11
C21

Integral Square Root Consider computing the integral square

root | /x| of a positive number: using only linear or quadratic
operations. The precondition 8. = = > 1 and the postcon-
dition, involving the output, is Fpeee = (i — 1) < & < 4%
We provide a single loop flowgraph templafgi., = (o) and
an empty computation templaf..., = 0. The synthesizer gen-

thesis. The synthesis solver is exactly the same as the verificationgaies different programs depending on the domain constraints and

tool. Without the extensions most of our benchmarks cannot even

the stack template:

be verified, and thus their verification can be seen as an independent

contribution.

Flowgraphs with Init/Final Phases In practice a fair number of
loops have characteristinitialization andfinalizationphases that
exhibit behavior different from the rest of the loop. In theory, ver-
ifiers should be able to infer loop invariants that capture such se-
mantically different phases. However, this requires disjunctive rea-
soning, which is fairly expensive if at all supported by the verifier.
Instead we use an alternate expan&gpand " (T') that introduces
acyclic fragments for the initialization and finalization if synthesis
without them fails. For instance, for Example 1, the the user only
needs to specify the flowgrapH{o) instead of the more compli-
catedo;x(o);0. Except for the expansion of loopExpand” (T')
expands all other statements exactly likepand™ (7") does. For
loops, it builds an initialization and finalization phase as follows.

Expand” (*(T))=Expand” (o);
while” (g) {Expand”(7T);
Expand”(o);

— Added initialization

}

— Added finalization

5.2 Algorithms that use arithmetic

For this category, we picky.: to be quadratic arithmetic and use
as our solver th¥sg, tool. We chose a set of arithmetic benchmarks
with simple-to-state functional specifications but each containing
some tricky insight that human programmers may miss.

Swapping without Temporaries Consider a program that swaps
two integer-valued variablesithout using a temporary. The pre-
condition and postcondition to the program are specifid,as =

(x = ca Ay = c1) andFyre = (z = c1 Ay = c2), respectively. We

® Reacx = {(int,0)} and we allow quadratic expressions in
Dexp, Dgra. The synthesized program does a sequential search
downwards starting from = x by continuously recomputing
and checkingi — 1)? againstz.

Rstacc = {(int, 1)} and we only allow linear expressions in
Dexp, Dgra. The synthesized program does a sequential search
but uses the additional local variable rather surprisingly to track
the value of(s — 1) using only linear updates. The synthesized
program is Example 1, from earlier.

Rstacc = {(int,2)} and we allow quadratic expressions in
Dexp, Dgra. The synthesized program does a binary search for
the value ofi and uses the two additional local variables to hold
the low and high end of the binary search space. To restrict
reasoning to linear arithmetic we model = |(s1 + s2)/2]

as the assumptiosy < m < sq. Additionally, because of the
incompleteness in the handling of quadratic expressions, our
solver cannot derivéss + 1)? < s3 from sg + 1 < s1. Thus

we provide the quadratic inequality as another assumption.

Bresenham’s Line Drawing Algorithm Consider Bresenham’s
line drawing algorithm, as we discussed in Section 1.1. For effi-
ciency, the algorithm only uses linear updates, which are non-trivial
to verify [16] or even understand (let alone discover from scratch).
We specify the preconditiofi,,e = 0 < Y < X. The post-
condition can be written as a quantified assertion outside the loop
or as a quantifier-free assertion inside the loop, as mentioned in
Section 1.1. We choose to annotate the flowgraph with the simpler
quantifier-free2|ly — (Y/X)z| < 1 at the loop header and addi-
tionally specify that the loop iterates over= 0.. X. This simpli-



fication in the implementation allowed us to U&g,, which only tion function (Section 4) to output a recursive call statenrest

supports quantifier-free facts. mt(Fo (02 = F L ot
We specify a single loop flowgrapRsio. = *(o) and empty Stmt (Fpre (Vi') = Fpost (Vou ")) = vew” 1= rec(vin’)
stack and computation templaté&sack = @, Reomp = 0. The We specify a computation template that allows only swapping or

synthesizer generates multiple versions, one of which is exactly moving of elements. We then try different values of the flowgraph
as shown in Figure 1(b) and can be translated to the program inand stack templates:

