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ABSTRACT. We address the question of finite-size scaling in percolation by studying bond
percolation in a finite box of side length n, both in two and in higher dimensions. In di-
mension d = 2, we obtain a complete characterization of finite-size scaling. In dimensions
d > 2, we establish the same results under a set of hypotheses related to so-called scaling and
hyperscaling postulates which are widely believed to hold up to d = 6.

As a function of the size of the box, we determine the scaling window in which the system
behaves critically. We characterize criticality in terms of the scaling of the sizes of the largest
clusters in the box: incipient infinite clusters which give rise to the infinite cluster. Within
the scaling window, we show that the size of the largest cluster behaves like ndwn, where 7,
is the probability at criticality that the origin is connected to the boundary of a box of radius
n. We also show that, inside the window, there are typically many clusters of scale n%m,,
and hence that “the” incipient infinite cluster is not unique. Below the window, we show that
the size of the largest cluster scales like {dﬂ'g log(n/&), where ¢ is the correlation length, and
again, there are many clusters of this scale. Above the window, we show that the size of the
largest cluster scales like ndPoo, where P is the infinite cluster density, and that there is
only one cluster of this scale. Our results are finite-dimensional analogues of results on the
dominant component of the Erdés-Rényi mean-field random graph model.
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1. INTRODUCTION: BACKGROUND AND DISCUSSION OF RESULTS

We dedicate this paper to Joel Lebowitz on the occasion of his 70th birthday. He is an
inspiration to us all. We present here the complete version of results announced several
years ago in [CPS96] and [Cha98].

Finite-size scaling is the study of corrections to the thermodynamic behavior of an
infinite system due to finite-size effects. In particular, this includes the broadening of the
transition point into a transition region in a finite system. Here we present an analysis
of finite-size scaling for percolation on the hypercubic lattice, both in two and in higher
dimensions. Our analysis is based on a number of postulates which are mathematical
expressions of the purported scaling behavior in critical percolation in dimensions two
through six. We explicitly verify these scaling postulates in two dimension.

We consider bond percolation in a finite subset A of the hypercubic lattice Z¢. Nearest-
neighbor bonds in A are occupied with probability p and vacant with probability 1 — p,
independently of each other. Let p. denote the bond percolation threshold in Z?, namely
the value of p above which there exists an infinite connected cluster of occupied bonds. As
a function of the size of the box A, we determine the scaling window about p. in which the
system behaves critically. For our purposes, criticality is characterized by the behavior of
the distribution of sizes of the largest clusters in the box. We show how these clusters can
be identified with the so-called incipient infinite cluster—the cluster of infinite expected
size which appears at p..

The motivation for this work was threefold: first, to give a finite-dimensional analogue
and interpretation of results on the Erdos-Rényi mean-field random graph model; second,
to provide rigorous results on finite-size scaling at a continuous transition; and third, to
establish detailed results on incipient infinite clusters which correspond closely to results
observed by numerical physicists. In this introduction, we will discuss each aspect of the
motivation in some detail.

The Random Graph Model

The original motivation for this work was to obtain an analogue of known results on the
random graph model of Erdés and Rényi ([ER59], [ER60]; see also [Bol85], [AS92]). The
random graph is simply the percolation model on the complete graph, i.e., it is a model
on a graph of NV sites in which each site is connected to each other site, independently
with uniform probability p(N). It turns out that the model has particularly interesting
behavior if p(N) scales like p(N) ~ ¢/N with ¢ < 1. Here, as usual, f < g means that
there are nonzero, finite strictly positive constants ¢; and ¢y, such that c1g < f < cag.

Let W@ denote the random variable representing the size of the it largest cluster in the
system. Erdés and Rényi ([ER59], [ER60]) showed that the model has a phase transition
at ¢ = 1 characterized by the behavior of WM. Tt turns out that, with probability one,

logN if ec<1
W = N3 if =1 (1.1)
N if e¢>1.

Moreover, for ¢ > 1, W) /N tends to some constant (c) > 0, with probability one, while
for ¢ = 1, W) has a nontrivial distribution (i.e., W) /N?/3 - constant) ([ER59], [ER60],
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[JKLP93], [Ald97]). For ¢ < 1, the sizes of the second, third, ... , largest clusters are of the
same scale as that of the largest cluster, while for ¢ > 1 this is not the case: For any fixed
i>1, W& < log N for all ¢ # 1 ([ER59], [ER60]), while at ¢ = 1, W® < N?2/3 [Bol84].
The cluster of order N for ¢ > 1 is clearly the analogue of the infinite cluster in percolation
on finite-dimensional graphs; in the random graph, it is called the giant component. As we
will see, the clusters of order log N or smaller are analogues of finite clusters in ordinary
percolation. The clusters of order N2/3 will turn out to be the analogue of the so-called
incipient infinite cluster in percolation.

More interestingly, the critical point ¢ = 1 is actually broadened into a critical regime
by finite-N corrections. It was shown by Bollobas [Bol84] and Luczak [Luc90] that the
correct parameterization of the critical regime is

p(N) = % (1 + %) , (1.2)

in the sense that if limy o0 |An| < 00, then W) < N?/3 for all i; see also the combinatoric
tour de force of Janson, Knuth, Luczak and Pittel [JKLP93] for more detailed properties,
including some distributional results on the W (9)’s. Finally, it was shown by Aldous that
the W, rescaled by N2/3, have a nontrivial limiting joint distribution which can be
calculated from a one-dimensional Brownian motion with time-dependent drift [A1d97].

On the other hand, if limy .. Ay = —o0, then W) /W) — 1 with probability one,
whereas if limy _,ooAy = +o0, then W@ /W) — 0 and W1 /N2/3 — oo with proba-
bility one. The largest component in the regime with Ay — +o00 is called the dominant
component. As we will show, it has an analogue in ordinary percolation.

The initial motivation for our work was to find a finite-dimensional analogue of the
above results. To this end, we consider d-dimensional percolation in a box of linear size n,
and hence volume N = n%. We ask how the size of the largest cluster in the box behaves
as a function of n for p < p., p = p. and p > p.. It is straightforward from known results
to describe these cluster sizes for fized p # p.. However, we are interested mainly in the
situation where p varies with n. In particular, we ask whether there is a window about p.
such that the system has a nontrivial cluster size distribution within the window.

Finite-Size Scaling

The considerations of the previous paragraph lead us immediately to the question of
finite-size scaling (F'SS). Phase transitions cannot occur in finite volumes, since all relevant
functions are polynomials and thus analytic; nonanalyticities only emerge in the infinite-
volume limit. What quantities should we study to see the phase transition emerge as we
go to larger and larger volumes?

Before our work, this question had been rigorously addressed in detail only in systems
with first-order transitions—transitions at which the correlation length and order param-
eter are discontinuous ([BoK90], [BI92-1], [BI92-2]). Finite-size scaling at second-order
transitions is more subtle due to the fact that the order parameter vanishes at the critical
point. For example, in percolation it is believed that the infinite cluster density vanishes
at p.. However, physicists routinely talk about an incipient infinite cluster at p.. This
brings us to our third motivation.
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The Incipient Infinite Cluster

At p., it is believed that with probability one there is no infinite cluster. On the other
hand, the expected size of the cluster of the origin is infinite at p., see [Hamb7], [Kes82],
Cor. 5.1, and [AN84]. This suggests that from the perspective of an observer at the origin,
all clusters are finite, with larger and larger clusters appearing as one considers larger
and larger length scales. Physicists have called the emerging object the incipient infinite
cluster.

In the mid-1980’s there were two attempts to construct rigorously an object that could
be identified as an incipient infinite cluster. Kesten [Kes86] proposed to look at the condi-
tional measure in which the origin is connected to the boundary of a box centered at the
origin, by a path of occupied bonds: P7'(-) = Py(- | 0 <> 9[—n,n]?). Here, as usual, Pp(:)
is product measure at bond density p. Observe that, at p = p., as n — oo, Pz?(') becomes
mutually singular with respect to the unconditioned measure P,(-). Nevertheless, Kesten
found that in d = 2

nh_)rréo Py ()= pli\rgc P,(- 10 < 00). (1.3)
Moreover, Kesten studied properties of the infinite object so constructed and found that it
has a nontrivial fractal dimension which agrees with the fractal dimension of the physicists’
incipient infinite cluster.

Another proposal was made by Chayes, Chayes and Durrett [CCD87]. They modified
the standard measure in a different manner than Kesten, replacing the uniform p by an
inhomogeneous p(b) which varies with the distance of the bond b from the origin:

b) =pe+ —— 77
p(b) =pe + 1 + dist (0, b)¢

(1.4)
with A\ constant. The idea was to enhance the density just enough to obtain a nontrivial
infinite object. In d = 2, [CCD87] proved that for ( = 1/v, where v is the so-called
correlation length exponent, the measure P,;) has some properties reminiscent of the
physicists’ incipient infinite cluster.

In this work, we propose a third rigorous incipient cluster—namely the largest cluster in
a box. This is, in fact, exactly the definition that numerical physicists use in simulations.
Moreover, it will turn out to be closely related to the IICs constructed by Kesten and
Chayes, Chayes and Durrett. Like the IIC of [Kes86], the largest cluster in a box will have
a fractal dimension which agrees with that of the physicists’ IIC. Also, our proofs rely
heavily on technical estimates from the IIC construction of [Kes86]. More interestingly,
the form of the scaling window p(n) for the our problem will turn out to be precisely the
form of the enhanced density used to construct the IIC of [CCD87].

Yet a fourth candidate for an incipient infinite cluster is a spanning cluster in a large box,
an object studied by Aizenman in [Aiz97]. Let us caution the reader that the terminology in
[Aiz97] differs somewhat from ours. While Aizenman reserves the term IIC for an incipient
infinite cluster viewed from a point inside this cluster (thus implying uniqueness almost
by definition), we use the term incipient infinite clusters for the large clusters viewed from
the scale of the box under consideration. From this point of view the IIC is not necessarily
unique, see below.
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Recently, Jarai has shown that, viewed from a random point in the IIC, all four notions
of the IIC lead to the same distribution on local observables in dimension d = 2 [Jar00].

Informal Statement and Heuristic Interpretation of Results

Our results will be stated precisely in Section 3. Here we give an informal statement in
terms of the critical exponents of percolation, assuming these exponents exist. Note that
our results hold independently of the existence of critical exponents, but they are easier to
state informally and to compare to the random graph results (1.1) and (1.2) in terms of
these exponents. To this end, let P, (p) denote the infinite cluster density, x"(p) denote
the expected size of finite clusters, {(p) denote the correlation length, i.e., the inverse
exponential decay rate of the finite cluster connectivity function, and Ps4(p) denote the
probability that the cluster of the origin is of size at least s. Also let 7, (p.) denote the
probability at criticality that the origin is connected to the boundary of a hypercube of
side 2n. See Section 2, in particular equations (2.5), (2.15), (2.18), (2.4) and (2.10), for
precise definitions. It is believed, but not proved in low dimensions, that the behavior of
these quantities as p — p. or at p = p. is described by the following scaling laws:

Pu(p) = [p—pcl” p>pe, (1.5)
X" (p) = |p = pel 7, (1.6)
§(p) = [p—pe ™", (1.7)
Poy(pe) ~s7/° (1.8)
and

71'n(pc) ~ n—l/p. (19)

In (1.5) - (1.7), G(p) = |p — pc|* means
logGp) _ (1.10)

p—pe log |p — pe|

Unless otherwise noted we implicitly assume that the approach is identical from above and
below threshold. Similarly, we use G(n) ~n® in (1.8) - (1.9) to mean

lim 122G (1.11)
n—oo logn

Let A,, denote a hypercube of side n and let ij denote the *" largest cluster in this
hypercube. Then, under certain “scaling assumptions,” we find the asymptotic behavior
of W/(\i), both for fixed p and, more generally, for p which vary with n. Combining our
results at p. with known results for fixed p # p., we first establish the following analogue
of (1.1):

logn if p<p.c
Wl ={ nd it p=p, (1.12)
n® if p>p.,
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where we use the suggestive notation
dy=d—1/p (1.13)

to indicate that d —1/p is the fractal dimension of our candidate incipient infinite cluster.
Moreover, we show that, under the scaling assumptions, the critical point p.. is broadened
into a scaling window of the form

p(n) = pe (1 + ﬁ) , (1.14)
in the sense that inside the window
WD xnd W@ xpd (1.15)
while above the window

W ~nlpP,,
w® /nds - o0, (1.16 )
w@/wl o,

and below the window
W(l)/ndf — 0, (1.17)

where, in fact,

W x4 log(n/g) . (1.18)

The results in (1.14) - (1.18) are established both in expectation and in probability. Note
the similarity between the form of the scaling window (1.14) and the bond density (1.4)
of the [CCD87] incipient infinite cluster.

Furthermore, within the scaling window, we get results on the distribution of cluster
sizes which show that the distribution does not go to a point mass. This is to be contrasted
with the behavior above the window, where the normalized cluster size approaches its
expectation, with probability one. All of these additional results require some delicate
second moment estimates.

Our scaling assumptions, which are described in detail in Section 3, are explicitly proved
in dimension d = 2, and are believed — but not proved — to hold for d less than the so-called
upper critical dimension d.. The upper critical dimension is the dimension above which
the critical exponents assume their Cayley tree values; presumably d. = 6 for percolation.

What would results (1.14) and (1.15) say if we attempted to apply them in the case of
random graph model (to which, of course, they do not rigorously apply)? Let us use the
widely believed hyperscaling relation dv = v + 23 and the observation that the volume N
of our system is just n?, to rewrite the window in the form

A A A
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Similarly, let us use the hyperscaling relation d¢/d = §/(1 + 0) to rewrite the size of the
largest cluster as

W ~ pds x N¥/d  NO/0H0) (1.20)

Noting that the random graph model is a mean-field model, we expect (and in fact it can
be verified [BBCK98]) that v =1, f =1 and § = 2. Using also p. = 1/N, (1.19) suggests

a window of the form
1 A

and within that window

W ~ N2/3, (1.22)

just the values obtained in the combinatoric calculations on the random graph model. We
caution the reader that hyperscaling relations do not apply to the random graph, so that
a proper version of the arguments above requires that we deal with a “correlation volume”
rather than the correlation length, and that we establish (1.20) directly from the scaling of
the cluster size distribution (1.8), rather than by recourse to our finite-dimensional results
and a hyperscaling relation. Such arguments can be derived, but are beyond the scope of
this paper.

Our results also have implications for finite-size scaling. Indeed, the form of the window
tells us precisely how to locate the critical point, i.e., it tells us the correct region about
pe in which to do critical calculations.

Finally, the results tell us that we may use the largest cluster in the box as a candidate
for the incipient infinite cluster. Within the window, it is not unique, in the sense that
there are many clusters of this scale. However, above the window (even including a region
where p is not uniformly greater than p. as n — 00), there is a unique cluster of largest
scale. This is the analogue of what is called the dominant component in the random graph
problem.

