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Abstract

Receiver Operating Characteristic (ROC) curves are a standard way to display the performance
of a set of binary classifiers for all feasible ratios of the costs associated with false positives and
false negatives. For linear classifiers, the set of classifiers is typically obtained by training once,
holding constant the estimated slope and then varying the intercept to obtain a parameterized set
of classifiers whose performances can be plotted in the ROC plane. We consider the alternative of
varying the asymmetry of the cost function used for training. We show that the ROC curve obtained
by varying both the intercept and the asymmetry, and hence the slope, always outperforms the ROC
curve obtained by varying only the intercept. In addition, we present a path-following algorithm for
the support vector machine (SVM) that can compute efficiently the entire ROC curve, and that has
the same computational complexity as training a single classifier. Finally, we provide a theoretical
analysis of the relationship between the asymmetric cost model assumed when training a classifier
and the cost model assumed in applying the classifier. In particular, we show that the mismatch
between the step function used for testing and its convex upper bounds, usually used for training,
leads to a provable and quantifiable difference around extreme asymmetries.

Keywords: support vector machines, receiver operating characteristic (ROC) analysis, linear clas-
sification

1. Introduction

Receiver Operating Characteristic (ROC) analysis has seen increasing attention in the recent statis-
tics and machine-learning literature (Pepe, 2000; Provost and Fawcett, 2001; Flach, 2003). The
ROC is a representation of choice for displaying the performance of a classifier when the costs as-
signed by end users to false positives and false negatives are not known at the time of training. For
example, when training a classifier for identifying cases of undesirable unsolicited email, end users
may have different preferences about the likelihood of a false negative and false positive. The ROC
curve for such a classifier reveals the ratio of false negatives and positives at different probability
thresholds for classifying an email message as unsolicited or normal email.

In this paper, we consider linear binary classification of points in an Euclidean space—noting
that it can be extended in a straightforward manner to non-linear classification problems by using
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Mercer kernels (Schdlkopf and Smola, 2002). That is, given data x € RY, d > 1, we consider
classifiers of the form f(x) = sign(w x4 b), where w € RY and b € R are referred to as the slope
and the intercept. To date, ROC curves have been usually constructed by training once, holding
constant the estimated slope and varying the intercept to obtain the curve. In this paper, we show
that, while that procedure appears to be the most practical thing to do, it may lead to classifiers with
poor performance in some parts of the ROC curve.

The crux of our approach is that we allow the asymmetry of the cost function to vary, that is,
we vary the ratio of the cost of a false positive and the cost of a false negative. For each value
of the ratio, we obtain a different slope and intercept, each optimized for this ratio. In a naive
implementation, varying the asymmetry would require a retraining of the classifier for each point of
the ROC curve, which would be computationally expensive. In Section 3.1, we present an algorithm
that can compute the solution of a support vector machine (SVM) (see, for example, Scholkopf
and Smola, 2002; Shawe-Taylor and Cristianini, 2004) for all possible costs of false positives and
false negatives, with the same computational complexity as obtaining the solution for only one cost
function. The algorithm extends to asymmetric costs the algorithm of Hastie et al. (2005) and is
based on path-following techniques that take advantage of the piecewise linearity of the path of
optimal solutions. In Section 3.2, we show how the path-following algorithm can be used to obtain
ROC curves. In particular, by allowing both the asymmetry and the intercept to vary, we can obtain
better ROC curves than by methods that simply vary the intercept.

In Section 4, we provide a theoretical analysis of the relationship between the asymmetry of
costs assumed in training a classifier and the asymmetry desired in its application. In particular, we
show that, even in the population (i.e., infinite sample) case, the use of a training loss function which
is a convex upper bound on the true or testing loss function (a step function) creates classifiers with
sub-optimal accuracy. We quantify this problem around extreme asymmetries for several classical
convex-upper-bound loss functions, including the square loss and the erf loss, an approximation of
the logistic loss based on normal cumulative distribution functions (also referred to as the “error
function,” and usually abbreviated as erf). The analysis is carried through for Gaussian and mixture
of Gaussian class-conditional distributions (see Section 4 for more details). The main result of this
analysis is that given an extreme user-defined testing asymmetry, the training asymmetry should
almost always be chosen to be less extreme.

As we shall see, the consequences of the potential mismatch between the cost functions as-
sumed in testing versus training underscore the value of using the algorithm that we introduce in
Section 4.3. Even when costs are known (i.e., when only one point on the ROC curve is needed),
the classifier resulting from our approach, which builds the entire ROC curve, is never less accurate
and can be more accurate than one trained with the known costs using a convex-upper-bound loss
function. Indeed, we show in Section 4.3 that computing the entire ROC curve using our algorithm
can lead to substantial gains over simply training once.

The paper is organized as follows: In Section 2, we give an introduction to the linear classifica-
tion problem and review the ROC framework. Section 3 contains the algorithmic part of the paper,
while Section 4 provide a theoretical analysis of the discrepancy between testing and training asym-
metries, together with empirical results. This paper is an extended version of previously published
work (Bach et al., 2005a).
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2. Problem Overview

Given datax € R and labelsy € {—1, 1}, we consider linear classifiers of the form f(x) = sign(w " x+
b), where w is the slope of the classifier and b the intercept. A classifier is determined by the pa-
rameters (w,b) € R9*1, In Section 2.1, we introduce notation and definitions; in Section 2.2, we lay
out the necessary concepts of ROC analysis, while in Section 2.3, we describe how these classifiers
and ROC curves are typically obtained from data.

2.1 Asymmetric Cost and Loss Functions

Positive (resp. negative) examples are those for which y = 1 (resp. y = —1). The two types of
misclassification, false positives and false negatives, are assigned two different costs. We let C,.
denote the cost of a false negative and C_ the cost of a false positive. The total expected cost is
equal to

R(C.,C_,w,b) =C,P{w'x+b<0,y=1}+C P{w'x+b>0,y=—1}.

In the context of large margin classifiers (see, for example, Bartlett et al., 2004), the expected cost
is usually expressed in terms of the 0-1 loss function; indeed, if we let @y_1(u) = 1y<o be the 0-1
loss, we can write the expected cost as

R(C+,Co,w,b) = C4E{Ly—1go-1(W'x+b)} +C_E{ly——1q-1(~w'x—Db)},

where E denotes the expectation with respect to the joint distribution of (X,y).

The expected cost defined using the 0-1 loss is the cost that end users are usually interested in
during the use of the classifier, while the other cost functions that we define below are used solely
for training purposes. The convexity of these cost functions makes learning algorithms convergent
without local minima, and leads to attractive asymptotic properties (Bartlett et al., 2004).

A traditional set-up for learning linear classifiers from labeled data is to consider a convex upper
bound ¢ on the 0-1 loss ¢y_1, and to use the expected ¢-cost:

Ro(C1,C_,w,b) =C,E{ly_1@w'x+b)} +C_E{ly— 10(—w x—Db)}.

We refer to the ratio C, /(C_ 4+ C, ) as the asymmetry. We shall use training asymmetry to refer to
the asymmetry used for training a classifier using a ¢-cost, and the testing asymmetry to refer to the
asymmetric cost characterizing the testing situation (reflecting end user preferences) with the actual
cost based on the 0-1 loss. In Section 4, we will show that these may be different in the general
case.