Figure 1(). ® Reow = ®;®;0 (two recursive calls followed by an acyclic
5.3 Sorting Algorithms fragment) and%stack = (: The synthesizer produt_:es a program

. . that recursively sorts subparts and then combines the results.
For this category, we piclD, s to be the theory supported by This corresponds to Merge Sort.

vs3,, which we use as our solver. The current version of our
tool works with a user-supplied set of predicates. We are working
on predicate inference techniques—in the style of CEGAR-based — '
model checkers [23]—but for now, we give the tool a candidate set program that partitions the elements _and then recursively sorts
of predicates. the subparts. This corresponds to Quick Sort.
The sortedness specification ponsists of the precondffign= 5.4 Dynamic Programming Algorithms
true and the postconditiofiess = Vi : 0 < k < n = Alk] < . . 3
Alk + 1]. The full functional specification would also ensure that FOr this category, we picky,.: to be the theory supported bi;;,
the output array is a permutation of the input, but verifying—and which we use as our splver. As in the previous section, since our
thus, synthesizing—the full specification is outside the capabilities {00! does not currently infer predicates, we give it a candidate set.
of most tools today. We choose all the textbook dynamic programming examples [8]
We therefore use a mechanism to limit the space of programs to and attempt to synthesize them from their functional specifications.
desirable sorting algorithms, while still only usidgs:. We limit The first hurdle (even for verification) for these algorithms is
Dy to those that only involve operations that maintain elements— that the meaning of the computation is not easily specified. To
for example swappingelements omovingelements to unoccupied addregs this issue, we need support for axioms, which are typically
locations. Using this mechanism, we ensure that invalid algorithms récursive definitions.
(that replicate or lose array elements) are not considered. Definitional Axioms The verification tool allows the user to de-

Non-recursive sorting algorithms Consider comparison-based ~fine the meaning of a computation as an uninterpreted symbol, with
sorting programs that are composed of nested loops. We specify a_(recur_swe) quantified facts defining the semantics of_the sym_bol ax-
flowgraph templateRe;o, = *(x(0)) and a computation template iomatically. For example, the semantics of Fibonacci are defined in
Reonp that limits the operations to swapping of array values. terms of the symbdib and the three axioms:
Lo . . Fib(0) = 0 AFib(l) =1
® Rstack = 0: The synthesizer produces two sorting programs VE: k> 0= Fib(k 4+ 2) = Fib(k & 1) - Fib(k
that are valid with respect to the scaffold. One corresponds to =t _1 (k +2) = Fib( . 1 + . l *) .
Bubble Sort and the other is a non-standard version of Insertion '€ tool passes the given symbol and its definitional axioms to the

Sort. The standard version of Insertion Sort uses a temporary Underlying theorem prover (23 [10]), which assumes the axioms
variable to hold the inserted object. Since we do not provide a Pefore every theorem proving query. With this interpretation of the
temporary variable, the synthesized program moves the insertegSYmbolFib known to the theorem prover, the verifier can now pose

element by swapping it with its neighbor, while still performing ~ theerem proving queries involving the symixilb. For instance,
operations similar to Insertion Sort. the iterative program for Fibonacci maintains an invariant of the

. i ) form = = Fib(z), which the verifier can now infer. This allows the

Rstace = {(int, 1)}: The synthesizer produces another sorting oo to verify dynamic programming programs that are typically

program that uses the temporary variable to hold an array index. jterative, relating them to the recursive definitional axioms.

This program corresponds to Selection Sortandis showninFig-  Even with verification in place, automatic synthesis of these

ure 2(b). Notice the non-trivial invariants and ranking functions  programs involves three non-trivial tasks for the synthesizer. First,

that are synthesized alongside for each of the loops. the synthesizer needs to automatically discover a strategy for
Recursive divide-and-conquer sortingConsider comparison-  translating the recursion (in the functional specificationhtm-
based sorting programs that use recursion. We make a few simplefecursive iteration(for the actual computation). The functional
modifications to the system to specify recursive programs. First, we specifications do not contain this information, e.g., in the specifica-
introduce a terminal string#” to the flowgraph template language  tion for Fibonacci above, the iteration strategy for the computation
(Eq. 2), representing a recursive call. (&%yre(vn), Fpost (Vous)) is not evident. Second, the synthesizer needs to take the (non-
denote the functional specification. Then we augment the expan-directional) equalities in the specifications anghose directional-

sion (Section 3.2) to handle the new flowgraph string as follows: ity such that elements are computed in the right order. For example,
for Fibonacci the synthesizer needs to automatically discover that

