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Abstract. We study the geometry and computation of free-form hexagonal meshes
with planar faces (to be called P-Hex meshes). Several existing methods are reviewed
and a new method is proposed for computing P-Hex meshes to approximate a given
surface. The outstanding issues with these methods and further research directions are
discussed.
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1. Introduction. A hexagonal mesh with planar faces is a discrete
polyhedral surface in 3D whose faces are planar hexagons and whose ver-
tices have degree 3. It will be abbreviated as the P-Hex mesh through
out this paper. P-Hex meshes are used in architecture design of glass/steel
panel structures and provide a useful representation for various special sur-
faces, such as minimal surfaces or constant mean curvature surfaces [2], in
discrete differential geometry. (See Figure 1.) There are several existing
methods for computing a P-Hex mesh to approximate a given shape. We
will review these methods to motivate further research. In addition, we will
study the geometric properties of P-Hex meshes and present a new method
for computing P-Hex meshes. We will consider robust computation of offset
surfaces specific to P-Hex meshes.

Fig. 1. Left: A geodome constructed using a P-Hex mesh in the Eden Project in
UK; right: the convex parts of this model are constant mean curvature (CMC) surfaces
modeled by P-Hex meshes [6].

The requirement on face planarity of P-Hex meshes arises naturally
in modeling of glass/steel panel structures in architecture. Each flat glass
panel, represented by a hexagonal face, is framed by beams which are
joined at nodes represented by the vertices of the mesh. The node com-
plexity, defined as the number of beams joined at a node, is a major con-
sideration in manufacturing cost. Since their vertices have degree 3, the
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Fig. 2. Left: An ellipsoid tiled with P-Hex faces and 12 planar pentagons; right:
a torus tiled entirely with P-Hex faces.

P-Hex meshes offer the simplest node complexity compared with meshes
with planar quadrilateral faces or triangle meshes [6].

Only a closed surface of genus 1 (e.g. a torus) may be tiled with a
P-Hex mesh. On a closed surface of genus 0, faces other than hexagons
must be used, provided that all the vertices are of degree 3 (for example,
see Figure 2). Assuming that only hexagons and pentagons are allowed,
it is easy to show that there have to be exactly 12 pentagons. A typical
soccer ball is an example of such a tiling of a surface of genus 0, which has
12 pentagons and 20 hexagons.

Two concepts important to the study of P-Hex meshes are conjugate
curve network and the Dupin indicatrix of a surface. Consider a point p
on a surface S. Let Tp(S) denote the 2D space of tangent vectors to S
at p. Then the differential of the Gauss map, which is the differential dN
of the unit normal vector N of S at p, defines a self-adjoint linear map
on Tp(S). Two vectors v and w are conjugate at p if the inner product
〈dN(v), w〉 = 0 [7]; note that this relationship is symmetric, since dN is a
self-adjoint. In particular, at a point p on a developable surface the unique
ruling direction at p is conjugate to any other direction. A conjugate curve
network on S consists of two families of curves, F1 and F2, on S such that
at any point p ∈ S there is a unique curve in F1 and a unique curve in
F2 passing through p and the tangent vector to the curve in F1 and the
tangent vector to the curve in F2 are conjugate.

Suppose that we have a 2D local coordinate system on Tp(S) with
the x and y axes aligned with the principal curvature directions of S at
p. Then the Dupin indicatrix is a conic defined by κ1x

2 + κ2y
2 = ±1,

where κ1, κ2 are principal curvatures [7]. Specifically, when p is an elliptic
point, assuming that the two principal curvatures κ1 > 0 and κ2 > 0 by
changing the orientation of the surface if necessary, the Dupin indicatrix
is the ellipse κ1x

2 + κ2y
2 = 1. When p is a hyperbolic point, the Dupin

indicatrix consists of two hyperbolas κ1x
2 + κ2y

2 = ±1 having the same
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Fig. 3. Three strips on a P-Hex mesh along the directions T1, T2 and T3.

pair of asymptotic lines. When p is a parabolic point, assuming that κ1 6= 0
and κ2 = 0, the Dupin indicatrix is the pair of lines κ1x