We shall consider several common loss functions. Some of the loss functions (square loss,
hinge loss) lead to attractive computational properties, while others (square loss, erf loss) are more
amenable to theoretical manipulations (see Figure 1 for the plot of the loss functions, as they are
commonly used and defined below?):

e square loss : @x(u) = 3(u— 1)?; the classifier is equivalent to linear regression ony,

e hinge loss : @ni(u) = max{1 —u,0}; the classifier is the support vector machine (Shawe-
Taylor and Cristianini, 2004),

1. Note that by rescaling, each of these loss functions can be made to be an upper bound on the 0-1 loss which is tight
at zero.
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Figure 1: Loss functions. Left: plain: 0-1 loss; dotted: hinge loss, dashed: erf loss, dash-dotted:
square loss. Right: plain: 0-1 loss, dotted: probit loss, dashed: logistic loss.

e erfloss : @uf(u) =[uP(u) —u-+y’ (u)], where y is the cumulative distribution of the stan-

. . . . _t2 _

dard normal distribution, that is : Q(v) = \/%Tfl’we ©/2dt, and @/ (v) = \/%[e /2 The erf
loss can be used to provide a good approximation of the logistic l0ss @ og(u) = log(1+e™")
as well as its derivative, and is amenable to closed-form computations for Gaussians and mix-
ture of Gaussians (see Section 4 for more details). Note that the erf loss is different from the

probit loss — logW(u), which leads to probit regression (Hastie et al., 2001).

2.2 ROC Analysis

The aim of ROC analysis is to display in a single graph the performance of classifiers for all possible
costs of misclassification. In this paper, we consider sets of classifiers fy(x), parameterized by a
variable y € R (y can either be the intercept or the training asymmetry).

For a classifier f(x), we can define a point (u,v) in the “ROC plane,” where u is the proportion
of false positives u = P(f(x) = 1]y = —1), and v is the proportion of true positives v = P(f(x) =
1]y =1). When y is varied, we obtain a curve in the ROC plane, the ROC curve (see Figure 2 for
an example). Whether vy is the intercept or the training asymmetry, the ROC curve always passes
through the point (0,0) and (1,1), which corresponds to classifying all points as negative (resp.
positive).

The upper convex envelope of the curve is the set of optimal ROC points that can be achieved by
the set of classifiers; indeed, if a point in the envelope is not one of the original points, it must lie in
a segment between two points (u(yo),V(Yo)) and (u(y1),v(y1)), and all points in a segment between
two classifiers can always be attained by choosing randomly between the two classifiers. Note that
this classifier itself is not a linear classifier; its performance, defined by given true positive and false
positive rates, can only be achieved by a mixture of two linear classifiers. However, if the user is
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Figure 2: Left: ROC curve: (plain) regular ROC curve; (dashed) convex envelope. The points a
and ¢ are ROC-consistent and the point b is ROC-inconsistent. Right: ROC curve and
dashed equi-cost lines: All lines have direction (pC+, p_C_), the plain line is optimal
and the point “a” is the optimal classifier.

only interested in the testing cost, which is a weighted linear combination of the true positive and
false positive rates, the lowest testing cost is always achieved by both of these two classifiers (see
Section 4.3 for an example of such a situation).

Denoting p; =P(y=1) and p_ = P(y = —1), the expected (C.,C_)-cost for a classifier (u,v)
in the ROC space, is simply p+C.(1—v)+ p_C_u, and thus optimal classifiers for the (C,C_)-
cost can be found by looking at lines of slope that are normal to the direction (p_C_,—p.C,),
which intersects the ROC curve and are as close as the point (0,1) as possible (see Figure 2).

A point (u(y),v(y)) is said to be ROC-consistent if it lies on the upper convex envelope; In this
case, the tangent direction (du/dy,dv/dy) defines a cost (C.(y),C_(y)) for which the classifier is
optimal (for the testing cost, which is defined using the 0-1 loss). The condition introduced earlier,
namely that (du/dy,dv/dy) is normal to the direction (p_C_,—p.C.), leads to:

du dv
p,C,a(y) —p+Cy a/(y) =0.

The optimal testing asymmetry (3(y) defined as the ratio (ﬁ(&(w is thus equal to
Ci(y) 1
B(y) = _ ‘ "
Ve /Ay

If a point (u(y),v(y)) is ROC-inconsistent, then the quantity B(y) has no meaning, and such a
classifier is generally useless, because, for all settings of the misclassification cost, that classifier can
be outperformed by the other classifiers or a combination of classifiers. See Figure 2 for examples
of ROC-consistent and ROC-inconsistent points.

In Section 4, we relate the optimal asymmetry of cost in the testing or eventual use of a classifier
in the real world, to the asymmetry of cost used to train that classifier; in particular, we show that
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they differ and quantify this difference for extreme asymmetries (i.e., close to the corner points
(0,0) and (1,1)). This analysis highlights the value of generating the entire ROC curve, even when
only one point is needed, as we will present in Section 4.3.

Handling ROC surfaces In this paper, we will also consider varying both the asymmetry of the
cost function and the intercept, leading to a set of points in the ROC plane parameterized by two
real values. Although the concept of ROC-consistency could easily be extended to ROC surfaces,
for simplicity we do not consider it here. In all our experiments, those ROC surfaces are reduced to
curves by computing their convex upper envelopes.

2.3 Learning From Data

Given n labeled data points (x;,yi), i =1,...,n, the empirical cost is equal to
_ C C_
R(C+,C-,w,b) = f#{yi (WX +b) <0,yi =1} + — i (WX +b) <0,yi = —1},

where #A denotes the cardinality of the set A. The empirical @-cost is equal to

Ro(Co.Cwb) = =5 5 @y +)+ 3 oyi(w % +b))

el i€l

where I, = {i,y; = 1} and I_ = {i,y; = —1}. When learning a classifier from data, a classical
setup is to minimize the sum of the empirical @-cost and a regularization term %HWHZ, that is, to
minimize Jg(C.,C_,w,b) = Re(C,C_,w,b) + 4| |w]|2.

Note that the objective function is no longer homogeneous in (C,,C_); the sum C. +C_ is
referred to as the total amount of regularization. Thus, two end-user-defined parameters are needed
to train a linear classifier: the total amount of regularization C, +C_ € R™, and the asymmetry
c+c++c, € [0,1]. In Section 3.1, we show how the minimum of \ﬂp(C+,C,,w, b), with respect to w and
b, can be computed efficiently for the hinge loss, for many values of (C.,C_), with a computational
cost that is within a constant factor of the computational cost of obtaining a solution for one value
of (C,,C_).

Building an ROC curve from data If a sufficiently large validation set is available, we can train
on the training set and use the empirical distribution of the validation data to plot the ROC curve.
If sufficient validation data is not available, then we can use several (typically 10 or 25) random
splits of the data and average scores over those splits to obtain the ROC scores. We can also use this
approach to obtain confidence intervals (Flach, 2003).

3. Building ROC Curvesfor the SVM

In this section, we present an algorithm to compute ROC curves for the SVM that explores the
two-dimensional space of cost parameters (C,.,C_) efficiently. We first show how to obtain optimal
solutions of the SVM without solving the optimization problems many times for each value of
(C+,C_). This method generalizes the results of Hastie et al. (2005) to the case of asymmetric cost
functions. We then describe how the space (C.,C_) can be appropriately explored and how ROC
curves can be constructed.
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3.1 Building Paths of Classifiers

Given n data points x;, i = 1,...,n which belong to RY, and n labels y; € {—1,1}, minimizing the
regularized empirical hinge loss is equivalent to solving the following convex optimization prob-
lem (Schélkopf and Smola, 2002):

; 1 .
min % Ci; + Z[|w|[? suchthat Vi, & >0, & >1—yi(w'x +b),
wbi 4 2

whereCi =C, ifyj=1andC; =C_ ify; = —1.