* R:aow = o;®;® (an acyclic fragment followed by two recursive
calls) andRstacc = {(int, 1)}: The synthesizer produces a

Expand”(®) = choose{[|true — srecur} Fib(k) andFib(k + 1) should be computed beforib(k + 2).
Wheresrecur = Sargs A (Fpre (Vin’) = Fpost (Vous”)) A Sret SELS VAl- Third, the synthesizer needs to discoveredficient memoization
ues to the arguments of the recursive call (usings), assumes the strategy for only those results needed for future computations, to fit
effect of the recursive call (USiINBre (Vin") = Fpost (vous” ), With the computation in the space provided—which is one of the bene-

the input arguments renamed ¢&," and the return variables re- fits of dynamic programming algorithms. For example, Fibonacci
named ta..”") and lastly, outputs the returned values into program can be computed using only two additional memory locations by

variables (USiNGret). The statements,,,s, sr.. take the form: suitable memoization. Fortunately, just by specifying the resource
constraints and using our proof-theoretic approach the synthesizer

— L — . . =/ . . . . .
Sargs = A i -G wﬂerexz € s“‘ € € DB"P|"“S is able to perform these tasks and synthesize dynamic programming
sree = N\;i%i=ei wherex; € Vars, e; € Dexplog,” algorithms from their recursive functional specifications.

HereVars denote the variables of the procedure (the input, output  Also, as in the case of sorting, we want to disallow completely
and local stack variables). We also tweak the statement concretiza-arbitrary computations. In sorting, we could uniformly restrict the



expression language to only swap and move operations. For dy-
namic programming, the specification of the operations is problem-
specific. For instance, for shortest path, we only want to allow the
path matrix updates that correspond to valid paths, e.g., disallow
arbitrary multiplication of path weights2..., specifies these con-
straints by only permitting updates through certain predicates.

Dynamic programming solutions typically have an initialization
phase (init-loop) and then a phase (work-loop) that fills the appro-
priate entries in the table. Therefore, we chog&a. with an init-
loop (x(o)) followed by a work-loop.

By specifying a flowgraph templatBs10. = *(o);*(o) and a
stack template with no additional variables (except for the case of
Fibonacci, where the synthesizer requitg... = {(int,2)}),
we were able to synthesize the following four examples:

Fibonacci Consider computing theth Fibonacci number from

the functional specification as above. Our synthesizer generates

a program that memoizes the solutions to the two subproblems
Fib(i1) andFib(i; + 1) in thei;th iteration. It maintains a sliding
window for the two subproblems and stores their solutions in the
two additional stack variables. The synthesized program along with
its invariant and ranking function is shown in Figure 2(c).

Checkerboard Consider computing the least-cost path in a rec-

tangular grid (with costs at each grid location), from the bottom

row to the top row. The functional specification states the path cost
for a grid location in terms of the path costs for possible previous
locations (i.e., below left, below or below right). Our synthesizer

generates a program that finds the minimum cost paths.

Longest Common Subsequence (LCSTonsider computing the

longest common substring that appears in the same order in two
given input strings (as arrays of characters). The recursive func-
tional specification relates the cost of a substring against the cost

Benchmark maXc,; | maxy, | Assumes
Swap two 0 2,6 0
Strassen’s 0 2,6 0
Sqrt (linear search) 4 2,6 0
Sqrt (binary search 3 2,8 2
Bresenham’s 6 2,5 0

Table 1. Parameters used for synthesis usisig, . For each bench-
mark, we list the maximum number of conjuncts in any invariant
(maxcn;) and bit vector sizesméxy,, for constants and for bit-
blasting), respectively. The last column lists any assumes we man-
ually specified.

