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ABSTRACT. We consider bond percolation on the d-dimensional hypercubic lattice.
Assuming the existence of a single critical exponent, the exponent p describing the
decay rate of point-to-plane crossings at the critical point, we prove that hyperscaling
holds whenever critical rectangle crossing probabilities are uniformly bounded away
from 1.

1. INTRODUCTION

In this paper, we examine the relationship between boundedness of the critical
rectangle crossing probabilities and hyperscaling in percolation. Rectangle crossing
probabilites are fundamental quantities in percolation: differences in the scaling
of these probabilites can be used to distinguish the subcritical, supercritical and
critical regimes of the model. Moreover, as we will discuss, differences in the lim-
iting behavior of rectangle crossing probabilities in the critical regime appear to
distinguish systems which obey hyperscaling from those which do not.

Consider bond percolation on the hypercubic lattice Z¢ with bond occupation
density p. Let Ry, pr(p) denote the probability, at density p, that an Lx M x---x M
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rectangular box is crossed by a path of occupied bonds in the 1-direction. The box
crossing probabilities we usually consider are of the form Ry, i1 (p), where & is some
positive integer, independent of L (we often take k = 3).

It has been known for some time that if k& > 1,

Rpp(p) < O(L* 27L& if p<p,,

DI (1.1

1—-Rrir(p) <e if p>pe
where £ = £(p) is the correlation length of the percolation model, i.e., the rate of
decay of the standard connectivity function, o = o(p) is the the surface tension of
the model, i.e., the rate of decay of a Wilson loop connectivity function [ACCFRS&3],
and ¢ > 0 is a constant that depends on k and the dimension d. While the first
bound in (1.1) is an immediate consequence of the usual subadditivity argument for
the connectivity function, the second is less trivial, see [CC87] for a proof (related
results can be found in [Pis96]). For p < p., the methods of [CC84] can be used to
complement the upper bound in (1.1) by a lower bound that allows to prove that
for all k£ > 0 fixed, we have

Rpyr(p) ~e ™S if p<p,, (1.2)

that is, —(1/L)log R x1(p) — 1/€ as L — oo. In turn, the results of [CC87] give
the lower bound

1— Ry m(p) > e oML if p>pe, (1.3)

with a decay constant o,/ (p) that converges to the surface tension o(p) as M — oc.

The fact that Rr xr(p) ~ e 2/¢ if p < p. motivated the definition of a finite-size
scaling correlation length in [CCF85], a concept which was further developed in
[Kes87]. It is also known [CC86] that, when p > p., there are typically O(L?~1)
disjoint, but not necessarily disconnected crossings of the rectangle. The change
in behavior (1.1) also motivated a numerical definition of a percolation threshold,
pe(L), see e.g. [AS92], Section 4.1, or [BW95], [BWI7] and references therein.

Here we are interested in the critical behavior of the crossing probability, and
a closely related quantity, the expected number of crossings. For simplicity of
notation, let Rz (p) = R sr(p) be the probability of an easy-way crossing of an
L x 3L x --- x 3L box in Z¢ (that is, a crossing in the direction in which the box
is shortest), and let Ny (p) be the expectation of the maximal number of disjoint
easy-way crossings in the box.

It is known (see Lemma 4.1 (v)) that

Rp(pe) > ¢1 >0 inall d>2 (1.4)

uniformly in L, while
Rp(pe) <ca <1 ind=2 (1.5)
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uniformly in L. The behavior in (1.5) is expected to hold for all d < d.., but not for
d > d., where d. is the so-called upper critical dimension, above which the critical
exponents assume their mean-field values.

Using the relation (see Lemma 4.2)

Ri(p) < Nip(p) < Y _[Ru(p)]™, (1.6)

m=1

equations (1.4) and (1.5) give the rigorous results Np(p.) > ¢; > 0 in all d > 2,
and Np(p.) < ¢3 < o0 in d = 2, uniformly in L. It has been argued [Con85] that
the latter behavior persists for all d < d., i.e.

Np(pe) < c3 < o0 in all d < d, (1.7)
uniformly in L, but that
Np(pe) ~ L% inall d>d.. (1.8)

The behavior Np(p.) ~ L9 has recently been rigorously established [Aiz97]
under a natural, but as yet unproven, assumption on the decay of the two-point
connectivity function at p., which is presumably true above d..

Returning to Ry (p), as mentioned above, it is expected that

Rp(pe) <ea <1 in all d <d, (1.9)
uniformly in L, while (1.6) and (1.8) would require that
Rr(pc) 1 as L—oo inall d>d.. (1.10)

Here we are interested in a different aspect of the critical behavior: namely, the
relationship between the behavior of Ry (p.) and hyperscaling. A hyperscaling
relation is a relationship among critical exponents that explicitly involves the spatial
dimension d. Hyperscaling relations are expected to hold up to, but not above, the
upper critical dimension. We will consider two explicit hyperscaling relations, which
we will specify below.

We will prove that

Rp(p.) <1 wuniformly in L = hyperscaling (1.11)

(see Theorems 3.2 and 3.3 for a precise formulation). Actually, in the course of
proving this result, we will prove the stronger statement

Np(pc) < 3 < oo uniformly in L = hyperscaling . (1.12)

This establishes half of the heuristic picture of Coniglio [Con85], who was the
first to relate uniform boundedness of N (p.) to hyperscaling, and the behavior
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Ni(pe) ~ L% % to the breakdown of hyperscaling. In fact, our theorem requires
even less than is indicated in (1.12): rather than uniform boundedness of Ny (p.),
we need only that Np(p.) grows more slowly than any power of L, a distinction
which is presumably important in d = d.. For earlier attempts to understand
hyperscaling and the upper critical dimension from a rigorous point of view, see
[Tas87] and [CC87].

In order to specify the hyperscaling relations in (1.11) and (1.12), we define
several fundamental quantities in percolation. Let

7(0,v;p) = Pry(0 < v) (1.13)

be the probability that the origin is connected to v (the point-to-point connectivity
function), let
Tn(p) = Prp{3 v = (n,-)such that 0 < v} (1.14)

be the probability that the origin is connected to a plane a distance n away (the
point-to-plane connectivity function), and let

Ps = Ps(p) = Prp(IC(0)] = ) (1.15)

be the probability that the cluster of the origin is of size s (the cluster size distri-
bution). At p., it is believed that these quantities decay with the power laws:

1
s m(0,vipe) & T (L.16)
Tn(pe) mn~ 4P, (1.17)
and
P,(pe) ~ s~ (1+1/0) (1.18)

where &~ means equality up to a slowly varying function (e.g. a logarithm), see
Section 2 for the precise definition. The hyperscaling relations referred to in (1.11)
and (1.12) are

dp=6+1 (1.19)

and 51
2 p=d-—. 1.2
=S (1.20)

The relation (1.19) is standard. Assuming usual scaling relations v+ 28 = 5(§ + 1)
and v = (2 — n) (see Section 2 for definitions of 3, v and v), the relation (1.20) is
equivalent to the standard hyperscaling relation dv = v + 20.

The hyperscaling relations (1.19) and (1.20) will be proved in two steps. First,
assuming only the existence of the exponents, we will prove that

dp>6+1 and d—2+n>2/p. (1.21)
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Then, using the uniform boundedness assumptions in (1.11) and (1.12), respectively,
we will prove equality in (1.21), and hence the hyperscaling relations (1.19) and
(1.20).

The results of this paper came out of our attempt to understand the finite-
size scaling of the largest cluster in a finite box [BCKS97], see [CPS96] for an
announcement of our results. In fact, the main technical step in the proof of
the upper bound on dp is Lemma 5.1 below, which bounds the expected size of
the largest cluster in a box of side length 6n in terms of nrs, (p.) and N, (p.).
Assuming uniform boundedness of N, (p.), this bound is then converted into a
bound on 7, (p.) that implies the bound dp < § 4+ 1, see Proposition 5.2 and its
proof for details.

The organization of the paper is as follows: In Section 2, we give definitions and

notation. In Section 3, we give a precise statement of the results reviewed here,
as well as some additional results. The proofs are in Sections 4 — 7; see Section
3.6 for a detailed directory of the proofs. Sections 5 and 6 contain results which
may be of interest in their own right. Section 5 establishes scaling properties of
some of the fundamental quantities in percolation, and Section 6 has a general
moment estimate. Section 7 uses the results of Section 6 to prove an exponential
tail estimate for the subcritical cluster size distribution.
Acknowledgment: The authors wish to thank the the Forschungsinstitut of the
ETH in Zirich and the Institute for Advanced Study in Princeton for their hos-
pitality and partial support of the research in this paper. The authors are also
grateful for partial support from other sources: C.B. was supported by the Com-
mission of the FKuropean Union under the grant CHRX-CT93-0411, J.T.C. by NSF
grant DMS-9403842, and H.K. by an NSF grant to Cornell University.

2. DEFINITIONS AND BACKGROUND

Consider the hypercubic lattice Z?¢. Bond percolation on Z? is defined by choos-
ing each bond between adjacent sites of Z% to be occupied with probability p and
vacant with probability 1 — p, independently of all other bonds. The corresponding
product measure on configurations of occupied and vacant bonds is denoted by
Pr,, and expectation with respect to the measure Pr), is denoted by E,. A generic
configuration is denoted by w. If S1, Sa, S5 C Z%, we say that S; is connected to S5
in S3, denoted by {51 <> S in Ss}, if there exists an occupied path with vertices in
S3 from some site of S to some site of S3. Maximal connected subsets of sites are
called (occupied) clusters. The occupied cluster (in the configuration w) containing
the site x is denoted by C(z) = C(z;w). The size of the cluster C, denoted by |C|, is
the number of sites in C. Cy denotes the (unique) infinite cluster, i.e., the occupied
cluster with |C| = oco. We also consider connected clusters Cx(x) = Ca(z;w) in a
finite box A C Z?, defined as the set of all points y in A which are connected to x
by an occupied path with vertices in A. We say that C is a cluster in A, if C = Cy ()
for some & € A. The origin in Z? is denoted by O.

The cluster size distribution is characterized by

Ps = Ps(p) = Prp(|C(0)] = ) (2.1)
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or alternatively by
P>y = Pss(p) = Prp(IC(0)] = 5), (2.2)

and the order parameter of the model is the percolation probability or infinite-cluster
density
Poo(p) = Prp(|C(0)] = 00). (2.3)

The critical probability is
Dc = inf{p : Poo(p) > 0} (24)
We consider several connectivity functions: the (point-to-point) connectivity func-
tion
r(v0,wip) = Pry(v < w), (2.5
the finite-cluster (point-to-point) connectivity function
70 (v, w; p) = Pry(v < w, |C(v)| < 00), (2.6)
the point-to-hyperplane connectivity function
Tn(p) = Prp{3 v = (n,-)such that 0 <> v}, (2.7)
and the point-to-box connectivity function

Tu(p) = Pry{0 <> 0B,(0)}, (2.8)

where

B,(v) ={w € Z%: |v —w|o < n} =[-n,n]NZ* (2.9)

with |- |o denoting the /o-norm. B, wil be short for B, (0). Notice that m,(p)
and 7, (p) are equivalent, in the sense that

Tn(p) < mn(p) < 2d7,(p) - (2.10)

We also consider the susceptibilities

X(p) = Ey(IC(0)]) = > 7(0,v;p) (2.11)

v

and

X" (p) = E,(IC(0)],1C(0)] < o0) Zfﬁn (0,03p) = ) sPs(p) (2.12)

s<o0

Finally, we introduce the quantity

s(n) = (2n)% 7, (pe) . (2.13)
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As we will see, s(n) is the order of magnitude of the size of the largest critical
clusters on scale n.