It is interesting to contrast our results with recent results in high dimensions. As already
observed on a heuristic level in [Con85], the validity of hyperscaling is related to the fact
that the critical crossing clusters in a box of side length n have size of order n%=1/# and
that their number is bounded uniformly in n; see [BCKS98]| for rigorous results concerning
this relationship. Conversely, breakdown of hyperscaling above six dimensions requires, at
least on a heuristic level, that at criticality, the number of crossing clusters in a box of side
length n grows like n?=¢, and that all of them have sizes of order n?; see again [Con85].
In a similar way, one would expect that the largest cluster in a box of side length n is of
size n*, and that there are roughly n?~6 clusters of similar size. Indeed, it can be proven
[Aiz97] that these results follow from a postulate on the decay of the connectivity function
at criticality which is widely believed to hold above six dimensions. Very recently, T. Hara
[Har01] used the so-called Lace expansion, in the form developed in [HHSO01], to rigorously
establish this postulate in sufficiently high dimensions d > 6.

Methods and Organization
As mentioned above, our results are proved under certain scaling assumptions which we
explicitly verify in dimension d = 2. Obviously, the results could have been proven directly
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— with no assumptions — in d = 2, but the resulting proof would have been quite compli-
cated and would not have yielded much insight. Instead, we formulate postulates which
we believe characterize critical behavior in all dimensions below the critical dimension d..,
and then prove our results under these postulates. We believe that the postulates are of
independent interest since they provide insight into the nature of critical behavior. Indeed,
in previous announcements of this work [CPS96] and [Cha98], we used more postulates
than we need now. In [BCKS99], we proved that one of these original postulates was
implied by several others, in particular that a reasonable assumption on the behavior of
crossing probabilities implies certain hyperscaling relations among critical exponents. The
proofs in this paper will rely heavily on the results and methods of [BCKS99]. Indeed,
[BCKS99] should really be viewed as “Part I” of this paper, since many of our results on
the cluster size distribution were derived there. The verification of the postulates in d = 2
relies on the constructive two-dimensional methods of [Kes86] and [Kes87].

The organization of this paper is as follows. In Section 2, we give definitions, notations
and previous percolation results we will need in our proofs. Our main results are formulated
in Section 3. There we first state our postulates, and then state the finite-size scaling results
under these postulates. In Section 4, we state many additional results which may be of
independent interest, including the results of [BCKS99]. Finally, using these additional
results, in Section 5 we prove our main finite-size scaling theorems under the scaling
postulates. We believe, but cannot prove, that the scaling postulates should hold up to
the upper critical dimension, which is believed to be d. = 6 for percolation. Finally, in
Section 6, we prove that the scaling postulates are satisfied in two dimensions. Thus, we
have a complete proof of finite-size scaling for percolation in dimension d = 2. In Section
7, we give a proof of slightly stronger finite-size scaling results under an alternative set of
postulates, and also show that the alternative postulates hold in d = 2.

2. DEFINITIONS, NOTATION AND PRELIMINARIES

Consider the hypercubic site lattice Z¢, and the corresponding bond lattice By consisting
of bonds between all nearest-neighbor pairs in Z?. Bond percolation on B, is defined by
choosing each bond of B, to be occupied with probability p and vacant with probability 1—p,
independently of all other bonds. The corresponding product measure on configurations
of occupied and vacant bonds is denoted by Pr,. E, denotes expectation with respect to
the measure Pr,, and Cov,(-; -) denotes the covariance of two indicator functions with
respect to Pr,: Cov,(A;B) = Pr,(AN B) — Pr,(A)Pr,(B). A generic configuration is
denoted by w. If 8,855,583 C Z%, we say that S; is connected to Sy in S3, denoted by
{S] < S5 in S3}, if there exists an occupied path with vertices in S5 from some site of Sy
to some site of So. Maximal connected subsets are called (occupied) clusters. The occupied
cluster (in the configuration w) containing the site z is denoted by C(z) = C(z;w). The
size of the cluster C, denoted by |C|, is the number of sites in C. C, denotes the (unique)
infinite cluster, i.e., the occupied cluster with |C| = occ.

We also consider clusters in a finite box A C Z¢. The connected component of z in
C(x) N A is denoted by Cp(z) = Cp(x;w); this is therefore the collection of all points which

are connected to x by an occupied path in A. Cl(\l) , C/(f), o -C[(Xk) denote the occupied clusters
in A, ordered from largest to smallest size, with lexicographic order between clusters of
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the same size. Wﬁi) = |C1(\i)| denotes the size of the ith largest cluster in A. Finally
Na(s1,s2) = [{i | s1 W) < 52} (2.1)
denotes the number of clusters in A with size between s; and ss, and
Na(s1,89) = [{i | s1 < W} < 59, CF) o> OA}| (2.2)

is the corresponding number of clusters which do not touch the boundary 0A of A. Here OA
is the set of points x € A that have distance less than 1 from the complement A¢ = Z9\ A
of A.

Returning now to the model on the full lattice, the cluster size distribution is charac-

terized b
' Py = Py(p) = Pry(IC(0)| = s),, (2.3)

or alternatively
P>s = P>5(p) = Prp(|C(0)] = s) . (2.4)

The order parameter of the model is the percolation probability or infinite-cluster density
Pos(p) = Prp(|C(0)] = o0) . (2.5)

The critical probability is
pe = inf{p: Py(p) > 0}. (2.6)

We consider several connectivity functions: the (point-to-point) connectivity function
7(v, w;p) = Pry(v < w), (2.7)
the finite-cluster (point-to-point) connectivity function
7 (v, w; p) = Pry(v < w,|C(v)] < 00), (2.8)
the point-to-hyperplane connectivity function
7n(p) = Prp{3 v = (n,-)such that 0 < v} (2.9)

(v = (n,-) means that the first coordinate of v equals n), and the point-to-box connectivity

function
7n(p) = Prp{0 < 0B,(0)}, (2.10)

where
B,(v) ={w € Z%: |v — w|o < n} =[-n,n]NZ*, (2.11)

with |- |s denoting the ¢,.-norm. Notice that 7, (p) and 7,(p) are equivalent, in the sense
that
Tn(p) < mp(p) < 2dm,(p) - (2.12)
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A quantity which for p > p. behaves much like 7% (z, y; p) is the covariance:

COV(

7V (v, w;p) = Covy(v > 00w > 00) (2.13)

(see [CCGKS89], Section 6). We also consider several susceptibilities:

x(p) = Ep(IC(0 )|)=Z (0,v;p), (2.14)

X™(p) = E,(IC(0)],1C(0)] < o0) ZTﬁ“ (0,0:p) = Y sPi(p) (2.15)

<00

and
X< ( ZTCOV (0,v;p) (2.16)

Finally, we introduce the quantity

s(n) = (2n) mu(pe) - (2.17)

As we will see, s(n) is the order of magnitude of the size of the largest critical clusters on
scale n.

Length scales in the model are naturally expressed in terms of the correlation length
&(p), defined by the limit

1/£(p) = — lim log 717(0, v; p) (2.18)

V] oo —00 V] 0o

taken with v along a coordinate axis. We will use the fact that £(p) < oo for all p # p. and
&(p) — oo as p T pe (see Grimmett [Gri99], Theorem 6.49 and equation (6.57) for p < pg;
for p > p. this follows from Grimmett and Marstrand [GM90]). While it is also believed
that £(p) — oo as p | pe, this is rigorously known only for d = 2.

Alternatively, lengths may be expressed in terms of the finite-size scaling correlation
length Lo(p,€), introduced in [CCF85] and studied in [CCF85], [CCFS86] and [Kes87].
For p < pe, Lo(p,€) is defined in terms of the crossing probabilities of rectangles, the
so-called sponge crossing probabilities:

R am(p) = Prp{ 3 occupied bond crossing of [0, L] x [0, M]--- x [0, M]
in the 1-direction} . (2.19)

Observing that, for p < p., the sponge crossing probability Ry sr(p) — 0 as L — oo, we
define
Lo(p) = Lo(p,e) =min{L > 1| Rp3.(p) <e} if p<pc. (2.20)

Using the methods and results of [ACCFRS3]|, [CC86], [CCF85] and [Kes87], it is straight-
forward to show that there exists a(d) > 0 such that for ¢ < a(d), the scaling behavior
of Lo(p,¢e) is independent of ¢ for p < p., in the sense that Lg(p,e1)/Lo(p,e2) is bounded
away from 0 and infinity for two fixed values €1,e2 < a(d). This scaling behavior is also
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essentially the same as that of the standard correlation length £(p). More specifically, for
0 < ¢ < a(d), there exist constants ¢; = ¢1(d), c2 = ca(d, €) < oo such that!

1 1 log L
S _ S C1 Og 0(p7 E) + Co 7 P < De. (221)
Lo(p,¢) () Lo(p,e) —1

Hereafter we will assume that ¢ < a(d); we usually suppress the e-dependence in our
notation.

For p > p., it is natural to define Ly(p,¢) in terms of a suitable finite-cluster analogue
of the sponge-crossing probability Ry, ar(p), see [CC87], eq. (53). For technical reasons, it
is convenient, however, to consider instead crossings in an annulus

Hp v =2Z%N[—L,L+ M]*\ (0, M)%, (2.22)

with inner and outer boundaries drHy, as and OgHp pr. We say that an occupied cluster
Cy in H = Hyp, 5 is H-finite if H \ Cy contains a path — occupied or not — that connects
81H to 8EH Let

SE?M (p) = Prp{ 3 an occupied H-finite cluster Cy in H = Hy, j
that connects 0;H to OgH}, (2.23)

with the convention S§5,(p) = 1. We define
Lo(p) = Lo(p,e) = 1 + max{L > 0: S (p) > e} if p>p, (2:24)
and more generally, for z > 1,
Lo(p,e;2) =1+ max{L >0: Sﬁl}tm (p) > e} if p>p.. (2.25)

Note that Lg(p, e; x) may be finite or infinite, depending on whether or not there exists an
Ly < oo such that SE?LI ) (p) <eforall L > Lo. We expect that this definition coincides,
say in the sense of equation (2.21) (with an z—dependent constant ¢y, and ¢;(d) = 0), with
the standard correlation length £(p) above threshold. However, we are not able to prove
this in d > 3, since the rescaling techniques of [ACCFRS83] do not work for finite-cluster
crossings. In d = 2, we can use a Harris ring construction [Har60] in conjunction with the
Russo-Seymour-Welsh Lemma ([Rus78], [SW78]) to show that this definition is equivalent
to £(p); see Section 6.

An important quantity in the high-density phase is the surface tension o(p); see [AC-
CFRS83] for the precise definition. By analogy with the definition of a finite-size scaling
correlation length below threshold, we define a finite-size scaling inverse surface tension as

Ao(p) = Ao(p,e) = min{L¥ ' > 1| Rpsr(p) > 1—¢} if p>p.. (2.26)

K. Alexander [Ale96] has shown that one can take c1(d = 2) = 0 in (2.21)
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It is easy to see that Ag(p) is well-defined and finite for all p > p.. Indeed, p > p. implies
P, (p) > 0, which in turn implies that the probability of the event |C(z)| < oo for all
xr € Z2N [0, L] goes to zero as L — oo. Since this probability is bounded from below by
(1 — Rr31(p))?? (cf. the proof of Lemma 4.4), this implies that Ry 31 (p) — 1 as L — oo,
and hence Ay (p) is well-defined and finite. We expect that Ay(p) is equivalent to the inverse
surface tension? 1/ (p), which in turn should be equivalent to £~!(p) below the critical
dimension d. (presumably d. = 6). Again, we are only able to prove this equivalence in
d=2.

While the behavior of Lg(p) below p. is well understood in general dimension, much
less is know about Lg(p) or Ag(p) above p.. In particular, below p., it is easy to see that
Lo(p) is monotone increasing, left continuous and piecewise constant. Moreover,

Lo(p) Too as p1pe, (2.27)

because Ry, 31.(pc) is bounded away from 0 (e.g., by Theorem 5.1 in [Kes82]). Furthermore,
the jumps in Lo(p) are uniformly bounded on a logarithmic scale. In particular, by the
methods of [ACCFR83], [CC86], [CCF85] and [Kes87], we have

1
R < ——R? 2.28
20,61 = a(d) L,3L 5 ( )
which in turn implies
L )
lim 202 +9) o (2.29)
6—0 Lo(p)

provided p < p. and ¢ < a(d). By contrast, none of these properties are known for
Lo(p) above p.. Next consider Ay(p), which, almost by definition, is monotone decreasing
and right continuous. However, in general dimension, we do not have a proof that Ay (p)
diverges as p | p., nor do we have a bound of the form (2.29). We will therefore require
several postulates on the behavior of Ly(p) and Ag(p) above p..

3. STATEMENT OF POSTULATES AND THEOREMS
3.1. The Scaling Postulates.

Most of our theorems are established under a set of assumptions which we can verify
explicitly in two dimensions, and which we expect to be true for all dimensions not exceed-
ing the critical dimension d. (presumably d. = 6). We call these assumptions the Scaling
Postulates, since they follow from the type of scaling typically assumed in the physics lit-
erature. Since Lo(p) and Ay(p) depend on €, see equations (2.20), (2.24) and (2.26), many
of our postulates implicitly involve the constant €. We assume that they are true for all
nonzero £ < €, where g9 = €¢(d) is a suitable constant. We write our postulates in terms
of the equivalence symbol <. Here

F(p) < G(p) (3.1)

2Using Proposition 3 of [CC87], one can actually prove that Ag(p) < const o(p)~! for all d > 2. We do
not, expect that the opposite inequality holds for d > the critical dimension, d., since such an inequality
— together with the usual assumption that o(p) — 0 as p | p. — would imply that Ag(p) — oo as p | pe
for d > d., which is believed to be false, see Section 3.3.
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means that there are lower and upper bounds of the form
C1F(p) < G(p) < C2F(p) (3.2)

where C'7 > 0 and (3 < oo are constants which do not depend on p, as long as p is
uniformly bounded away from zero or one, but which may depend on the constants ¢, € or
x appearing explicitly or implicitly in the postulates. Occasionally, p is further restricted
to lie on one side of p.. Similarly F(n) < G(n) means that

C1F(n) < G(n) < CyF(n)

for some constants 0 < C7 < (Cy < 0.
Our scaling postulates are
(1) Lo(p) = o0 asp | pe;
(IT)  Ag(p) < Lg_l(p) = Lg_l(p, g;x) provided p > p., z > 1 and 0 < € < €¢;

(III) There are constants Dy > 0 and D < oo such that

()

D <
b= Wn(pC)

< Dy if n < Ly(p);

(IV) There are constants D3 > 0 and p; > 2 such that

T (Pe) D3<T> R T
Tn(Pe) n

(V) There is a constant D4 such that
X (p) < DyL (p)ﬂ-io(p) (pc) and x™(p) < D4sLf (p)ﬂ-%o(p) (pe)

if p > pe;
(V) 7Ly (p) (Pe) X Poo(p) if p > pe;
(VII) There are constants D5, Dg < oo such that

Psps(Lop) () = Dse” P  Poypyp(p) if p<pe and k> 1.