2 = ±1. The Dupin
indicatrix is not defined at a planar point, where κ1 = κ2 = 0. Within the
above 2D x-y coordinate system in Tp(S), the Dupin indicatrix has the
polar representation ρ = ±1/

√
|κ(θ)|, where κ(θ) is the normal curvature

of S in the direction of the vector (cos θ, sin θ)T .
We will take an asymptotic approach in our subsequent analysis. We

assume a sequence of P-Hex meshes converging to a surface S, with each
hex face h converging to the tangent plane of S at the center of h. An
asymptotic analysis is useful to designing numerical methods in practice
when a P-Hex mesh is a close approximation to a smooth surface and the
faces of the P-Hex meshes are sufficiently small.

A P-Hex mesh comprises three families of developable strips (see Fig-
ure 3). Here a developable strip is a surface consisting of a sequence of
planar faces joining consecutively along line segments. A developable trip
has a central curve formed by the polygon connecting the centers of con-
secutive hex faces of the strip. Note that the edges between consecutive
faces of a developable strip are the discrete rulings of the developable strip.
Therefore these edges are conjugate to the direction of the central curve,
as a consequence of the discrete analogue of the class result for smooth
developable surfaces [7].

At the center of a hex face h, the central curves of the three strips
containing h define three directions. Meanwhile, we assume that in the
limit each pair of opposite edges of h are parallel, that is, h has central
symmetry. Therefore, the three pairs of opposite edges of h define another
three directions at the center of h. It follows that the first three directions
are conjugate to the latter three, respectively. Hence, the hex face is con-
strained by a homothetic copy of the Dupin indicatrix, as summarized by
the following theorem. (A homothetic copy of a shape is the image of the



4 WENPING WANG AND YANG LIU

V1

V2

V3

V4

V5

V6

D12 = V1+V2
2

h

O = (0, 0)

x

y

Fig. 4. Illustration for the proof of Theorem 1.

shape under uniform scaling and translation.)
Theorem 1: Let M be a P-Hex mesh converging to a surface S, with

each face of M converging to the tangent plane of S at the center of the
face. Let h be a face of M with its center being a point O on the surface
S. In the limit, h is inscribed to a homothetic copy of the Dupin indicatrix
of the surface S at O.

Proof: Refer to Figure 4. First we set up a local 2D coordinate
system on the tangent plane Γ of the surface S at O, with the coordinate
axes in the principal curvature directions at O. In the limit we can assume
that h lies on the tangent plane Γ, with its center at O. Due to its central
symmetry, the hex face h is uniquely determined by its vertex vectors
V1, V2, V3, with V4 = −V1, V5 = −V2, and V6 = −V3.

In the above 2D coordinate system on the tangent plane Γ, denote
Vi = (`i cos θi, `i sin θi)T , i = 1, 2, 3, subject to that `i > 0, θ1 < θ2 < θ3
and θ3 − θ1 < π. Consider any two consecutive vertices, say V1 and V2

(Figure 4). Note that the strip along the central curve directionD12 = (V1+
V2)/2 is conjugate to the ruling direction V2−V1 with respect to the inner
product 〈X,Y 〉 ≡ XT diag(κ1, κ2)Y defined by the second fundamental
form. Therefore,

κ1(`21 cos2 θ1 − `22 cos2 θ2) + κ2(`21 sin2 θ1 − `22 sin2 θ2) = 0.

It then follows from Euler’s theorem that

κ(θ1)`21 − κ(θ2)`22 = 0, (1.1)

where κ(θj) is the normal curvature in the direction (cos θj , sin θj)T , j =
1, 2. Comparing (1.1) with the polar representation of the Dupin indicatrix
given previously, we conclude that the six vertices of h lie on a homothetic
copy of the Dupin indicatrix. �
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Fig. 5. Upper: A P-Hex mesh tiling a torus; lower left: a convex P-Hex face is
in a first approximation inscribed to a homothetic copy of the Dupin conic, which is
an ellipse, when K > 0; lower right: a concave P-Hex face is in a first approximation
inscribed to a homothetic copy of the Dupin conic, which is a hyperbola, when K < 0.