Optimality conditions and dual problems We know derive the usual Karush-Kuhn-Tucker (KKT)
optimality conditions (Boyd and Vandenberghe, 2003). The Lagrangian of the problem is (with dual
variables a,3 € R"):

L(wb,&a.B) = 3 G+ 5wl + 3 ai(1—yi(w'x +b) ~&) — 3 Bi&.

The derivatives with respect to the primal variables are

oL oL oL
ﬁZW—ZGiini, %:—ZC‘WM a_E-:Ci_ai_Bi’
| |

The first set of KKT conditions corresponds to the nullity of the Lagrangian derivatives with
respect to the primal variables, that is:

W= aiyiXi , ZGiYiZO(Ty:C), Vi, Ci = aj +Bi. (2)
| |
The slackness conditions are
Vi, 0i(1—& +yi(w'xi+b)) =0 and Bi& =0. (3)

Finally the dual problem can be obtained by computing the minimum of the Lagrangian with
respect to the primal variables. If we let denote K the n x n Gram matrix of inner products, that is,
defined by Ki; = X xj, and K = Diag(y)K Diag(y), the dual problem is:

1 - .
max —a ' Ka+1"a suchthat a'y=0, Vi, 0<a; <C;.
acR" 2

In the following, we only consider primal variables (w, b, &) and dual variables (a, ) that verify
the first set of KKT conditions (2), which implies that w and 3 are directly determined by a.

Piecewise affine solutions Following Hastie et al. (2005), for an optimal set of primal-dual vari-
ables (v~v, b, a), we can separate data points in three disjoint sets, depending on the values of y; (w " x; +
b) = (Ka); + by;.

Margin : M ={i, yiw'x+b)=1 1},
Leftofmargin: £ ={i, yiw'x+b)<1 1},
Rightof margin: ® ={i, yiw'xi+b)>1 1.



BACH, HECKERMAN AND HORVITZ

Because of the slackness conditions (3), the sign of y;(wx; +b) — 1 is linked with the location of
a; in the interval [0,C;]. Indeed we have:

Left of margin : icelL = a=C;,
Rightof margin: ie X = a;=0.

In the optimization literature, the sets £, R and M are usually referred to as active sets (Boyd
and Vandenberghe, 2003; Scheinberg, 2006). If the sets M, L and R are known, then a,b are
optimal if and only if:

Vie £,0i =Cj

Vie R,a;=0

Vie M, (Ka)i+by; =1
a'y=0.

This is a linear system with as many equations as unknowns (i.e., n+1). The real unknowns (not
clamped to C; or 0) are a4, and b, and the smaller system is (za denotes the vector z reduced to its
components in the set A and Ka g denotes the submatrix of K with indices in A and B):

Kar.arOar +bYar = 1lar—Kar Cr
y;/[an = _yICL7

whose solution is affine in C, and thus in C.

Consequently, for known active sets, the solution is affine in C, which implies that the optimal
variables (w,a,b) are piecewise affine continuous functions of the vector C. In our situation, C
depends linearly on C,. and C_, and thus the path is piecewise affine in (C,,C_).

Following a path The active sets (and thus the linear system) remain the same as long as all
constraints defining the active sets are satisfied, that is, (a) yj(w'x; +b) — 1 is positive for all i € ®
and negative for all i € £, and (b) for each i € M, a; remains between 0 and C;. This defines a
set of linear inequalities in (C,C_). The facets of the polytope defined by these inequalities can
always be found in linear time in n, if efficient convex hull algorithms are used (Avis et al., 1997).
However, when we only follow a straight line in the (C,.,C_ )-space, the polytope is then a segment
and its extremities are trivial to find (also in linear time O(n)).

Following Hastie et al. (2005), if a solution is known for one value of (C.,C_), we can follow
the path along a line, by monitoring which constraints are violated at the boundary of the polytope
that defines the allowed domain of (C.,C_) for the given active sets.

Numerical issues Several numerical issues have to be solved before the previous approach can
be made efficient and stable. Some of the issues directly follow the known issues of the simplex
method for linear programming (which is itself an active set method) (Maros, 2002).

e Path initialization: In order to easily find a point of entry into the path, we look at situations
when all points are in £, that is, Vi, a; = C;. In order to verify a 'y = 0, this implies that
Yier, Ci=Yies Ci, thatis, thismeansCyn, =C_n_ (wheren, = |I,[andn_ = || arethe
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number of positive and negative training examples), which we now assume. The active sets
remain unchanged as long as Vi,y;(w'x +b) < 1, that is:

Viel, |, b<1—C+<(K5+)i+2—+(IZ6)i>

Viel. , b>-1+C, ((Km)i + :i(Ka)i> ,

where &, (resp. &_) is the indicator vector of the positive (resp. negative) examples.
Let us define the following two maxima: m, = maxic;, ((K@)i + ﬂ—j(ﬁé,)i) (attained at

iy) and m_ = maxic; ((IZ6+)i + %(K&)O (attained at i_). The previous conditions are
equivalent to
—1+Cm_<bg1l-Cm,.

Thus, all points are in £ as long as C. < 2/(m_ +m.), and when this is verified, b is unde-
termined, between —1+C,m_ and 1 —C,m,. At the boundary pointC; =2/(m_ +m_);
then both i, and i_ are going from £ to M.

Since we vary both C.. and C_ we can start by following the line C.n, =C_n_ and we are
thus able to avoid to solve a quadratic program to enter the path, as is done by Hastie et al.
(2005) when the data sets are not perfectly balanced.

Switching between active sets: Indices can go from £ to M, R to M, or M to R or L.
Empirically, when we follow a line in the plane (C,C_ ), most points go from £ to R through
M (or from R to L through M), with a few points going back and forth; this implies that
empirically the number of kinks when following a line in the (C.,C_) plane is O(n).

Efficient implementation of linear system: The use of Cholesky updating and downdating is
necessary for stability and speed (Golub and Van Loan, 1996).

Computational complexity: Following the analysis of Hastie et al. (2005), if m is the maxi-
mum number of points in A along the path and p is the number of path following steps, then
the algorithm has complexity O(m?p + pmn). Empirically, the number of steps is O(n) for
one following one line in the (C,,C_) plane, so the empirical complexity is O(m2n +mn?).

It is worth noting that the complexity of obtaining one path of classifiers across one line is
roughly the same as obtaining the solution for only one SVM using classical techniques such
as sequential minimal optimization (Platt, 1998).

Classification with kernels The path following algorithm developed in this section immediately
applies to non-linear classification, by replacing the Gram matrix defined as Kjj = xiij, by any
kernel matrix K defined as Ki; =k(x;, Xj), where k is a positive semi-definite kernel function (Shawe-
Taylor and Cristianini, 2004).

3.2 Constructing the ROC Curve

Given the tools of Section 3.1, we can learn paths of linear classifiers from data. In this section, we
present an algorithm to build ROC curves from the paths. We do this by exploring relevant parts of
the (C,,C_) space, selecting the best classifiers among the ones that are visited.
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Figure 3: Linesinthe (C,,C_)-space. The line C;n, =C_n_ is always followed first; then several
lines with constant C, + C_ are followed in parallel, around the optimal line for the
validation data (bold curve).

We assume that we have two separate data sets, one for training and one for testing. This
approach generalizes to cross validation settings in a straightforward manner.

Exploration phase In order to start the path-following algorithm, we need to startatC,. =C_ =0
and follow the line C.n,. =C_n_. We follow this line up to a large upper bound on C, +C_. For
all classifiers along that line, we compute a misclassification cost on the testing set, with given
asymmetry (C2,C%) (as given by the user, and usually, but not necessarily, close to a point of
interest in the ROC space). We then compute the best performing pair (Ci,CE) and we select pairs
of the form (rCL,rCl), where r belongs to a set R of the type R = {1,10,1/10,100,1/100,...}.
The set R provides further explorations for the total amount of regularization C, +C_.