Length scales in the model are naturally expressed in terms of the correlation
length £(p), defined by the limit

1/£(p) = — lim log 7%(0, v; p) (2.14)

|V] 0o =00 |U|oo

taken with v along a coordinate axis. It is known that £(p) < oo for all p # p. and
&(p) — oo as p 1T pe (see [Gri89], Theorem 5.49 and equation (5.57) for p < p.; for
p > p. the finiteness of the correlation length follows from [GM90]), but there is no
proof yet that £(p) — oo as p | p. in dimension d > 2.

Alternatively, lengths may be expressed in terms of the finite-size scaling corre-
lation length Lg(p,¢), introduced in [CCF85] for p < p. and in [CC87] for p > p..
Lo(p, ) is defined in terms of the probablities

R%?M (p) = Prp{ 3 a finite, occupied cluster C containing a bond-crossing of
[0, L] x [0, M]--- x[0,M] in the 1-direction} . (2.15)

These are finite-cluster analogues of the crossing probability

Rp av(p) = Prp{ 3 an occupied bond-crossing of [0, L] x [0, M]--- x [0, M]
in the 1-direction}, (2.16)

discussed in the introduction.
By [CCGKS89], Theorem 5, and the fact that {(p) < oo for p # p.., the crossing
probability R%r’lg . (p) = 0 as L — oo. For p # p,, the finite-size scaling length

Lo(p) = Lo(p,) = min{L > 1| R’ (p) < €} (2.17)

is therefore well defined and finite. In fact, we may use the bounds of Theorem 5
in [CCGKS89] to show that for each € > 0 there are constants C; = C1(d,e) < o0
and Cy = Cy(d) < oo, such that

Lolp.e) —1 < C1 4 Colog (1+£&(p) if p#pe. (2.18)
£(p)

For p < pe, R%f‘?, .(p) = Rr3r(p), and the finite-size scaling correlation length
Lo(p) can be analyzed by the methods of [ACCFRS83], [CC84], [CCF85], [CCFS86]
and [Kes87]. It then is straightforward to show that there exists a constant a(d) > 0
such that for e < a(d), the scaling behavior of Ly(p, €) is independent of ¢ for p < p.,
in the sense that Lo(p,e1)/Lo(p,e2) is bounded away from 0 and infinity for any
two fixed values €1, e2 < a(d). This scaling behavior is also essentially the same as
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that of the standard correlation length £(p). More specifically, for 0 < & < a(d),
the bound (2.18) can be complemented by the lower bound?

Lo(p,e) > C3&(p) if p<pe, (2.19)

for some constant C5 = C5(d,e) > 0 that can be made arbitrary large by chosing
a(d) small enough; this follows for instance, with C3 = log(A(d)/e), from the
fact that 7(0,z;p) < 2dR|y) 32 and (4.4) below. Hereafter we will assume that
e < a(d); we usually suppress the e-dependence in our notation.

Above p., we expect that the definition (2.17) again coincides, say in the sense of
equation (2.18) and (2.19), with the standard correlation length £(p) above thresh-
old, but we are actually not able to prove an analogue to (2.19) for p > p., except
for d = 2, where one can use a Harris ring construction [Har60] (see also [BCKS97))
in conjunction with the Russo-Seymour-Welsh Lemma ([Rus78], [SW78]). Assum-
ing that P (p.) = 0, it is known, however, (for any d > 2) that Lo(p) — oo as
P} pe, see [CC8T7]. Note that our results do not depend on the validity of the bound
(2.19) above p..

A quantity that is very much related to the crossing probability Ry as is the
expected number of crossing clusters,

Npv(p) = Ep{Np v}, (2.20)
where

N := number of occupied clusters in [0, L] x [0, M] x --- x [0, M]
that cross [0, L] x [0, M] x --- x [0, M] in the 1-direction .

(2.21)
It is easy to see (cf. Section 4) that
Rem(p) < Nea(p) < ) [Rem(p)]™, (2.22)
m=1

which immediately implies that Np sz(p) — 0 as L — oo if p < p.. For p > p.,
on the other hand, Ry sr(p) — 1 as L — oo, so that liminf; . Nz 31(p) > 1.
Uniqueness of the infinite cluster therefore suggests that Nz 31 (p) — 1 as L — oo
for fixed p > p.. This is indeed the case, see Lemma 4.2.

At the critical point, finally, it is expected [Con85], [Arc87] that Np s (p) is
bounded uniformly in L if d is smaller than the so-called upper critical dimesion
d., and grows like L% above d., with logarithmic corrections for d = d.. Very
recently, Aizenman [Aiz97] has rigorously verified certain aspects of the expected
high-dimensional behavior under a strong but natural assumption on the behavior
of the connectivity function above d..

LAs for the upper bound (2.18), K. Alexander [Ale96] has recently shown that one can take
Ca(d)=0if d=2 and p < pe.
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We close this section with the definitions of some of the standard power laws
which are expected to characterize the scaling behavior of relevant quantities in
percolation, noting that the existence of these power laws has not yet been rigor-
ously established in low dimensions. We define G(n) ~ n® to mean

G(n) = g(n)n® (2.23)

where g(n) is a slowly varying function in the sense that for each € > 0 one can
find constants ng = ng(e) < oo and C' = C(e) < oo such that for all m > n > ng

et () <% <3 =z

In a similar way, we use G(p) = |p — p|* to mean

G(p) = g(p)lp — pc|* (2.25)

where g(p) is again a slowly varying function, this time in the sense that for each
e > 0, there exist constants b = b(e) > 0 and C' = C(e) < oo such that

ca (o) =t sca (i) (220

if 0 < |p—pe| <[P —pe|] < b and either both p and p’ lie below p. or both p
and p’ lie above p.. Note that these requirements are stronger than saying that
log G(n)/logn — « and log G(p)/log |p — p.| — «, respectively, but weaker than
saying that ¢(-) is slowly varying in the traditional sense.

At p., the power laws of relevance to us are

o (pe) e n 7, (2.27)
Ps(pe) ~ 577, (2.28)

and )
sup  7(0,z;pc) & T (2.29)

z:| x| oo =1

where we have slightly deviated from the usual definition 7(0, z; p.) ~ |g;|;o(d*2+"),

For the approach to the critical point, the standard power laws are
|—V

é(p)%’p_pc p<p07

x(p) = |p—p™ p<pe,

/
|—IJ

E(p) = |p— pe P> DPe,

x) = p—p" p>0pe,
and

POO(p) ~ ‘p _pclﬂ D> DPec- (234)
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3. STATEMENT OF RESULTS

Our main results are the hyperscaling equalities (1.19) and (1.20), which we
will prove under certain assumptions, namely the uniform boundedness of critical
crossing probabilities and the existence of the exponent p. However, before stating
our main results in a more precise form, we will state the corresponding hyperscaling
1mequalities, which will be proved without any assumptions.

3.1. Hyperscaling Inequalities.

In order to prove the inequalities, we will use a slight modification of the quantity
s(m) introduced in (2.13), namely we will consider
n

5(0) = —— 3 10Bul7?,, 5 (pe), (3.1)

Tn(pe) “—

where the boundary dB,, of the hypercube B,, is the set of all points in Z¢ that
have /., distance m from the origin. Note that
$(n) = |Bu|mn(pe) = s(n) (3.2)

by the monotonicity of m,(p.) in n.
As most statements in this section, the following proposition will be proven in
later sections, see Section 3.6 for a detailed directory of the proofs.

Proposition 3.1. For all d > 2,

sup  7(0,7;pc) < [mn(pe))? (3.3)
z:| x| oo =21

and

P> 5(n) (pe) < 2mn(pe). (3.4)
Corollary. Assume that the exponents p, n, and 0 exist. Then

d—2+4+n>2/p. (3.5)

and
dp>6+1 (3.6)

Proof. The inequality (3.5) follows immediately from (3.3) and the definitions of
the exponents p and 7. By Proposition 4.3 below, the existence of p implies that
1/p < (d —1)/2. Therefore, if p exists,

> 0Bl (pe) = n' =27 (3.7)
m=0
and hence
5(n) ~ s(n) = nt=1/r. (3.8)
If § also exists, this in turn implies
P sy (pe) = 3(n) /0 m = (@71/00/0. (3.9)

Equation (3.4) therefore implies the inequality (3.6). O
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3.2. Hyperscaling in Terms of the Critical Exponents p, 4 and 7.

We begin by stating our main result in its simplest form, namely that uniform
boundedness of the critical crossing probabilities implies hyperscaling, provided the
exponent p exists. First, however, we must precisely define our notion of uniform
boundedness. We say that the critical crossing probabilities are uniformly bounded
if there exists a constant € > 0 such that

Rrpsp(pe) <1—¢ foral L>1. (3.10)

Theorem 3.2. Assume that the critical exponent p exists in the sense? of (2.27).
Then uniform boundedness (3.10) of the critical crossing probabilities implies that
the exponents § and n exist (in the sense of (2.28) and (2.29)), with

dp=9d+1 (3.11)
and 5.1
2—n:dm. (3.12)
Remarks:.

(i) Assuming the usual scaling relations v+ 25 = $(0 + 1) and v = v(2 — ), the
relation (3.12) is equivalent to the standard hyperscaling relation dv = v + 20.

(ii) In the course of proving Theorem 3.2, we will in fact prove the stronger
statement that uniform boundedness of Ni, 31,(p.), and the existence of p in the
sense of (2.27), imply the existence of § and 7 in the sense of (2.28) and (2.29), and
imply (3.11) and (3.12). See Remark (ix). If the existence of all three exponents
is assumed, we can prove the even stronger statement that hyperscaling is valid as
long as Nz, 31,(p.) grows more slowly than any power in L, see Theorem 3.3 below.

Theorem 3.3. Assume that the critical exponents p, § and n exist in the sense of
(2.27), (2.28) and (2.29). If N1 35(p.) grows more slowly than any power L (i.e.,
if for all € > 0 there ezist a constant C. < oo such that N, 31(p.) < C.L?), then
p, 0 and n obey the hyperscaling relations (3.11) and (3.12).

