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ABSTRACT. We consider a quantum spin system with Hamiltonian
H=H®O £)v,

where H(®) is diagonal in a basis |s) = @, |sz) which may be labeled by the config-
urations s = {s; } of a suitable classical spin system on Z%,

HO |5y = HO(s) |s).

We assume that H(9(s) is a finite range Hamiltonian with finitely many ground
states and a suitable Peierls condition for excitations, while V' is a finite range or
exponentially decaying quantum perturbation. Mapping the d dimensional quantum
system onto a classical contour system on a d+ 1 dimensional lattice, we use standard
Pirogov-Sinai theory to show that the low temperature phase diagram of the quantum
spin system is a small perturbation of the zero temperature phase diagram of the
classical Hamiltonian H(9 | provided X is sufficiently small. Our method can be
applied to bosonic systems without substantial change. The extension to fermionic
systems will be discussed in a subsequent paper.

1. INTRODUCTION

1.1. General ideas.

Many models of classical statistical mechanics provide examples of first-order
phase transitions and phase coexistence at low temperatures. It became clear al-
ready from the first proof of such a transition for the Ising model by the Peierls
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argument [Pei36, Gri64, Dob65] that a convenient tool for the study of phase co-
existence and first-order phase transitions is a representation in terms of configura-
tions of geometrical objects — contours. This has been systematically developed in
Pirogov-Sinai theory [PS75, Sin82], see also [KP84, Zah84, BI89|, which allows one
to prove these phenomena for a wide class of models, with or without symmetry
assumptions on the coexisting phases.

For quantum spin systems, the theory of first-order phase transitions and phase
coexistence is much less developed. While several papers deal with this problem in
the presence of a symmetry relating the two phases, [Gin69 , Ken85], no general
theory is known which provides a systematic approach to quantum spin systems
once the symmetry constraint is relaxed.

In this paper we propose to develop such a theory for low temperature quantum
spin systems which are small perturbations of suitable classical systems. To be more
precise, we assume that the Hamiltonian of the system is of the form

H=HOY £ \v (1.1)

where H(® is diagonal in a basis |s) = &, |s.) which may be labelled by the
configurations s = {s,} of a classical spin system with finite single spin space
S ={1,---,|9|} and Hamiltonian

(s| HO |s) = H) (), (1.2)

while V' is a local or exponentially decaying quantum perturbation,
V=Y Vi (1.3)
A

where the sum goes over connected sets A and V, is an arbitrary operator on
Ha = Qe He, except for the constraint that its norm ||V, is exponentially
decaying with the size of A.

Assuming that the classical system has a contour representation in d dimensions
that allows to apply the methods of Pirogov-Sinai theory for sufficiently low temper-
atures, we propose to study the quantum perturbation of this system by mapping
it into a suitable contour system in d + 1 dimensions, which can again be analysed
by the methods of Pirogov Sinai theory. Actually, our method is very similar to
the method developed in [Bor88], were this strategy was used to develop weak cou-
pling cluster expansions for lattice gauge theories with discrete gauge group and
continuous time.

Our approach differs, however, from that used by Ginibre [Gin69] and Kennedy
[Ken85]. In order to explain the main difference, let us first recall their method.
It is based on the idea of developping the density matrix e ## of the model (1.1)

arround the unperturbed matrix e 2% © using Trotter’s formula

e PH = lim (e_(ﬁ/”)H(O)(l _p ))n (1.4)

n
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While the leading term of this expansion gives the partition function of the classical
spin system at temperature (3, the expansion of V according to (1.3) will intro-
duce transitions between classical contours at various times, leading therefore to a
representation in terms of “quantum contours” on Z? x [0, A].

In the symmetric case considered in [Ken85] and [Gin69], these quantum contours
could be controlled with affordable effort using standard methods. The asymmet-
ric situation considered here, however, obviously requires significant modifications
involving something like a “Quantum Pirogov-Sinai” theory. Such an approach
is currently being pursued by Datta, Fernandez and Frohlich [DFF95], leading to
results very similar to those presented in this paper!.

Here, we follow an alternative approach, motivated by [Bor88|. The main idea is
not to consider contours on Z% x [0, 3], but to use a suitable blocked approach, which
allows to map a d-dimensional quantum system onto a classical contour system
on the (d + 1)-dimensional block lattice. As a consequence, our results make it
possible to apply directly the usual Pirogov-Sinai theory to quantum spin systems
as well, thereby allowing to analyze questions concerning the low temperature phase
structure, finite size scaling, analyticity properties, etc. using the well developped
machinery of standard Pirogov-Sinai theory.