The above analysis indicates that convex planar hex faces appear only
in an elliptic region of a surface, where the Gaussian curvature K > 0 and
the Dupin indicatrix is an ellipse, and the P-Hex faces are concave hexagons
in a hyperbolic region, where K < 0, since they are inscribed to hyperbolas
(see Figure 5). Even in an elliptic region, we in general cannot expect to
have P-Hex faces to be regular hexagons, since the Dupin indicatrix is in
general not a circle.

2. Existing Methods. In [3] stereographic projection is used to map
a power diagram of a set of points in 2D, which is an extension of Voronoi
diagram, onto an ellipsoid to form a polyhedral surface with planar faces.
If the faces of the power diagram are hexagons, then a P-Hex mesh approx-
imating the ellipsoid will be generated. This method cannot be extended
to other types of quadrics, such as a hyperboloid of one-sheet, or more
general free-form surfaces.

An elegant and effective approach to computing a P-Hex mesh is based
on projective duality, which establishes a relationship between a triangular
mesh and a P-Hex mesh. In fact, this relationship has been used to de-
rive subdivision rules for P-Hex meshes from subdivision rules for triangle
meshes [4]. When applying this approach to generating a P-Hex mesh from
a triangle mesh, it suffers from the lack of robustness common to several
other existing methods.

Recall that projective duality is a transformation that maps a plane
aX + bY + cZ + dW = 0 in 3D prime space into the point Q(X,Y, Z,W )T

in homogenous coordinates in dual space, where Q is a given symmetric
matrix. With an affine specialization, we consider the particular duality
that maps a plane not passing through the origin, in the form ax + by +
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cz + 1 = 0 in primal space, to a point (a, b, c)T in dual space. Under this
mapping, a surface S is mapped to another surface S′, called the dual of
S, consisting of points corresponding to the tangent planes of S. Clearly,
a P-hex mesh approximating a surface S is dual to a regular triangle mesh
approximating S′, the dual of S, with each hex face being dual to a degree
6 vertex of the triangle mesh. This property suggests the following method
for computing a P-Hex mesh. Given a surface S, first compute the dual
S′ of S, then compute a regular triangulation of S′, and finally map this
triangulation to a P-Hex mesh approximating S.

Fig. 6. Left: a P-Hex mesh approximating a torus; right: the projective dual of
the torus with its triangulation corresponding to the P-Hex mesh in the left figure.

However, there are three major problems with this approach: 1) pro-
jective duality may have high metric distortion and parabolic points of S
give rise to singular points on S′ (see Figure 6). These make it difficult
to compute a good triangle mesh on S′; 2) Under projective duality the
correspondence between the points of S and the points of S′ is often not
one-to-one. This makes it difficult to map a triangulation of S′ in dual
space back to a P-Hex mesh of S in primal space; 3) It is not clear what
kind of triangle meshes of S′ correspond to P-Hex meshes whose faces are
free of self-intersection (see Figure 7). As the consequence of these draw-
backs, the method based on projective duality cannot be used to generate
P-Hex mesh tiling a free-form surface S. Moreover, even when S is con-
vex the method often generates invalid P-Hex meshes with self-intersecting
faces, as illustrated in Figure 7.

The method in [1] uses the supporting function defined over the Gaus-
sian sphere of a free-form surface S to compute a P-Hex mesh. The idea is
to first obtain a piecewise linear approximation of the supporting function
over a triangulation of the Gaussian sphere. Then it can be shown that the
surface determined by this piecewise linear supporting function is a P-Hex
mesh approximating the surface S.