3.3. An Axiomatic Approach to Hyperscaling.

In order to prove Theorem 3.2, we will first prove a similar theorem in terms
of upper and lower bounds on P>, and 7, without assuming the existence of any
exponents. Given these bounds, we will then be able to show that the existence of
p implies the existence of § and 7, together with the hyperscaling relations (3.11)
and (3.12). We will also prove several additional results, which are needed in a
companion paper [BCKS97]. The axiomatic form of Theorem 3.2 is stated in this
subsection, and the additional results are given in the next subsection. In order to

2Recall that the symbol ~ is defined as equality up to a slowly varying function, see (2.23)
and (2.24).
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state these results, we will need several assumptions. Two of them, Assumptions
(I) and (II) below, will be used to prove the axiomatic form of Theorem 3.2; these
two assumptions deal with behavior at p. only. The two additional Assumptions
(III) and (IV) below, will be used to prove the further results stated in Section 3.4.

As before, our first assumption is the uniform boundedness of Ry, 3, at p.. The
second replaces the assumption that p exists, and can actually be proven from the
existence of p. The third, which will be used in only one theorem below, Theorem
3.6, is the assumption that uniform boundedness of Ry, 31, (p) continues to hold for
P > pe, as long as L < Lo(p). Finally, our fourth assumption is that 7, (p) behaves
like m,(p.) as long as n < Lg(p). Since Lo(p) depends on e, see equation (2.17),
Assumptions (III) and (IV) implicitly involve the constant . We assume that they
are true for all nonzero € < gg, where ¢y = £¢(d) is a suitable constant. Our
assumptions are:

(I) ~ There exists a constant € > 0 such that
Rrpsp(pe) <1—¢ foral L>1. (3.13)

(II) There exist constants D; > 0 and p; > 2, such that

T (Pe)
T (pe)

m

_1/1
ZD1( > ’ forall m>n>1; (3.14)

n

(ITII) There exists a constant € > 0 such that

(IV) There exist constants Dy > 0 and D3 < oo such that

< D3 if n<Ly(p); (3.16)

Remarks.
(iii) As noted above, Assumption (II) follows from the assumption that the exponent
p exists in the sense of (2.27). Indeed, by Proposition 4.3 below,

Tn(pe) > Chn~ 7 (3.17)

for some constant C; = C7(d) > 0. The existence of the exponent p in the sense of
equation (2.27) therefore immediately implies the bound

d—1
p< —5—. (3.18)

Using once more the assumption that p exists, we have that for all € > 0 there is a
constant C. > 0 such that

T (Pe) > C. <ﬂ>€ ’ for all m>n. (3.19)
Tn(Pe) n
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Equations (3.18) and (3.19) together imply Assumption (II) with, for example,
p1= d_Ll/g-

(iv) By the rescaling inequalities of Lemma 4.1 (iii) below, Assumption (III) is
equivalent to the (formally weaker) assumption that there exist constants & > 0
and o¢ > 0 such that Ry 51.(p) <1—¢if L < o9 Lo(p).

(v) By Theorem 3.8 ii) below, Assumption (I) implies that m,(p.) — 0 as n — oo,
and hence P (p.) = 0. Note that this implies in particular that Lo(p) — oo as
p 1 pe, see Section 2 above.

(vi) The fact that Lo(p) below p. is defined in terms of the crossing probabilities
Ry s1.(p) is used at several points in this paper. By contrast, our results above p,.
depend only weakly on the precise definition of Ly(p). Namely, our results remain
true as long as Assumptions (III) and (IV) hold for our definition of Ly(p) above
Pe.

(vii) In many lemmas and propositions below we can replace Assumption (I) by the
following weaker assumption:

(I*) N sr(pe) = Ep {NL 31} is bounded in L.

Lemma 4.2 below shows that this assumption is implied by Assumption (I). We
explictly indicate below when (I) can be replaced by (I*).

The theorems in this and the following subsection describe various important
properties of the quantities m,,, Ps, P> and x. Throughout, the basic parameter p
is bounded away from 0 and 1, that is we restrict p to (s < p < 1 — (y for some
small strictly positive (y. No further mention of (y, will be made. Many constants
C; appear in this paper. These are always finite and strictly positive, even when
this is not indicated. In different formulae the same symbol C; may denote different
constants. All these constants depend on ¢, d, (y and the constants which appear
in Assumptions (I) — (IV). This dependence will not be indicated in our notation.

Theorem 3.4. Under Assumptions (I) and (II), there are constants C;, 0 < C; <
oo such that

Cilma(pe))> < sup  7(0,2;pc) < [mn(pe))? (3.20)

z:| x| 0o >2n

and
CQWn(pc) < PZS(TL) (pc) < CBWn(pc)- (3'21)

Assumption (I) is not needed for the upper bound in (3.21), and neither Assumption
(I) nor Assumption (1) is needed for the upper bound in (3.20).

Note that the upper bound in (3.20) was already stated in (3.3). It is included
again here for completeness. The upper bound in (3.21) is reminiscent of (3.4),
but equation (3.4) concerns 5(n), while the upper bound in (3.21) concerns s(n).
Assumption (II) is needed to get from 5(n) to s(n).

We claim that Theorem 3.4 implies Theorem 3.2. To see this, we first recall
that the existence of p in the sense of (2.27) implies Assumption (II), see Remark
(iii) above. The assumptions of Theorem 3.2 therefore imply those of Theorem 3.4.



14 C. BORGS, J. T. CHAYES, H. KESTEN, J. SPENCER

But the bound (3.20), together with the existence of p, immediately implies the
existence of 7, with

d—2+n:%. (3.22)

To see that (3.21) and the existence of p implies the existence of 4 is slightly less
obvious, and will be shown in Section 3.5. Here, we will just show that (3.21) and
the existence of both p and § implies (3.12). Indeed, assuming the existence of p
and 9§, we get

P> 5(n)(Pe) = s(n) Y0 anmd=1/P)/3 (3.23)

which together with (3.21) implies that
§=dp—1. (3.24)

Solving (3.24) for p and inserting the result into (3.22), we obtain (3.11) and (3.12).
Modulo the proof of the existence of §, given in Section 3.5 below, the proof of
Theorem 3.2 therefore reduces to that of Theorem 3.4.

Remarks.
(viii) In the course of proving Theorem 3.4, we will prove a bound on the finite-

size scaling of the largest cluster in a finite box. We use the notation W](Bl) for the
size of the largest cluster in B and recall the definition (2.9) of B,, = B,,(0). Under
the assumptions of Theorem 3.4, we then prove that for p = p., the expected size
of Wgn) is bounded from below and above by (two different) constants times s(n),
see Remark (xii) following the proof of Proposition 5.2. Assuming the existence of
the exponent p in the sense of (2.27), this therefore implies that

E, W ~nd  where dp—d— - (3.25)

p AV B, S~ f o’ :

As in Proposition 3.1, an upper bound can be obtained without any assumptions.
Namely, we can show that

Ep AW} < 35(n), (3.26)

see Remark (xii).

(ix) As stated in Theorem 3.4, Assumption (I) is not used in the proof of the
upper bounds in (3.20) and (3.21). As can be seen from the proof of Proposition
5.2, it is further true that the lower bound in (3.21) remains valid if Assumption
(I) is replaced by (I*). Furthermore, the lower bound in (3.20) remains valid under
Assumption (I*) and (3.29) below. Since (3.29) is trivial if p is known to exist, it
follows that all conclusions of Theorem 3.4, and hence of Theorem 3.2, remain valid
under the hypotheses that Assumption (I*) holds and that p exists.

3.4. Additional Hyperscaling and Related Results.

In this subsection, we state several results of independent interest, some of which
are related to the proof of Theorem 3.4, and others of which are necessary for the
proofs in our companion paper [BCKS97] on finite-size scaling. The first gives a
scaling relation for the exponent ~.
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Theorem 3.5. Under Assumptions (I), (1I) and (IV), there are constants C; such
that

CrLo(p) [T o) (P)]* < X(P) < CoLo(p) [mro(m)(P)]? if P <pe.  (3.27)

Neither Assumption (I) nor Assumption (IV) is needed for the upper bound in
(3.27).

Remarks.

(x) Assume that the bound (3.27) holds and that Ly(p) ~ &(p) as p T p. (which
seems quite reasonable in view of (2.18) and (2.19)). Then the existence of the
exponents p and v implies the existence of v, with v = (d — 2/p)v. Combined with
(3.22), this gives the scaling relation

vy=v(2-—n7). (3.28)

(xi) Since Assumptions (I) and (IV) are not used in the proof of the upper
bound in (3.27), the following bound is true in all dimensions d > 2, provided the
exponents p, v and -y exist:

v < (d—2/p)v.. (3.29)

Next, we have a lower bound of the form (3.27) for x*(p) above p..

Theorem 3.6. Under Assumptions (1), (II) and (III), there is a constant C1 > 0
such that

X" (p) = CrLo(0) [mLo( (P)* if D> pe. (3.30)
The next theorem is a statement relating P> ) at p. to P>y at p # pe,
provided n/Ly(p) is small.
Theorem 3.7. Under Assumptions (1), (II) and (IV), there are constants Cj,
0<(C;<o0, and o1, 0 < o1 <1, such that

C1P>5n)(Pe) < Psyin)(p) < CoPsyiny(pe) if n < o1Lo(p). (3.31)

The last two theorems give upper bounds on 7, (p) and P> g,).

Theorem 3.8.
i) There exist constants C;, 0 < C; < oo, such that

T0lP) o= Con/Lo® it p<p and n > Lo(p). (3.32)
TLo(p) (p)

it) Under Assumption (I), there exist constants 0 < C3 < 0o and 0 < py < 0o such
that

Tm (Pe) my~1/pz
T (0e) SC’3<%> if m>n. (3.33)
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Theorem 3.9. Under Assumption (II), there exist constants 0 < C; < oo such

that
Ps (Lo (p)) (P)

TLo(p) (pc)
If, in addition, Assumptions (I) and (IV) are valid, then

< Cie % if p<p., and x>1. (3.34)

P> 2s(Lo(p)) (P)

< C3e” 9" if p<p. and z>1, (3.35)
P> (01 Lo(p)) (P)

where o1 is the constant from Theorem 3.7.
3.5. The Existence of §.

In this subsection, we prove that (3.33) and the existence of p imply the existence
of . To this end, we introduce for t > 1, n, = n.(t) := max{n | s(n) < t}. This
is well defined because s(n) — oo as n — oo, by Assumption (II). By definition we

then have
s(ny) <t <s(ne+1). (3.36)

Combining this with the monotonicity of P>; and the bounds in (3.21) we get
Cchﬂ'n* (pc) < 027Tn*+1(pc) < st(n*Jrl)(pc) < PZt(pc) < PZs(n*) < 037771* (pc)

(3.37)
Assume now that

Ta(pe) = g(n)n~'/? (3.38)
with g(-) satisfying (2.24). Let A > [d — 1/p]~!. Then choose & > 0 so small that
AMd—1/p—¢€)>1and Cy = Cy4(e) so large that

1 (%)d—l/p—s S 9

Ce)\ 2 -
We claim that then for any 1 < ¢; < t5, it holds that
Ty (t2) t2
Nt ) . 3.39
R At (3.39)

To see this, write n; for n.(t;) and let r = (to/t1)* > 1,m > Cyrny. Then

S() dl/

i)
(

d 1/p €
) s(m 4+ 1)

C47° d=1/p=e
> 5 .
=) \ 2 ) t1 (see (3.36))
_ 1 04 d—1/p—¢ to Ad—1/p—¢)
C(S)( 2) <t1) b
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Thus, we see that s(m) > 2t5 for all m > Cyrnq, and therefore ny < Cyrng, as
claimed. B N
Next, let A < [d—1/p]™!, € > 0 so small that A(d—1/p—¢) < 1, and C5 = C5(¢)

so small that .
C(e)cd—1rte < 5

Then one proves analogously to (3.39) that for 1 <ty < ¢,

T4 (tg)
Ty (t1>

> C5(%)X‘ (3.40)

It now follows from (3.37)-(3.40) and (2.24) that if we define h(-) by
Pxy(pe) = t7/h(t)

with p given by (3.24), then h(-) satisfies (2.24) with g replaced by h. Thus the
exponent ¢ exists and has the value given by (3.24), as claimed in the discussion
following the statement of Theorem 3.4.