1.2. Contour representations of quantum lattice models.

In the remaining part of this introduction, we present the main ideas of our
approach. In the first step, we rewrite the partition function Z = Tre #H of the
quantum spin system as

Z=TrTM where T=eP" and g=M§p (1.5)

with an integer M to be chosen later. We then expand the partition function
Z of the quantum system around the partition function Z¢2 = Tre FH @ of
the classical spin system using the Duhamel formula (a reference concerning the

Duhamel formula is e.g. [SS76]) for the transfer matrix 7' = e~PH Introducing the
family Ag of all sets A contributing to (1.3), the Duhamel expansion gives

_BHO_j —\)na (P
DN | | N )' / drj...dTi*|T(r,m), (1.6)
n AeAg na: 0

where n is an multiindex, n : A9 — {0,1,2,...}, and T(7,n) is obtained from
T© = e=PH by “inserting” the operator V4 at the times 7}, ...74*, see Section 2
for the precise definition. Next, we resum (1.6) to obtain the expansion

T=>"T(B), (1.7a)
B

! Results of this type were announced some time ago in [Pir78]. However, a detailed discussion
and proofs have never been presented.
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where .
T(B) = > T(A, (1.7b)
A={A4,...,Ar}
U;A; =B
with

- _\\na B
TA) = Y [H ( A), /Odfg...deA T(r,n). (1.7¢)

na.
n:suppn=A4 A€Aq A

Using the basis |s) to rewrite (1.5) as

Z= Y A(sPT|s®) . (st T s (1.8)

s .. s(M)

and inserting the formula (1.7) to expand T around T(®), we obtain

M
z= Y T[6EVITBO)s0), (1.9)

s s t=1
B .. .BWM)

where we have identified s(®) and s(M),

At this point, the quantum spin system is easily mapped to a classical contour
system in d+ 1 dimensions. Before doing so, let us discuss the expansion (1.9) from
a more heuristic point of view. Starting with the leading term in BM, ..., B(),
namely the term where all B® are empty, the matrices T(B®) reduce to the
unperturbed transfer matrix 7%, which implies that only the term with s(!) =
s = ... = M) contributes to the sum over sV, ..., s(M) giving the partition
function of the classical spin system at the inverse temperature 8. A non empty set
B® on the other hand, corresponds to the insertion of one or several operators Vy,
A ¢ BW, inducing transitions between different classical states s~ and s®). Tt
should be noted, however, that for a fixed set of B(*)’s only those spin configurations
s = s = ... = 5(M) contribute to (1.9), for which s~ and s(*) are identical
on all points x for which x ¢ B®.

In order rewrite (1.9) in terms of contours, we assign contours to “configurations”
specified by s, ... sM) and BM ... BM) Namely, we introduce elementary
cubes as the unit closed cubes C' C R4+! with centers (x,t) where t € {1,2,..., M}
and z € Z%. We say that an elementary cube C with center (x,t), € Z¢, lies in
the t’th time slice; we say that it is in a quantum excited state if z € B®) | while
we say it is in a classical state if this is not the case. Consider now a cube C' in the
t’th time slice which is in a classical state. Then s¢~Y and s*) must assume the
same value s, € S on the corresponding point « € Z¢, and we say that the cube C
is in the (classical) state s,.

In order to explain our definition of contours, let us assume for the purpose of this
introduction that H(®(s) is the Hamiltonian of a classical spin system with nearest
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neighbor interactions, and that the contours of the classical system correspond to
bonds (zy) for which s, # s, (see Section 2 for the more general case). We then say
that a cube C'is part of the ground state region W,,, m € S, if it is in the classical
state m, and if all neighboring cubes in the same time slice are in the classical state
m as well. All cubes which are not part of a ground state region are called excited.
As usual, we define a contour as a connected component of the set of excited cubes.

Resumming all terms in (1.9) which lead to the same set of ground state regions
and contours, we finally obtain Z as a sum over sets {Y7, ..., Y} } of non-overlapping
contours. Given our definition of excited cubes, it is an easy exercise to show that
the weight of each such configuration factors into a product of contour activities
p(Y;) and ground state terms e=#°m!Wml where e, is the classical groundstate
energy of the ground state m, while |W,,| is the number of cubes which are in the
ground state m. This gives the representation

z= > Tlexo][[e P, (1.10)

{Yla“'zyn} i

which is exactly of the same form as the contour representation of a classical spin
system. We can therefore apply standard Pirogov-Sinai theory to analyze the quan-
tum spin system considered here, provided we can prove a bound of the form

Ip(Y)| < oY1 g—BeolY| (1.11)

where « is a sufficiently large constant, and ey = min,, e,,.

Observing that cubes in a quantum excitation are supressed by a small factor
proportional to A3, while excited classical cubes are exponentially suppressed by a
“classical” contour energy proportional to 8, such a bound can easily be proven,
see Section 4 for the details.

Notice that the weights p(Y') are in general complex. The version of the Pirogov-
Sinai theory to be used thus must deal with this fact. Actually, such a case has
been discussed in [BI89] and we are closely following their approach.

A novel feature of the models considered here stems from the fact that the result-
ing classical model resides in a finite slab of thickness proportional to §; actually we
should talk of a cylinder because of the periodic boundary conditions. It is therefore
not possible to directly apply standard Pirogov-Sinai theory. Actually, this gives
rise to an interesting problem in both quantum and classical spin systems: dimen-
sional crossover for first order phase transitions. We will not discuss the physics of
dimensional crossover in this paper, but the technical modifications needed to deal
with finite temperature quantum spin systems do actually provide the necessary
framework to deal with this problem as well.

The organization of this paper is as follows: In the next section, we state our main
assumptions and results. In Section 3, we derive the contour representation (1.10),
proving in particular the needed factorization of contour activities. In Section 4 we
prove the exponential decay of the contour activities. Section 5 is devoted to the
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discussion of the resulting contour model including the discussion of modifications
to Pirogov-Sinai theory on a finite slab. In Section 6 we discuss expectation values of
local observables, and in Section 7 we combine the results of the preceeding section
to prove the theorems stated in Section 2. Details of the necessary modifications to
Pirogov-Sinai theory on a finite slab are deferred to an appendix.