Consider a tangent plane ax + by + cz + 1 = 0 of S. With the
support function, this tangent plane is represented by the unit normal
vector (a/m, b/m, c/m) ∈ S2, where m = (a2 + b2 + c2)1/2, and its dis-
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Fig. 7. Left: a convex surface S approximated by a self-intersecting P-Hex mesh;
right: The dual of S represented by a triangular mesh corresponding to the P-Hex mesh
in the left figure.

tance from the origin (0, 0, 0) to the plane, which is 1/m. Therefore, the
graph of the support function over S2 can be represented by the point
p = 1

m (a/m, b/m, c/m) = (a/m2, b/m2, c/m2). We recognize that p is the
inversion with respect to the sphere S2 of the point (a, b, c)T , which is the
dual point of the tangent plane ax + by + cz + 1 = 0. Hence, the support
function can be regarded as the composition of the duality and the spher-
ical inversion with respect to S2. Because of this, the method in [1] has
the same limitations of the other methods based on projective duality. As
a consequence, it can only be applied to a surface patch with all elliptic
points (K > 0) or all hyperbolic points (K < 0), and even in these simple
cases it often produces invalid P-Hex meshes.

The concept of parallel meshes is proposed in [6] for defining and com-
puting various types of offset surfaces of a mesh surface. It may also be
used for computing P-Hex mesh for simple surfaces, such as a surface patch
with K > 0 everywhere or K < 0 everywhere. With this method, for ex-
ample, the convex parts of the model in Figure 1(b) are modeled as P-Hex
meshes parallel to a convex Koebe mesh [6]. A restrictive assumption here
is that there is already a P-Hex mesh H available, and a new P-Hex mesh
H ′ approximating a given surface S will then be generated as a parallel
mesh of H. Moreover, again in this case the P-Hex mesh H ′ often contains
faces with self-intersection.

This review shows that no existing method is capable of computing
a valid P-Hex mesh of free-form shape. So it will be a breakthrough if
a robust method can be developed for computing valid free-form P-Hex
meshes. There are two major problems we must address to achieve this
goal. The first is generality — we hope to have a method capable of com-
puting a P-Hex surface approximating any free-form surface, with elliptic,
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hyperbolic, and parabolic regions all existing on the same surface. The sec-
ond is validity — as the most basic requirement by practical applications,
we need to ensure that the faces of the computed P-Hex mesh are free of
self-intersection. In addition, from the design point of view, there is a need
to explore the full flexibility of P-Hex meshes to allow fine control of the
shape and size of the hexagonal faces of a P-Hex mesh.

3. A New Method. We will propose a simple method for computing
P-Hex meshes. This method has two main steps – we first compute an
initial hexagonal mesh that is close to a P-Hex mesh and then use local
perturbation to produce the final P-Hex mesh.

As input we start with a conjugate curve network on a target surface
S to be approximated (see the left figure of Fig. 8). Sampling these two
families of curves, we obtain a quad mesh that is nearly a planar quad mesh
[5]. Then we shift every other row of the quad mesh to form a brick-wall
layout, which consists of nearly planar hexagonal faces. (See the middle
figure of Fig. 8 ).

In the second step we use nonlinear optimization to locally perturb the
above hexagonal mesh into an exact P-Hex mesh. Note that every 4-point
subset of the 6 vertices of a hex face defines a tetrahedron. Obviously, the
hex face is planar if and only if the volumes of all these tetrahedra are zero.
Therefore, the constraints of our optimization are that the volumes of all
the tetrahedra of all the hex faces be zero. To prevent the vertices of the
hex mesh from shifting away from the target surface S, we minimize an
objective function defined as the sum of the squared distances of the mesh
vertices to S. Thus, we end up with a constrained nonlinear least squares
problem. We have implemented a penalty method to solve this problem
and obtained satisfactory results. The flow of processing is illustrated using
a torus in Figure 8. Figure 9 shows the computation of a P-Hex mesh
approximating an open surface patch containing different types of curved
regions.

The new method can handle a general surface which contains both
regions of positive curvature and regions of negative curvature. Empiri-
cally, the face self-intersection are removed by using appropriate sampling
sizes of the input conjugate curve network. However, a clear theoretical
understanding of face self-intersection and a guaranteed practical measure
for avoiding it are still missing. We also need to point out that the new
method only produces approximately planar hexagonal faces due to its min-
imization nature, while previously duality-based methods produce exactly
planar hexagonal faces.