Number of

Benchmark Defn. | Templates,| Annot. or

Axioms | Predicates| Assumes
Bubble Sort 0 3,17 1
Insertion Sort 0 3,16 1
Selection Sort 0 3,20 1
Merge Sort 0 4,16 3
Quick Sort 0 3,15 0
Fibonacci 3 1,12 0
Checkerboard 5 2, 8 0
Longest Common Subseq. 6 2,13 0
Matrix Chain Multiply 7 2,18 0
Single-Src Shortest Path 3 3,16 0
All-pairs Shortest Path 10 4,19 0

Table 2. Parameters used for synthesis usiag. For each bench-
mark, we list the number of definitional axioms required to specify
the meaning of the computation. Additionally, we list the number
of invariant templates and size of predicate set givensy. The

last column lists any annotations or assumes we manually specified.

of substrings with one fewer character. Our synthesizer generates &5 Pperformance

program for LCS.
Single Source Shortest Path Consider computing the least-cost

Parameters forvsy, and vsi;, Table 1 lists the parameters re-
quired to runvsg, over our arithmetic benchmarks. The second

path from a designated source to all other nodes where the weightco|ymn lists the maximum number of conjuncts..,) expected

of edges is given given as a cost function for each source and
destination pair. The recursive functional specification states the
cost structure for all nodes in terms of the cost structure of all nodes
if one fewer hop is allowed. Our synthesizer generates a program
for the single source shortest path problem.

For the following two examples, synthesis failed with the sim-
pler work-loop, but we synthesize the examples by specifying a
flowgraph template(o);*(x(o)) and no additional stack variables:

All-pairs Shortest Path Consider computing all-pairs shortest
paths using a recursive functional specification similar to the one

we used for single source shortest path. Our synthesizer times out

for this example. We therefore attempt synthesis by (i) specifying

the acyclic fragments and synthesizing the guards, and (ii) spec-
ifying the guards and synthesizing the acyclic fragments. In each
case, our synthesizer generates the other component, correspondi

to Floyd-Warshall’s algorithm.

Matrix Chain Multiply Consider computing the optimal way to
multiply a matrix chain. Depending on the bracketing, the total
number of multiplications varies. We wish to find the bracketing
that minimizes the number of multiplications. E.g., if we use the
simplen3 multiplication for two matrices, theA 10x 100 B1oox1C1 x50
can either takes 1,500 multiplications f@d B)C' or 55,000 mul-
tiplications for A(BC). The functional specification defines the
cost of multiplying a particular chain of matrices in terms of the

in each invariant. The third column lists the bit vector sizesk(,,)
used for invariant coefficients and intermediate values. The last col-
umn lists the assumptions we manually provided.

We guessed reasonable valuesdax..,,; for the programs with
loops. We started with a small value and iteratively increased it if
synthesis failed. For the bit-vector sizes, we choose two bits for
the coefficients since we were not expecting large coefficients in
the invariants. We then chose reasonable values (5-8) for the bit-
vector size for intermediate computations. There was only one case,
square root using binary search, where we had to specify a manual
assertion, as discussed earlier. In all, little user effort was required.
Table 2 lists the parameters required to K&, over our sort-
ing and dynamic programming benchmarks. The second column
lists the number of definitional axioms required for specifying the
meaning of the computation and are required even for verification.

he third column lists the number of templates and predicates used.
he last column lists the number of annotations or assumptions that
were manually provided.

The templates contain conjunctive holes and explicit quantifica-
tion and disjunction. For each benchmark, there is one quantifier-
free, disjunction-less, template and the remaining are universally
quantified with a form almost identical to the postcondition, and
therefore easy to write out. All invariants are conjunctions of the
templates with their holes instantiated with a subset (conjunction)
of the predicate set. The predicates are atomic relations between
linear and array expression over program variables and constants.

cost of a chain with one fewer element. Our synthesizer generatesWe specify a suitable predicate set for each benchmark. We start

a program that computes the optimal matrix bracketing.

with a candidate set and then iteratively added predicates when syn-



Benchmark Verif. | Synthesis| Ratio GAR [4]. Aside from these avoidable incompleteness issues of