Then, for each r, we follow the paths of direction (1,—1) and (—1,1) starting from the point
(rCi,rCl). Those paths have a fixed total amount of regularization but vary in asymmetry. In
Figure 3, we show all of lines that are followed in the (C,,C_) space.

Selection phase After the exploration phase, we have |R|+ 1 different lines in the (C,C_) space:
the line C_n_ =C,n,, and the |R| linesC; +C_ =r(C} +C1),r € R. For each of these lines, we
know the optimal solution (w,b) for any cost settings on that line. The lineC_n_ =C_n, is used
for computational purposes (i.e., to enter the path), so we do not use it for testing purposes.

For each of the R lines in the (C,,C_)-plane, we can build the three following ROC curves, as
shown in the top of Figure 4 for a simple classification problem involving mixtures of Gaussians:

e Varying intercept: We extract the slope w corresponding to the best setting (Ci +C1), and
vary the intercept b from —eo to co. This is the traditional method for building an ROC curve
for an SVM.
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e Varying asymmetry: We only consider the line C, +C_ =C1 +C in the (C,C_)-plane; the
classifiers that are used are the optimal solutions of the convex optimization problem. Note
that for each value of the asymmetry, we obtain a different value of the slope and the intercept.

e Varying intercept and asymmetry: For each of the points on the R lines in the (C,C_)-plane,
we discard the intercept b and keep the slope w obtained from the optimization problem; we
then use all possible intercept values; this leads to R two-dimensional surfaces in the ROC
plane. We then compute the convex envelope of these, to obtain a single curve.

Since all classifiers obtained by varying only the intercept (resp. the asymmetry) are included
in the set used for varying both the intercept and the asymmetry, the third ROC curve always out-
performs the first two curves (i.e., it is always closer to the top left corner). This is illustrated in
Figure 4. Once ROC curves are obtained for each of the R lines, we can combine them by taking
their upper convex envelope to obtain ROC curves obtained from even larger sets of classifiers,
which span several total amounts of regularization. Note that the ROC scores that we consider are
obtained by using held out testing data or cross-validation scores; thus by considering larger sets of
classifiers, taking upper convex envelopes will always lead to better performance for these scores,
which are only approximations of the expected scores on unseen data, and there is a potential risk of
overfitting the cross-validation scores (Ng, 1997). In Section 4.3, we present empirical experiments
showing that by carefully selecting classifiers based on held out data or cross-validation scores, we
are not overfitting.

Intuitively, the ROC curve obtained by varying the asymmetry should be better than the ROC
generated by varying the intercept because, for each point, the slope of the classifier is optimized.
Empirically, this is generally true, but is not always the case, as displayed in the top of Figure 4.
In the bottom of Figure 4, we show the same ROC curve, but in the infinite sample case, where the
solution of the SVM was obtained by working directly with densities, separately for each training
asymmetry. The ROC curve in the infinite sample case exhibit the same behavior than in the finite
sample case, hinting that this behavior is not a small sample effect.

Another troubling fact is that the ROC curve obtained by varying asymmetry, exhibits strong
concavities, that is, there are many ROC-inconsistent points: for those points, the solution of the
SVM with the corresponding asymmetry is far from being the best linear classifier when perfor-
mance is measured with the same asymmetry but with the exact 0-1 loss. In addition, even for
ROC-consistent points, the training asymmetry and the testing asymmetry differ. In the next sec-
tion, we analyze why they may differ and characterize their relationships in some situations.

4. Training Versus Testing Asymmetry

We observed in Section 3.2 that the training cost asymmetry can differ from the testing asymmetry.
In this section, we analyze their relationships more closely for the population (i.e., infinite sample)
case. Although a small sample effect might alter some of the results presented in this section, we
argue that most of the discrepancies come from using a convex surrogate to the 0 — 1 loss.

Recent results (Bartlett et al., 2004; Zhang, 2004) have shown that using a convex surrogate
may lead, under certain conditions, to the Bayes optimal, that is, the (usually non-linear) classifier
with minimal expected cost. However, those conditions are usually not met in practice, since they
essentially implies that the class of functions over which the expected surrogate cost is minimized
contains the Bayes optimal classifier. In many cases, the Bayes optimal classifier does not belong
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true positives

true positives

Figure 4: Two examples of ROC curves for bimodal class conditional densities, varying intercept
(dotted), varying asymmetry (plain) and varying both (dashed). Top: ROC curves ob-
tained from 10 random splits, using the data shown on the left side (one class is plotted
as circles, the other one as crosses); Bottom: ROC curves obtained from corresponding

population densities.
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to the class of functions, and the best that can be hoped for is to obtain the classifier with minimal
expected cost within the class of functions which is considered. Using a surrogate does not always
lead to this classifier and the results of this section illustrate and quantify this fact in the context of
varying cost asymmetries.

Since we are using population densities, we can get rid of the regularization term and thus only
the asymmetry will have an influence on the results, that is, we can restrict ourselvestoC, +C_ = 1.
We let y=C, /(C. +C_) =C, denote the training asymmetry. For a given training asymmetry y
and a loss function ¢, in Section 2.2, we defined the optimal testing asymmetry B(y) for the training
asymmetry vy as the testing asymmetry for which the classifier obtained by training with asymmetry
y is optimal. In this section, we will refer to the B(y) simply as the testing asymmetry.

Although a difference might be seen empirically for all possible asymmetries, we analyze the
relationship between the testing cost asymmetry and training asymmetry in cases of extreme asym-
metries, that is, in the ROC framework, close to the corner points (0,0) and (1,1). We prove that,
depending on the class conditional densities, there are three possible different regimes for extreme
asymmetries and that under two of these regimes, the training asymmetry should be chosen less
extreme. We also provide, under certain conditions, a simple test that can determine the regime
given class conditional densities.

In this section, we choose class conditional densities that are either Gaussian or a mixture of
Gaussians, because (a) any density can be approximated as well as desired by mixtures of Gaus-
sians (Hastie et al., 2001), and (b) for the square loss and the erf loss, they enable closed-form
calculations that lead to Taylor expansions.

4.1 Optimal Solutions for Extreme Cost Asymmetries

We assume that the class conditional densities are mixtures of Gaussians, that is, the density of pos-
|t|ve (resp. negative) examples is a mixture of k. Gaussians, with means U ', and covariance matrix

', and mixing weights T, ie {1,...,ks} (resp. k- Gaussians, with means p' and covariance
matrlx >, and mixing weights ¢_, i € {1,...,k_} ). We denote M, (resp. M_) the d x k, (resp.
d x k_) the matrix of means.

We denote p;. and p- as the marginal class densities, p, =P(y =1), p- =P(y = —1). We
assume that all mixing weights Tt, are strictly positive, that all covariance matrices X', have full
rank, and that p, p_ € (0,1).

In the following sections, we provide Taylor expansions of various quantities around the null
training asymmetry y = 0. The quantities trivially extend around the reverse asymmetry y=1. We
focus on two losses, the square loss and the erf loss. The square loss, which leads to a classifier ob-
tained by usual least-square linear regression on the class labels, leads to closed form computations
and simple analysis. However, losses @(u) which remain bounded when u tends to +co are viewed
as preferable and usually lead to better performance (Hastie et al., 2001). Losses as the hinge loss or
the logistic loss, which tend to zero as u tends to +oo, lead to similar performances. In order to study
if using such losses might alter the qualitative behavior observed and analyzed for the square loss
around extreme testing asymmetries, we use another loss with similar behavior as u tends to +co, the
erf loss. The erf loss is defined as @ (u) = [ug (u) —u+ Y’ (u)] and leads to simpler computations
than the hinge loss or the logistic loss?.