We close this introduction with a discussion of possible extensions. We recall
that we assumed that H(©) is diagonal in a basis |s) = ®, |s,), where s, lies in a
finite spin space S. While this is a natural setting for quantum spin systems as, e.g.
the anisotropic quantum Heisenberg model, it is not for the discussion of bosonic
or fermionic lattice gases. In this situation, a typical choice for H©®) would be an
operator which is diagonal in the usual bosonic or fermionic Fock representation
where basis vectors are characterized by eigenvalues of the corresponding number
operators n,. While the correponding classical system still has a finite state space
(ny = ny +n; = 0,1,2) in the fermionic case, bosons now give rise to a state
space which contains infinitely many classical states per site. In most application,
however, this is not a serious problem, because the hamiltonian H(?) supresses high
values of n, (or, in the usual field representation, high values of the boson field ¢..).
Our methods and results are therefore applicable to bosonic lattice gases without
major modifications.

For fermions, on the other hand, the antisymmetrization of the wave function
leads to sign problems in the contour representation (1.10) which have to be dealt
with carefully. While this is a prior: not obvious at all, it turns out, however, that
fermion signs do not spoil the factorization properties needed to apply Pirogov-
Sinai theory (see [BK95], where the methods developed here are used to prove the
existence of staggered charge order in the narrow band extended Hubbard model).

2. DEFINITION OF THE MODEL, STATEMENTS OF RESULTS

2.1. Assumptions on the classical model.

We start this section by stating the precise assumptions for the classical model.
We consider a classical spin system with finite spin space S = {1,...,|S]|}, spin
configurations s : Z? — S, x — s,, and finite range Hamiltonian H(® (s) with
translation invariant interactions, depending on a vector parameter u € U, where
U is an open subset of RY. We assume that H(® (s) is given in the form

HO(s) = 3 @, (), (2.1)

where ®,(s) € R depends on s only via the spins s, for which y € U(z) = {y €
7% | dist (w,y) < Ro}, where Ry is a finite number. In our notation we supress the
dependence of H® on &, and p.

As usually, a configuration g which minimises the Hamiltonian (2.1) is called a
ground state configuration. For the purpose of this paper, we will assume that the
number of ground states of the Hamiltonian (2.1) is finite, and that all of them are
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periodic. More precisely, we will assume that there is a finite number of periodic

configurations ¢V, ..., ¢(, with (specific) energies
m ) = i o, (™), 2.2
e = emlp) = i, 75 3 22

such that for each y € U, the set of ground states G(u) is a subset of {gV), ..., ¢("}.
Obviously, G(p) is given by those configurations ¢g(™ for which e, () is equal to
the “ground state energy”

eo = ep(p) = mni1n em (). (2.3)

Note that we may assume, without loss of generality, that ®,(g(™)) is independent
of the point z for all ground state configurations g™, because this condition can
always be achieved by averaging ®,(s) in (2.1) over the minimal common period of
g®, ...

Our goal will be to prove that the low temperature phase diagram of the quantum
model is a small perturbation of the classical ground state diagram provided the
quantum perturbation is sufficiently small. In order to formulate and prove this
statement, we need some assumptions on the structure of the ground state diagram.
Here we assume that for some value of pg € U all states in { g, .., g(’")} are ground
states,

em (o) = eo(to) for all m=1,...,r (2.4)
that e, (u) are C! functions in U, and that the matrix of derivatives

:(%mw» (2.5)

O

has rank r—1 for all u € U, with uniform bounds on the inverse of the corresponding
submatrices. We remark that this condition implies that the zero temperature phase
diagram has the usual structure of a v — (r — 1) dimensional coexistence surface
So where all states g(™) are ground states, r different v — (7 — 1) — 1 dimensional
surfaces S, ending in Sy where all states but the state ¢(") are ground states, ...

Next, we formulate a suitable Peierls condition. In order to present it, we intro-
duce, for a given configuration s, the notion of excited sites € Z¢. We say that a
site z is in the state ¢(™) if the configuration s coincides with the configuration g™
on U(z), i.e. on all sites y for which dist (z,y) < Rp; a site is excited, if it is not in
any of the states ¢(1), ..., ¢™. Given this notation, the Peierls assumption used in
this paper is that there exists a constant vy > 0, independent of u, such that

D, (s) > eo(p) + 70 for all excited sites x of all configurations s. (2.6)

Finally, we assume that the derivatives of ®, are uniformly bounded in /. More
explicitely, we assume that there is a constant Cy < oo, such that

0

D.(s

| 2 (5)

< 0y (2.7)
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foralli=1,...,v, p €U, x € Z%, and all configurations s.

Remark. Given the assumptions stated in this subsection, standard Pirogov-Sinai
theory implies that the low temperature phase diagram of the classical model has
the same topological structure as the corresponding zero temperature phase diagram
(see above).