We shall have some comments on the interpretation of the postulates and other remarks
after we state our theorems.
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3.2. Statement of the Main Results.

A central concept in our theorems is the notion of a scaling window in which the system
behaves critically. This can best be described by the function

Lo(p) if P < Pe
g(p,n) := 0 ifp=rp. (3.3)
Lo(p) ifp > pe.

It will be seen that a sequence of systems with density p, behaves critically — as far as size
of large clusters is concerned — in the finite boxes

Ayi={veZ | —n<v,<n,i=1,...,d} (3.4)
if
pn — p and limsup |g(pn, n)| < oo. (3.5)

If this is the case we shall say that the (sequence of) systems are inside the scaling win-
dow. We shall say that the systems are below (respectively above) the scaling window if
g(pn,n) — —oo (respectively, g(p,,n) — o0). These regimes correspond to subcritical,
respectively supercritical behavior. In particular we must have p,, < p. eventually if {p, }
lies below the scaling window, and p,, > p. eventually if {p,,} lies above the scaling window.
Our theorems below give many details of the finite-size scaling behavior of the system in-
side, above, and below the scaling window. They confirm the folklore that within distances
of the order of the correlation length the system behaves critically. Specifically, we make
this statement precise for the behavior of the size of the large clusters. Unfortunately we
cannot derive this from the definition of correlation length only. One of our basic assump-
tions is that within the correlation length the point-to-box connectivity behaves as it does
at the critical point (see Postulate III).

In order to state these theorems, we again use the symbol =<, this time for two sequences
a, and b,, of real numbers . We write

= b (3.6)
if
. an a,
0 < liminf — < limsup 5 < (3.7)

|A,,| denotes the number of sites in A,; thus |A,| = (2n)¢. We remind the reader that
Postulates (I)-(VII) are verified for d = 2 in Section 6. Thus all the conclusions of our
theorems hold in the two-dimensional case.

Our first theorem characterizes the scaling window in terms of the expectation of the
largest cluster sizes.
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Theorem 3.1.

i) Suppose that Postulates (I)-(IV) hold. If {p,} is inside the scaling window, i.e., if
limsup,,_, o |9(pn,n)| < 00, and i € N, then

B, AW} = 5(n). (3.8)

it) Suppose that Postulates (I)-(1V) and (VII) hold. If {py,} is below the scaling window,
i.e., g(pn,n) — —o0, then

Epn{Wﬁln)} =< 5(Lo(pn)) log

LO(pn) ' (39)

i11) Suppose that Postulates (II), (V) and (VI) hold. If {p,} is above the scaling window,
i.e., g(pn,n) — oo, then

By WL}
] as n — oo, (3.10)
[An|Poo(Pn)

and @)
Ep AWK}
— "= — 0 as n — oo. (3.11)
[ An|Poo(Pn)

The next theorem tells us about the distribution of the largest cluster sizes above the
scaling window.

Theorem 3.2. Suppose that Postulates (II), (V) and (VI) hold. Let {p,} be above the
scaling window. Then, as n — o0,

WY

—n ] in probability . (3.12)
[ An|Poo(Pn)

The next theorem gives information about the distribution of the cluster sizes inside the
scaling window. It shows that, in this regime, the tails of the distribution of W(Zj /E {W}&L)}
decay, but the distribution does not go to a delta function. This should be contrasted
with the behavior (3.12), which shows that above the scaling window the distribution of

W/(\i) / E{WSH)} does tend to a delta function.

Theorem 3.3. Suppose that Postulates (I)-(IV) hold. Let {p,} lie inside the scaling
window.

i) For all i < oo,

- LW
lim inf Pr,,, {K < -

_7@§K}—>1 as K — . (3.13)
e Ep AWy, }
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ii) For each K < oo and all i < oo,

W(l)

lim sup Prpn{ K—l} <1. (3.14)

11— 00 {Wl@}

We have one more theorem for p inside the scaling window. This concerns the number of
clusters on scales m < n. Before stating the theorem, we point out that, due to (3.8), the
“incipient infinite cluster” inside the scaling window is not unique, in the sense that Wf)
is of the same scale as W( ). This should be contrasted with the behavior of W(z) / W(l)
above the scaling window (see (3.10) and (3.11)), a remnant of the uniqueness of the 1nﬁn1te
cluster above p.. The next theorem relates the non-uniqueness of the “incipient infinite
cluster” inside the scaling window to the property of scale invariance at p.. We remind
the reader that the quantities Ny and N, = are defined in equation (2.1) and (2.2).

Theorem 3.4. Suppose that Postulates (I)-(IV) hold. Let {p,} lie inside the scaling
window. Then there exist strictly positive, finite constants o1, o2, C1 and Co (all depending
on the sequence {p,}, but not on n,m or k ) such that

n\* ~ n\*
C1 (—> < B, {Na, (s(m),s(km))} < E,, {Na, (s(m),s(km))} < Cs (E) ,  (3.15)

m

provided m and k are strictly positive integers with k > o1 and oom < n.

Our next theorem gives the behavior of the W( ") when p is below the scaling window.

Theorem 3.5. Suppose that Postulates (I)-(IV) and (VII) hold. Let {p,} lie below the
scaling window. Then, for each fixed i,

w@
lim inf Pr,, {K ™' An — <K} —1as K — oo. (3.16)

As mentioned before, we expect the Scaling Postulates to hold for all d < d. = 6. The
next theorem states that they do hold if d = 2.

Theorem 3.6. The Postulates (I) — (VII) hold in d = 2.

Notice that in Theorem 3.3 ii) (in conjunction with (3.8)), we prove that inside the

scaling window the support of W @ / s(n) is not bounded away from 0. We would expect
that this support is also unbounded above and that this should be easy to prove from
Postulate (VII), which states in a way that the support of |C(0)|/s(Lo(p)) is unbounded.
However we have been unable to derive this from the Postulate (VII). Instead, in Section 7,
we consider an alternative postulate, Postulate (VII alt), which says roughly that clusters
of size of order s(Lo(p)) and distance of order Lo(p) have a reasonable chance of being
connected to each other. In that section, we prove the following theorem.
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Theorem 3.7.
i) Suppose Postulates (I) — (IV) and (VII alt) hold. Let {p,} be inside the scaling window
and let 1 € N. Then

W(Z)
lim sup Prpn{ K} <1 for all K < oo.

e LB, (W)

i1) Postulate (VII alt) holds in d = 2.
3.3 Comments on the Postulates and Further Remarks.

The interpretation of our postulates is as follows. The first tells us that the approach to
pe is critical —i.e., continuous or second-order — from above p.. The second postulate is the
assumption of equivalence of length scales above p.: namely, Widom scaling, dimensionally
relating the surface tension to the correlation length, together with the equivalence of the
finite-size scaling lengths at various values of z > 1 and € € (0,¢(). This postulate is not
expected to hold above the critical dimension. In fact, it is not even believed that Ay (p) —
00 as p | pe, because this would imply that the crossing probability Ry, 31,(p.) is bounded
away from 1 uniformly in L. But uniform boundedness of crossing probabilities implies
hyperscaling [BCKS99], which is not believed to hold above the upper critical dimension
d.. Postulate (III) tell us that the system within the correlation length behaves as it does
at threshold, at least as characterized by the behavior of the point-to-box connectivity
function. Postulate (IV) implies that the connectivity function has a lower bound of power
law behavior at threshold. Especially Postulates (III) and (IV) turn out to imply more
than is immediately apparent. Proposition 4.6 states that the cluster size distribution
for clusters with diameters up to the correlation length behaves like the corresponding
distribution at threshold. This proposition also gives us a hyperscaling relation between
the exponents 6 and p, assuming that these exponents exist. We also obtain a scaling
relation for x(p) in Proposition 4.8. Assuming power laws for x and Lg, and the relation
(4.24), the assumed bound on p; in Postulate (IV) is equivalent to the very weak bound
v > 0. But it is known ([AN84]) that x(p) > C1(p. — p) "L, p < pe, i-e., v > 1 if it exists.
In the light of this, Postulate (IV) seems very reasonable. The fifth and sixth postulates
give various exponent relations, again provided that these exponents exist. Finally, the
last postulate states that (in the subcritical region) s(Lo(p)) is the natural scale for the
cluster size distribution and that on this scale the tail of the distribution does not decay
faster than exponentially. Proposition 4.8 provides an inequality in the opposite direction,
i.e., this decay is at least exponentially fast. See also Remark vi) below.

Remarks. 1) Assuming the existence of the exponent p, see (1.9), Theorem 3.1 implies that
inside the scaling window the largest, second largest, third largest,..., clusters scale like
nds | with dy = d —1/p, while below the scaling window the size of the largest cluster (and
hence of all clusters) goes to zero on the scale n%s

ii) By Postulate (VI), and Lemma 4.5 below,

’AH‘POO@)TL) o Poo(pn) - 71-Lo(pn)(pc) _

B B Tn(pe)

) ) (3.17)
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above the scaling window. Statement iii of Theorem 3.1 therefore implies that

1
B, (Wi}
s(n)

as n — 0o (3.18)

above the scaling window.

iii) Assume that the critical exponent v, see equation (1.7), exists, and that an equiv-
alence of the form (2.21) holds for p > p. as well. Choose p,, = sup{p < p. : Lo(p) < n}.
Then by (2.29), Lo(p,,) < n. Moreover,

Lo(pn) = &(pn) = Py = pel ™ (3.19)
so that p. — p; ~n~'/*. Finally, {p,} is below the scaling window if lim inf,, .. log(p. —
pn)/logn > —1/v. Similar statements hold to the right of p. with p} := inf{p > p. :
Lo(p) < n}, provided we make the further assumption that

Lo(p —9)

lim sup lim ————~ < oo.
plp. 010 Lo(p)

Thus under these various assumptions the scaling window has width n~=1/*.

It should be pointed out, though, that at present we do not have enough rigorous
knowledge of the behavior of Lg(p) as a function of p to define the scaling window in
terms of the behavior of (p, — p.)/g;- for suitable sequences {g}. For instance, it is not
known that there exists a sequence {g,, } of positive numbers such that n/Lo(p,) — oo is
equivalent to (p. — pn)/g, — oo for p, < pe.

iv) It follows from (3.11) and Markov’s inequality that

i

=0 in probability (3.20)
| An|Poo(Pn)

above the scaling window. Combined with (3.12) this implies that, as n — oo,

W
Wi

—0 in probability , (3.21)

provided g(pn,n) — oo.
v) In a similar way, it follows from (3.9) that, as n — oo,

A .0  in probability, (3.22)

provided ¢(pn,n) — —oo.
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4. AUXILIARY RESULTS

In this section, which is split into two subsections, we state several useful auxiliary
results, most of which have been already proved in [BCKS99|, which we will need for
our proofs in Section 5. The first subsection gives a fundamental moment estimate and
an exponential tail estimate for cluster sizes. These estimates show a close relationship
between the diameter and the size or volume of a large cluster. A cluster in A,, of diameter
small with respect to n usually has a volume which is small with respect to s(n). We believe
— but could not prove — that the converse also holds, namely that a cluster in A,, of diameter
of order n has with high probability a volume bigger than a small multiple of s(n). The
second subsection contains various important properties of the quantities m,,, Ps, P>s and
x which are akin to the postulates.

Throughout, the basic parameter p is bounded away from 0 and 1, that is we restrict
pto (g < p < 1—(p for some small strictly positive ;. No further mention of (y will
be made. Many constants C; appear in this paper. These are always finite and strictly
positive, even when this is not indicated. In different formulae the same symbol C; may
denote different constants. All these constants depend on ¢, d, (y and the constants which
appear in the postulates. This dependence will not be indicated in the notation. I[A]
denotes the indicator function of the event A.

All results in this section are proven under Postulates (I) — (IV) or a subset of these. In
fact, none of the statements of this section rely directly on Postulates (I) and (II). Instead,
they use the following two assumptions, which are much weaker than Postulates (I) and
(IT). The first is the assumption that the sponge crossing probabilities at p. are bounded
away from one, that is,

1 —Rpsn(pe) >e, n>1, (4.1)

for some € > 0, and the second is the assumption that (4.1) can be extended to p > p.,
provided n < Lo(p). Actually, we only need the slightly weaker assumption that there are
some constants € > 0 and o3 > 0 such that

1—Rp3n(p) >e forall p>p. andall n<o3Lo(p). (4.2)

To see that (4.1) follows from Postulates (I) and (II), we note that these postulates imply
that Ao(p) — o0 as p | pe, which in turn implies the statement (4.1). The bound (4.2)
follows directly from Postulate (II), since, by the definition of Ay (p),

1—R.3.(p) > for 7971 < Ag(p) and p > p,.

By the equivalence of Ag(p) and Lo(p)?~* (see Postulate (II)) this means that there exists
some o3 > 0 such that (4.2) holds for p > p. and all n < o3Lo(p). We caution the reader
that above p., the definition of the correlation length Lg(p) in [BCKS99] is slightly different
from the definition here (compare (2.17) in [BCKS99] to our equation (2.24)). However,
as noted in Remark (vi) in [BCKS99], all results there remain valid for any definition of
Ly(p) above p. that obeys Postulates (3.15) and (3.16) in [BCKS99]. While Postulate (3.16)
of [BCKS99] is identical to our Postulate (III), Postulate (3.15) in [BCKS99] is slightly
stronger than our assumption (4.2) — the former corresponds to (4.2) with o3 = 1. Here,
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we need only one result which uses Postulate (3.15), namely Theorem 3.6 of [BCKS99],
which we cite to establish the last statement in our Proposition 4.8 below. However, a
careful reading of the proof of Theorem 3.6 in equations (5.32) — (5.35) of [BCKS99] shows
that actually only our weaker assumption (4.2) is needed.

4.1 General Moment Estimates.

The first lemma is a direct consequence of Postulate (IV). It is identical to Lemma 4.4
in [BCKS99).

Lemma 4.1. If Postulate (IV) holds, then for B > 1/p1 — 1 (and a fortiori for 5 >
d/2 —1=(d—2)/2) there exists constants C; = C(f,d) and Cy = Cs(d) such that

L
Z (m + 1)[37Tm(pr:) < ClLﬁ—HWL(Z)C) i L=>1, (4.3)
m=0
and .
> (m+ 1) (pe) < CoL73 (pe) if L > 1. (4.4)

o

m

The next lemma, which is identical to Lemma 6.1 in [BCKS99], gives a basic moment
estimate. For d = 2 such an estimate was already given in [Ngu88].

Lemma 4.2. Assume Postulate (IV) holds. Define
V(L) := number of sites in Ay, connected to OM\sy . (4.5)

Then for some constants C;, it holds that
E,V¥(L) < Cik! (CoL?7 (p.))" (4.6)
provided p < p., k> 1 and L > 1. Consequently
E,exp(tV (L)) < C1[1 — tCoLrr(p.)] (4.7)
whenever p < p. and 0 <t < [CoLr(p.)]~t. When Postulates (III) and (IV) hold, then

(4.6) and (4.7) remain valid for p > p. and L < Lo(p).