2.NMemmﬂmeHM$thBaﬁanpmﬂmmmnMamambdmmﬁmkms%mm1+64%AmmSMMdeme%.
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We start with an expansion of the unique global minimum (w,b) of the ¢@-cost with asymmetry
y. For the square loss, (w,b) can be obtained in closed form for any class conditional densities
so the expansion is easy to obtain, while for the erf loss, an asymptotic analysis of the optimality
conditions has to be carried through, and is only valid for mixtures of Gaussians (see Appendix A
for a proof).

We use the following usual asymptotic notations, that is, if f and g are two functions defined
around x = 0, with g everywhere nonnegative then, f = O(g) if and only if there exists an A positive
such that | f (x)| < Ag(x) for all x sufficiently small, f = o(g) if and only if f(x)/g(x) tends to zero
when x tends to zero, f ~ g if and only if f(x)/g(x) tends to one when x tends to zero.

Proposition 1 (square loss) Under previous assumptions, we have the following expansions:

wy) = 225y — )+ o),

p_
bly) = —1+%vp—zw<u+—u_>]+0<v2>,

where m =y —p_, and 2, and p4 are the class conditional means and covariance matrices. For

mixtures of Gaussians, we have 3. = 5;7¢, 3, + M. (diag(t.) — ot )M] and pe = 3 7e .

Proposition 2 (erf loss) Under previous assumptions, we have the following expansions:

wiy) = (2log(L/y)) 2 EAf, ~ i) +o (log(1/y)Y2),
b(y) = —(2log(1/y))1/2+o(Iog(l/y)1/2>7

with i =p, —fi, L =5 &W and 3 = ¥;&3", where & € R verifies ¥;& = 1 and £ is the
unique solution of a convex optimization problem defined in Appendix A.

Note that when there is only one mixture component (Gaussian densities), then &; = 1, and the
expansion obtained in Proposition 2 has a simpler expression similar to the one from Proposition 1.

The previous propositions provide a closed-form expansion of the solutions of the convex opti-
mization problems defined by the square loss and the erf loss. In the next section, we compute the
testing costs using those classifiers.

4.2 Expansion of Testing Asymmetries

Using the expansions of Proposition 1 and 2, we can readily derive an expansion of the ROC
coordinates for small y, as well as the testing asymmetry B(y). We have (see Appendix B for a
proof):

Proposition 3 (square loss) Under previous assumptions, we have the following asymptotic expan-
sion:

2
log (;’—;m(v)-l—l)) :A;Ti%m(l/vz),

where
A=maX————— - —maX————— | .
(i mTztstytm i mTz—lz';z—lm>
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1 positives
(V)
o % o false positives (u)

Figure 5: Case A < 0: (left) plot of the optimal testing asymmetry (3(y) as a function of the train-
ing asymmetry y, (right) ROC curve around (0,0) as y varies close to zero. Classifiers
corresponding to y close to zero are ROC-inconsistent.

Proposition 4 (erf loss) Under previous assumptions, we have the following asymptotic expansion:
og (2B 1)) = 2Rlog(1/y) + ollog(1/) @
where
1 1
( LORTICEE IR mTz_lz'iz_lm>
The rest of the analysis is identical for both losses and thus, for simplicity, we focus primarily
on the square loss. For the square loss, we have two different regimes, depending on the sign of

1 1
A=[max—— max— |:
(. mrztstsim i mTz—lziz—1m>

e A < 0: from the expansion in Eq. (3), we see that log (S—;(B(y)‘1—1)> is asymptotically

equivalent to a negative constant times 1/y?, implying that the testing asymmetry B(y) tends
to one exponentially fast. In addition, from Eq. (1), g—;(B(y)‘l—l) is equal to gxégz which is
the slope of the ROC curve. Because this is an expansion around the null training asymmetry,
the ROC curve must be starting from the point (0,0); since the slope at that point is zero, that
is, proportional to the horizontal axis, the ROC curve is on the bottom right part of the main
diagonal and the points corresponding to training asymmetries close to y = 0 are not ROC-
consistent, that is, the classifiers with training asymmetry too close to zero are useless as they
are too extreme. See Figure 5 for a plot of the ROC curve around (0,0) and of 3(y) around
y = 0. In this situation, better performance for a given testing asymmetry can be obtained by
using a less extreme training asymmetry, simply because too extreme training asymmetries
lead to classifier who perform worse than trivial classifiers.

e A > 0: from the expansion in Eq. (3), we see that the testing asymmetry tends to 0 expo-
nentially fast, in particular, the derivative df3/dy is null at y = 0, meaning, that the testing
asymmetry is significantly smaller than the training asymmetry, that is, more extreme. The
slope of the ROC curve around (0,0) is then vertical. See Figure 6 for a plot of the ROC curve
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positives
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O % o false positives (u)

Figure 6: Case A > 0. Left: Plot of the optimal testing asymmetry (3(y) as a function of the training
asymmetry y; Right: ROC curve around (0,0) as y varies close to zero. Classifiers corre-
sponding to y close to zero are ROC-consistent, but since B(y) <y, best performance for
a given testing asymmetry is obtained for less extreme training asymmetries.

around (0,0) and of B(y) around zero. In this situation, better performance for a given testing
asymmetry can be obtained by using a less extreme training asymmetry.

e A = 0: the asymptotic expansion does not provide any information relating to the behavior
of the testing asymmetry. We are currently investigating higher-order expansions in order to
study the behavior of this limiting case. Given two random class-conditional distributions, this
regime is unlikely. Precise measure theoretic statements regarding conditions under which the
measure of the set of pairs of class-conditional distributions that belong to this regime is zero,
are beyond the scope of this paper.

Note that when the two class conditional densities are Gaussians with identical covariance (a
case where the Bayes optimal classifier is indeed linear for all asymmetries), we are in the
present case.

Overall, in the two more likely regimes where A # 0, we have shown that, given an extreme test-
ing asymmetry, the training asymmetry should be chosen less extreme. Because we have considered
mixtures of Gaussians, this result applies to a wide variety of distributions. Moreover, this result is
confirmed empirically in Section 4.3, where we show in Table 2 examples of the mismatch between
testing asymmetry and training asymmetry. Moreover, the strength of the effects we have described
above depends on the norm of m =y, —pu_: if mis large, that is, the classification problem is
simple, then those effects are less strong, while when m is small, they are stronger.

For the erf loss, there are also three regimes, but with weaker effects since the testing asymmetry
B(y) tends to zero or one polynomially fast, instead of exponentially fast. However, the qualitative
result remains the same: there is a mismatch between testing and training asymmetries.

In Figure 7 and Figure 8, we provide several examples for the square loss and the erf loss, with
the two regimes A > 0 and A < 0 and different strengths. Those figures (as well as the bottom
of Figure 4) are obtained by solving the respective convex optimization problems with population
densities separately for each asymmetry, using Newton’s method (Boyd and Vandenberghe, 2003).
It is worth noting, that, although the theoretical results obtained in this section are asymptotic ex-
pansions around the corners (i.e., extreme asymmetries), the effects also often remain valid far from
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the corners. However, in general, for non-extreme asymmetries, the mismatch might be inverted,
that is, a more extreme training asymmetry might lead to better performance.