2.2. Assumptions on the quantum perturbation.

As pointed out in the introduction, we propose to develop a theory which allows
to control low temperature quantum spin systems that are small perturbations of
the classical system introduced above. We consider quantum spin systems with
Hamiltonians of the form

H=HOY £ \v (2.8)

where H(®) is diagonal in a basis |s) = &, |s,) that may be labelled by the con-
figurations s = {s,} of the classical spin system,

H©O |s) = H(O)(s) |s). (2.9)
We assume that V is of the form

V=Y Vi (2.10)
A

where the sum goes over connected sets A and V4 is a self-adjoint operator on
Ha = @ cq Heo In addition to translation invariance, we assume that V4 and

its derivatives, G%_VA, 1 =1,...,v, are bounded operators, with a suitable decay
) ) 0

constraint on the corresponding operator norms ||V4]| and H 3 VAH. In order to
Hi

formulate this constraint, we introduce the Sobolev norm

Vil = 3 (1all+ 3 vl et @11
i=1 !

A:xcA

where |A| is the number of points in A. Given this definition, our assumption on
the decay of V' is the assumption that

HIVIllyg < oo (2.12)

for a sufficiently large constant vq.

Remarks.

i) For a finite range perturbation, where V4 = 0 if the diameter of A exceeds the
range Rq of the interaction, the assumption (2.12) is automatically fulfilled for
arbitrary large vq < oo.
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ii) If the quantum perturbation V is of infinite range, we need that ||V4|| and

0

cay with a sufficiently large decay constant +, and observing that the number

of connected sets A of size s that contain a given point € Z? is bounded by
(2d)?%, the condition (2.12) can be satisfied provided v > g + 2log(2d).

iii) Strictly speaking, an exponentially decaying pair potential, V = Z%y Vz,y where
the norm ||V, , || decays exponentially with the distance between « and y, is not
in the class considered in this section because V is not given as a sum over
connected sets A. It is obvious, however, that such a potential can be rewritten
in the required form, by artificially connecting the two points x and y by a nearest
neighbor path. In (2.11), this effectively replaces the size of the set A = {z,y}
by its ¢1-diameter ), |z; — yil.

VAH decay exponentially in the size |A| of A. Assuming exponential de-

2.3. Finite volume states for the quantum system.

In order to discuss the phase diagram of the quantum spin system, we will con-
sider suitable finite volume states (+), o which are analogues of the classical states
with boundary condition g, where ¢ = 1,...,r. We first introduce, for any con-

figuration s and any finite set A, the vector [sa) = @ c4 [5z). Given a finite

set A C Z?, we then define suitable finite volume Hamiltonians H[(\O) and Hp on

the Hilbert space Hx = @,z He, Where A = UgeaU(z). Namely, we introduce
operators

HO® =Y "0,(s3) |s3)(sal (2.13)
SA
HY =3 HO, (2.14)
TzEA
and
Hy=HY +2) " Va (2.15)
ACA

The Hamilton operator with boundary conditions q is then defined as the “partial
expectation value”

Hyn = (95| Ha lg5?), (2.16)

where OA is the set A\ A. More precisely, H, 5 is an operator on H, whose matrix
elements are

(sal Hyn lsh) = (sal @ (gs| Ha lgi?),) @ [sh). (2.17)

Given the Hamiltonian with boundary conditions ¢, we introduce the quantum state

(-)g.a as .
(Jan = 7 —Tra, (-7 M), (2.18)
q,A

where
Zyp = Try, e PHan, (2.19)
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Note that H/(\O) and H, are operators on Hjy, while H, A and it’s analogues,

HE) = (g5 HO |g5h) (2.20)
and
H,% = (953 HY 19510). (2:21)

are operators on Hy.

Remark. Following Ginibre [Gin69], it might seem more natural to implement the
boundary conditions with the help of suitable projection operators ng\). Here,

this would amount to defining ng\) = | g(q))(géqA) With the help of this projection
operator, one would then define

Zga = Tr P e PHA
and similarly for the finite volume states (2.18). Observing that
Tr g, We™PHar = Try, WP e~ PHa
for all operators W on H,, these two implementations of boundary conditions are

actually equivalent.

2.4. Statement of results.

In order to state our results in the form of a theorem, we recall that a local
observable is an operator which is a selfadjoint bounded operator on H, for some
finite set A. We also introduce, for each x in Z¢ and any local obserbable ¥, the
translate ¢, (V). Defining finally A(L) as the box

AML)={ze€Z||z;| <L forall i=1,...,d}, (2.22)

our main results are stated in the following two theorems.

Theorem 2.1. Let d > 2 and let H®) be o Hamiltonian obeying the assumptions
of Section 2.1. Then there are constants 0 < By < 0o and 0 < v < 0o, such that
for all quantum perturbations V obeying the assumptions of Section 2.2, all 5 > [y
and all A € C with

1
A <X i=——— (2.23)
eBollIV1[l1q
there are constants &, and continuously differentible functions f,(n), ¢ =1,...,r,

such that the following statements hold true whenever

aq(B, A, pr) := Re fy(p) —minRe frn (1) = 0. (2.24)
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i) The infinite volume free energy corresponding to Zy z(ry exists and is equal to f,:

1 .
fq= _B Lh_)rrgo AL log Z4 A(1) (2.25)

it) The infinite volume limit

(U)g = lim (W), A(r) (2.26)

L—o0

exists for all local observables V.
iii) For all local observables ¥ and ®, there exists a constant Cy ¢ < 00, such that

(Ut (®))g — (V)g(t(®))g] < Cw,pe™ /%0, (2.27)
iv) The projection operators

(@ _ i, (q)
PUq(:L‘) = ‘qu(:B)><gU('1(m)‘ (2.28)

(a9)

onto the “classical states” 907 () obey the bounds

(a) 1
](PUq(x)>q -1l < 3 (2.29)
and )
(m)
|<PU(:C)>(1‘ <3 (2.30)
for all m # q.

v) There ezists a point fig € U such that an,(fio) = 0 for allm = 1,...,r. For all
w € U, the matrixz of derivatives

F= (%ﬂ) (2.31)

has rank r — 1, and the inverse of the corresponding submatriz is uniformly

bounded in U.