4. Offset Mesh. A closely related issue is the computation of the
offset surfaces of P-Hex meshes, which are demanded for modeling multi-
layered supporting structures of a glass panel structure. The offset of a
polyhedral surface is the discrete analogue of the offset surface of a smooth
surface. There are several variants of the offset of a polyhedral surface; the



A NOTE ON PLANAR HEXAGONAL MESHES 9

Fig. 8. Left: a conjugate curve network; middle: the hexagonal mesh obtained
by “shifting” alternative rows of the network in the left figure; right: a P-Hex mesh
obtained by locally perturbing the hexagonal mesh in the middle figure.

Fig. 9. Computation of a P-Hex mesh approximating an open surface. Left: a
conjugate curve network; middle: the intermediate hexagonal mesh; right: the final
P-Hex mesh after local perturbation.

most obvious one is the constant-face-distance offset, which is a polyhedral
surface obtained by displacing each face of a given polyhedral surface by a
constant distance along the normal of the face. In the following, a polyhe-
dral surface will also be called a mesh, with the understanding that each
face of the mesh is a planar polygon.

The offset mesh is closely related to the notion of parallel meshes —
two meshes are parallel to each other if they are isomorphic and their
corresponding edges have non-zero lengths and are parallel to each other.
According to [6], the constant-distance offset of a smooth surface can be
extended to the setting of polyhedral surfaces in three different ways: (1)
constant face-distance offset; (2) constant edge-distance offset; and (3) con-
stant vertex-distance offset. In terms of parallel meshes, a mesh M pos-
sesses a constant face-distance offset if it has a parallel mesh M ′ whose
faces are tangent to S2; a mesh M possesses a constant edge-distance off-
set if it has a parallel mesh M ′ whose edges are tangent to S2; and a mesh
M possesses a constant vertex-distance offset if it has a parallel mesh M ′

whose vertices are on S2. In the three cases above, the parallel mesh M ′

is called the discrete Gaussian image of the given mesh M . Then an offset
mesh Md with offset distance d of the mesh M is given by Md = M+d ·M ′,
which is understood to be a vector expression for the corresponding ver-
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tices of the three meshes M , M ′ and Md. We refer the reader to [6] for
more detailed discussions about the definition, existence and construction
of offset of general polyhedral surfaces.

In the following we will consider computing the offset meshes of P-
Hex meshes. An equivalent condition for a mesh M with planar faces to
possess a face-distance offset is that for every vertex v of M , all the faces
incident to v are tangent to a common cone of revolution. For this reason,
a mesh M possessing this property is also called a conical mesh. Obviously,
this condition is satisfied by any P-Hex mesh, since there are exactly three
faces incident to any vertex of a P-Hex mesh. That is, any P-Hex mesh
is a conical mesh; as a consequence, any P-Hex mesh possesses constant
face-distance offset P-Hex meshes.

Given a P-Hex mesh, its offset with the face-distance equal to a con-
stant d can be computed as follows. For each vertex, we offset the three
incident faces outward along their face normals by the distance d and in-
tersect the three planes containing the three offset faces to determine the
vertex of the offset mesh. Clearly, this approach will fail when the three
faces are co-planar and it is numerically unstable when the three faces are
nearly co-planar.

A more robust scheme is as follows. Let fi, i = 0, 1, 2, be the three hex
faces incident to a vertex v of a P-Hex mesh M . Let vd be the vertex of
the offset mesh Md corresponding to v. Let Ni denote unit normal vectors
of the fi. Let θi be the internal angle of fi at v. Then the “vertex” normal
vector Nv of M ar v, defined by vd − v, is parallel to

N̄v =
2∑

i=0

(tanβi + tan γi)Ni,

where βi = 1
2 (θi +θi+1−θi−1) and γi = 1

2 (θi +θi−1−θi+1), i = 0, 1, 2, mod
3. The proof of this formula is elementary so we omit it here. Using this
formula, the vertex vd can be determined by intersecting the line p(t) =
v+tN̄v with any one of the offset planes of the three faces. Figure 10 shows
a P-Hex mesh with its constant face-distance offset mesh.