3.6. Organization of the Proofs.

As explained after the statement of Theorem 3.4, the proof of Theorem 3.2
follows from Theorem 3.4 and the considerations of the previous subsection. The
proofs of the other results can be found in the next four sections.

In Section 4, we prove Theorem 3.8, Proposition 3.1 and the upper bounds in
Theorem 3.4. The proofs of the latter two are contained in the proof of Proposition
4.5. Most of the remaining statements are proven in Section 5: Proposition 5.2
implies the lower bound in (3.21), and, together with Proposition 4.5, completes
the proof of Theorem 3.7, while Proposition 5.3 implies the lower bound in (3.20),
thus completing the proof of Theorem 3.4. Theorems 3.5 and 3.6 are just the
statements of Proposition 5.4. Theorem 3.3 is proven at the end of Section 5. In
Section 6, we give a general moment estimate, which is then used in Section 7 to
prove Theorem 3.9.

It is worth noting that Theorem 3.9, the proof of which is rather complicated, is
not needed for our results on hyperscaling. We establish Theorem 3.9 in this paper
because its proof fits in with the others here, and we will need it for our companion
paper [BCKS97] on finite-size scaling.

4. PRELIMINARIES
We start with a lemma which follows easily from the methods of [ACCFRS3]:

Lemma 4.1. Let d > 2. Then there exists a constant 1 < C(d) < oo such that
i) For all p and for all L > 1

Rron(p) <1— (1—Rpsn(p)?. (4.1)
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it) For all p and all M and L with 1 < L < M < 2L

Rusm(p) <1—(1- RL,3L(p))C(d) < C(d)Rr3.(p)- (4.2)
i11) For all p and all L > 1

2

Roron) < [1— (01— Boan@) ] < C@P[Reanw)]’. @3
iv) For p < p., € < A(d) := C(d)~2 and L > Lo(p;e)
e \ L/2Lo(pse)
Rpsr(p) < <A(d)) (4.4)
v) For all L > 1
Rp31(pe) > A(d). (4.5)

Proof. Let Fr pr be the event that in the box [0, L] x [0, M]--- x [0, M], there is
no crossing in the 1-direction. As shown in [ACCFRS3|, the event Fp, ¢z, can be
guaranteed by patching together a finite number of translations and rotations of
the event Fp 3. This gives

c(d cd
1—Rper(p) = Prp{Frer} > (Prp{Fr3L}) @ _ (1 - Rr35(p)) ( ); (4.6)

see [ACCFRR83] for details. (4.2) follows from (4.1) and the fact that Ry j(p) is
increasing in J and decreasing in I. (4.3) follows from (4.1) and the fact that

Rorm(p) < [RL7M(p)]2. In order to obtain (4.4), one first uses the bound (4.2)
(and the fact that C'(d) < 1/A(d)) to obtain

1
Rr3rnp) < mRzk Lo(pie),2%3Lo (pie) (D),

where k is chosen in such a way that 2¥Lo(p;¢) < L < 2K*1Lg(p;¢). Tterating the
bound (4.3), one then gets (4.4). Statement v) finally follows from the bound (4.3)
and the fact that £(p) diverges as p 1 p.. Indeed, assume that (4.5) fails for some
Ly > 1. Then R, 3,(p.) decays exponentially in n by (4.3) and the argument for
(4.4) with Lg replaced by Lj. As a consequence 7, (p.) decays exponentially in n,
which in turn implies exponential decay of 7(0, z; p.), in contradiction with the fact
that £(p) diverges as p T p.. O

The next lemma gives a relation between the crossing probabilities Ry, as(p) and
the expected number of crossing clusters Nz, ar(p).
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Lemma 4.2.
i) For alld > 2 and all p

Rem(p) < New(p) < ) [Rem(p)]™ (4.7)

it) For alld > 2, as L — oo,

0 if p<pec

N —
L2r(p) {1 if > pe

(4.8)

Proof.

i) The lower bound on Ny, as(p) is obvious. We are therefore left with the upper
bound. Recall the definition (2.21) of N7, ar, and define Ny, s to be the number of
disjoint crossings of [0, L] x [0, M] X --- x [0, M] in the 1-direction. Then

Nea(p) = Ep{Ne o} < Ep{Np i} = > Pryp{Npw > m}. (4.9)

m=1

By the van den Berg-Kesten inequality [BK85],
Pro{Npa > m} < [Prp{Npp > 13"

Since Prp{/vLyM > 1} = Rr m(p), this implies the upper bound in (4.7).

ii) For p < p., the bound in (4.8) follows from (4.4) and the upper bound in (4.7).
For p > p., we use that the probability of N 31, > 2 goes to zero exponentially in
L if p > p. by [KZ90], see also [Aiz97]. Since Ny 31, < (3L + 1)471, this implies
that limsup Nz, 31,(p) < 1 as L — oo. The lemma now follows from the fact that
Rps3r(p) = 1 as L — oo for all p > p. (see (1.1)). O

Proof of Theorem 3.8.
We start with the proof of ii). By Assumption (I), the probability 1 — Ray, 6n
that there is no occupied crossing in the 1-direction of the block

[n,3n] x [~3n,3n]¢"! (4.10)

is at least €. The cube Bs, is the union of B,, and the block in (4.10) plus 2d — 1
more blocks congruent to the block in (4.10). Let F, be the event that none of
these 2d blocks congruent to (4.10) has an occupied crossing in the short direction.
By the Harris-FKG inequality and Assumption (I), the probability (at p.) of Fj, is
at least 24, If F,, occurs, then dB(n) is not connected to dB(3n). Moreover F,, is
independent of the event {0 «» 0B(n)}. It follows that for all n

T30 (Pe) < T (pe)[1 = Pryp {Fn}] < ma(pe)[1 — 2% (4.11)
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By iteration '
T3in(Pe) < Tn(pe)[1 — gZd]j-
Since 7, is decreasing in m, (3.33) follows.
In order to prove i), let us assume for the moment that n > 3Ly(p), Then, as in

the proof of (4.11),

S ]- - [1 - Rn—Lo(p),Qn(p)]Qd S Qan_LO(p)’Qn(p>
TLo(p)

< 2an—L0(p),3(n—Lo(p))(p) ’ (412)

where we used the monotonicity of Ry a(p) in M in the last step. By the rescaling
bound (4.4), Ry_1,(p),3(n—Lo(p))(P) decays exponentially in (n — Lo(p))/Lo(p), so
that we obtain the existence of a constant Cy > 0 such that

<2de”C2n/Lo®) i p<p. and n > 3Lo(p). (4.13)

For Lo(p) < n < 3Lg(p) we use the monotonicity of m,(p) in n to conclude the
proof. [J

The next proposition gives the lower bound (3.17).
Proposition 4.3. For d > 2 there is a constant C; = C1(d) > 0 such that

1 d—1

T (Pe) 2(}1( )T, n>1. (4.14)

n
Proof. To prove (4.14) one can simply copy the argument from [BK85], Corollary
3.15. This argument shows that

RQn,Gn(pc) S Z [T‘—Tl(pc)]2‘

0<x2,..., £q<bn

(4.14) follows immediately from this and the fact that Ry, 31.(p.) is bounded away
from O (see for instance Theorem 5.1 in [Kes82] or statement v) of Lemma 4.1
above). [

Lemma 4.4. If Assumption (II) holds, then for 3 > 1/p1 — 1 (and a fortiori for
B>d/2—1=(d—2)/2) there exist constants C; = C(3,d) and Cy = Cs(d) such
that for all L > 1

L
> (m+ 1) (pe) < CLLP M 7 (pe), (4.15)
m=0
and
L
> (m+ 1) 72 (pe) < CoL7 (pe), (4.16)

o

m
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Proof. By Assumption (II) and the fact that

70 (pc) 1 ™1 (pc)
R e I O e

we have

mZ:O m + 1) Wm(pc) =Ty pc mzzo m -+ 1)ﬂ7;72((£cc))

> Ly
< Cs7r(pe) (m+1) (—)
e m+1

L
= CSLl/plﬂL(pc) Z (m + 1)ﬁ—1/p1 < Cymp(pe)LPHY,
m=0

which proves (4.15). The proof of (4.16) is almost the same (recall that p; in
Assumption (II) is assumed strictly larger than 2/d). O

The last proposition in this Section gives an upper bound on P ,)(p), which
implies in particular the upper bound in (3.21). The proof of the proposition also
gives the proof of the Proposition 3.1 and the upper bound in (3.20).

Proposition 4.5. Under Assumptions (II) and (IV), there exists a constant 0 <
C3 < oo such that

If p < pe, (4.17) remains true for all n < oo, and Assumption (IV) is not needed.

Proof. First, we claim that for n < 3|z — y|« and all p

(2, y;p) < [ma(p)]?. (4.18)

Indeed, for n < 1|z — y|s, the event {z <> y} is contained in the intersection
of the two events {z > 9B,(x)} and {y + 0B,(y)}. Since these two events
are independent, and each have the probability m,(p), the bound (4.18) follows.
Note that this proves the upper bounds in (3.3) and (3.20) in Proposition 3.1 and
Theorem 3.4, respectively.