Remarks.

i) Following the usual terminology of Pirogov-Sinai theory, we call a phase with
aq = 0 stable. By the inverse function theorem, statement v) of the Theorem implies
that the phase diagram of the quantum system has the same structure as the zero
temperature phase diagram of the classical sytem, with a v — (r — 1) dimensional
coexistence surface Sy where all states are stable, r different v — (r — 1) — 1 di-
mensional surfaces Sn ending in 50 where all states but the state m are stable,
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ii) Choosing f sufficiently large and A sufficiently small, the bounds (2.29) and
(2.30) can be made arbitrary sharp. In this sense, the quantum states (-), are small
perturbations of the corresponding classical state whenever ¢ is stable.

iii) While Theorem 2.1 is stated (and proven) for general complex A, the phys-
ical situation corresponds, of course, to real values of A, as required by the self-
adjointness of the Hamiltonian H. As we will see in Section 5, the “meta-stable
free energies” f, are real in this case, making the real part in (2.24) and (2.31)
superfluous.

In order to state the next theorem, we define states with periodic boundary

conditons on A(L). To this end, we consider the torus Ape (L) = (Z/(2L + 1)Z)d
and the corresponding Hamiltonian

Hper,A(L) = Z Hgg:O) + A Z VA y (232)
TEA per (L) ACA per (L)

where the second sum goes over all subsets A C A e (L) which are do not wind
around the torus A e, (L). With these definitions, we then introduce the quantum
state with periodic boundary conditions as

1 _
<> per,A(L) — Z—TI' ”HA(L)(' e ’BHper‘A(L)), (233)
per,A(L)

where
Z perA(z) = Tragy(pye” PHvera, (2.34)

Theorem 2.2. Let H®, V, 5 and )\ as in Theorem 2.1. Assume in addition that
A is real. Then the infinite volume state with periodic boundary conditions,

<\II> per — lim <\IJ> per,A(L) (235)

L—o0

exists for all local observables W, and is a conver combination (with equal weights)
of the stable states,

1
<\I]> per — qeg(u) m(‘mq- (2~36)

Here
Q(p) ={q€{l,....,r} | aq(p) = 0}. (2.37)

3. DERIVATION OF THE CONTOUR REPRESENTATION

As explained in the introduction, we start with the Duhamel expansion for the
transfer matrix. In this section, we will consider a fixed finite volume A = A(L) =
{x € Z% | |z < L foralli =1,...,d}, and a fixed value ¢ € {1,...,7} for the
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boundary condition; further, we are not explicitely specifying this in our notation.
Introducing the transfer matrices

7O = ¢=PH} (3.1)

and _
T = e PHan, (3.2)

we rewrite the partition function Z, A as
Zgp=TeTY, (3.3)
where 3 and M € N are related to the inverse temperature 8 by the equality
B=M§Z. (3.4)

The Duhamel expansion (or Dyson series) for the operator T yields

_\)na B
T:Z[H (=) /0 dry ...dT* | T(T,n). (3.5)

na!

Here, Ay is the family of all sets A contributing to the sum (2.15), n is an multiindex
n: Ag — {0,1,...,} with finite n = >° 4 na, T = {7h,..., T4 A € Ao} €
[0, 5’]”, and the operator T'(T,n) is obtained from 7 by “inserting” the operator
V4 at the times 7},...,74*. Formally, it can be defined as follows. For a given
n and T, let suppn = A = {A;,..., Ar} be the set of all A € Ay with ny # 0,
n; =mna,, and V; = Vy,. Let

1 n 1 n
(815 s8n) =T(Tapse o TA s Ty TAY)
be a permutation of the times 7 such that s; < sy <--- <s,, and set

Vi, V) =a(Vi, .. Vi, Vi oo, Vi),

where on the right-hand side each V; appears exactly n; times. Then T'(7,n) is
defined by

T(r,n) = e~ HoAV e~ (2= sVHA Y, | o= (oD HA | o= (B-s)HL - (3.6)
Next, we resum (3.5) to obtain the expansion

T=) T(B), (3.7)

BCA
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where .
T(B) = > T(A, (3.8)
A={A1,... A}
U;A; =B
with

TA) = > [H(_A)TA /Oﬁdd...dng]T(T,m. (3.9)

na:
n:suppn=A4 AcA A

Before continuing with the expansion for the partition function as sketched in the
introduction, we discuss the factorization properties of the operator T'(B). Given
a subset A’ of A, we introduce the operators Th/(7,n), Ta(A), and Ty (B) that
are obtained from T'(7,m), T(A), and T(B), respectively, by replacing Hé?l)\ =