The next proposition, which is one of the main technical results of [BCKS99] (Proposi-
tion 6.3 in [BCKS99)), follows from the above moment estimate Lemma 4.2. It is crucial
for our proofs in Section 5.1 and 5.3.

Proposition 4.3.
i) Assume that Postulate (IV) holds. Then there exist constants C; such that

Pr, (W > as(Lo(o) } < &4 (Lojp))d e=Cre (48)
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if £ >0, n> Lo(p), and p < p.. In particular
(1) n
Pr, ¢ W7 > ys(Lo(pn)) log -0 (4.9)
Lo(pn)

ify > d/Cz and g(pn,p) — —o0.

it) Assume that Postulate (IV) holds, and if p > p., that also Postulate (III) holds. Then
there exist constants C; such that

Pr, {ngln) > ws(n)} < Cre” 9" if x>0 and n < Lo(p). (4.10)

i11) Assume that Postulates (III) and (IV) hold. Then there exist constants C; such that

d
—02.%’ + 03 (L)

o) (4.11)

d
Pr, {Wz(\i) > :z:s(Lo(p))} < (%@) exp

if x>0, n > Lo(p) and p > pc.

The next lemma summarize several additional results which follow from Postulate (IV).
To state it, we introduce the diameter of a cluster C as

diam(C) = max, |V — W]o- (4.12)

Lemma 4.4. Assume that Postulate (IV) holds. Then there exist constants C; such that
Prp{diam(C(0)) > zLo(p)} < Ci7r,(p) (p)e= %2 if > 2and p < pe, (4.13)
and
Pr,{3 cluster C in A,, with diam(C) < yn and |C| > zs(n)} < Cly_de_cw“"/yd/2 (4.14)
ifr>0,0<y<1,p<p.and4d/y <n < Ly(p).

Proof. The bound (4.14) was proved in [BCKS99], see Remark (xiii) at the end of Section
6 in [BCKS99].
To prove (4.13) we note that for z > 2,

Prp{diam(C(0)) > zLo(p)} < Prp{0 <> 0B () and 0B,y is connected to at least
|/2] distinct boxes By, (iLo(p)), j € 227\ {0}}

= TLo(p) (p)Prp{(?BLo(p) is connected to at least
|x/2] distinet boxes By, ) (iLo(p)), j € 224\ {0}}

(see (2.11) for the definition of B, (v)). As in the proof of Proposition 6.3 (ii) of [BCKS99],
(more precisely, as in the proof of the bound (6.39) in [BCKS99]), the renormalized Peierls
argument of Theorem 5.1 in [Kes82] shows that for suitable constants Cy, Cy the probability

Prp{0Br,(p) is connected to at least
|z/2] distinct boxes B, ) (iLo(p)), j € 274\ {0}}
is bounded above by Cie~%2%. O
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4.2 Some Important Scaling Properties.

In this subsection we state a number of properties of the functions ,, Ps and x(p),
most of which have already been proved in [BCKS99]. The first lemma provides an upper
bound for 7,,(p.)/mn(p.) which complements the lower bound of Postulate (IV).

5.1

Lemma 4.5. i) There are constants C7 < oo and Cy > 0 such that

T (p) < CLe= G/ Do) if p<p. and 0> Lo(p). (4.15)
TLo(p) (p)

i1) Assume that (4.1) holds for some ¢ > 0. Then
Pr, {0B,(0) < 0Bs3,(0)} <1—¢* if n>1. (4.16)

iii) Assume that (4.1) holds for some € > 0. Then there exist constants Cq, p2 < 0o such
that

_1/ 2
gcl(ﬂ) P men>1. (4.17)

Proof. Statements i) and iii) are the content of Theorem 3.8 of [BCKS99]. To prove ii),
we show that for any p € [0,1] and any n > 1, one has

Pry{0B,(0) ¢ 9B3,(0)} > [1 — Ranen(p)]*". (4.18)

Indeed, by the definition of R,, ,,, the probability that there is no occupied crossing in the
1-direction of the block

[n,3n] x [~3n,3n]¢"? (4.19)

is equal to 1 — Ry, 6n. The cube Bs,(0) is the union of B, (0) and the block in (4.19) plus
2d — 1 more blocks congruent to the block in (4.19). Let F,, be the event that none of these
2d blocks congruent to (4.19) has an occupied crossing in the short direction. Obviously,
the event F),, implies that 0B, (0) is not connected to dBs,(0), so that the probability on
the left hand side of (4.18) is bounded from below by the probability of F},. Since Pr,{F,}
is at least [1 — Ry 6n(p)]?? by the Harris-FKG inequality, the bound (4.18) follows. [

The next proposition summarizes the results of Theorem 3.7 and the first statement
of Theorem 3.4 in [BCKS99]. Assuming existence of the critical exponents p and d, the
first statement implies the hyperscaling relation dp = d + 1. The second statement is the
analogue of Postulate (III) for P>4(p).

Proposition 4.6. Assume that (4.1) holds for some € > 0 and that Postulate (IV) holds.
Then there exists constants C1 > 0 and Cy < 0o such that

Clﬂ-n(pc) < PZs(n) (pc) < CZWn(pc) . (420)
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If Postulate (III) holds as well, then there exists constants Cs > 0, Cy < 00 and 0 < o¢ =
oo(e,d) <1 such that

C3P>s(n)(Pe) < Psgin)(p) < CaPsyiny(pe) if n < ooLo(p). (4.21)

Our last two propositions in this section summarizes the results of several theorems
in [BCKS99], namely Theorem 3.5, Theorem 3.6 and Theorem 3.9. Proposition 4.8 in
particular has two upper bounds complementing lower bounds in the postulates, and a
hyperscaling relation. Assuming the existence of the corresponding exponents, this relation
implies v = (d — 2/p)v.

Lemma 4.7. Assume Postulate (IV) holds. Then there exist constants 0 < C; < oo such
that
P> s(Lo () (P)

7TL() (p) (pC)

< Cie % if p<p.andzx>1. (4.22)

Proposition 4.8. Assume that (4.1) is valid for some € > 0, and that Postulates (III)
and (IV) hold. Then there exist constants 0 < C; < 0o such that, with oy as in Proposition
4.6, it holds that

P> s(Lo(p)) (P)
P> (0Lo(p)) (D)

< Crexp[—Chz] if = >1 and p < pe, (4.23)

and
C3Lo(p) [y ) (Pe)]* < X(P) < CaLo(0) [TLo()(P)]®, P < Pe- (4.24)

If (4.1) and (4.2) are valid for some € > 0 and some o3 > 0, and if Postulate (IV) holds,
then there exists a constant Cs > 0 such that

Cs5Lo(p) [T Lo(p) (Pe))” < X™(P), P> pe (4.25)

5. PROOF OF THE THEOREMS, GIVEN THE POSTULATES

In this section, we prove our principal results, Theorems 3.1-3.5. The section is divided
into three subsections. These correspond to the proof of results within, above and below
the scaling window: Theorem 3.1 i), Theorem 3.3 and Theorem 3.4 in Section 5.1, Theorem
3.1 iii) and Theorem 3.2 in Section 5.2, and finally, Theorem 3.1 ii) and Theorem 3.5 in
Section 5.3.

5.1 Inside the Scaling Window.

We start this subsection with several lemmas and propositions concerning the numbers
Na(s1,82) and Np(s1,s2) of clusters with size between s; and ss, defined in (2.1) and
(2.2). Although some of these results are very similar to the theorems we are finally going
to prove, we give them as separate propositions, since this allows us to better keep track
of which postulates are needed in which step.
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At many points in this and the following subsections, we use the fact that, for an
arbitrary configuration w, and number «, it holds that

ST =303 s e w)] = 8], (5.1)

i>1 veEA 5>1

This is obvious from the fact that in the right hand side, the sum of I[|Cx(w)| = s over
all point w in Cp(v) equals sI[|Cx(v)| = s]. Taking expectations of (5.1) gives

STELWI =30 s P, {[Ca ()] = s} (5.2)

i>1 vEA s>1

This argument for o = 1 will be used in the proof of Proposition 5.5, but even more often
will we use the special case o = 0, which says that the number of clusters of size s can be
rewritten as

(1w = s} = 3 ~1lieato)] = sl (53

vEA

These formulae and some variants form a basic relationship which allows us to relate

estimates on the distributions of W/(\i) and |C(0)|. We use the following consequence of
(5.3):

Ep{Na(s1,82)} = Z > - Prp{|CA =s}. (5.4)

s=s1 veA
In a similar way, we have
~ 52 1
Ep{Na(s1,82)} = > ) gPrp{|CA(v)\ =5, v OA}. (5.5)
s=s1vEA

We also need the corresponding representation for the expectation of Kf?\(sl, S9):

B {N{(s1,s2)} = > > Prp{|CA )| = 8,0 ¢ OA, |Ca(w)| = 5,w ¢ OA} .
s1<s<sg v U}GA
s1<8<s2
(5.6)
The next two lemmas will be useful in proving lower bounds for W/@.
Proposition 5.1. Assume that (4.1) holds for some € > 0 and that Postulates (III) and
(IV) hold. Then there exist constants 0 < C; < 0o and 1 < o1 < 0o such that

()" < Bt stm st} < B, Gom st} < 0(2) 6

m

provided oym < min{ Lo (p),n} and k > o1.
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Proof. For brevity we write A instead of A,,. We start with the upper bound. Using the
representation (5.4) and bounding the factor 1/s in (5.4) by 1/s(m), we get

EP{NA(s(m),s(km))} g P?"p{\CA }

'UEA s>s(m)

v)| > s(m)}
—PZs(m) (p)7 (58)

where in the last step we used the definition (2.4) of P> (,,,)(p) and the fact that [Ca(v)| <
|C(v)|. Without loss of generality we shall take 01 > 1/09 > 1, where oy is the constant
of Proposition 4.6. Then oym < Ly(p) implies m < o9Lo(p), and we may use Proposition
4.6 to bound the right hand side of (5.8). We get for some finite constant C,

n d n d n d
(2 ) P>s(m)( ) 02(2—)7Tm(pc) :CQ (—) . (59)

s(m) s(m) m

The estimates (5.8) and (5.9) imply the upper bound.
To prove the lower bound, we use that Postulate (IV) implies that

N
> Dg(@) if 0> > 1, (5.10)

so that in particular s(¢) > s(¢') whenever (/¢ > Dy 2/% We conclude that for any choice

of k > 1 we can find a o1 > k(1 4 1/0¢) such that s(km) > s(km) for all k > oy. It then
follows from (5.5) that for k > o4

E,{Na(s(m),s(km))} > E,{Na(s(m), s(km) —1)}
s(km)—1

> Z Z Prp{\CA )| = s,z 4 OA}

s=s(m) vEAn n

s(km)—1

= > Y Ppllcwl=seson), (1)

s=s(m) vEAn n

where in the second step we bounded the sum over A = A,, from below by a sum over Az.
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Bounding the factor 1/s in (5.11) from below by 1/s(km), we get
Ep{NA(s(m),s(km))}
> Ly Pry {s(m) < [C(v)] < s(km),v ¢ A}

_ s(gm) Py [Pry {s(m) < lc(v)] < s(m) }
— Pr, {s(m) < |C(w)| < s(km),v < aA}]
= s(gm) vEAy [Prp {s(m) < el < S(%m)} B W"/Q(p)]
> % [Pt (0) = Py (0) — Toa(0)] (5.12

Since n > oym > km by the assumption oym < min{ Lo (p),n}, we obtain

n— 2)d
ﬁ [P>s(m)( ) — st(Em) (p) — WEm/z(p)} . (5.13)

Again by the assumption oym < min{Lo(p),n}, we have m < km < (k/o1)Lo(p) <
ooLo(p). We therefore may use Proposition 4.6 in conjunction with Postulate (III) and
the bound 7, (pc) < 7Tkm/2(pc) to conclude that

By { Na(s(m). s(km)) | >

(n—2)

E, {NA(s(m),s(k;m))} > o

(Camm(pe) = Camiy o (0)] (5.14)
for suitable constants Cs,Cy € (0, 00) which depend only on the constants in Proposition
4.6, but not on the choice of k. Flnally we appeal to Lemma 4.5 iii) to fix k so large that
Cymy, /Q(pc) < 203 (p.)- Here k depends only on C,;/C3 and the constants in Lemma

4.5 iii); also k determines the value to take for oq. We then get

E, {NA(S(m),s(/@m))} > % C37m (pe)- (5.15)

From s(km) < k%s(m) we then conclude that for n > 4

B, {Na(s(m). skm))} > &, iz(gjwm(pc) _ o (ﬁ)d, (5.16)

m

where C7 = 2_2‘1_17{;_ng. This proves the lower bound when n > 4. If we choose o large
enough, then 1 < n < 4 is ruled out by o1y < o1m < n. 0
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Proposition 5.2. Assume that (4.1) holds for some € > 0 and that Postulates (III) and
(IV) hold. Then there is a constant C3 < 0o, such that

Var{ N, (s(m), stkm))} _ (5.17)
Ep{Na(s(m),s(km)}* ~

provided oym < min{Lq(p),n}, k > o1. Here o1 is the constant of Proposition 5.1.

Proof. Again we write A for A,,. We first will prove that for arbitrary sq,s2 € N, 51 < s9,
and p € (0,1),

2n)4
S1

Ep{[NA(sl,SQ)P} < B, {NA(31,32)} {H( Poy,(p)] - (5.18)

We need some notation. We denote the set of bonds with both endpoints in A by B(A),

and the set of bonds with both endpoints in A \ A by B(A). Let B be a subset of B(A).
With a slight abuse of notation, we say that v is a point in B if v is an endpoint of one of
the bonds in B. We write B is occupied (vacant) for the event that all bonds in B C B(A)
are occupied (respectively, vacant). Given v € A, we denote the set of all connected subsets
B C E(A) that contain the point v by B,(A). Again with a slight abuse of notation, we
denote the number of points in a cluster B C B,(A) by |B|. Finally, we write 03 B for the
set of all bonds b € B(A) \ B which share an endpoint with a bond b’ € B.
Using equation (5.6), we rewrite the left-hand side of (5.18) as

EP{NA(81782)2}
B Z Z Z Prp{B UB is occupied, 03 B U 8AB is Vacant}
v,wEA BEBy(A)  BeB,(A) |B| |B| (519)

s1<|B[<sg s1<|B|<sg

Next we observe that the event on the right-hand side cannot occur if B « B and B =+ B
in A, because in this case some occupied bond in B U BU (a suitable path from B to B)
also lies in 93 BU GAB . As a consequence, the right-hand side decomposes into two terms:
the term

Z Z Pr,{B is occupied, 0} B is vacant}
|BJ?