For any s > 0 and any p € [0, 1],

Prp{IC(0)] > s and C(0) € B,} < Prp{0 <> 9B,} = m,(p) (4.19)
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and

Prp,{|C(0)| > s and C(0) C B,}
< Pry{IC(0) N By = 5}

< “B,{1C(0) N B}

:_Z (0, z;p)

r€EB,

% > [myayyz @]

reB,

1 n
= = 3 108 [y ()]
m=0

IN

where we have used the bound (4.18) in the second to last step. As a consequence

n

Poo(p) S Talp) + = 3 [0Bnl [mionsz) ()]

2 (4.20)

m=0

The inequality (4.20) proves both the remaining statement of Proposition 3.1 and
the statement of Proposition 4.5. Indeed, choosing p = p. and s = §(n), it gives the
bound (3.4). If instead we choose s = s(n) and n < Lg(p), we can use Assumption
(IV) and Lemma 4.4 to obtain (4.17). If p < p., Assumption (IV) can be replaced
by the monotonicity of m,,(p) in p. O

5. SOME IMPORTANT SCALING PROPERTIES

In this section we derive a number of scaling properties of the functions 7, P>,
7 and x. To this end, we will first prove a lower bound on the expectation of the
largest cluster in a finite box of the form B,, = B,(0), see (2.9). We need some
notation. For a finite box A C Z?, we denote the connected component of z in
C(x)NA by Ca(x) = Cp(x;w); this is therefore the collection of all points which are
connected to x by an occupied path in A. Cl(xl),Cf), = -Cl(\k) denote the occupied
clusters in A, ordered from largest to smallest size, with lexicographic order between
clusters of the same size. W( D= = |C\ (Z)\ denotes the size of the ith largest cluster
in A. For an arbitrary event A I[A] denotes the indicator function of the event A,
and for an arbitrary subset A C Z<, OA denotes the set of all points in A that have
a nearest neighbor y € A = Z¢ \ A.

Lemma 5.1. Under Assumption (II), there exists a strictly positive constant Cy
such that
s(3n)

1
Wi} 2 G . (5.1)
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provided p > p.. If Assumption (IV) holds as well, then

s(3n
B, (Wi} > 02 (52)
p

(NZn,6n)

for all p < p. and all n < Ly(p)/3.

Proof. By monotonicity in p we may assume p < p.. Without loss of generality we
further assume that n > 2. Let

implying that that n — 1 < 2m < n. Let B, be the cube B,.(0) = [—r,7r]¢, let A,
be the annulus
A, ={x € B, | '_HllaXd|£l7¢| >n},

)

and let
M (n) = number of clusters in A,, which connect 0B,, to 0Bs,.
For m < k < 3n, define
V(m, k) = number of sites in B,,, connected by an occupied path to 0By .
Assume for a moment that M(n) < r for some integer r. Then the V(m,3n)
vertices in B,,, which are connected to 0 Bs,, must be connected to one of the at most
r — 1 occupied clusters connecting dB,, to 0Bs3,, so that these vertices decompose

into at most » — 1 clusters in Bs,. At least one of these components must have size
> V{(m,3n)/(r — 1) so that

Wj(glg)n > %V(m,i’m) if M(n)<r. (5.3)
As a consequence,
B (W8} > B {V(m 3n)1[M(n) < 1]}
> " i . [EP{V(m,i%n)} — E,{V(m,3n)I[M(n) > r]}}
(5.4)

Using the Assumption (IV) in the case p < p., we bound

E{V(m,3n)} > > Tau(p) > |Bm|”3”(p) (see (2.10))
veEB,,

> IBmIDQ# : (5.5)
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On the other hand, we have
EP{V(m, 3n)I[M(n) > 7“]} < Ep{V(m,n)I[M(n) > r|}
= Ep{V(m,n)}Prp{M(n) > r}
< Byl (p) 2]

r
E,{M(n
< |Bm|7rm(pc)w . (5.6)
Next we claim that
E,{M(n)} < 2dE,{Nan6n} - (5.7)
Indeed, let S5 = {r € A, | £2; > n}, and let ./\/2(?6)” be the number of occupied
clusters in 57(111‘) that cross 57(111‘) in the ¢’th direction, ¢ = 1,...,d. Consider a

cluster C'y, in A,, that connects 0B,, to 0Bs,. Then, by the arguments leading to
the proof of (4.11), each such cluster contains a path that crosses at least one of

the 2d slabs ST(LiZ'), i=1,...,d. As a consequence,

Z( 2(:16)71 +N2n 6n> 5 (5.8)

U

which in turn implies (5.7). Using finally Assumption (II) together with the fact
that 3n/m <9 to bound 7,,(p.) by a constant times 73, (p.), we obtain the bound

Ep{NZn,Gn}

- (5.9)

EP{V(m, 3n)I[M(n) > r]} < Co| By |msn (pe)
where C5 < oo is a constant that depends only on the dimension d and the constants
in Assumption (II).

Combining the bounds (5.4), (5.5), and (5.9), we get

1 D, E,{Nan 6n}
B} > L Bulmsa(pe) | 52 — Gy P 2t
Choosing
4dC
r=1+ 0 2 Ep{Nan,on}]
we finally get
(D2)? 1

> By | man (pe) ————r 5.10
P{ 83 } (4d)2C ’ | 3 ( ) p{NQnGn} ( )
Since we took 2m + 1 > n, and hence |B,,|m3,(p.) > 6~%5(3n), (5.10) proves the
Lemma. U

We next prove a lower bound on P>, (p). Together with Proposition 4.5, this
shows that Ps,,)(p) is comparable to m,(p.) for n < some multiple of Lo(p),
implying in particular Theorem 3.7.
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Proposition 5.2. Under the Assumptions (1), (II) and (IV), there exist constants
Cy and o1, with 0 < Cy < 00 and 0 < o1 < 1, such that

Pssny(p) > Camn(pe) if n < o1Lo(p)- (5.11)

If p = pe, Assumption (IV) is not needed, and Assumption (I) can be replaced by
Assumption (I%).

Proof. We prove the proposition under Assumptions (I), (II) and (IV), and leave it
to the reader to check that Assumption (IV) is not used in the proof of the result
at p.. The fact that, for p = p., Assumption (I) can be replaced by (I*) is obvious
from the proof below.

In order to prove the lower bound on Ps 4, (p), we will need a relation between

the distribution of ngl) and P>;. To this end, we use the fact that, for an arbitrary
positive s,

E W < s+ B,{iw 1wV > o
<s+ Y B WOIW > 5]}
i>1

= s+ > Pr{lCa(v)] > s)

vEA

<s+ ) Prp{lCv)| > s}

vEA
= s+ |A|P>s(p) . (5.12)

Taking s = %EP{W/(\D}, this gives

Pty oy @) |A|ZPTP{|CA< )2 5BV 2 go B} (513

2

Next, we use Lemma 4.2 and the monotonicity of Ry, a(p) in p to conclude that
Assumption (I) implies that

E{Nonen} <Cy forall p<p.. (5.14)

Combining the fact that Ep{WSg} is monotone increasing in n with Lemma 5.1,
equation (5.14) and the fact that 7, (p.) is monotone decreasing in n, we get the
existence of a strictly positive constant C; such that

C ~ )
EfAW)) 2 BfWp), > & sBl5)) > Custn) i n<Lo(),  (5.15)

3
and hence, see (5.13),
P (p) > P ) >0 S cur ) i n < Lo(p), (5.16)
_ mn(pe) if n< , (5.
>G5 P = T dm, iy P = Higip 1 = HeT P o
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where C is a strictly positive constant. Now, for given n, let k = ((%Dléﬁ)_wd}
and m = kn, where D; is the constant of Assumption (II). Then

RO S
and hence
Poam)(p) 2 P15,y (P) 2 C3Tm(pe) (b (5.16))
> 501 (™) ) > Cumalo), (5.18)

provided m < Lgy(p). Thus (5.18) and hence (5.11) will hold for n < o1L¢(p), for
some suitable o7 > 0. O

Remark (zii). Combined with Proposition 4.5, Proposition 5.2 proves both Theo-
rem 3.7 and the “hyperscaling” relation (1.19b). In the course of this proof, we
have actually shown that for p = p., the expected size of ng is bounded from
below and above by (two different) constants times s(n), provided Assumptions (I)
and (IT) hold. Indeed, combining equations (5.15), (5.12) with s = s(n), and (4.17),
we get the existence of constants 0 < C; < oo such that

Cis(n) < Ep AW} < Cos(n). (5.19)

Bounds of this form and extensions thereof are studied in great detail in [BCKS97].
Note that Assumption (I) is not needed for the upper bound in (5.19), so that the
“hyperscaling inequality”

dy <d—-1/p (5.20)

is valid under the sole assumption that p exists (see (3.25) for the definition of dy).
Indeed, if we are willing to replace s(n) in (5.19) by §(n), then the upper bound
holds without any assumption, see (3.26). To see this, we use (5.12) with s = §(n),
followed by (3.4) and (3.2).

Proposition 5.3. Under Assumptions (1), (II) and (IV), there are constants 0 <
a<1and 0 < Cy < oo such that

> 7(0,23p) > Crnlma(p)]® if n < Lo(p) (5.21)
xz€B,(0)
and o
> T(O,x;p)génd[ﬂ'n(pc)F if n<Lop). (5.22)
TEB|an)(0)

As in Proposition 5.2, if p = p., Assumption (IV) is not needed.
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Corollary. Under Assumptions (I) and (II) the lower bound in (3.20) holds.

Proof of Corollary. We take p = p. and subtract (5.22) from (5.21) to obtain

C
@n+D)? sup w(0.mp) > Y, 7(0,5pe) 2 nfm(pe)P S
lan]<|z|<n 2EB\B | an) ?

Using Assumption (II), we get

C
s 7(0,7;pc) > TlDfaQ/“ (7| am) (Pe)]?-

Now just replace |an| by n. O

Proof of Proposition 5.3. We again prove the proposition under Assumptions (I),
(IT) and (IV), and leave it to the reader to check that Assumption (IV) is not needed
at pe.

In order to prove (5.21), we may assume without loss of generality that p < p..
For B,, = B,(0), and m < o1n, where o1 is the constant of Proposition 5.2, we
then bound

Y 7(0,25p) = E,{|C(0) N Bal}

2€ B, (0)
> s(m)Prp{|C(0) N By| = s(m)}
> s(m)Pry{|C(0)| > s(m),0 ¢ 0B, }
> s(m) (Prp{[C(0)[ = s(m)} — my(p))
> s(m) (Prp{|C(0)[ = s(m)} — mn(pc))
= 5(m) (P>s(m)(p) — mn(pc))
> s(m) (Camm (pe) — mn(pe)) (5.23)

where Cjy is the constant of Proposition 5.2. Appealing to Theorem 3.8 ii) and the
monotonicity of m,(p) in n, we therefore obtain the existence of a constant ky > 1
with a% < k1 < 00, such that

> r(0,2:0) > s(m) L) > Lol (o) (524
z€B,(0)

if mk; <n and n < Ly(p). Choosing m = |n/k;1], we then obtain (5.21).
The bound (5.22) is immediate from (4.18), Assumption (IV), Lemma 4.4 and
Assumption (II). O
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Proposition 5.4. Under Assumption (II), there exists a constant C1 < oo such
that

X(p) < C1Lo(p)![mrymy(Pe)]?  if P <pe. (5.25)
Under Assumptions (1), (II) and (IV), there exists a constant Cy > 0 such that

X(p) = CoLo(p) Lo ()] i P <pe (5.26)
Under Assumptions (I), (II) and (III), there exists a constant C's > 0 such that

X" (p) = CsLo(p) [TLomy@)®  if P> pe (5.27)
Proof. First let p < p.. Rewriting x(p) as

x(p) = > 7(0,7;p), (5.28)

we use (4.18) and (3.32) to estimate

Y 7(0,23p) < CsLo(0)[rLo(p) (D)) < CsLo(p) Loy (0e))s  (5:29)

zEZd:
|z|=>2Lo(p)

and the bounds (4.18) and (4.16) to estimate

Yo T0,mp) < D> 7(0,23p) < CaLo(p) Loy () (5.30)
zezd: zezd:
|z|<2Lq(p) |z|<2Lq(p)

Combining (5.28), (5.29) and (5.30) we get (5.25). With o7 as in Proposition 5.2,
the bound (5.26), on the other hand, follows from

x(p) 2 s5(lo1Lo(P)]) P2 s(lo1 o)) (P) = Co5(101Lo(P)])T 0y 1)) (Pe) (se (5.11)),

(5.31)
and the fact that m, is decreasing in n.
Now take p > p.. Analogously to (5.31) we have for any n and C7 > 0
fin
() = Ey{ICp, (0)|1[0B, ¢ 9Bs,]}

= B,{[C5, (0|} Pry{9B., #» 9Bs,)

> Crs(Lo(p)) Prp{lCs, (0)| = Crs(Lo(p))} Prp{0By ¢ OBsn} .
(5.32)

Using Assumption (III), in the same way as we used Assumption (I) in the proof
of (4.11), we now have for n < $Lo(p)

Pr,{0B, ¢ 0Bs,} > &*. (5.33)
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Finally, as we basically saw already in (5.13), (5.15) and (5.16), under Assumptions
(I) and (II),

1
| B

Z Ppc{|cBT(/U)| > %6’18(’)“)}

vEDB,.