D weA H(g?,g by the operator ) H,g?:g. Using the fact that

Y
HE), HOT=0  forall z,y€A, (3.10)
while
HE), Va)=0 it  dist(z, A) > Ry, (3.11)

one immediately obtains that

T(B) = Ty T5(B) = T(B) T\, (3.12)
where B is the set B
B ={z e A|dist (z,B) < Ry}. (3.13)

Let us now consider a set B that can be decomposed as B = B;U By, with BN By =
(). Then
Tp(B) =T,(B1)Tg,(B2) = T, (B2)Tp, (B1), (3.14)

due to (3.10), (3.11), and the fact that
[VA, VA/] =0 if ANA =0. (3.15)

For B C A, we therefore get the decompositions

k
T5(B) = [ [ Ts,(B:) (3.16)
i=1
and
0) :
TA\B (3.17)

provided B = UleBZ-, where By, ..., B, are pairwise disjoint.
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Deviating a little bit from the strategy explained in the introduction, we further
expand the transfer matrix 7. Using (3.17), we observe that

(s8] ® (sa\B|T(B) [sh\p) © |sp) =
PRDDMINY - @z(SU(w>)<SB| X <3A\B| Ts(B) |S;\\B> ® |SIB> (3.18)

= /
sA\BaSA\B

Introducing thus the operator Tp(s35) on Hp as the partial expectation value

T5(s35) = (sa\B| T5(B) |sa\B) (3.19)

we get

T(B) = Z 6_’3 2 ceA\B <I>z(5U(w>)(|SA\B><SA\B| ® TB(sa—B)). (3.20)

SA\B
As before, U(x) = {y € Z%|dist (x,y) < Ro}, while OB is the set
OB = {z ¢ B|dist (z, B) < 2Ry}. (3.21)

Considering “configurations” ¥ = (B, sy\ g) on A specyfiyng the set B as well as the
configuration s\ g outside it, we can combine (3.7) and (3.20) to get the expansion

T=> K(%). (3.22)

Here the operators K (3) (on Hya) are defined by
K(X) = K(B,sn\B) = e P Eaens ®2(su() <|3A\B><SA\B| ® TB(STB)). (3.23)

Remarks.
i) The operator Tp(s55) inherits from T5(B) the factorization property (3.16).
Namely,

n
Ts(s55) = Q) T, (s55;) (3.24)
i=1
provided B = U, B; with By, ..., B, pairwise disjoint.

ii) For # and B near to the boundary of A, the spin configurations sy () and s35
appearing in ®, and Tp(s5zz) involve spins s, with y ¢ A. A more precise notation
would therefore involve the spin configuration sy\pU ggi\) restricted to the sets U(x)
and 0B, respectively.

Next, we combine the representation (3.22) for the transfer matrix 7" with the
formula (3.3) to rewrite Z, 5 as

Zen= Y, w(E1,...,5y) (3.25)
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with the weights

M
w(S1, ..., Sa) = Trog, [ K (). (3.26)

t=1
For a given collection of configurations X1, ..., %5, ¢ = (B(t), sf\tiB(t)), on “time
slices” t = 1,..., M, we now assign a variable o(, ;) € S = {0,1,...,|S|} to each

point in “space-time” lattice
L=2%x{1,...,M} (3.27)

by defining
g0 if x ¢ A,
Oty =14 s ifze A\ B, (3.28)
0 ifzeBW,

Considering elementary cubes, i.e. the closed unit cubes C(x,t) with center (x,t)
in
Ly =Ax{1,...,M}, (3.29)

we say that a cube C(x,t) is in the ground state m, if the configuration o,

coincides with the configuration ¢("™) on all points y € U(z). Otherwise, the cube
C(xz,t) is called an excited cube. Note that a cube C(z,t) may be excited for two
reasons (possibly both): either the Rgp-neighborhood U(z) of = contains a point
y € B® corresponding to the insertion of some operator V4 with y € A, i.e. due

to a quantum excitation, or it contains a point y for which the classical variable s?(f)

differs from the ground state value gém), which corresponds to a classical excitation.
Note also that a configuration where two succesive cubes C(z,t) and C(z,t + 1)

are in a classical state, o, ) = s;(nt) and o, 141) = s;(,;tﬂ), has weight zero unless

O(z,t) = O(z,4+1); indeed, otherwise one has (sgf)| K(3)K(3141) |s§ct+1)) = 0. This
is true also for t = M once we identify ¢ = M + 1 with ¢ = 1 (periodic boundary
conditions on L).

Recalling the relation (3.23), we now extract a factor e=Be=(9") = e=Fem for
each cube C' in the ground state m, leading to an overall factor of
G_B Zm 67n|VV7n|7 (3.30)

where |W,,| is the number of cubes in the ground state m. Considering, on the other
hand, the union D of all excited cubes, we assign a label ap(F) to all elementary
faces F' in the boundary of D, by defining ap(F) = m if F is a common face for
a cube Cp in D and a cube C,, outside D in the ground state m, F' = Cp N C,,.
Defining the reduced weight w(oy,) by

w(Et,...,Sa) = e PEmenWnly(o), (3.31)
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we observe that w(oy,) depends only on the configuration op and the label ap,
(,U(O'L) :w(ap,ap). (332)

(The configuration outside D is entirely determined by the labels aup.) The weight
w(op,ap) inherits from (3.24) the factorization property

n

w(op,ap) = Hw(api,api). (3.33)
i=1
Here Dy,..., D, are the connected components of D.