V,WEN BEBy (A)NBy (A)
s1<|B[<sg

B Z Z Pr, {B is occupied, 0} B is vacant}
B | B|

VEAN BEBy(A)
s1<|B|<sg

= B, {Na(s1,52)} (5.20)
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and the term

Z Z Z Pr,{BU B is occupied, oxBU GXE is vacant} (5.21)
v, WEN BEBy(A) BEBuyw (A) |B| ‘B’
s1<|B|<s2

s1<|B|<s3,B#B

By using the second decoupling inequality of [BC96], or, alternatively, the van den Berg-
Kesten inequality [BK85] we see that the last sum equals

Z Z Z Pr,{BU B is occupied, 95 B U 8} B is vacant}
Bl |B|

V,WEN BEBy(M\Bw(A)  BeBy, (A)
31§|B|§52 51§|§\§32

1 Pr,{B is occupied, 0} B is vacant, |Cx(w)| > s1}
cy Loy

v, WEA BeEBy (A)\By (A) ’B’
s1<|B|<s2
< 1 Pr,{B is occupied, 0x B is vacant} Pr,{|Ca(w)| > s1}
= Z 51 Z | B]
v, wEA BEBy (A)\Bay (M)
s1<|B|<sg
~ Pry{|C >
<E, {NA(SLSQ)} Z ol Aiw)| Z 51} . (5.22)
1
weA

Combining the two terms (5.20) and (5.22), and observing that Pr, {|Ca(w)| > s1} <
Pry{|C(w)| > s1}, we obtain (5.18). The bound (5.17) now follows from (5.18), (5.9) and
the lower bound in (5.7). O

The next proposition is a consequence of Proposition 5,1, Proposition 5.2 and the fact
that N _ -
N (s(m), s(km)) = Ny, (s(m), s(km)) + Np, (s(m), s(km)),

Proposition 5.3. Assume that (4.1) holds for some € > 0 and that Postulates (III) and
(IV) hold. Then there are constants Cy,C5 > 0 such that

n

Prp{mn@(m),s(km» > cu(%)d} 1o 05(m>d (5.23)

provided oym < min{Lg(p),n} and k > o1. Here o1 is the constant of Proposition 5.1.

Proof. Let k = |n/[o1m]| be the largest integer less than or equal to n/[oym], and
n = k[oym]. Note that then oym <7n < n. Since Nx(s(m), s(km)) is increasing in A, i.e.,

Na(s(m), s(km)) > N5 (s(m), s(km)) if A C A, (5.24)
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we get that for A = A, A = A,

n n

P%@%@mmxmmZO(—y?ZP%ﬁﬁwmmdmmzc(—)ﬁ.<mm

m m

Next we note that A contains k¢ disjoint subvolumes A of size (2[oym])?, and introduce
the random variable

’l;;d
X = Z Nac (s(m), s(km)). (5.26)

Since X < Nx(s(m),s(km)) < Na(s(m), s(km)), we have

Prp{NA(s(m),s(k:m)) > @(%)d} > Prp{X > 04(%)d} . (5.27)

Observing that the random variables Ny (s(m),s(km)) in (5.26) are ii.d. and using
Proposition 5.2, we have

VarX iVar{ﬁAm(s(m),s(km))} < Cs

= = — — . 5.28
(EpX)?  kd E,{N,a)(s(m),s(km))}? ~ kd (5.28)
Noting that
4VarX
Pro{X <1B,X} < Pr{IX - X[ > H(B,X)?} < o (5.29)
(EpX)?
we find that
1 406 m d

where C5 = (401)%4C (note that 1/k = |n/[oym]]|~! < 40ym/n). Using finally the lower
bound

~\ d
E,X = k'E, {NA(1>(s(m), s(km))} > ¢ (ko) = O (%) ,

which comes from (5.7), we obtain the desired bound (5.23), provided Cy > 0 is chosen
small enough. O

Proposition 5.4. Suppose that Postulates (II1) and (IV) hold, and that (4.1) and (4.2)
are valid for some € > 0 and some o3 > 0. Then there are strictly positive constants C
and o4 such that

Pr, (W < sm)} > ¢ (5.31)

provided m < o4Lg(p).

Proof. 1t follows from (4.10) and (5.10) that there exists a constant o4 > 0 such that

1
Pr, {W/(\?T < s(m)} > if r<osmandr < gLo(p)- (5.32)

1
2
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In addition, it follows (4.18) that
Pr,{v ¢ 0Az, for all v € A} > [1 — R,.3.(p)]*" (5.33)

For p < pe,
1—- Rr,3r(p) 2 1— Rr,?)r(pc) > €

(see (4.1)). We still have 1 — R, 3,(p) > € for p > p. and r < g3Lo(p), by virtue of (4.2).
Consequently, as in (4.16),

Pry{v ¢ 0Bs, for all v € A,.} > if  r<o3Ly(p). (5.34)
Using the Harris-FKG inequality we obtain from (5.32) and (5.34) that

Prp{|C(v)| < s(m) for all v € A, }
> Prp{Wéi) < s(m) and v ¢ 0Bs3, for all v € AT}
1
> 552‘1 if < (o3A1/3)Lo(p) A oam. (5.35)

We are now ready to prove (5.31) for arbitrary n. We first estimate
Prp{W(l) s(m )} > Prp{\C(v)| < s(m) for all v € A} (5.36)

and note that the right-hand side of (5.36) is decreasing in A. Let m < 04Ly(p) and choose
0 < 05 < 04 such that o405 < (03 A 1/3). Then choose an integer r > 1 in [o5m/2, o5m];
if this is not possible, because osm < 1, then take r = 1. For this choice of r

Pr, {|C(v)| < s(m) for allv e A} > C; >0

for some constant Cp, by virtue of (5.35). If n < r, then this already implies (5.31).
Otherwise, choose an integer k such that n < n := kr < 2n. We then get

Pr, {Wz(\i) < s(m } > Prp{ ﬂ {Ic(v)] < s(m }} (5.37)

vEA

Decomposing Aj; into k% subvolumes A of diameter 2r, and using the Harris-FKG in-
equality for the intersection of the events N ca@ {|C(v)| < s(m)}, we obtain

Pr, {ng> < s(m } [Prp{ M {lc |<s(m)}}r > ok (5.38)

veEA,

The proof is concluded by observing that k < 2n/r < 4n/(osm). O
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Proof of Theorem 3.1 i). For this proof we only use (4.1) and Postulates (III) and (IV).
As before, abbreviate A,, to A. Since limsup,,_, . |g(pn,n)| < 00, we have

n < ALg(pn) for all n > nq, (5.39)

where A and n; are finite constants depending on the sequence {p,}.
The fact that E, {ngl)} /s(n) is bounded above is immediate from Proposition 4.3. If

n < Lo(pn) then (4.10) suffices. If Lo(py,) < n < ALy(py), then we use (4.8) or (4.11) plus
the fact that s(n) > Dss(Lo(pn)) (by (5.10)). Note that this proof only requires Postulates
(IIT) and (IV), and does not rely on the assumptions (4.1).

In order to complete the proof, we need lower bounds on FE, {W/(\Z)} To this end, we

first note that Proposition 5.3 implies that for any 6§ > 0 there are constants 1 < ¢(¥) =
o (), ) < oo such that

Pr, {WA@ > s(m)} >1-6 (5.40)

provided o®m < n < ALo(p). Indeed, choose o(?)(\,§) > o, (with the constant oy as in
Proposition 5.1) so large that i) c@m < AL (p) implies oym < Lo(p), ii) C4(c™)? >4, and
iii) C5(0(M)~% < §, where Cy, Cs are as in Proposition 5.3. Then for ¢m < n < ALy(p),
we get

Prp{Wl(\i) > s(m)} = Prp{Nx(s(m),00) > i} > Prp{]\NfA(s(m),s(alm)) > i}

> PTP{NA(SW)?S(UW)) > @(%)Cl}, (5.41)

where we used that ¢(®m < n implies Cy(n/m)? > i in the last step. Combined with
Proposition 5.3 and the fact that the assumption o®m < n implies Cs(m/n)* < § by our
choice of ¢V, the bound (5.41) implies (5.40).

In order to prove a lower bound on linni io%f E,, {W[(\Q}, we now assume that n > nli) =

max{n, oV}, where n; and X are the constants from (5.39), and ¢ = ¢V (A, ). Choos-
ing m = [n/c®], we have m > 1 and ¢Wm < n < ALg(p,). Thus, by (5.40)

Ep AWV} > Ls(m). (5.42)
Since m < n/o® < m +1 < 2m by the definition of m, we have
s(n)/s(m) < (n/m)* < (207, (5.43)

and hence s(m) > s(n)(20())~?. Thus, with C{i)()\) = 1(260D)=?, we have

%
E, (W > P (\)s(n) . (5.44)

This completes the proof of the lower bound. O
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Proof of Theorem 3.3. For this proof use (4.1), (4.2) and Postulates (III) and (IV). We
start with a lower bound on Pr),, {Wf(j >K'E,, (W&f)} We again have (5.39) for some
A and nj, and by Theorem 3.1 i) (whose proof only used (4.1) and Postulates (III) and
(IV)) there exists some constant C’éi), which depends on the sequence {p,}, such that

E,, {W/(\Zz} < C’éi)s(n).

Thus if m is such that '
s(m) > K_lCél)s(n), (5.45)

then
Prpn{W/(\ZZ > K_lEpn{W/(Q}} > Prpn{W/(\ij > s(m)}. (5.46)

We now choose m = |n/o((),68)], where the o(¥) are the constants introduced above
(5.40). Then (5.45) will be satisfied for large enough K (by (5.43)). Since n > n; and
n > o@ () §) implies m > 1 and mo (X, 6) < n < ALo(p,), we now can use (5.40) to
conclude that ' .

liminf Pr,, {W{) > K~'E, {W{"}} > 13, (5.47)

n—oo

provided K is large enough. Together with Markov’s inequality,
Pr, AW\ > KB, {(W{)}} < K1, (5.48)

(5.47) implies Theorem 3.3 i).
In order to complete the proof of Theorem 3.3, we choose m(n) as the maximal m <

o4/ A 1)n such that K109 (\)s(n > s(m), where o4 is as in Proposition 5.4, A as in
1
(5.39) and sz) as in (5.44). Then, by (5.44) and Wy) < WS), we have

lim sup Prpn{W/(\ij > K_lEpn{Wl(Q}} < limsup Prpn{W/(Q > K_lei)()\)s(n)}

n—oo n—oo

<limsup Prp,, {ngln) > K*10£i)(/\)s(n)}
< limsup [1 — Prpn{W[(\i) < s(m(n))H .
n—o00 (5.49)

Since n/m(n) is bounded above by virtue of Postulate (IV) (see (5.10)), Proposition 5.4
shows that the right-hand side of (5.49) is bounded away from 1. This proves Theorem
3.3 ii). 0

Proof of Theorem 3.4. For this proof we only use (4.1), and Postulates (III) and (IV).
Theorem 3.4 follows immediately from Proposition 5.1. Indeed, let A and n; be the con-
stants from (5.39), and Cy, Co and o7 be those from Proposition 5.1. Choose oo >
max{o1,A\o1,n1}. We note that then m > 1 and oom < n imply n > nq, and hence
n < ALo(p,) and o1m < Lo(p,). The conditions of Theorem 3.4 therefore imply those
of Proposition 5.1, proving that Theorem 3.4 under the assumption that (4.1), as well as
Postulate (III) and (IV) hold. O
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5.2 Above the Scaling Window.

In this subsection, we prove Theorem 3.1 iii) and Theorem 3.2. To this end, we consider

separately those clusters Cj(xi) which intersect the infinite cluster C, and those which do

) 0@ o)

not. We denote the clusters intersecting Co, by C ordering them again

A,007 YA 000 A,00?
from largest to smallest size, with lexicographic order between clusters of the same size.
In the same way, Cl(\l)ﬁn, CZ(\Q%H, o -Cgk%n denote the clusters in A which do not intersect the

infinite cluster C,. Finally, Wf’)ﬁn = |C/(\Z)ﬁn| and VV/(\Z)Oo = |C/(\i7)oo| denote the sizes of the
1th largest clusters in the corresponding classes.

Proposition 5.5. Suppose that Postulates (V) and (VI) hold. Then there exists a constant
C1 < oo such that

B (Wi o} Lo(p)\4/?
— I (O if P> p, 5.50
gy <O(57) 00 e 30
so that in particular
By AWK )
- =0 asn — oo (5.51)
|An|Poc (pn)

whenever p, > p. is a sequence of densities such that n/Loy(p,) — o0 as n — o0.
Proof. Let t(n) = (2nLo(p))¥?mp,(p) (pc). Analogously to (5.2) we have

E W o} <tn) + B Wi Wil o > ()}
<t(n)+ Y Pry{lCa, ()] = Wi o [Ca, (0)] = t(n),v & o0}

vEA,
< t(n) + [Au [ Pro{[C(0)] = #(n), 0 4 oc}. (5.52)
Using Markov’s inequality and Postulate (V) we obtain
(1) (2n)? 4,
E {Wy  ant < t(n) + ) X ()
" (n)
(2n)¢
< t(n) + Dy t( ) Lg(p)ﬂ%o(p) (pc)
=t(n)(1+4 Dy) . (5.53)
Observing that t(n)/|An|Ps(p) =< (Lo(p)/n)¥? by Postulate (VI), we obtain (5.50) and
hence (5.51). O
In order to estimate the size of the clusters cﬁlo,c,(ﬁlo, o -C/(\]i))o, we make extensive use
of the facts that .
STWEL = A NCul = Y v ] (5.54)
i>1 vEA,
and
Ep, {IAnNCool} = > Pry {v e 00} = |An|Pac(pn) .- (5.55)

vEA,
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Lemma 5.6. Suppose that Postulates (V) and (VI) hold. Let p, > p. be a sequence of
densities such that n/Ly(p,) — 00 as n — oo. Then as n — oo

% — 1 in probability . (5.56)

Proof. We bound the variance of |A,, N Cx| by

Var, {|A, NCx|} = Z Cov,, (v <> 00;w <> 00)

v, wEA,

< Z Covy,, (v 00w « 00) = [Ay X (pn) - (5.57)

vEAR
wezd

Note that we used here the positivity of Cov,,, (v «<»;w < 00); this follows from the Harris—
FKG inequality. Combined with (5.55) and Postulates (V) and (VI), we obtain that for a
suitable constant C'; < oo

Varp, {|An NCool} _ CiLo(pn)? _ Cl(Lo@n))d (5.58)

E2 {|ANCl} ™ |Ay| 2n

By our assumption on p,,, the right-hand side goes to zero as n — oo. This implies (5.56).
O

Proposition 5.7. Suppose that Postulates (II), (V) and (VI) hold. Let p, > p. be a
sequence of densities such that n/Ly(py) — 00 as n — oo. Then, as n — oo,

Wi oo

5] in probability . (5.59)
|An|Poo (pr)

Proof. We have to show that for all § > 0
Prp, AW > (1= 0)[An|Puc(pn)} — 1 asn — oo (5.60)

and
Prp, AW o < (14 8)|An|Pas(pn)} — 1 asn — . (5.61)

Since W,(\ln)m < |A,, N Col by (5.54), the result (5.61) follows from (5.56). We are there-
fore left with proving (5.60). Again by (5.56), this amounts to showing that with high
probability, the main contribution to the left-hand side of (5.54) comes from W/(Xi),oo'

We consider suitable volumes A,,, C A,, with

lim |Ap|/|An] >1— 3. (5.62)
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Since

ICoo N Ay
| A | Poo (Pr)

as n — oo (the proof is identical to the proof of Lemma 5.6), we conclude that

— 1 in Pr,, -probability (5.63)

Pry, {|ICoco NAp| > (1 =6)|Ap|Pxc(pn)} —1 as n—oo. (5.64)
We shall next show that for a suitable choice of A,,
P {#i1CY cNAm#0} 22} -0 as n— oo (5.65)
If #{i | C/(@“OO N A, # 0} =1, then all pieces of Co, N A, are connected in A,, and
CK el = [Co0 1 A
so that (5.65) together with (5.64) will prove the desired result (5.60).