Although the results presented in this section show that there are two regimes, given data, they
do not readily provide a test to determine which regime is applicable and compute the corresponding
optimal training asymmetry for a given testing asymmetry; an approach similar to the one presented
by Tong and Koller (2000) could be followed, that is, we could estimate class conditional Gaussian
mixture densities and derive the optimal hyperplane from those densities using the tests presented
in this paper (which can be performed in closed form for the square loss, while for the erf loss, they
require to solve a convex optimization problem). However, this approach would only applicable
to extreme asymmetries (where the expansions are valid). Instead, since we have developed an
efficient algorithm to obtain linear classifiers for all possible training asymmetries, it is simpler to
choose among all asymmetries the one that works best for the problem at hand, which we explore
in the next section.

4.3 Building the Entire ROC Curve for a Single Point

As shown empirically in Section 3.2, and demonstrated theoretically in the previous section, training
and testing asymmetries may differ; this difference suggests that even when the user is interested in
only one cost asymmetry, the training procedure should explore more cost asymmetries, that is, build
the ROC curve as presented in Section 3.2 and chose the best classifier as follows: a given testing
asymmetry leads to a unique slope in the ROC space, and the optimal point for this asymmetry is
the point on the ROC curve whose tangent has the corresponding slope and which is closest to the
upper-left corner. In our simulations, we compare two types of ROC curves, one which is obtained
by varying the intercept, and one which is obtained by varying both the training asymmetry and
the intercept. In our context, using the usual ROC curve obtained by varying only the intercept is
essentially equivalent to the common practice of keeping the slope optimized with the convex risk
and optimizing the intercept directly using the 0-1 loss instead of the convex surrogate (which is
possible by grid search since only one real variable is considered for optimization).

We thus compare in Table 1 and 2, for various data sets and linear classifiers, and for all testing
cost asymmetries® y, the three different classifiers: (a) the classifier obtained by optimizing the con-
vex risk with training cost asymmetry y (a classifier referred to as “one”), (b) the classifier selected
from the ROC curve obtained from varying the intercept of the previous classifier (a classifier re-
ferred to as “int”), and (c) the classifier selected from the ROC curve obtained by varying both the
training asymmetry and the intercept (a classifier referred to as “all™).

The ROC curves are obtained by 10-fold cross validation with a wrapper approach to handle
the selection of the training asymmetries. The goals of these simulations are to show (1) that using
only an approximation to the performance on unseen data is appropriate to select classifiers, and (2)
that the performance can be significantly enhanced by simply looking at more training asymmetries.
We use several data sets from the UCI data set repository (Blake and Merz, 1998), as well as the
mixture of Gaussians shown in Figure 4 and the first Gaussian density in Figure 7.

We used the following wrapper approach to build the ROC curves and compare the perfor-
mance of the three methods by 10-fold cross validation (Kohavi and John, 1997): for each of the

3. More precisely, 1000 values of testing and training asymmetries were tried, uniformly spread in [0, 1]. Note that our
algorithmic framework allows us to obtain classifiers for all asymmetries in [0, 1]; therefore considering 1000 values
is not computationally expensive.

1731



BACH, HECKERMAN AND HORVITZ

10 outer folds, we select the best parameters (i.e., training asymmetry and/or intercept) by 10-fold
cross validation on the training data. The best classifier for each of the two ROC curves is kept if
the difference in performance with the usual classifier “one” on the ten inner folds is statistically
significant, as measured by one-tailed Wilcoxon signed rank tests with 5% confidence level (Hol-
lander and Wolfe, 1999). In cases where statistical significance is not found, the original classifier
obtained with the training asymmetry equal to the testing asymmetry is used (in this case, the clas-
sifier is identical to the classifier “one”). The selected classifier is then trained on the entire training
data of the outer fold and tested on the corresponding testing data. We thus obtain for each outer
fold, the performance of the three classifiers (“one”, “int”,“all™).

In Table 1, we report the results of statistical tests performed to compare the three classifiers.
For each testing asymmetry, we performed one-tailed Wilcoxon signed rank tests on the testing
costs of the outer folds, with 5% confidence levels (Hollander and Wolfe, 1999). The proportions
of acceptance (i.e., the number of acceptances divided by the number of testing asymmetries that
are considered) for all one-sided tests are reported in Table 1. The empirical results from columns
“all>one” and “int>one” show that comparing classifiers with only an approximation of the testing
cost on unseen data, namely cross-validation scores, leads to classifiers that most of the time per-
form no worse than the usual classifier (based only on the testing asymmetry and the convex risk),
which strongly suggests that we are not overfitting the cross-validation data. Moreover, the column
“one>int” shows that there is a significant gain in simply optimizing the intercept using the non-
convex non-differentiable risk based on the 0-1 loss, and columns “one>all” and “int>all” show
that there is even more gain in considering all training asymmetries*. As mentioned earlier, when
the increase of performance of the classifiers “all” and “int” is not deemed statistically significant
on the inner cross-validation folds, the classifier “one” is used instead. It is interesting to note that,
when we do not allow the possibility to keep "one”, we obtain significantly worse performance on
the outer-fold tests

To highlight the potential difference between testing and training asymmetries, Table 2 gives
some examples of mismatches between the testing asymmetry and the training asymmetry selected
by the cross validation procedure. Since the training asymmetries corresponding to a given testing
asymmetry may differ for each outer fold, we use the training asymmetry that was selected by
the first (i.e., a random) outer fold of cross validation, and compute the cross-validation scores
corresponding to this single training asymmetry for all nine other outer folds. For each data set,
testing asymmetries were chosen so that the difference in testing performance between the classifier
“one” and “all” on the first fold is greatest. Note that the performance of the classifier “int” is
different from the performance of “all” only if the difference was deemed significant on the outer
fold used to select the training asymmetry. Results in Table 2 show that in some cases, the difference
is large, and that a simple change in the training procedure may lead to substantial gains. Moreover,
when the testing asymmetry is extreme, such as for the GAUSSIAN and PIMA data sets, the training
asymmetry is less extreme and leads to better performance, illustrating the theoretical results of
Section 4. Note also, that for other data sets, such as TWONORM or |ONOSPHERE, the optimal
training asymmetry is very different from the testing asymmetry: we find that using all asymmetries

4. In some cases, considering all training asymmetries performs worse than using a single asymmetry with optimized
intercept (column “all>int” in Table 1); in those cases, the difference in performance, although statistically signif-
icant, is small and we conjecture it is due to using an approximation of expected testing performance to select the
training asymmetry.
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Data set d |n one>all | all>one | int>all | all>int | one>int | int>one
BREAST 9 | 683 |87 0.0 4.1 0.0 5.2 0.0
DERMATOLOGY | 34 | 358 | 0.0 0.0 0.0 0.0 0.0 0.0
GAUSSIANS 2 | 2000 |17.6 0.0 14.2 0.0 9.5 0.0
MIXTURES 2 | 2000 | 49.7 0.0 25.8 0.0 41.2 0.0
LIVER 6 | 345 | 0.0 0.0 0.0 0.0 0.0 0.0
VEHICLE 18 | 416 | 13.1 0.0 13.1 0.0 0.0 0.0
PIMA 8 | 768 | 9.2 0.0 0.0 0.0 5.6 0.0
RINGNORM 2 | 2000 | 48.6 0.0 5.9 0.0 40.4 0.0
TWONORM 2 | 2000 | 97.4 0.0 15.8 5.2 91.3 0.0
ADULT 13 | 2000 | 12.0 0.0 8.8 0.0 3.2 0.0
IONOSPHERE 33| 351 | 420 0.0 13.2 0.0 22.5 0.0

Table 1: Comparison of performances of classifiers: for each data set, the number of features is d,
the total number of data points is n, and the proportions of acceptance (i.e., the number of
acceptances divided by the number of testing asymmetries that are considered) of the six
one-sided tests between the three classifiers are given in the last six columns (Wilcoxon
signed rank tests with 5% confidence level comparing cross-validation scores). Note that
we compare testing by using costs, and hence better performance corresponds to smaller
costs. See text for details.