At this point, the rest is standard. One considers the sets

Ta= |J Clat) (3.34)

(z,t)ELA

and

T= |J Ct), (3.35)

imposing periodic bundary conditions in the “time direction”, and defines a (la-
beled) contour Y as a pair (supp Y, «), where suppY C T, is a connected union of
closed unit cubes with centers in L (considered as a subset of T), while « is an
asignment of a label a(F') to faces of Jsupp Y which is constant on the boundary
of all connected components of T \ supp Y.

The contours Y7, ...,Y, corresponding to a configuration oy, are then defined
by taking the connected components of the set D of excited cubes in T, for their
supports supp Y1,...,supp Y, and by taking the labels m of the ground states for
the cubes C' in Ty \ supp Y; that touch the face F', see above, for the corresponding
labels a; (F).

Resumming over all configurations in (3.25) that lead to the same set of contours,
and taking into account the factorization property (3.33), it is an easy exercise to
show that the resulting weight factors into a product of contour activities p(Y;) and

ground state terms e=Pem Wl This yields the representation

Zoa=y,  [Ie)[Le?enl, (3.36)

{Y17'-'7Yn} i

which is exactly of the same form as the contour representation of a classical spin
system. We can therefore apply standard Pirogov-Sinai theory to analyze the quan-
tum spin system considered here, provided we can verify its basic assumption —
the Peierls condition. Namely, we should prove a bound of the form

p(Y)] < oY1 g—BeolY| (3.37)
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where v is a sufficiently large constant, ey = min,, e,,, and |Y| is the number of
elementary cubes in supp Y. This will be done in the next section.

Remark. The weights p(Y') are in general complex, even if the coupling constant A
is real. Observing that the operators K (3;) in (3.26) are selfadjoint for real A\, we
have, however, that

w(El,...,EM)*:w(EM,...,El). (338)

Considering two contours Y and Y* which can be obtained from each other by a
reflection at a constant time plane, we therefore get

p(Y)" = p(Y™) (3.39)
provided A € R.

4. EXPONENTIAL DECAY FOR CONTOUR ACTIVITIES

We first give an explicit expression for the weight p(Y"). Combining (3.25), (3.31),
(3.32), and (3.33) we have

n
Zg A = Z e‘ﬁzme’"'Wm'Hw(aDi,aDi), (4.1)

S1,e, Sy i=1
where D1, ..., D,, are the connected components of the union D of all excited cubes
corresponding to X1, ..., 3. This expression is equivalent to (3.36) once we take

for a contour Y = (D, ap) the weight

p(Y)= Y w(op,ap). (4.2)

op—Y

Here the sum is over all configurations op consistent with the contour Y, i.e. over all
configurations op on D = supp Y that, if extended outside supp Y by appropriate
ground states determined by the labels ap, yield the contour Y.

Proposition 4.1. Let A€ R, 3> 0, and g > 1 be such that, for all x € 77,

(e — 1)B|A| Z [Valere!4l < 1. (4.3)
AcAg:
TEA
Then _
p(Y)] < e”(PeotnIY] (4.4)
where )
v = min{B0, Ry *(vq — 1)} — log(2/5]). (4.5)

The proof of the proposition relies on the following lemma.
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Lemma 4.2. Let B C A, and let sp, 5 and szg be arbitrary classical configura-
tions on B and OB = {x ¢ B | dist (z, B) < 2Rq}, respectively. Let vg, B and \ be
as in Proposition 4.1. Then

|(SB|TB(8379) |§B>| < o—Beol Bl ,~(vq—1)|B| (4.6)

Proof of Lemma 4.2. Let sy be an arbitrary extension of the configuration s, 75
to the full set A, and let §5 be the configuration which agrees with sy on A\ B,
and with 55 on B. Then

(s8] T5(s55) |58)| = [(sal Ta(B) 54)] < || T5(B)], (4.7)

where, in agreement with (3.8) and (3.9), the operator T5(B) is defined by

Ts(B) = Y. TsA (4.8)
A:{Al,A..,Ak}
A;€A9,U;A;=B

and

T5(A) = Z [ H (_/\)‘nA /06 dry ... dTZA]TB(T, n). (4.9)

na-
n:suppn=A4 AcA A

The time-ordered operator Tz(7,n) is defined as in (3.6), with the Hamiltonian
> wch H(g?gz replacing H (5?1)\' Observing that for all s > 0,

e Eeen iz | = e=IBleo, (4.10)
we now bound o
[T (7, n)|| < e P1Bleo T [[Val™. (4.11)
AcA

Combining (4.7) — (4.9) with the bound (4.11) and the fact that the assumption
(4.3) implies that S|A|||Val| <1 for all A € Ay, we obtain

(AL D SR ) (O DR S VA

A:{Al,...,Ak} AEA ’I’LA:1
A;€Ap,U;A;=B

<efeltl St T (te=1BINIVaA)

A={A1,..,A} AcA
AieAO, U]AJZB

< e~ PeolBlg—alB] 3 I] ((e _ 1)3‘AH|VAH67Q|A|>_

A={A1,..., A} A€A (4.12)
A;€Ag,U;A;=B
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We proceed with the bound