In order to show that A,, can be chosen so that (5.62) and (5.65) hold, we define, for
0<a<l1l/6andn>1/q,

2 M 1
r==-3 L(n)=lan), M(n)=leL(n)] and m= Mn)+1 (5.66)
Note that with this choice m < n for all n > 1/«, and
A 30\ ?
1 =(1-=2) .
oo || 2 (5.67)

A sufficiently small choice of « therefore ensures the condition (5.62). Note also that A,
is isomorphic to [0, M (n)]¢, while A,, is isomorphic to [—L(n), M (n) + L(n)]¢, where

L(n):=n—m > L(n). (5.68)

Using these observations and recalling the definition (2.23) of SEHM (pn), we then bound

By i | CF) oAy £ 0} > 2} < ST (p) < ST 1y (b)) (5.69)

where in the last step we have used that SE?M (pn) is decreasing in L.
In order to complete the proof, we use that for any £ > 0,

Lo(p, & 2) < Lo(p) = Lo(p,&;1) (5.70)

by Postulate (II). Our assumption n/Lg(p,) — oo therefore implies that Lo (pn, &;x)/n,
and hence Lo(py,é&,x)/L(n), goes to zero as n — oo. Since this is true for all £ > 0, we
can use the definition (2.25) of Lo(pn, &, x) to conclude that

Sgr(ln),M(n)(PH = SEr(ln),LxL(n)J (pn) =0 as n—oo. (5.71)



36 C. BORGS, J. T. CHAYES, H. KESTEN, J. SPENCER, December 2000

Equations (5.71) and (5.69) imply (5.65), and hence the proposition. O

Proof of Theorem 3.1 4ii). For this proof use Postulates (II) and (V) and (VI). Let p,, > p.
be such that n/Ly(p,) — co. We may then use (5.59) to conclude that that

B W) )
S AP 2 (672
Since |
W 3 < ST E, AW L} = M| Poc(pn) (5.73)
i>1
for all n, it follows that
lim By, AW, "’OO} =1. (5.74)

n—oo |A | Poc (Pn)

Combined with (5.51) and W/(\i)’oo < ngln) < Wzgi),oo + W/(\i)’ﬁn, this proves (3.10).
In order to prove (3.11), we note that (5.74) together with (5.54) and (5.72) imply that

Bp AW} | B dWh) o)
Tl Anoed oy TPl Ancel (5.75)
‘An’Poo(pn) ‘An’Poo(pn>
as n — oo. Combined with (5.51), this implies (3.11). O

Proof of Theorem 3.2. We again use Postulates (II) and (V) and (VI). As before, by
assumption, p, > p. for all sufficiently large n, and n/Ly(p,) — oo. Using Markov’s
inequality and Proposition 5.5, we therefore get

wo
—Anfm 0 in probability . (5.76)
|An|Poo (pn)
Combined with Proposition 5.7, this implies Theorem 3.2. U

5.3 Below the Scaling Window.

We start with a lemma which will play a similar role below the window to that played
by the lower bound in Proposition 5.1 inside the window.

Lemma 5.8. Assume that (4.1) holds for some € > 0 and that Postulates (II1), (IV) and
(VII) hold. Then there exist constants 0 < C3 < 0o and 1 < 0g, 07,08 < 00 such that

~ C _Dﬁk n d
E,{Na, (ks(Lo(p)), kogs(Lo(p)))} > ( ) .
p ANA, (ks(Lo(p)). kows(Lo(p)))} = C3—— T (5.77)
provided k > o7, n > oskLy(p) and p < p.. Here Dg is the constant from Postulate (VII).

Proof. Let C; and Cs be the constants from Lemma 4.4. Combining the bound (4.13)
with Postulate (VII) and Proposition 4.6 we see that for suitable constants Cy4, C5, with
C5C4 > Dg, and k sufficiently large, say k > C7, one gets

Pr,{|C(0)] > ks(Lo(p)), but diam(C(0)) < CyksLo(p)}
> Pryp{|C(0)| = ks(Lo(p))} — Prp{diam(C(0)) > CskLo(p)}
> Csmr,(p) (pe)e” Pk (5.78)
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We want to restrict |C(0)| further. For this we use Lemma 4.7, which tells us that
Pry{|C(0)] > o6ks(Lo(p)} < Crmry(p) (pe)e 27",

Therefore, if we take og > Dg/C5, then for sufficiently large k, say k > 57,
Pry{ks(Lo(p)) < |C(0)| < o6ks(Lo(p)), but diam(C(0)) < CskLo(p)}

1
> §CS7TL0(p) (pe)e™ Pk, (5.79)

Now let n > 2C4kLo(p), i = n — |CukLo(p)|, A = A, and A = A;,. Observe that if v € A
and diam(C(v)) < |[C4kLo(p)], then C(v) C A and Cx(v) = C(v). Using this observation

we now find

EP{NAT(kS(LO(p))vkaﬁs(LO(p)))}
oeks(Lo(p))
>y Y ;Prp{|CA(v)| — 5, but diam(C(v)) < |CskLo(p)|}

veA s=ks(Lo(p))

1
2 oks(a() 2 Tre(Lo)) < [C(O)] < Coks(Lo(p)

but diam(C(0)) < |C4kLo(p)]}

(2n)?
= O s(Lo(p))

_ n o\ 4
TLo(p) (Pe)e D6k=03<LO(p)> ke Pok,

Choosing o7 = max{C7, 6’7} and og = 2C}4, this proves the lemma. O

Proof of Theorem 3.1 i1) and Theorem 3.5. For the proof, we will need (4.1), and Postulates
(ITI), (IV) and (VII). Assume that p,, < p. for sufficiently large n, and n/Ly(p,) — oo. It
follows from (4.8) that for z > 0 and n large

Ep AW} < s(Lo(pa)) log (Lo&n))
<ot [ (W = ustzatntog (-7 ) Yoo

< s(Lo(pn)) log (

wo)
X [z + O, / (Loz;n)) exp|—Ca(y — 2) log (Lo&n)>]dy].

By choosing C2z = d we see that

%JWQ}S%JM@MW%( n ) (5.50)
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for a suitable constant C'3 < oo. This proves the upper bound for Epn{ngln)}, where we
have so far only used Postulate (IV).

The lower bound for £, {ngln)} follows immediately from Theorem 3.5 so that it suffices
to prove (3.16). Also, we only have to prove that

W
liminf Pr, {K~!< An —1} — 1, as K — oo, (5.81)
oo~ P { s(Lo(pn)) log To(pn)

since the other part of (3.16) is obvious from Markov’s inequality and the upper bound
(5.80).

For brevity we write p instead of p,, for the remainder of this proof. The lower bound
(5.77) will play a similar role to that played by Proposition 5.1. However, instead of using
an analogue of Proposition 5.2 for a second moment, we now appeal to the BK-inequality
[BK85]. This tells us that

Prp{3r disjoint clusters in B[,yxr,(p)] Of size > ks(Lo(p))}
< [Pry{3 at least one cluster in Bp,gxr,(p)] of size > ks(Lg (p))}r :

Consequently if we set
k = Prp{3 at least one cluster in B, ur,(p)) of size > ks(Lo(p))}, (5.82)

then

K

E,{number of disjoint clusters in By, k1,(p)] of size > ks(Lo(p))} < . :
— K

By (5.77) the left hand side here is at least Cgk?~! exp[—Dgk], Cg = C30¢, so that

Kk > min (%, %kd_le_DGk) : (5.83)

Now choose

k= k(n) = | Colog ( Lg%) |

with the constant C9 > 0 but so small that DgCy9 < d/2. Then we can find in A,

. ]

disjoint boxes Bk (p)] (vi)- Each of these boxes contains a cluster of size

> k(n)s(Lo(p)) ~ Cos(Lo(pa)) log ( ) (5.84)

Lo(pn)
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with a probability at least
min (% %kd_le_D6k> : (5.85)

Moreover, as in (4.16) we also have

PTP{anUSkLO(pﬂ (Ul) 7 8B3|—UskLo(pﬂ (vl)} Z e,

For large n this gives

C
Prp{BfogkLo(p)] (Vi) contains a cluster of size ~2s(Lo(py)) log ( n )
2 Lo(pn)

and this cluster is not connected to 0Bs[sgkr,(p)] (i)}

> 1240k exp[—Dgk]. (5.86)

L1
2
Since the number of boxes times the right hand side of (5.86) tends to infinity (by our
choice of k(n) or Cy), the probability that at least ¢ of these boxes contains a cluster

of size (5.84), and that these clusters are not connected to each other tends to 1. This
establishes (3.16). O

6. VERIFICATION OF THE POSTULATES IN TwO DIMENSIONS

In this section we prove Theorem 3.6, which states that the Scaling Postulates (I) —
(VII) hold for d = 2. Before we start on the proof we discuss some general tools. The
fundamental tool for two-dimensional bond percolation is duality.® This rests on the
following observations. Let Z* denote the lattice Z2 + (%, %), which is called the dual
lattice of Z2. Each dual edge e* bisects exactly one edge e of the original lattice and vice
versa. We call such a pair e* and e, associated. For each configuration w of occupied and
vacant edges of Z? we obtain a configuration on Z* by declaring a dual edge e* occupied
(repectively, vacant) if its associated edge is occupied (respectively, vacant). It is a well
known result that there exists an occupied horizontal crossing of the rectangle [0, L] x [0, M|
if and only if there does not exist a vertical vacant dual crossing of [5, L — 3] x [—3, M + 3]

(see [SmWT8], Section 2.1 and [Kes82] , Sections 2.6, 2.4). This translates into

RL,M(p) =1- RM+1,L—1(1 —p). (6.1)

This relation can be used to relate quantities in the subcritical regime to similar quantities
in the supercritical regime. For instance, define the two-dimensional finite-size scaling

length as
min{L | Ry, 1(p) < ¢} if p < pe

6.2
min{L | Ry (p) >1—¢} ifp>p.. (6.2

Ly (p, ) :{

3Here we can use duality since we are dealing with bond percolation, which is self-dual. However, with
a good deal more work, similar results can be proven for other two-dimensional models which are not
self-dual — see [Kes87] (equation (1.23) and Section 4).
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(Note that this is in the spirit of definition (1.21) of [Kes87]. However, [Kes87] treats
bond percolation on Z? as site percolation on the covering graph of Z?2, so that the formal
definition there is somewhat different. For the purposes of the proofs here this difference
in the definitions is without significance.) It follows easily from duality and monotonicity
of Ry ar in L and M that for bond percolation on Z2, zo(p, g) > Zo(l —p,e) for p < pe.
From the rescaling lemma (Lemmas 3.4 and 4.12 in [ACCFRS83]) and duality one obtains
that for sufficiently small £ > 0 also 2E0(1 —p,e)—12> Eo(p, e) for p < p.. We therefore
have that

N _ 1
Lo(p,e) < Lo(1 —p,e), p<pc= 3 (6.3)

Similarly, using the rescaling lemma and the Russo-Seymour-Welsh lemma ([Rus78],
[SWT78], Section 3.4) it is straightforward to show that in d = 2, the definition (6.2) is
equivalent to our finite-size scaling correlation length below threshold, see (2.20):

Lo(p) =< Lo(p) ~ for p<pe, (6.4)

and to our finite-size scaling inverse surface tension above threshold, see (2.26):

Lo(p) < Ao(p) ~ for p>p.. (6.5)

As usual, the constants implicit in the equivalences (6.3)—(6.5) depend on e.

It also follows from the Russo-Seymour-Welsh lemma that for each z > 0 and integer
k > 1 there exists a constant h(x, k,e) > 0 such that for p < p., L < kzo(p), M/L > x, it
holds that

RL,M(p) Z h(lL‘,k’,E). (66)

Thus, sponge crossing probabilities of rectangles with the ratio of the sides bounded away
from 0 and oo and with a size comparable to Lo(p) are bounded away from 0. By means
of the Harris-FKG inequality it is then also easy to see that the probability of an occupied
circuit surrounding the origin in the annulus A = [-M, M]?\ (=L, L)? is bounded away
from 0, provided L < kLg(p), M/L > 1+ x > 1. Indeed, by obvious monotonicity we
may assume that M < 2L. The annulus A is the union of four M — L x M rectangles,
and if each of these has an occupied crossing in the long direction (i.e., a crossing in
the direction of the side of length M), then A contains a circuit of the desired kind
(compare [SmW78|, Lemma 3.5). By the above, each of these crossings has a probability
of Ryrvi—r.(p) > h(x/(1 4+ 2) AN1/2,2k, ), and by the Harris-FKG inequality the desired
occupied circuit exists with a probability at least h*(z/(1 + z) A 1/2, 2k, €).

Now consider two adjacent rectangles [0, L] x [0, M] and [L, 2L] x [0, M], and assume that
each of these contains an occupied horizontal crossing, 1 and rs, say. If, in addition there
exist occupied vertical crossings of [0, L] x [-L, M + L] and [L,2L] x [-L, M + L] as well as
occupied horizontal crossings of [0,2L] x [-L,0] and [0,2L] x [M, M + L], then these four
crossings contain a circuit which necessarily intersects r; and ro and therefore connects r;
and 7o (see Figure 1). Therefore, another application of the Harris-FKG inequality shows
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that

Pr,{all horizontal crossings of [0, L] x [0, M] and of [L,2L] x [0, M] are connected
there exists at least one horizontal crossing in each of
[0, L] x [0, M] and [L,2L] x [0, M]}
L M +2L 1 2L
> h? , e)hE (=, ——,¢). 6.7
2o L 2 Lo o0

If M/L and L/Ly(p) are bounded, then the right hand side of (6.7) is bounded away from
zero. By minor variations of this argument one sees that there is a lower bound for the
probability that two occupied crossings r1 and r9 over length L which are within distance
of order L from each other are connected (by a circuit of diameter also of order L), provided
L/Ly(p) is bounded. We shall say in such a situation that 1 and ry can be connected by
a Harris ring.

F1G. 1. Harris ring construction for the proof of (6.7)

We now prove the postulates for d = 2 in several subsections. These proofs rely to a
large extent on the results and methods of [Kes86] and [Kes87].