0377-7"(]70) S

< sup Pp{\CBT(v)] > %518(7”)}, r>1.
vEB,

Therefore, if we take C; and Cj as in (5.15) and (5.16), then for some wo = wo(r) €
B,., we have

Prp{|CBT(w0)| > %(715(7«)} > Carr(pe) . (5.34)

Finally, we take r = |n/2] for n = L%Lg(p)J. Then for wg € B,., B, —wg C Ba, C
B, so that |Cp, (0)] is stochastically larger than |Cp, (wo) — wo| = [Cp, (wp)|. If we
now take C7 > 0 so small that C7s(n) < £Cys(r), then we find

Pr,{1C5,(0)| = Crs(n) } = Pr,{|C5,(0)| = $C1s(r) |
> Pry{|Cs, (wo)] = 3Cis(r)} = Comp(pe) = Comry(pe). (5.39)
The inequality (5.27) follows by combining (5.32), (5.33) and (5.35). O

We close this section with the

Proof of Theorem 3.3.

Assume that p exists. By Proposition 4.3, this implies Assumption (II) and
the bound 1/p < 4 — see Remark (iii) in Section 3. Assuming furthermore
that E,_ (N1 s1) grows more slowly than any power of L, the bound (5.1) and the
existence of p then imply that for each £ > 0 there exists a constant Cy(g) such
that

Ep W5} > 20y (e)nd- Ve, (5.36)

Note that the bound 1/p < % implies that for all sufficiently small ¢ the right
hand side of (5.36) is monotone increasing in n. Combining (5.36) with the bound
(5.13), we get the existence of a constant C}(¢) > 0 such that

d—1/p—
P e (pe) > Or &) T S B 1o (5.37)
ch(E)nd 1/p—e pC - 1 (6n+1)d - 1 . .

Assuming finally the existence of § in the sense of (2.28), this shows that for all
e>0

1 1 1

—(d——)§—+5, (5.38)
0 p p
which implies § > dp — 1. Combined with the bound (3.5), this proves the hyper-

scaling relation (3.11).
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In order to prove (3.12), we first note that, by (5.23), for all n,m > 1,

> 7(0,25p0) = s(m) (Ps o) (pe) — Tn(pe)) - (5.39)
z€B,(0)

It is now easy to see that for all € > 0 there is a constant C3(€) < oo such that

> 7(0,35p0) > Cy(Ent20E (5.40)
xz€B,(0)

Indeed, this follows immediately from (5.39), the existence of p and ¢, and the
just proven relation dp = 6 + 1, by choosing m = n'~¢, with ¢ = ¢(¢) sufficiently
small. The existence of 7, on the other hand, implies the existence of a constant
C4(€) < oo such that

7(0,25p.) < Cy(E)|xf>~41F< (5.41)

We claim that (5.40) and (5.41) imply that d — 2 +n < 2/p. Indeed, assume that
d—2+mn>2/p. Then d—2+n > 2/p+ 3¢ for all sufficiently small . As a
consequence,

7(0,7;pc) < Ca(E)|x|72/P72. (5.42)

Since 2/p < d—1, this implies that for all sufficiently small £ there exists a constant
Cy = Cy(d,e) < oo such that

> 7(0,3;p.) < Cyn2 P72 (5.43)
z€B,(0)

in contradiction with (5.40). We thus have shown that d —2+n < 2/p. Combined
with (3.5), this completes the proof of (3.12). O

6. A GENERAL MOMENT ESTIMATE

In this section we prove a fundamental moment estimate and an exponential
tail estimate for cluster sizes. In order to prove these estimates, we first bound
the moments of the number of vertices in a large cube A which are connected to
the boundary of a cube which is twice as large. We then show how the tail and
moments of the largest cluster in A can be bounded in terms of such quantities. For
d = 2 a faster way to obtain such estimates was given in [Ngu88], but his method
does not seem usable when d > 2. While our results can be easily stated in terms of
the cubes B,, introduced in Section 2, it turns out to be more conveniant to express
them in terms of the cubes

Ay={zecZ' n<az;<nfori=1,...,n}. (6.1)
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Lemma 6.1. Define
V(L) := number of sites in Ay, connected to OAsy,. (6.2)

Under Assumption (II) there are constants C; such that for all integers k > 1,
E{V¥(L)} < Cyk! (CoLmp(pe))" if p<pe and L>1.  (6.3)
Consequently, for 0 <t < [CoL%mr(p.)] ™1,
E,{exp(tV(L))} < C1[1 —tCoLmp(p.)]™" if p<p. and L>1. (6.4)

When Assumptions (1) and (IV) hold, then (6.3) and (6.4) remain valid for p > p.
and L < Lo(p).

Proof. We write A for Ay and A for Asr,. Now

E{VFL)}= Y Prvie0A1<i<k} (6.5)

Ul,...,’ukEA
Fix v1,...,v; € A and define
d(i,j) = |vi —vjlee if 1 <d,j < k.

Also define for 1 < i < k
n(i) = minf | 3d(i, )] 1< < b, ji# i}

This n(7) is essentially 1/4 times the distance from v; to the nearest point. We then
define the cubes

d
G(i) = [ [[vir — n(i), vir + n(i)] = Bug)(v:) (see (2.9)),

where v; , denotes the r-th coordinate of v;. If the points vy,...,v; are pairwise
distinct, these cubes are disjoint, because for some r

[vir = V| = |vi = vjloo = 4[n(7) V n(7)] > 1(i) + n(7).

Also, for any j
dn(i) < d(i,j) < 2L, (6.6)

so that N N
Gi)CcA\OAN1<i<k.
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Consequently, if v; < 8X, then v; is connected to a point outside G(i), and therefore
v; <> 0G (7). It follows that

Pry{v; & 0N, 1 < i <k} < Prp{v; ¢ 0G(i),1 <i < k}

k
= H Prp{v; <> 0G(i)} (because the G(7) are disjoint)

i=1
k k
k
i=1 i=1
provided the points vy, ..., v, are pairwise distinct. Here C's is some finite constant

which may be taken equal to 1 when p < p. (by obvious monotonicity in p), and
may be taken equal to D3 when p > p., L < Lo(p), by Assumption (IV) (recall
(6.6)). Note that (6.7) remains true if some of the v;’s coincide, since in this case
the corresponding n(i)’s are zero, so that m,;)(p) = 1 = m,;)(p)** if the point v;
appears s; > 2 times.

In order to sum over the points vy,...,v5, we assign to each set of points
v1,...,U, certain labeled, rooted trees Ti,...,T.. We then first sum over all
v1, ...,V keeping the set of trees Ti,..., T, fixed, and then sum over the trees

T,...,Tr. To this end, we inductively choose subsets I,. of {1,... &k}, and labeled
rooted trees T, on I,.. The vertices of T;., will be denoted by ig-r), and z‘ﬁ”) will be

the root. The edges or bonds of T, will be denoted by b\". These trees will be
chosen such that the following properties hold:

i) If £ is a child of j (so that (j,¢) is a bond in T}), then n(¢) = | 1d(¢,7)].

ii) There exists a child i) € I, of i{" in T such that n(i{"”) = n(i{"

iii) {1,...,k} is the disjoint union of I,..., I,.

To obtain these trees we slightly vary the construction in [Kes86] pp. 389-390.
Assume that I1,...,I._1 and Ty, ..., T,._1 have already been chosen and set J,_1 =
Ur<s<r—1Is  (Jo = 0). Assume that these sets have been chosen so that I, ..., I,_;
are disjoint and such that

1
foralli ¢ J._1, and j € J,_1, de(i,j)j > n(i). (6.8)

For » = 1 these properties are vacuous. In the first step, we choose zl ,12 (r) ¢ Jr_1
so that

n(igr)) =min{n(i): i ¢ J._1}. (6.9)
and ]
n(iy”) = [3d(07,i57)] = n(iy"). (6.10)

Such a choice is always possible, since by definition n(igr)) = [ 3d(i § ), j)| for some
j €{1,...,k}, which, by (6.8), necessarily must lie in {1,...,k} \ J,—1. We also
et B = (i) 40)

g )
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Assume next that the vertices @( v ...,@'ff) have been chosen so that they are
distinct and are all outside J,_1, and that the bonds b§’">, cee b,@l have been chosen
so that they form a tree on z( ) . 1(5 r) obeying the condition i) above. We then

check whether there exists a palr (€ j) so that
t¢ Jo o iy, e, iy (6.11)

and ]
n(f) = LZ\W — V5|00 ] (6.12)

If no such pair exists then we stop and take 7). as the tree on
I =4, iy

which has bonds b, ..., b{"),. If there is a pair (¢, j) which satisfies (6.11) and

(6.12), then we set z§+)1 = { and add the bond b(r) (],ZE:_)l) In other words, ¢ is
added as a child of j. We then repeat this process with t replaced by t+1 and search

for 1751)2 and bg?l, and so on, until for some u no further (¢, j) satisfying (6.11) and

(6.12) with ¢ replaced by u can be found. Then we take I, = {z(r) e ,ig)} (here u
depends on r but we usually do not indicate this dependence explicitly). The fact
that there does not exist a further ¢ which satisfies (6.11) and (6.12) means that
(6.8) now also holds with » — 1 replaced by r. Also, by construction (see (6.11)),
I, is disjoint from J,._1 = U’i_lls, and I, and T, obey conditions i) and ii) above.
After I, has been chosen we go on to choose I,.;1 and T, etc., until the whole
index set {1,...,k} has been exhausted. Let us assume that that happens with I,
so that
Jr=Ul_I,={1,...,k},

which is just condition iii).
To estimate (6.5) we must next sum the right hand side of (6.7) over all possible
choices for vy, ..., vi. Rewriting

H1 Ty () = [T TT 000, (pe). (6.13)

r=1 s

we first sum [], W(n(ig))) over all choices of v(@ﬁ”), 1 < s < u, while I, =
{z(r) . ,z'q(f)} and T, are held fixed. (For typographical convenience we sometimes
write m(n) instead of m,(p.) and v(i) instead of v;). To do so, let us bound in how
many ways v(i; i )) . v(iq(f)) can be chosen when we keep 7). and n( '(T)), . ('(T))
fixed. For v(iy i )) we merely use the restriction that v (i (T)) € A. This allows at most
(2L)? possible choices for v( i ) Since all other points ¢ € I, have a parent j € T,
which by i) implies that | |v(¢) — v(j)|s| = n(¢), the points v(¢) € A for ¢ # igr)
have to be chosen at distance 4n(¢) + 6 for some 0 < 6 < 3 from the point v(j),
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where j is the parent of £ in T,. This allows at most Cy[n(f) 4+ 1]~ choices for
v({). Altogether, for fixed I,,7, and n(ig-r)), there are at most

) TT{Cn () + 1% (6.14)

choices for v(igr)), e ,v(iq(f)).