)226.71 | (i) 2.02 Relevance Any solution to the synthesis conditions is a valid
(ii) 750.11 | (ii) 6.68 terminating program that _satlsfles the scaffo_ld specmcatlon. But
- - - - - there may be multiple valid ones that may differ, for instance, in
Table 3. (a) Arithmetic (b) Sorting (c) Dynamic Programming. For  cache behavior, runtime performance, or readability. Currently, we
each category, we indicate the tool used both for verification and 4o not prioritize the synthesized programs in any manner, but for
synthesis. For each benchmark, we indicate the time in seconds tocompleteness we let the solver enumerate solutions. To get another
solve the verification conditions and the synthesis conditions, and so|ytion, we assert the negation of a solution generated in a step
the slowdown for synthesis compared to verification. and iteratively ask for the next solution. Notice though that the
synthesis times reported in Table 3 are for generating the first
of those solutions. We envision that in the future, we can either
augment synthesis conditions with constraints about relevance or
use a postprocessing step to prioritize and pick relevant solutions
rom those enumerated.

All-pairs Shortest Path 112.28

3 | Swap two 011 0.12 1.09 verifiers, there are two major concerns for any synthesis system,

g | Strassen’s 0.11 4.98 | 4527 namelyscalabilityandrelevance

;':.’ Sqrt (I|rjear search) 0.84 9.96 11.86

g | Sat (binary search) 0.63 1.83 2.90 Scalability The synthesis conditions we generate are tractable for
Bresenham’s 166.54 | 9658.52| 58.00 current solvers, even though these benchmarks are considered some

~= | Bubble Sort 127 3.19 2.51 of the most difficult even to verify. Yet, the synthesis conditions

£ | Insertion Sort 2.49 5.41 2.17 are not trivial, as illustrated by the need to annotate three of the

2 ,\S/Ie'ea'%” Stort ig-;; 123-8(7) g-gg sorting benchmarks to omit invariants for their outer loops. With

5 erge Sor : : : the current system we expect to be able to synthesize programs that

® | Quick Sort 1.74 160.57 | 92.28 - : > i

=TFb - > T have more lines of code, but for which the reasoning involved is not

5 Clhggl?:r%oard 829 ggg g’gg as complicated as in our benchmarks. But to synthesize programs

S | Longest Common Subsed.  0.53 1423 26.85 tha_lt_are Iar_g_erand involve more complicated reasoning, more

£ | Matrix Chain Multiply 6.85 88.35 | 12.90 efficient verifiers are needed.

E Single-Src Shortest Path |  46.58 124.01 2.66

g

[a)]

thesis failed. We needed at most 20 predicates, which were easily
found for each benchmark. In the interest of space, we omit the
exact templates and predicates used for each benchmark, but the,
can be found in the companion technical report [35]. For each of
the sorting programs with a nested loop structure (Bubble, Inser-
tion and Selection Sort), the outer loop invariant is redundant given 6. Related Work

the inne_r loop invariant. Therefore, we tag the outer loop—the one pygof-theoretic program synthesis Dijkstra [14], Gries [18] and
annotation each case—and the solver does not to attempt to generyyrth [38] advocated that programmers write program that are
ate its invariant, improving performance. For Merge Sort, synthe- ¢ rect-hy-construction by manually developing the proof of cor-
sis fails unless we reduce the search space by manually specifyingeciness alongside the program. Because techniques for efficient
three simple quantifier-free atomic facts of the invariant. In all, little  jariant inference were unavailable in the past, synthesis was con-
user effort was required. sidered intractable [12]. Recently, scheme-guided synthesis [17]

Runtimes Table 3 presents the performance of a constraint-based Nas been proposed but specialized to the arithmetic domain [5].
synthesizer over arithmetic, sorting and dynamic programming Catégorizations of approaches as constructive/deductive synthesis,
benchmarks using the parameters from Tables 1 and 2. All run- schema-guided synthesis and inductive synthesis are pr_esented in
times are median of three runs, measured in seconds. We measur@ recent survey [1]. Our approach can be seen as midway be-
the time for verification and the time for synthesis using the same Ween constructive/deductive synthesis and schema-guided synthe-
tool. The total synthesis time varies between 0.12-9658.52 sec-SiS- Some researchers proposed heuristic techniques for automa-
onds, depending on the difficulty of the benchmark, with a median tion, but they cater to a very limited schematic of programs are
runtime of 14.23 seconds. The factor slowdown for synthesis varies limited in their applicability [15]. In this paper, we have shown that
between 1.09-92.28 with a median of 6.68. verification has reached a point whengtomaticsynthesis is feasi-