6.1. Proof of Postulates (I) and (II).
Postulate (IT) is the relation

Ao(p,e) < Lo(p,e;1) < Lo(p, &; ) (6.8)

for all p > p.,z > 1 and €, € (0,g9). Once we prove this, Postulate (I) follows e.g. from
the equivalence in equation (6.5) and Postulate (II):

Lo(p) < Ao(p) < Lo(p) , (6.9)
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equation (6.3) and the known behavior (2.27). Hence it suffices to establish Postulate (II).
We claim that in order to prove (6.8), it suffices to show that for all x > 1 and € €
(0,£0/2), there exists an € € (0,£¢) and a A = A(e, &, z) such that

Z0(pa 25) S LO(p7 ga .le) S )\ZO(pa 6) +1 as b l De- (610)

Indeed, given (6.10), we can deduce (6.8) for €, < £¢/2 from (6.5) and the known equiv-
alence of Ly(p,¢e) at different values of ¢, i.e.,

Lo(p,e1) = Lo(p,e2) as p | p. for 0 < 1,9 < €0, (6.11)

which follows from the rescaling lemma. Finally we must replace ¢ by £¢/2 to obtain
Postulate (II).

We establish (6.10) via an upper and a lower bound. For the upper bound, we note
that for all L, M

SE?M (p) <1 — P,(3 an occupied circuit in Hy, s surrounding OrHy, ar) - (6.12)

Given €,¢ € (0,e9) and z > 1, it is not hard to show, by means of the rescaling lemma
(compare the argument for (6.7)), that there exists a A = (¢, €; z) such that if M = |z L]

and L > ALo(p, ), then the probability of the circuit described in (6.12) is strictly bounded
below by 1 — ¢ for p > p.. Hence SEHLxLJ (p) < € for all L > ALo(p,¢) . But it follows from
the definition (2.25) that SEanLJ (p) > €if L = Lo(p,&;x) — 1. Thus

Next we establish a lower bound of the same form. To this end, note that the annulus
Hip, ;1) consists of four non-overlapping L x [z L] rectangles and four L x L corners. Let
us call the rectangles the left, right, upper and lower rectangles. Clearly, for all L

SE?@ 1) (p) = Pp(3 an occupied left-right crossing in the left rectangle and
a vacant dual left-right crossing in the right rectangle,
each connecting OrHy, |41, to OpHp, |21]) - (6.14)
Since z > 1, the lower bound in (6.14) is only strengthened by requiring that the occupied

crossing occur in an L x L sub-box of the corresponding L x |xL| rectangle and that the
vacant dual crossing occur in an (L + 1) x (L — 1) rectangle. By (6.1) this gives

1
SE?LwLJ (p) > Rp,L(l1—RpL) > 5(1 - Rp1), (6.15)

since p > p.. Now let L = Lg(p,&;x). It then follows from the definition (2.25) that
SEanLJ (p) <€, so that (6.15) implies Ry, , > 1 — (2¢8) if L = Lo(p,&;x). Comparing this
with the definition (6.2) for p > p., we conclude

a lower bound of the desired form. O
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6.2. Proof of Postulate (III).
Postulate (III) is almost identical to Theorem 1 of [Kes87], except that the latter uses the

condition n < Lo (p,¢), whereas Postulate (II1) assumes n < Lo(p,¢). Thus, to establish
Postulate (III), it suffices to show that for all € € (0,g¢), there exists an € € (0,&9) such
that

Lo(p,€) < Lo(p,2). (6.17)

To prove (6.17) we note that by (6.9) we have Lo(p,) < Ae)Lo(p, ) for p > p, and
a suitable A < oco. This relation also holds for p < p., as observed in (6.4). Therefore, it
suffices to show that for all p # p., A < oo, and € € (0, gq), there exists an € € (0,g¢) such
that

)‘Zo(pv E) < Z0(p7g) : (618)

Finally, by (6.3), it suffices to establish (6.18) only for p < p., and by iteration, to establish
the latter only for A = 2. To this end, we note that by the Russo-Seymour-Welsh lemma
([Rus78],[SWT8|, Section 3.4), rescaling and the obvious monotonicity of Ry, as, we have

RM’M(p) Z f(RL’L(p)) if L S M S 3L, (619)

for some function f on [0, 1] which is strictly positive on (0, 1]. Without loss of generality
we may take f(¢) < e. Using the definition (6.2) of Lg(e,p), we conclude that

Rum(p) > f(e) if M <3Lo(p,e) —3. (6.20)

As a consequence, _ N N
Lo(p, f(€)) = 3Lo(e,p) —2 > 2Lo(p, €), (6.21)
where we have used that R; 1(p) > p > ¢, and hence zo(p, g) > 1 in the last step. This
establishes (6.18) and hence Postulate (III). O

6.3. Proof of Postulate (IV).

We will establish Postulate (IV) for all p such that m < L(p) (a somewhat stronger
result than the stated postulate at p.). This postulate with p; = 2 follows from the claim
that for some C7 > 0

7;:((;:)) > 01(%)_1/2 if n<m<Lo(p). (6.22)

In order to establish (6.22), we assume that kn < m < (k + 1)n for some integer k& > 1.
By (2.12) and monotonicity of m,,

Tm Z 7T(;€+1)n Z %(k—l—l)n- (623)

Recall the definition (2.9) of 7(;11), and observe that one mechanism to ensure that the
origin is connected to the line at z; = (k+ 1)n is to have (1) the origin connected to some
point in 0B,,(0), (2) some point on 9B, (0) connected to the line at 1 = (k+ 1)n, and (3)
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Harris rings in the annuli B,, \ B,/ and Ba, \ B, and a rectangle crossing from (say) the
right boundary of B, /» to the central quarter of the right boundary of Bs, to “glue” the
connections in (1) and (2) together. Since n < Lo(p), the probability of the third event
is bounded away from zero, uniformly in n (as in (6.7)). Denote the probability of the
event described in (2) above by G, kn. Equation (6.23) and the Harris-FKG inequality
then imply that for some constant Cy > 0

Tm > Comn G kn - (6.24)

By an argument almost identical to the proof of corollary (3.15) in [BK85], kn < Lo(p)
implies G kn, > C3/ \/E, where (53 is a lower bound on the probability of an occupied
crossing of a 2kn x 2kn square. The constant C3 > 0 by virtue of (6.17) and (6.20).
(Essentially this same argument is used in [Kes87], equation (3.6) and its proof on p. 143.)
Thus (6.24) implies the desired bound (6.22). O

6.4. Proof of Postulate (V).

Theorem 3 of [Kes87] gives the second inequality in Postulate (V). Thus it suffices to
prove that for a suitable constant D4 and all p > p.

X (p) < DaLi(p)7t, () (Pe) - (6.25)

To this end, we decompose the sum defining x°°V(p) (with |v| short for |v|. and Lg for
Lo(p) ):

X (p) = Z Covp (0 > 005 v = 00) + Z Covy(0 = 005 v = 00) . (6.26)

|'U|§2LO |’U|>2L0

To control the first term, we use the bound (4.4) in Lemma 4.1 and Postulate III to
estimate

Z Covp(0 = 005 v = 00) < Z P,{0 < o0,v <> 00}

lv|<2Lo lv|<2Lo
< Y (00 < Y wdy () = Lint, () (6.27)
|v|§2Lo |v|§2L0

Next, we bound the second term in (6.26). To this end, let B(w) = B, (w) be the box of
radius Ly centered at w. For |v| > 2Lg, we have

Covy (0 = 00;v = 00) = Cov, (0 > 00;v ¥ 00)
= Covp(0 ¢ 00,0 < 0B(0);v ¢ 0o,v < 0B(v))
+ Cov, (0 44 00,0 < 0B(0);v ¢ 0B(v))
+ Cov,(0 ¥4 0B(0);v ¢ 0o, v <> 0B(v))
+ Cov,(0 ¥4 0B(0);v ¢ 0B(v))
= Covp(0 ¢ 00,0 <« 0B(0);v ¢ 0o,v < 0B(v))
+2Cov,(0 » 0B(0);v ¢ 00,v < 0B(v)), (6.28)
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where in the last step we have used that Cov,(0 <+ 0B(0);v ¢ 0B(v)) = 0 by the
independence of the events {0 ¢ 0B(0)} and {v ¢ 0B(v)} when B(0) and B(v) are
disjoint, and also the symmetry of the roles played by 0 and v. Now we bound the second
term on the right hand side of (6.28) according to

Cov, (0 ¢ 0B(0); v ¢ 0o,v < 0B(v))
= Cov,(0 » 0B(0);v ¢ 00,v < 0B(v),v < 0B(0))
+ Covy(0 ¥4 0B(0);v 4 00,v <> 0B(v),v +» 0B(0))
= Cov, (0 #» 0B(0);v ¥ 0o, v < 0B(0))
= —Cov,(0 < 0B(0);v ¢ 0o0,v < 0B(0))
< Py{0 < 0B(0)} Py{v ¢ oo,v < 0B(0)}, (6.29)

where we have used that the two events {v ¢ oo} N {v < 0B(v)} N{v ¥ 0B(0)} and
0 <4 0B(0) are independent. Using the Harris-FKG inequality and obvious monotonicities,
the second factor on the right hand side of (6.29) is in turn bounded according to

Pry{v ¢ co,v < 0B(0)}
< Prp{v < 0B(0)}

Pr,{3w € 0B(0) such that w and v are surrounded by a vacant dual contour}
(6.30)

We now follow a coarse-graining argument along the lines of the proof of Theorem 3 in
[Kes87] (see (3.12), (3.13) and (2.25) there). Let v = (v1,v2) and for the sake of argument
let v1 = |v| = |v|oo. If there exists a vacant dual contour surrounding w € 0B(0) and v,
then there exists a vacant dual path from B(0) to some B(vy +j,v2) with j > 0. By (2.25)
in [Kes87] the probability that such a vacant path exists is at most C7 exp[—Cs|v|/Lo].
Together with (6.29) and Postulate III this leads to a bound of

037'('%0 (pe) exp[—Ca|v|/ Lo] (6.31)

for the second term in the right hand side of (6.28).
Next we bound the first term in the right hand side of (6.28) by means of the BK
inequality as follows:

Pr,{0 ¢ 00,0 < 0B(0);v ¢ 00,v < 0B(v)}
< Prp{0 <> 0B(0),v < 0B(v) and there exist vacant dual contours
C1,Cy surrounding 0 and v, respectively}
< Prp{0 < 0B(0),v < 0B(v) and there exist edge-disjoint vacant dual contours
C1,Cy surrounding 0 and v, respectively}
+ Pr,{0 < 0B(0),v <> 0B(v) and there exist vacant dual contours Ci,Cs

surrounding 0 and v, respectively, and C7 and C3 have an edge in common}.
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By the BK inequality the first term in the right hand side is no more than

Pr,{0 < 0B(0) and there exists a vacant dual contour C; which surrounds 0}

X Pry{v <> 0B(v) and there exists a vacant dual contour C, which surrounds v}
= Prp{0 ¢ 00,0 < 0B(0)}Prp{v ¢ oo,v < 0B(v)}.

Therefore,

Cov,(0 4 00,0 «» 0B(0);v ¢ 00,v < 0B(v)}

< Prp{0 < 0B(0),v <> 0B(v) and there exist vacant dual contours C,Co
surrounding 0 and v, respectively, and C; and C3 have an edge in common}

< Prp{0 < 0B(0)}Prp{v < 0B(v)}Pr,{3 vacant dual contours Cy, Co

surrounding 0 and v respectively, and C; and Cy have an edge in common},
(6.32)

where we have used the Harris-FKG inequality and disjointness of B(0) and B(v) in the
last step. If the two dual contours C1,Cs in (6.32) have an edge in common, and if again
v = (v1,v9) with v; = |v|, then C; UCs contains a vacant dual path from some B(—j1,0)
to some B(vy + jo,v2) with ji,j2 > 0. The same argument as used for (6.31) now shows
that also the first term in the right hand side of (6.28) is bounded by (6.31). Finally, then

D Covp(0 > 00;v > 00) < Y 20577 (pe) exp[—Calv]/Lo] < C(e) LT, (pe) -
|v|>2Lo |[v|>2Lo
(6.33)
Together with (6.26), (6.27) this yields (6.25). O]

6.5. Proof of Postulate (VI).

Postulate (VI) for d = 2 goes back to [Ngu85]. We can also immediately obtain this
from Theorem 2 in [Kes87], which states that P (p) is of the same order as 7z (:c) (pe)-

But by (6.10), (6.11) there exists a A = A(¢) > 1 such that Lo(p,£) < ALo(p, ). Therefore,
by Postulate (IV)

ﬂ-zo(p’g) (pc) > TXLo(p,e) (pC) > D3>‘_1/p1 7TL0(:D,€)(pC)'

Combined with Theorem 2 of [Kes87] this gives one inequality of Postulate (VI). In the
other direction, it is trivial that P (p) < mr,(p)(p) and further 77,y (p) X 7Ly (p)(Pe), by
Postulate (III). O

6.6. Proof of Postulate (VII).

We shall build a cluster of size at least ks(Lo(p)) by connecting together C1k clusters of
size at least Cas(Lo(p)) (for suitable constants C7,C5) in adjacent squares of size 2L (p).
These clusters will be connected by means of Harris rings.
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By Postulate (IV) and Proposition 4.6 (which relies only on Postulate (I) — (IV)) there
exists a og € (0, 1] such that for ng = |ooLo(p)/2]

P> s(Lo(0) (P) < Pss(ng)(p) < C3mng (Pe);

in the first inequality we used that Postulate (IV) implies (5.10), which in turns implies
that s(m) > s(n) if m/n is large enough. In turn, by Postulate (III), the right hand
side here is at most Cym,,(p). It therefore suffices to show that for p < p. and suitable
constants C5, Dg

szs(Lo(p))(P) > Cse_De’kWno (P) (6-34)

First we use Theorem 3.3 and Lemma 4.4, (4.14). These results show that there exist
constants Ky < oo and yo > 0 such that

Prp{3 cluster C C A, with diam(C) > yoLo(p) and [C| > Ky 's(Lo(p)}
1 _
= Pro{Wify) > Ko 's(Lo(e)}
— Prp{3 cluster C C Ay, with diam(C) < yoLo(p) and |C| > Ky 's(Lo(p))}
1 _ _ 1
= 5~ Gy ? exp[—Ca(Koyo) '] = 7 (6.35)
provided Ly(p) > 4/yo. The estimate (6.35) shows that with a probability of at least 1/4
there is a cluster with a “large” size and “large” diameter in A (,). We wish to locate
this large cluster more precisely. In fact we want to show that we may assume that it
crosses a certain rectangle in the first coordinate direction. To this end we note that if
diam(C) > yoLo(p), then there are two points v, w € C so that w; —v; > yoLo(p) for i =1
or i = 2. Assume that this holds for i = 1. Then for some —2/yy < j < 2/yg the event