We now let also the n(igr)) vary in accordance with the conditions i) through iii),
keeping merely the set I, and the tree 7;. with root iY’) fixed. Recalling in particular
the condition ii), we then bound the sum of []5_, W(n(igr))) over all possible choices

of v(i\™), ... w(E{?) by

u

(2L)cy™! > (1) (Pe) [ J1(m(s) + 1) s (pe)]

m(1),m(2),..., m(u) s=2
Fi#£l:m(i)=m(1)

< @2L)ICF Hu—=1) Y (m(1)+ 1) ) (o)

<II 2 (ms) + ) e (pe)

5s=3m(s)=0
< (20)4(204)*H(C5L)* ™ V7% (p,) (by Lemma 4.4)
< 06<20405d)u71<Ld7TL(pc))u < [C7Ld7TL(pc)]u. (615)

By Cayley’s formula, the number of labeled trees T} on I, is equal to u“~2 (see
Theorem 2.1 in [Moo70]). Furthermore, there are u different choices for the root

igr) € I, and u - u*~2 < ule*. The bound (6.15) therefore shows that the sum
of the right hand side of (6.7) over all choices of v1,..., v consistent with a given
collection Iy,..., I, of sizes uy,...,u, with

iur =k, (6.16)
1

is at most
-

[CreLimr(p))* T un!. (6.17)

r=1

Finally, to prove (6.3), we must sum this estimate over all possible partitions
of {1,...,k} into disjoint nonempty sets I, ..., [,. To this end, we first note that
the sum of []_, u,! over partitions into (unordered) sets is equal to the number of
partitions of {1,...,k} into (ordered) sequences I, ..., I.. The number of such par-
titions, in turn, is bounded by 2¥~1k!. Indeed, any such partition can be obtained



CROSSING PROBABILITIES AND HYPERSCALING 35

by first ordering {1,...,k} in one of k! possible ways, say as {is(1),. -, ix(k)}, and
then putting 7 “separation marks” between some of the pairs i,(;y, i,(;j+1) of succes-
sive indices (with 7 some integer > 0). The ordered set I will then be the sequence
of integers i,(;) between the (s — 1)-th and the s-th separation mark. Since there
are at most 2°~! ways to choose the locations of the separation marks, this proves
our claim. It then follows that the sum of (6.7) over all possible choices of vy, ..., vy

is at most
2k_1k‘![07€Ld7TL(pc)]k,

which proves (6.3). (6.4) is immediate from (6.3). O

When trying to bound the distribution of W/i) we may assume that n is a power

of 2, since we can always replace n by the smallest power of 2 which exceeds n; this

can only increase ngln) For the time being we therefore take

n = 2’“,
and for some ¢ with 0 < ¢ < k we subdivide A,, into the (2¥=%)¢ disjoint subcubes

d

D) = De(§) == [ [l:2", G + 121, —2F 1 <ji<2b T 1<i<d,
i=1
(6.18)
Here j = (j1,...,J4)- Each of these subcubes is congruent to A,.. Now for a cluster
C in A,, define
Up =Ue(C) = {j: CN Dy(j) # 0} (6.19)

(this is the collection of (indices of) the blocks D,(j) which contain a point of C).
Also define

diam(C) = max [V — W|oo- (6.20)
v, we
Now if
diam(C) > 2672, (6.21)

then any v € C N Dy(j) is connected in C C A,, to some vertex outside

d
[Tus2 =24, G + 1)2 4 2)
i=1
and hence also to .
aH[jizé-i-l o 25’ (]Z + 1)254—1 + 2[)
i=1

Consequently, if

V(2,j) := number of vertices in Dy(j) connected to

d
o Jl2 " — 2, (ji + 1)241 + 29, (6.22)
=1
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then (6.21) implies
C N D) < V(25)).

and

cl< Y vl (6.23)

JEUL(C)

Note that each of the random variables V(2 j) has the same distribution as the
V(2) of (6.2). Moreover a collection of the random variables V(2¢,j),j € T, is
independent if |j’ — j’|oc > 1 for all j’,j” € I',j’ # j”. In particular, if I is any
subset of Z¢, and if we set for n; =0,1for 1 <1< d,

I(n) ={i€Tl:j; =ni(mod 2)}, (6.24)

then the random variables
{V(2%,5):j €T (n)}

are i.i.d. (for each choice of n). This independence property quickly leads to the
following lemma, which, roughly speaking, gives an exponential bound for the tail
of [s(29)[Ue(C)]17H[C].

Lemma 6.2. If Assumption (II) holds and p < p., or if Assumptions (II) and
(IV) hold, p > p. and 1 < 2° < Ly(p), then there exist constants C; such that

PTP{EIC C A,, which satisfies (6.21) and |C| > xs(2°) but |Us(C)| < r}

d
< (%) Cre=CsT 2 >0,r>1,n> 1. (6.25)

Proof. If n < 2, then any C C A,, has diam(C) < 2n < 2! and the probability in
the left hand side of (6.25) is zero. We may therefore assume that n > 2¢. In fact
we may, and shall restrict ourselves to n = 2* for some k > /.

Note now that if C is a cluster in A,,, then U;(C) is a connected subset of

d
Zd N I[[_Qk—ﬁ—l7 2]@—[—1).

=1

Therefore, by (6.23), the probability in the left hand side of (6.25) is at most

> Pro{y V(24§ = ws(2), (6.26)

jer

where the sum is over all connected sets I' C [[[—2F—¢~1, 2k=¢~1) with || < 7.
Now, with I'(n) as in (6.24), T is the disjoint union of 2% sets I'(n), so that for fixed
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[ and all 0 <t < [Cys(2°)]71
Prp{) V(2°,j)} > ws(2)}
jer

<SP Y V(2hj) = 27 %es(2)

n el (n)

< Zexp[_tQ_dxs(Qg)]Ep exp [t Z V(zea.])}

Jjel(n)

Ir)
Gy (25)] (by (6.4)). (6.27)

S 2d eXp[—tQ_dl'S(Qﬁ)] [W

We now take t = [2C55(2%)]~!. Then the right hand side of (6.27) is at most
2% exp[—t2~%2s(29)] 20111 < 2% exp[—279La/Cy][2C]".

We substitute this estimate into (6.26). We further use the fact that the number
of connected subsets of Z¢ of size < r which contain a given vertex is at most C%
for some constant Cs = C5(d) (see for instance [Kes82], equation (5.22)). Thus the
number of permissible choices for I' is at most

2dk=0

and the probability in the left hand side of (6.25) is at most
2dk=t+1) O exp[—279 1 /Cy][2C4 ],

so that (6.25) follows. [

We are ready to prove the principal result of this section.

Proposition 6.3.
i) Under Assumption (II) there exist constants C; such that for all p < p., © > 0
and n < Lo(p),

Pr, {W/(\i) > xs(n)} < Cre 27, (6.28)

If Assumptions (II) and (IV) hold, then (6.28) remains valid for p > p. (and
n < Lo(p), © > 0) as well.

it) Under Assumption (II) there exist constants C; such that for all p < pe,n >
Lo(p) and x > 0,

Pr, {W) = ws(Lo(p)) | < (Ll@)dc (6.29)

In particular, for y > d/Cy and any sequence of densities p,, with Lo(py)/n — 0,

Pr,, {Wﬁ} > ys(Lo(pn)) log ( LOZM)) } =0 (6.30)
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as n — 00.

iii) Under Assumptions (II) and (IV) there exist constants C; such that for all
P> pe,n > Lo(p) and x >0,

Pr, {WQ > xs(Lo(p))} <0 (L&p))dexp [— Coz + C (L(:”(Lp))d]. (6.31)

Proof. There is nothing to prove if z < 1, so that we shall assume that z > 1. In a
similar way, we may assume without loss of generality that xs(n A Lo(p)) is large
enough to guaranty that |C| > zs(n A Lo(p)) implies that diam(C) > 2¢+2 for £ = 0.
Therefore, by a decomposition according to the diameter of the largest cluster in
An?

Pr, {W/(\i) > xs(n A L (p))}

< Z Pr,{3 cluster C in A,, with
£>0:2¢<Lq(p)

242 < diam(C) < 2°F3 and |C| > xzs(n A Lo(p))}
+ Pr,{3 cluster C in A,, with
diam(C) > 4Lo(p) and |C| > zs(n A Lo(p))}. (6.32)

We first estimate the sum in the right hand side. If
202 < diam(C) < 213

and C N Dy(j) # 0 for some j, then C is contained in

U D),

‘P_j|oo§4

and by (6.23)
cl< > vEhp).

|p_j|oo£4

In particular, |U;| < 9% and by Lemma 6.2 with r = 99,

Pr,{3 cluster C in A,, with 2°72 < diam(C) < 273 and |C| > xs(n A Lo(p))}

(n/\Lo(P))].

< Oy (%)dexp [— ngs 5(20) (6.33)

Now let us first consider the case of part i). Then n < Ly(p) and as in the
beginning of the proof of Lemma 6.2 we can restrict the sum in the right hand side
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of (6.32) to £ with 2¢ < n, and also the last term in (6.32) vanishes. Therefore the
right hand side of (6.32) is at most

Z Pr,{3 cluster C in A,, with

2t<n
2t+2 < diam(C) < 2°F3 and |C| > zs(n)}
n\9 s(n)
< e _ 2N
< Co <22) exp [ 03363(25)]' (6.34)
2¢<n
By Assumption (II), ) »
s(n n
> e
3 2D (26) : (6.35)

so that the right hand side of (6.32) is bounded by
nAd n d/2 e
> Ca(z) x|~ Cua(z) | < Cree
2t<n

This proves part (i).
For parts (ii) and (iii) we have n A Lo(p) = Lo(p). Making the obvious changes
in (6.34) we find that the sum in the right hand side of (6.32) is bounded by

n . /2
> () en[-cr(B2) ]

2¢<Lo(p)

d
< Cs (Lo(p)) exp[—Cgz]. (6.36)

This estimate holds for any p. However, the last term in the right hand side of
(6.32) has to be treated somewhat differently in the cases p < p. and p > p.. Let
us first consider the latter case, that is, the case of part (iii). We now define ¢y by

20012 < Lo(p) < 2%07F3, (6.37)

Then any cluster C with diam(C) > Lo(p) satisfies (6.21) with ¢ replaced by ¢y. If
also C C A,,, with n = 2*, then by definition,

Uy, (C) C [—n2_£0_1, n2_50_1)

and hence

R
U, (©)] < (n27%)"
We therefore can bound the last term in (6.32) by (6.25) with ¢y for ¢ and

r= (n2_£°)d.
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(6.31) follows easily from (6.32), (6.36) and this last bound.