The benchmarks we used are considered difficult even for veri- ble.
fication. Consequently the low average runtimes for proof-theoretic
synthesis are encouraging. Also, the slowdown for synthesis com-
pared to verification is acceptable, and shows that we can indeed
exploit the advances in verification to our advantage for synthesis.

Extracting program from proofs The semantics of program
loops is related to mathematical induction. There, an inductive
proof of the theorem induced by a program specification can be
used to extract a program [27]. Using significant human input, the-
orems proved interactively in the Coq have a computational analog
) o ) that can be extracted [2]. The difficulty is that the theorem is of
Our synthesis system borrows the limitations of the underlying ver- the whole program, and proves that an output exists for the spec-
ifiers. Specifically, we added assumptions for two cases, binary jfication. Such a theorem is much more difficult than the simple

search square root and merge sort, to compensate for the incomtheorem proving queries generated by the verification tool.
plete handling of quadratic expressions 8g, and inefficiency

of VS3, respectively. Similarly, we have to specify a set of can- Sketching Instead of a declarative specification of the desired
didate predicates forsi;,—an overhead that can be alleviated us- computation as we use, combinatorial sketching [29, 30, 31] uses
ing predicate inference techniques. For our experiments, this meantan unoptimized program as the specification. A model checker
that at times, our guesses were not sufficient, and synthesis only€liminates invalid candidate programs that the synthesizer gener-
succeeded after a first few failed attempts which were used to iter- ates. Loops are handled in a novel but incomplete manner, by un-
atively refine the set of predicates, akin to a manual run of CE- rolling, or by using a predefined skeleton, or by using domain spe-
cific loop finitization tricks [29] that are not applicable when syn-

1 These timings are for separately (i) synthesizing the loop guards, and for thesizing true unbounded loops (which our approach synthesizes
(ii) synthesizing the acyclic fragments. naturally using safety and liveness constraints). Sketching does not

5.6 Limitations and Future Work




inherently generate the proof, although postprocessing steps can[10] Leonardo de Moura and Nikolaj Bjgrner. Z3, 2008ttp://
ensure correctness [30], while our approach produces the program, research.microsoft.com/projects/z3/.

and the proof. [11] Edsger W. Dijkstra. Guarded commands, nondeterminacy and formal

. . . derivation of programsCommunications of the ACM8(8):453-457.
Model checking-based synthesis of automat&eminal work prog CMB(8)

on model checking [3] proposed synthesizing synchronization [12] Edsger W. Dijkstra. A constru_ctive approash to the problem of
skeletons—a problem that has recently seen renewed interest [36, ~ Program correctnes®&IT Numerical Math. §(3):174-186, 1968.

37]. Synthesis from LTL specification has also been consid- [13] Edsger W. Dijkstra and Carel S. Scholteredicate Calculus and
ered [28]. For the case of reactive systems, proposals exist that ~ Program SemanticsTexts and Monographs in CS. 1990.

reduce the synthesis problem to a game between the environment[14] Edsger Wybe DijkstraA Discipline of Programming1976.

and the synthesizer where the winning strategy corresponds to the[15] Joe W. Duran. Heuristics for program synthesis using loop invariants.

synthesized program. Recently, this approach has also been ap-" " |5 Acm '78 pages 891-900, New York, NY, USA. ACM.
plied to program repair [25, 19], which can be seen as restricted

program synthesis. Despite optimizations [24], the practicality of
these approaches for complete program synthesis remains unclear.

[16] Jean-Christophe FiBitre. Using SMT solvers for deductive
verification of C and Java programs. $MT'08

[17] Pierre Flener, Kung-Kiu Lau, Mario Ornaghi, and Julian Richardson.
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