Next we consider the constant vertex-distance offset of a P-Hex mesh.
An arbitrary P-Hex mesh may not possess a constant vertex-distance offset
mesh. According to the above discussion, a necessary and sufficient condi-
tion for a P-Hex mesh M to have a constance vertex-distance offset is that
it is parallel to a P-Hex mesh M ′ inscribed to the sphere S2. Clearly, if
there is such a mesh M ′, then every hex face of M ′ is inscribed to a circle.
Let h′ be a face of M ′. Let α′i, i = 0, 1, . . . , 5, denote the six consecutively
ordered internal angles of h′ (see Figure 11). Then, since h′ is inscribed to
a circle, it is easy to show that α′0 + α′2 + α′4 = α′1 + α′3 + α′5. Let h be
the hex face of M corresponding to h′. Let the αi, i = 0, 1, . . . , 5, be the
corresponding angles of h. Since the edges of the face h are parallel to the
edges of the face h′ of M ′, αi = α′i. Therefore α0 +α2 +α4 = α1 +α3 +α5.
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Fig. 10. Left: A free-form P-Hex mesh and its constant face-distance offset mesh;
right: the Gauss image of the P-Hex mesh, whose faces are tangent to the sphere S2.

h′ h
α′0

α′1 α′2

α′3

α′4
α′5

α0

α1 α2

α3

α4
α5

Fig. 11. Left: A hex face h′ inscribed to a circle; right: a hex face h parallel to h′.

Conversely, it is easy to see that if

α0 + α2 + α4 = α1 + α3 + α5 (4.1)

for a planar hex face h, then h is parallel to a hex face h′ that is inscribed
to a circle. From this it can be shown that, for an open P-Hex mesh M
surface, it possesses a constant vertex distance offset mesh if and only if
the angle condition (4.1) holds for every hex face h of M . That is to
say, the angle condition (4.1) is a necessary and sufficient condition for a
P-Hex mesh to possess constant vertex-distance offset meshes. Note that
this angle condition (4.1) is only a necessary condition on this existence of
constant vertex-distance offset meshes of a P-Hex mesh of a more complex
topological type.

Figure 12 shows a P-Hex mesh whose faces satisfy the angle condition
(4.1), together with its constant vertex-distance offset mesh, computed by
integrating the angle condition (4.1) as a constraint in our local perturba-
tion method.
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Fig. 12. Left: A P-Hex satisfying the angle condition given by Eqn. (4.1), with its
constant vertex-distance offset P-Hex mesh (superimposed); right: the Gauss image of
the P-hex mesh, whose vertices are on the sphere S2.

According to [6], a P-Hex mesh possessing a constant edge-distance
offset is necessarily parallel to a Koebe mesh, a mesh whose edges are
tangent to the unit sphere S2. This imposes significant restriction to the
kind of surface shapes that can be represented by such P-Hex meshes.
Also, the computation of the constant edge-distance offset meshes is more
involved than the other types. For the detail we refer the reader to [6].

5. Further Problems. There are numerous open problems calling
for further research. First, it is important to understand the inherent
degrees of freedom of P-Hex meshes tiling a free form surface. Such an un-
derstanding is fundamental to developing a general method for computing
P-Hex meshes. Second, the issue of avoiding face self-intersection of P-Hex
faces is still outstanding. All the existing methods, as well as the new
method we have proposed here, cannot ensure that the computed P-Hex
mesh is free of face self-intersection. We refer the reader to our recent tech-
nical report [8] on yet another method for generating P-Hex meshes based
on tangent-duality and characterization of non-self-intersecting P-Hex faces
in that context.

In view of practical applications in shape design, it would be desirable
to be able to exert fine control over the the shape and size of the faces of a
P-Hex mesh. Also, a subdivision scheme for P-Hex meshes would be very
useful design tool. Finally, more research is needed on the computation
of offset meshes of P-Hex meshes, especially in the case of constant edge-
distance offset meshes.
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