Data set y (test) | “one” “int” “all” y (train)
BREAST 0.008 | 0.51+0.07 | 055+0.96 | 0.51+0.07 |0.995
DERMATOLOGY | 0991 | 0.37+0.05 |037+0.05 |0.37+0.05 |0.991
GAUSSIANS 0.067 | 6.66+0.00 |510+059 |6.66+0.00 |0.128
MIXTURES 0.327 | 29.80 +2.61 | 16.73 +£2.20 | 19.70 = 1.82 | 0.990
LIVER 0.192 | 16.10 +£0.96 | 15.96 + 4.44 | 16.10 - 0.96 | 0.560
PIMA 0.917 | 10.83+0.35|9.61+2.32 | 10.83 +£0.35 | 0.500
RINGNORM 0.327 | 33.18 +£1.07 | 25.53 4+ 3.95 | 25.15 4+ 4.86 | 0.500
VEHICLE 0.010 | 021+0.15 |021+£0.15 |0.21+0.15 | 0.010
TWONORM 0.382 | 36.98+034|146+£1.00 |155+135 |0.872
ADULT 0.947 | 267+0.09 | 250+0.08 | 2.67+0.09 | 0.500
IONOSPHERE 0933 | 477+021 | 2304222 |477+0.21 |0.067

Table 2: Training with the testing asymmetry y versus training with all cost asymmetries: we report
cross-validation testing costs (multipled by 100). Only the asymmetry with the largest
difference in testing performance between the classifier “one” and “all” is reported. We
also report the training asymmetry which led to the best performance. Given an asymmetry
ywe use the cost settings C = 2y, C_ = 2(1—Yy) (which leads to the misclassification error
if y=1/2). See text for details.
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leads to better performance. However, we have not identified general rules for selecting the best
training asymmetry.

5. Conclusion

We have presented an efficient algorithm to build ROC curves by varying the training cost asym-
metries for SVMs. The algorithm is based on the piecewise linearity of the path of solutions when
the cost of false positives and false negatives vary. We have also provided a theoretical analysis of
the relationship between the potentially different cost asymmetries assumed in training and testing
classifiers, showing that they differ under certain circumstances. In particular, in case of extreme
asymmietries, our theoretical analysis suggests that training asymmetries should be chosen less ex-
treme than the testing asymmetry.

We have characterized key relationships, and have worked to highlight the potential practical
value of building the entire ROC curve even when a single point may be needed. All learning al-
gorithms considered in this paper involve using a convex surrogate to the correct non differentiable
non convex loss function. Our theoretical analysis implies that because we use a convex surro-
gate, using the testing asymmetry for training leads to non-optimal classifiers. We thus propose to
generate all possible classifiers corresponding to all training asymmetries, and select the one that
optimizes a good approximation to the true loss function on unseen data (i.e., using held out data or
cross validation). As shown in Section 3, it turns out that this can be done efficiently for the support
vector machine. Such an approach can lead to a significant improvement of performance with little
added computational cost.

Finally, we note that, although we have focused in this paper on the single kernel learning
problem, our approach can be readily extended to the multiple kernel learning setting (Bach et al.,
2005b) with appropriate numerical path following techniques.

Acknowledgments

We thank John Platt for sharing his experiences and insights with considerations of cost functions
in training and testing support vector machines.

Appendix A. Proof of Expansion of Optimal Solutions

In this appendix, we give the proof of the expansions of optimal solutions for extreme asymme-

tries, for the square and erf loss. We perform the expansions using the variable p(y) = g* E+ =
yP+ yP- o

P TF 4 O(y?) around zero.

(I-y)p-  p- ¥
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A.1 Square Loss. Proof of Proposition 1.

In this case, the classifier is simply a linear regression on y and (w,b) can be obtained in closed form
as the solution of the following linear system (obtained from the normal equations):

b p—-1 WTPU++U—

p+1 p+1
P _u)T _ %
<p2++2-+p+1(u+ Ho) (B —Ho) )W = p+1(u+ o),

where 2, and X_ are the class conditional means and covariance matrices.
The first two terms of the Taylor expansions around p =0 (i.e., around y = 0) are straightforward
to obtain:

w = 2p37'm-2p? [Z:1m+2:1(2++mmT)Z:1m +0(p%),

b = —14p [2 f 2ufz:1m} +0(p).

A.2 Erf Loss. Proof of Proposition 2.

We begin by proving Proposition 2 in the Gaussian case, where the proof is straightforward, and we
then extend to the Gaussian mixture case. In order to derive optimality conditions for the erf loss,
we first need to compute expectations of the erf loss and its derivatives for Gaussian densities.

A.2.1 EXPECTATION OF THE ERF LOSS AND ITS DERIVATIVES FOR GAUSSIAN DENSITIES

A short calculation shows that, when expectations are taken with respect to a normal distribution
with mean p and covariance matrix Z, we have:

EQuiW'x+b) = (—w'p—b —wip-b
Qorf(W X+b) = (—w p—b)y A+ wi sw)i2
—wu—b
l TZ 1/2 / w IJ'
+( +W W) LIJ <(1+WTZW)1/2 )
Eacperf(WTx+b) ~ —w'u—b N sw o —w'y—b
ow - TP w2 ) T arwsw) 2 \(Trwisw)i2 )
Ea(Perf(WTX—F b) y —w'pu—b
ab B (1+wTsw)l/z )-

A.2.2 GAUSSIAN CASE

In order to derive the asymptotic expansion, we derive the optimality conditions for (w,b) and study
wiyu +b _ —w'py—b
(14+wT_w)i/2 andty = (14+wTx, w)/2’
The optimality conditions for (w,b) are the following (obtained by zeroing derivatives with
respect to b and w):

the behavior as p tends to zero. Let’s definet_ =

2
p+Cy <—U+w(t+)+ (1—|-WT+ZV1W)1/2 l‘lJ/(tJr))
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2w
LWz W) w’<t_>) —0,

(
—p+Coy(ty) +p-Cy(t-) =0.

C+p+)_
Cp.”

+p-C_ (u—w(t—) +

They can be rewritten as follows (with p =

2w
(1+wlZ w

2 W
(1+w'Z,w

p (-~ + v )+ (we )+ V) =0 ©

PW(ty) = W(t-). (6)

Since the cumulative function s is always between zero and one, Eq. (6) implies that as p tends
to zero, Y(t_) tends to zero, and thus t_ tends to —co. This in turn implies that b/(1+ ||w||) tends
to —oo, which in turn implies that t.. tends to infinity and y(t..) tends to 1.

It is well known that as z tends to —co, we have Y(z) ~ %ZZ) (see, for example, Bleistein and
Handelsman (1986)). Thus, if we divide Eq. (5) by W(t_), we get:

wit.) S W) wt) Swo Yt

lp _ -
—pw(tf)“++p(l+WTZ+W)1/2 Wit W(t) +H-+ (1+WTZ,W)1/2 WE) =0, that is,
2 W Pty Z_w
LWz, w2 §t) | (T+w s w)i (=t) ~ By —H- (7)

The first term in the left hand side of Eq. (7) is the product of a bounded term and a term that
goes to zero, it is thus tending to zero as p tends to zero. Since the right hand side is constant, this
implies that the second term in the left hand side must be bounded, and thus, since |t_| tends to
infinity, that w tends to zero. By removing all negligible terms in Eq. (7), we have the following
expansion for w:

1

W _—LZ:l(U+ — ).