We now turn to the estimate of the last term in (6.32) in the case of part (ii),
that is when p < p.. In that case we again take ¢y as in (6.37), and for a constant
C7 to be determined below, bound the last term in (6.32) by

Pr,{3 cluster C in A,, with |Uy, (C)| > Crx}
+ Pr,{3 cluster C in A,, with diam(C) > 2%*2
|Up, (C)| < Crz,and |C| > zs(Lo(p)}- (6.38)

If ¢ is sufficiently small, then there exist constants Cg = Cs(g,d) and Cy = Cy(e, d)
so that the first probability in (6.38) is at most

Cs ( Loﬁp) ) ' exp(—CyCri). (6.39)

This is proven by a renormalized block argument which is given in detail in the
proof of Theorem 5.1 in [Kes82]. It is based on the fact that if a cluster C contains
a point in Dy, (j) as well as a point outside

d

TG — 420t i + 820+,
=1

then C contains a crossing in the short direction of one 2d blocks congruent to

[0,3Lo(p)] x ---[0,3Lo(p)] x [0, Lo(p)] x [0,3Lo(p)] x ---[0,3Lo(p)]  (6.40)

which surround the cube

d

[Tui2% ", g2+ + Lo(p).
i=1
This is so because
d d
[IG2F" = Lo(p), 52+ + 2Lo(p)] \ [ [ Gi2 ™, 52" + Lo (p))
i=1 i=1

is the union of 2d such blocks,

d
Dy, (§) € [[l:2 1", g2 + Lo(p)],

i=1
and

d d

[Tl:2" = Lo(p), ji2*" + 2Lo(p)] € [ JIGs — 9)2°T, (ji + 8)2°F1).
i=1 i=1
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By the definition (2.17) and the fact that R}"; (p) = Rrsn(p) if p < p. the
probability that there exists an occupied crossing in the short direction of a block
(6.40) is

Rro(p)3L0(p) < € (6.41)
One can now use (6.41) and a Peierls argument to obtain (6.39). The factor

(Lon(p) ) d

in (6.39) arises because there are (n27%)¢ blocks Dy, (j) in A,, which C can intersect.
Once one has (6.39), one uses (6.25) to estimate the second probability in (6.38).
Together one finds that the last term in (6.32) is at most

d
Cho (—LOTEP)) [Cg exp(—0907a:) + 02071‘6_0337] . (642)

If we choose

C, = G

Cg + log Cs ’
then this bound is at most C11[n/Lo(p)]¢ exp(—Ciaz) with
CyCs
012 - Cg + lOg CQ ‘

(6.29) is immediate from (6.32), (6.36) and (6.42). O

Remark (xiii):. The estimates (6.33) and (6.35) also show that under Assumption
(I) we have for p < pe, x> 0,0 <y <1,1V4/y <n < Lo(p),

Pr,{3 cluster C C A,, with diam(C) < yn but |C| > zs(n)}
< Oy~ exp[—Csay~ 2.
(6.43)

Indeed, (6.33) holds for p < p. under Assumption (II) only, since it relies only on
Lemma 6.2. Note also that we may assume 2y~ %2 > 1, because otherwise (6.43)
is trivial for large enough C;. Therefore, by (6.33) and (6.35)

Prp{3 cluster C C A,, with diam(C) < yn but |C| > zs(n)}
< Z Pr,{3 cluster C C A,, with 2°72 < diam(C) < 273 but |C| > xs(n)}

0:2¢<yn

< ¥ oz(g)dexp{—ong((;))] (recall n < Lo(p))
0:2¢<yn

< 3 ax(g) o[- con(3)")

0:20<yn

2\4_. ,
< ZC’g(;) 274 exp[—Cyzy~Y/2274/2]
320

< Cyy~ 4 exp[—Cray~?].
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7. EXPONENTIAL DECAY OF P>(p)

In this section we prove Theorem 3.9. We note that (3.35) is an immediate
consequence of (3.34) and the bound (5.11) from Proposition 5.2. We therefore
only need to prove (3.34) and we turn to this now.

Clearly, for any 0 < a < 1,

Prastrotpn (@) < Pro{I1C(0) N Aaryy] = 5 s(Lo(p)) }

+ Pry{1C(0) N ATar, )] = 55(Lo(p) } (7.1)

BN R

In order to bound the first term, we introduce the “rings” or annuli
Ry := Bye1 \ Bge = [—2071 2601]9\ [—2f 2f]9,
Then, |C(0) N A|aryp)| > 55(Lo(p)) implies

55(Lo(@) S 1CO) N A <57+ Y. [CONR].  (7.2)

0:2<2¢<aLo(p)
On the other hand, define k by 2% < Lo(p) < 2**! and let

log 2
—2d+20, 22 41, 7.3
B 2Dy (7.3)
where Cy is the same constant as in (6.4). Then, by virtue of (5.17),

gy, (k—0s(29)

¢:2<2¢<aLo(p)

s([aLo(p))) 2t \"?
e 2 k= ( [aZo()] )

£<k+1-log(l/e)/log?2

< poy et [, , g1/ -

where (g is a constant which depends only on the dimension d. Choosing « suffi-
ciently small, ng = ng(«) sufficiently large, and p in such a way that Lo(p) > no,
we therefore get

Y (k=052 <s(Lo(p) —2(5%) (7.5)

0:2<2¢<aLo(p)

and hence (for x > 1)

T 052 < SslLolw)) - 5" (70

£:2<2<aLo(p)
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We fix 0 < o < 1/2 and ng so that this holds for all p with Lo(p) > ng. It then
follows from (7.2) and (7.6) that if Lo(p) > ng, there must be a smallest ¢ with

pa

2 < 2° < aly(p) and IC(0) N Ry| > 5 (k — 0)s(2°).

Therefore,

Pryp{1C(0) N Ajaryl = 55(Lo(p)) }

< ¥ Prp{|C(O)ﬂRg]>
0:2<2¢<aLo(p)

%(k; - f)s(2‘f)}. (7.7)
But |C(0) N Ry| > %(l{: — £)s(2%) implies |C(0) N Ry| > 0 and hence
0 < 0B(2°71), (7.8)

and, in the notation of (6.18) and (6.22),

%(k: — 0)s(2%) < [C(0) N Ry|
< number of vertices in R, connected to 0Bye—1
< Z [ number of vertices in Dy_1(j) connected to 9Bge—1]
Dy—1(j)NRe#0
< D VEPL)). (7.9)

Dy 1(G)NR#D

The event in (7.8) and the sum in the right hand side of (7.9) are independent.
Therefore

% k- 0s29)
Oz

< Pr{0 < 0By kP { Y VEITL) > k- 0s(2) ]
Dy—1()NReF#D 2 (7.10)

prp{\cm) N Re| >

The number of j for which Dy_1(j) N Ry # 0 is bounded by some constant Cv,
uniformly in ¢. As in (6.27) we therefore obtain

Bx

prd > vETLy) > S-0s2h)]

Dy_1(G)NR.#0
cy Cr
1— tczs(%—l)] ’

<2%exp [ - t2_d%(k —0)s(2%)] { t>0.
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We take t = [2C2s(2°71)] 7! to obtain

x
Pry{ > Ve > %(k ~0s(2)} < Cyexp | - saracy (k= 0],
Dy_1(J)NR#D
(7.11)
for all £ > 1, because s(2°)/s(2°=1) > Dy, by virtue of Assumption (II). Substitution
of (7.11) into (7.10) and use of the monotonicity of 7, (p) in p to bound mye-1(p) in
terms of moe—1(p.) gives for £ > 1

P?“p{|C(O) N Ryl > %(k - 6)5(2")} < Cymyr1(pe) exp [ — 22%52 (k—0)]
C L /e D
< Do) (S80) exp [~ dra (k- ) (7.12)

In view of (7.7), the definitions of 8 and k, and the fact that o < 1/2,2 > 1, this
gives

Pryp{1C(0) N Ajaryo] = 5 5(Lo(p)) }

Cg Lo(p) l/p1 BDlx
< D_IWLo(p) (pe) Z ol—1 €xXp [— m(k - 5)}

£:2<2¢<aLo(p)

< CoTry(p) (Pe) exp[—Crox]. (7.13)

Next, define £; by 2t < |aLg(p)/4] < 24FL. (Thus |k — £1 —log(4/a)/log2| < 2.)

Then, as in (7.8), (7.9), the event |C(0 )ﬂAfaLo(p)” > 55(Lo(p)) is contained in the

intersection of

{0 < 0B|ary(p)/a1}

and

. X
S V(2",5) = 5s(Lo(p))- (7.14)
Dy (INC(O)NAT, 1y 70

Analogously to (6.19) we now define
Ur = Usarop = {J : Do) ¢ OMaro@y/a): Do) N Ao, # 0}
Then

> V(i) < Y viEeh.)),

Dél (j)ﬁC(O)ﬁATaLO(p)J 750) JeUll
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so that for any C7 > 0

Prp{16(0) N Afary] = F5(Lo(p)) |

. T
< Prp{0 6 0Blaroy/ans Y. V2™3) = Ss(Lo() }
i€,
. x
= TlaLo(p)/4) (P P?“p{ PORACAN §S(Lo(p))}
JEUzl

< Tlaro(p)/4) () Prp{|Ue | > Crz}

+ T aLo(p)/a) (P )SHPPTP{ZV (2.3) 2 Gs(Lolo))}. (7.15)

Here I' runs over all subsets of Z? with || < Crx. Exactly the same method as
used to estimate (6.38) when p < p. can now be used to show that

Pro{|Ue,| > Cra} +sup Pry{ 3 V(2%.5) > Ss(Lo(p)) }

jer

< Cyexp[—Csz]. (7.16)

For Lo(p) > ng, the lemma now follows from (7.13), (7.15) and (7.16). On
the other hand, for Lg(p) < ng, p is bounded away from p., and the proof of the
lemma just reduces to the proof of the well known fact (see [Gri89], Ch. 3 for ref-
erences) that for p < p. the size distribution P>4(p) decays exponentially in s with
some strictly positive decay constant (rather than a decay constant proportional to

1/s(Lo(p))). O
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