M (p, ) :={3 cluster C € A, (,) with |C| > K 's(Lo(p)) that contains
points v, w with v1 < jyoLo(p)/2 < (j + 1)yoLo(p)/2 < w1}

(6.36)
must occur. Therefore there exists a jo € [—2/yo,2/yo] for which
Pry{M(p.jo)} = g (6.37)
8(yo +1)

From (6.37) and translation invariance it follows that each of the events

{3 cluster C; € [20Lo(p), (20 + 2)Lo(p)) x [~Lo(p), Lo(p)) with |C| > K 's(Lo(p))
and which crosses [(2¢ + jo)yoLo(p)/2, (20 + jo + 1)yoLo(p)/2] x [—Lo(p), Lo(p))
in the horizontal direction}, ¢ > 0, (6.38)

has probability at least yo/(8yo+8). Let k > 1 be given and take r = [kKj|. If the event in
(6.38) occurs for =0, 1,...,7 and 0 <> 9B, (0), and the paths from 0 to 0B,,,(0) and the
horizontal crossings of [(2¢ + jo)yoLo(p)/2, (20 + jo + 1)yoLo(p)/2] X [—Lo(p), Lo(p)),0 <
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¢ < r are all connected by Harris rings, then the cluster of the origin has size at least
rKi's(Lo(p)) > ks(Lo(p)). The Harris-FKG inequality now shows that
Yo r

|".

p > 7, CslCo——=
zks(Lo(p))(p> = o (P) Gl 68(90 +1)

This proves (6.34) with

8(yo + 1)(Ko + 1)

D¢ =1o
oo CeYo
and Postulate (VII) follows for all p < p. with Lo(p) > 4/yo. If Lo(p) < 4/yo, the postulate
follows from the trivial bound Ps gz, (p)) = phs(Lo(p)) > p643l§2k, O

7. Proof of Theorem 3.7.

In this section, we introduce Postulate (VII alt), which is slightly stronger than Postulate
(VII), and prove Theorem 3.7. To state the Postulate (VII alt), we need some notation.
For k > 1, let [k]? = {1,...,k}%. Given an integer k > 1, and a choice of vertices v(j) in
A(3) = 2JLo(p) + AlLo(p) /41, § € [K]?, we define sets A(j) = 2jLo(p) + AL, (p) and

as well as events

G() = GG 2) = {[Ca) (v())] = s(Lo(p))}

Gr =Gi(x) = [ GGiw),

jelk]d

H(j)={v(j) @v(jLte)in = 1 <i<d},
where the i-th component of j + e; equals j; = 1. We also define
Hj, = {all v(j) with j € [k]? are connected in Z} = ﬂ H(j).

2<j; <k—1
1<i<d

Postulate (VII alt) For all 0 < z < 1 there exists a constant D7 = D7(x) > 0 such that
d
Pry{Hy | Gy(x)} > Db (7.1)

for all (o < p < pe, k > 1 and all choices of v(j), j € [k]¢. We remind the reader that ¢y is
some arbitrary number in (0, p.).

Note that there are k¢ choices for j € [k]?. Condition (7.1) therefore roughly speaking
says that the conditional probability of H(j), given that |C(v(j))| > zs(Lo(p)) and each
IC(v(jte;))| > xs(Lo(p)), is at least D7. Or still more intuitively, “clusters of size of order
s(Lo(p)) and a distance of order Lo(p)) apart have a reasonable conditional probability
of being connected.” We also mention that (7.1) is actually not needed for all = € (0, 1],
but only for one fixed value of z for which Pr,{G(j)} > C17p,(p)(pc) for some constant
C7 > 0, independent of p < p.. Such z and C; can be shown to exist by means of the
bound (5.40) which follows from Proposition 5.3.
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7.1. Proof of Theorem 3.7i.

In this subsection we always assume Postulates (I)—(IV) and (; < p < p.. For brevity
we write in many places L for Lo(p) and A for Az ). In steps i-v we also use Postulate
(VII alt), but we only shall use that (7.1) is valid for 0 < z < x( for some ¢ > 0. The
value of x( is irrelevant. All constants in this section are independent of k.

Step i There exists an « € (0,1] and a constant Cy > 0 such that uniformly for
v(§) € AQG) = 2iLo(p) + A Lo(p)/4] 5

Prp{G(j)} = Comr(pc)- (7.2)

To prove (7.2) we use the relation (5.3) between the distribution of W/(\l) and P>;. For
r > 1 and any 0 < C < 00, we get

ProfW) > s} < 30 S0 PryflCa, ()] = 5)

vEA, s>C15(r)

[Ar| sup Prp{|Ca, (v)| > Cis(r)}. (7.3)

<

On the other hand, by (5.10), s(m) > s(r) and hence
Pr{w” > Cis(r)} > Prp{w}" > s(m)} (7.4)

whenever m > r(Cy/D3)?/9. Setting r = | Lo(p)/4], m = r[(C1/D3)*/%], and choosing
C; > 0 small enough to guarantee that [(C}/D3)* %o (1/4,1/2) < 1, where oM (), §) is
the constant introduced before (5.40), we can now use the bound (5.40). Combined with
(7.4) we get Prp{nglr) > C1s(r)} > 1/2. Using (7.3), we therefore conclude that there
exists a constant C3 > 0 and a wg € A, such that

Pry{|Cx, (wo)| > Cys(r)} > 5Com.(p) > Csmp(pe), (7.5)

where we used Postulate (III) in the last step. Now for any v € A,., A, shifted by v — wyg
is contained in Az, C A. Therefore for all v € A, = A1 (p)/4) and sufficiently small Cy

Prp{|Ca(v)] = Cas(L)} = Prp{[Ca, (wo)| = Crs(r)} = Csmr(pe) = Comp(pe).  (7.6)

This proves (7.2) for j = 0 and x = C4y A 1. But then it clearly holds for all j by translation
and forall0 <z < Cy A 1.

Step ii Now fix k£ and for brevity write M = k%. Let Cy and Cy be such that (7.6)
holds. Also fix x = C4 A1 A g and take D7 = Dy (x). It is useful to indicate the choice
of the v(j) more explicitly in our notation. With some abuse of notation we denote the

possible values of j by 1,...,M, and we occasionaly write G (v(1),...,v(M)) instead of
Gy, and similarly for Hy(v(1),...,v(M)).
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We have defined the A(j) such that they are disjoint. Consequently, for any choice of
v(j) in A(j), we have by (7.2)

Prp{Gr(v(1),...,o(M))} = HPTp{G(J')} > [Comr (pe)]™
and then by Postulate (VII alt)
Pr{Gr(v(1),...,0(M)) N H,(v(1),...,0(M))} > [D7Corr(pe)]M. (7.7)

We sum this over all v(j) € A(j) for j # 1. We indicate this sum by S (). We therefore
have for some constants C5, Cg
> B Pr{Ge(v(1), ..., v(M)) N Hy(v(1),...,v(M))
> [D7Comp(pe)] M [2[ Lo(p) /4]]Y 1 = Csmr(pe)[Cos(L)]M . (7.8)
Step iii We next work on an upper bound for the left hand side of (7.8). To this end we

note that on the event Gy N Hy, v(j) is connected to v(1) and therefore to dA(j) whenever
j # 1. We therefore define

V(j) = number of v € A(j) which are connected to AA(j).

We further define
I, = I(v(1)) = I[|C=(v(1))| > Mzs(L)). (7.9)

Clearly, on the event G (v(1),...,v(M)) N Hg(v(1),...,v(M)), it holds that

1)) > Z ICag) (v(3))| = Mxs(L) and v(j) < A(j),

and therefore

ST B P {Gr(v(1),...,0(M)) N Hy(v(1),... ,v(M))}

< Ep{Ii(v(1))I[v(1) < oA [[ V(G (7.10)
J#1

We continue this inequality. For any v > 0 the right hand side of (7.10) is at most

M [s(L)M 1 Ep{Ii (v(1))}
+Ep{lk(v(1))1[v(1) — OA(1)] Hf/ HV ) > ™M L)]M_l}

j#1 Jj#1
< Ms(L)ME {1, (v(1))}
_}_e—'yM[S(L)]fMJrlE {I[U <—>8A HVQ }
J#1



FINITE-SIZE SCALING IN PERCOLATION, December 2000 51

Finally we observe that the V (j) are independent among each other and of I[v(1) < dA(1)],
because the A(j) are disjoint. Moreover, for each j,

E,{V2()} < Crs*(L),
by virtue of (4.6). Therefore
Ep{Ifo(1) < AL T V2(4)} = Pryfo(1) < oML} [T E,{V2G))
J#1 J#1
< 7 1/2) (pe)[Crs(L)]PM 2.

Combining these estimates gives

> WP {Gr(v(1),..., (M) N Hy(u(1),...,v(M))}

< ML) E {1k (v(1))} + e ™M (D)7 w1y (pe) [Crs (L) 72,
(7.11)

Step iv In this step we complete the deduction of Postulate (VII) from Postulates
(I)-(V) and Postulate (VII alt). From (7.8)—(7.11) we obtain (by means of Postulate (IV))

MM B {Iu(v(1))}
> C57r(pe){[Cos(L)M ™1 — e ™M [s(L)] ™M1 (Cs D3) 1211/ P [Crs(1))*M 2.

Choosing ~ so large that
1
e’ < 0607_2 N |:ZC5D321/p1:| ,
we find that )
Ey{Ix(v(1))} > WL(pc)e_7M§C5C’é\/[_1. (7.12)
Since, by (7.9), the left hand side is no more than

P> arzs(1) (D)

and, by (4.20), 7 (pc) > C’Q_lPZS(L)(pc) > C’Q_lPZS(L) (p), we obtain Postulate (VII).

Step v Even though we finished the deduction of Postulate (VII), we point out here
that had we summed over v(1) as well, then the derivation given above would have resulted
in

Pr W) > CoMs(L)}
= Prp{3 a cluster in UA(j) of size > CoMs(L)}

J

> Coe "™MOM, (7.13)
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This is basically the estimate (5.83) and we can deduce the lower bound in Theorem 3.5
almost immediately from (7.13) without repeating most of its proof from Postulate (VII).
Also (7.13) can be used to derive the desired counterpart to (3.14), namely, for each

fixed K and i .
W(Z)
lim sup P, {7A() < K} <1, (7.14)
Ep AWy}

when p,, is inside the scaling window, i.e., when (3.5) holds. To see (7.14) for i = 1, fix
some large K. Then choose k such that for large n

k 1/p2
KEpn{ngi)} < CyO7 <§> s(n) and kLo(p) > 2n, (7.15)

with C as in (4.17). Such a k exists because Epn{Wl(\i)} and s(n) are of the same order
by Theorem 3.1 i) and p,, is inside the scaling window. Finally choose p!, < (p, A p.) such
that

n < kLo(pl) < 2n.

This can be done by virtue of (2.29). Lemma 4.5 then shows that

1/p2
Cok?s(Lo(pl,)) > CoC ! <§> s(n) > KE, {W "} (see (7.15)).

Finally, then, by (7.13) for p = p/,,

P AWN) = KB, {W{)}} = By {WR)) > Coks(Lo(p),))}

> Py AW > Coks(Lo(p))} > Coe™ ™ CE* > 0.
This proves (7.14) for i = 1. For general i a little extra work is needed as in the last few
lines of the proof of Theorem 3.5. 0J
7.2. Proof of Theorem 3.7ii.

We briefly indicate how to derive Postulate (VII alt) in dimension 2. We first show
that (7.1) holds when z is sufficiently small. In fact, if Ko, yo and jo are the constants for
which (6.35)—(6.37) hold, then this argument works for x < [Ko]™!. With M(p, ) as in
(6.36), we have by a Harris ring construction that for suitable constants Cq,Cy > 0 and
all v(j) € A(j),

Prp{3 cluster C € A, which contains v(j) and points
v, w with v < joyoLo(p)/2 < (]0 + 1)yOL0(p)/2 < wy
and with |C| > K 's(Lo(p))}

: : : Cuy
> C1Prp{M(p, jo)} Prp{v(j) <> OBr,(p)(v()} = mﬂo(m (p)

> CoT o (p)(Pe)- (7.16)
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On the other hand, by definition of G(j),

Prp{G()} < Pous(ro(p)) (D)-
Using the bound

Pou(p) < a®) + ¢ 3 0Bl [mpmas @)

m=1

proven in [BCKS99], equation (4.20), one easily shows that there is a constant Cy =
Cio(z) < oo such that

Psas(Lo(p) (P) < CroTL, () (Pe)-
Since the G(j) for different j depend on disjoint regions, they are independent, and

2

2
Prp{Gy} < [szs(Lo(p))(p)]k < [0107”30(1))(106)]]C . (7.17)
Finally, denote the event in the left hand side of (7.16) by K (j), that is

K (j) =3 cluster C € Ay, (,) which contains v(j) and points
v, w with v1 < joyoLo(p)/2 < (jo + 1)yoLo(p)/2 < wr
and with |C| > K s(Lo(p))}-.

Note that K (j) implies G(j) when z < [Ko]~!. Therefore another Harris ring construction
shows that for some constant C11 > 0,

Pr{Gr N Hy} > C¥ Pr{K(j) for all 1 < j; < k,i = 1,2}

> Cfl [C27TL0(27) (pc)]k ’

by virtue of (7.16) and the Harris-FKG inequality. Comparing this with (7.17), we see
that

Pr{Gr N Hy} > [C11Ca/Crol¥ Pry{Gy}.

This completes the proof of (7.1) when z < [Ko] ™1

For our purposes (7.1) for 0 < x < [Ko]~! is actually good enough, but it is not hard to
obtain (7.1) for general 0 < z < 1 now. In fact, we can apply the same argument as above,
provided we first prove the following strengthening of (7.16) for some constant C2 > 0:

Prp{3 cluster C € A, which contains v(j) and points
v, w with v1 < joyoLo(p)/2 < (Jo + 1)yoLo(p)/2 < wy
and with |C| > s(Lo(p))}
> Cramro(p) (Pe)- (7.18)
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But (7.18) can be derived exactly as (7.16) from an analogue of (6.37) if we start from

Prp{3 cluster C € A,y with diam(C) > yoLo(p) and [C| > s(Lo(p))}
> Prp{Wg))(p) > s(Lo(p))}
— Prp{3 cluster C C A () with diam(C) < yoLo(p) but |C| > s(Lo(p))}
> Pro{Wh ) > s(Lo(p))} — C1yg 2 exp[—Cay ]
> 013 > 0, (719)

which is valid for sufficiently small yy > 0 and some constant C13 > 0. Equation (7.19) is
the analogue of (6.35) with [Ky]~! replaced by 1. The reason why we can prove this now,
but could not take [K]~™! = 1 in (6.35) to begin with, is that we first needed to show that

Prp{WE))(p) > s(Lo(p))} is bounded away from 0. But this is now available to us from

(7.14). As we pointed out before (7.14) only needs (7.1) for 0 < x < z¢ for some xg > 0,
and this we just derived. O
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