In order to obtain the expansion as a function of p, we need to expand t_. From Eq. (6) and the
fact that Y(t, ) tends to one, we obtain W(t_) ~ p, A classical asymptotic result on the inverse erf

function shows thatt_ ~ —y/2log(1/p). This finally leads to:

b(p) ~ —(2log(1/p))*?,
w(p) ~ (2log(1/p)) V2= (s —po).

A.2.3 GENERAL CASE

We assume that each Tt, is strictly positive and that each covariance matrix X', is positive definite.
T\ Tyl
w b i —W —b
-+ andt, = My

We definet' = . — : ,
T (L4+wEw)l/2 (1+w's w)l/2
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Without loss of generality, we can assume that the positive class is centered, that is, i =
yiT, W, = 0. The optimality conditions for (w,b) are the following (obtained by zeroing derivatives
with respect to b and w):

| ZiVV ! (i

zi /(4
(w ‘o]

Py () + () =0 (©)

From Eq. (9), we obtain that @(t' ) tends to zero for all i, and this implies that b/(1+ [|wl])
tends to —oo, and in turn that qJ(t' ) tends to 1 for all i. We can now divide Eq. (8) by §; Pt )=

pZiﬂ+lIJ(ti+), to obtain:

STWEOR e, 1 S i i) { Z, W w’(&)}
ST mmwy)  mme) £ T LA wTE w2 g
1 Wt Two )
5w 2O e )
Let ft" = ;*j“ﬂ*tf) and Tt = ; }“( e )) We can rewrite the preceding equation as
TR W(t jTeY

T w gt
e L [ A e

)

)

y pARY W)
_Izﬁ‘{(1+szi w)1/2 (t'_)}

As in the Gaussian case, the first term of the right hand is negligible compared to the second
term when p goes to zero. Moreover, for all i, we have Y/ (t' ) /@(t" ) ~ —t' and we thus get:

—_t i
ZTL' uo— ZT[‘+“+__Z {(1—|—WTZ' )1/2}Z_W. (10)
The left hand side of Eq. (10) is bounded; Because 7T sums to one, the lowest eigenvalue of the
matrix ¥; 7t ' is lower-bounded by the smallest of the smallest eigenvalues of &' , i=1,... k_.

Thus Eqg. (10) implies that t w is bounded as p tends to zero. This in turn implies that w tends to
zero, that b ~ t' for all i, and that bw is bounded.

The quantities bw, Tt, and Tt are functions of p. As p tends to zero, they all remain bounded.
We now proceed to prove that all points of accumulation of those quantities as p tends to zero satisfy
a set of equations with an unique solution. This will imply that those quantities converge as p tends
to zero.
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Equation for ft,  Sincet! tends to +oo, i, tends to 17, and y; 0, i, tends to zero, since we have
assumed that 3; ¢, u', =0.

Equation for 7T_ and bw Let 6 and & be points of accumulation of bw and Tt as p tends to zero
(i.e., 8 and & are limits of sequences b(px)w(pk) and T_(pk) as k tends to oo, with px — 0). From
Eqg. (10), we get:

Izziui;oz (Zazi) 0. (11)

We can now expand (t' )2 — (ti)2 for all i, j by keeping the leading terms, noting that w — O,
|b| — 400, and bw is bounded:

Wy +b)?  (wTy +b)?

I+w2w  14wTslw

~ 2bw'(u — W) — bw' (' — Zj,)W

— (20"y —0"3 @) (20" — 075! B) as px — 0.

We thus have

Ao et _my) v
A J <t1> i (D) w(th)
i J
n‘_exp( 8 %—19T ' 6)
— n{exp( GTM +—16TZLe)aspk_*0’

which implies that the vector g is proportional to the vector with components T exp(—0"p +
105" @), that is:
mexp(—6Tu_ + 1675 6)

: I 12
ymexp(—8Tp +3675)6) (12

VL Ei =

We have shown that points of accumulation (8,&) must verify two equations, Eq. (11) and
Eqg. (12).

Unique solution of Eq. (11) and Eq. (12) We now prove that Eq. (11) and Eqg. (12) together have
an unique solution, obtained as the optimum solution of a strictly convex problem. From Eg. (11),
we can write 8 as a function of € as:

-1
= (zazt) S &b (13)
Let us define the following function defined on the positive orthant {&,&; > 0,Vi}:
€)= &logti~ 3 & {loart —6(8) 1+ ;86)" 2 6(8) .
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Short calculations show that:

-1
00 [ i
& - (szz"> (W -2 8(F)),

0{-8(&)TH +16(2)"5 B(%)} o U
a;j = — (W -28()) (ZE@K) (uL—zL e(a)),
oH
%

9%H 1, P
9E0E;, 5ijg+(u_—2_6(2)) (ZE@E) (uL—zLe(a)).

The last equation shows that the function H is strictly convex in the positive orthant. Thus, minimiz-
ing H(&) subject to 5;& = 1 has an unique solution. Optimality conditions are derived by writing
down the Lagrangian:

= log&i+1— (Iog m —8(8) T + %G(E)T2i9(€)> :

LEa) =H(E)+a(Y & 1),
|
which leads to the following optimality conditions:

. OH
Vi, — +a =0, 14
3%, (14)

SE-1 (15)

The last two equations are exactly equivalent to Eq. (12). We have thus proved that the system
defining 8 and & (Eq. (11) and Eqg. (12)) has an unique solution obtained from the solution of the
convex optimization problem:

minimize ¥ &log& — 3 & {Iog Ho—6E) T+ %e(z)TzLe(a)}

with respect to i3
such that & =>0vi

251
with 1
o) = (Zazi> yau-

Asymptotic equivalent From the value of 8 and & obtained above, we can derive the asymptotic
expansions of w and b. From Eg. (9) and the fact that t'. tends to 40, we get 3; T (t' ) ~ p3; 10, =
p. In addition, we can show by expanding (t' )? that (t' )> — b? has a limit when p tends to 0, which
in turn implies that Y(b)/p has a finite limit. This implies that b ~ —(2log(1/p))'/2. From the
fact that bw tends to a limit 6, we immediately obtain that w = 8/b, which completes the proof of
Proposition 2.
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Appendix B. Proof of Expansion of Testing Asymmetries
For the two losses we considered (square and erf), the expansions of w and b around y = 0 lead to

wy)
b(y) ~ C(y>a7

where c(y) =25y, a= >~Y(uy — ) for the square loss and c(y) = (2log(1/y)) %, a="*(fi, —
fi_) for the erf loss.
The proportion of false positives u(y) and true positives v(y) can be obtained as:

_ T _ _ i wipl +b A
uly) = Pw'x+b>0ly=-1)= Z”'_UJ <W> = Y(ty(y),
_ T TR wigh +b
W) = P> 0y =1 = St (ki) —ut),
and we have the expansions
th(y)2 wiwl+b o 1
u (WS w)l/2 c(y)(arz a)l/2’
e WHAb -1
T W w7 oy arrap?
du ; dtide de ; 1 exp(—(a’=la)*/2c(y)?)
dy .ZT[L dc dy &) 0|\/,Z “V2n c(y)?(aTzla)-l2
dv . dti dc dc ; 1 exp(—(a'Z a)t/2c(y)?)

& = Zn;%ww'(t\i/(\/))N@Z TV2n c(y)?(aTs a)-Y2

The expansions of gl—\l; and g—‘; are each dominated by a single term, corresponding to indices i _ and

i that respectively maximized (a"£' a) ' and (a' %', a)~* (we assume for simplicity that all values
of a’ =, a are distinct). We then obtain

o y/d_u 1 1 _ 1
Nay'dy) “2cy2 \ais a a'sia)’

Proposition 3 and 4 follows from g—‘; g_\l; = %([3(y)*1 — 1), which is a consequence of Eq. (1).
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