> T (= nanvaere) <

A={A1,..., Ay} AcA
A;€Ay,U;A;=B

STIC S (= nava i)

=1 A;€Aqp:
A;NB#D

gklﬁ(z D (e = D)BIN|||Va, [Jere! |)

i=1 xz€B A;€AQ:
:cEA,L

M

k=1

)

8

L ok 1Bl
< ElB’ <e N (413)

>
I

where we have used the assumption (4.3) in the second to last step. Combining
(4.12) and (4.13), we obtain the lemma. O

Proof of Proposition 4.1. In order to bound the sum in (4.2), we first derive a more
explicit representation for the activity p(Y). We decompose the torus T and the
set of excited cubes D into time-slices, T = UM, T®) and D = UM, D® and recall
that o, = 0 iff the cube C(z,t) belongs to B® | the set of sites where transi-
tions between times ¢t and (¢ + 1) may occur. Summing over all configurations op
consistent with the contour Y then corresponds to the following three restrictions:

(1) The configuration op is such that the Ry-neighbourhood of each (z,t) with
O(z) = 0 is included in Dj i.e. B DO for each t = 1,..., M.

(2) All cubes C(z,t) C D are excited; i.e. either o, = 0 for some y € U(x)
or SS)(m) =+ gU()) forallm=1,.

(3) Let F be a vertical face in the boundary of D, let m = ap(F) be the label
of F, and let T® be the time-slice containing F. Then o(z,t) = ¢gi"™ for
all x € D whose distance from F is less then Ry.

Let us observe that since [sy\p,) ® |sB,) = |sa\B,) ® |sB,) for any By, By C A, we
may write the expansion of unity 1 =3 [sa)(sa| on H, in the form

1= Isa) ® Iss,){sa\m,| © (s8] (4.14)

SA

Inserting now (3.26) with (3.31) and (3.32) into (4.2), we may use the above obser-
vation to get the expression

= 3 > R G BN

B D () o L on =1
B®cp® D(l)\B(l)’ ’ D(M)\B(M) Sryr o8
(1) (t+1) (t) (t) (t+1)
X < D(t)\B(t)|SD(t>\B(t)>< B(t)|TB(t)(S@(t)) Sp) > (4'15)
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Here we defined I¥) = B(t=D 0 B, The first two succesive summations are
equivalent to the sum in (4.2), while the third one implements the trace in (3.26).
Namely, the sum over B, ... B(M) in (4.15) obeys automatically the first restric-
tion above; the second sum must respect the two others (and there is no restriction

on the third sum). Observe that the choice of a contour Y (or of several contours),
(t) (t)
DWO\B®? S1(t)>
defines completely the configurations between each time slice.

In order to get a bound on |p(Y)|, we estimate the absolute values of the factors
of the terms on the right hand side of (4.15). Taking into account the condition (2)

above and the assumption (2.6) on the classical part of the Hamiltonian, we have

together with the choice of partial configurations s at each time t

6—5 2 e n®\ B0 ‘I’z(sgzz)) < e—B(eo-l-’Yo)\D(t)\B(t”‘ (4-16)

The scalar product between the two base vectors is equal to 0 or 1. In fact, we
could use it to reduce the number of terms appearing in the second sum in (4.15);
however, we just bound it by one. Combined with Lemma 4.2, we finally get

pMI< > H > Ze Bleot10) DINBD| —feo | BO| ,— (v -1)|BY|

B (M) t=1 (1)
B(t)CD(t) (t)\B(t) I(t)

(4.17)
(t)

The summands do not depend any more on the partial configurations s DO\ B and

st

S(r»- Their number is bounded by

M
Hr'D(t)\B(t)H—'I(t)' < |S||Y‘- (4.18)
t=1

To estimate the exponential in (4.17) we use the equality |[D)\ B®| = |[D®)| | B®)|
and the bound |B®| < R¢|B®|. Thus e=(e=DIBY| < e=(re=DR 1B and
(V)] < [re e max{e P10 ¢~OeDE "I H Yo (4.19)

The last sum can be easily bounded, yielding

Yo Y 1=2PY (4.20)

B® BM®cp®
BWcp®
Combined with (4.19), this completes the proof of Proposition 4.1. O

We close this section with a proposition providing the necessary bounds on deriva-
tives:
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Proposition 4.3. Let A € R, B > 0, and yg > 1 be such that, in addition to (4.3)

we have 9
BN S Ha Wy |leralal < 1. (4.21)
Sz o
xEA
Then 9
‘ o p(Y)‘ < (BCo +1)|y]e~BeotnI¥], (4.22)

Here Cy is the constant from (2.7) and -y is the constant defined in (4.5).

Proof. We first derive an analogue of the bound (4.6) in Lemma 4.2. To this end,
we have to bound the norm of 0Tz(7,n)/0u;. Using the representation (3.6) in
conjunction with the assumption (2.7) and the bound (4.10), we get

oz tp(rm| < e P80 BcuiBI T val+

AcA
k
aVA] na.—1 n
2 ma g vairs Tt TT valre ). (@23)
Jj=1 AcA\{A;}

Proceeding as before, we obtain

0
(s8] G—MTB(S@) 5B)| <

(2

<ePolBl ST BCoIBI T ((e = DBINIVAll) +

A={Ay,..., A} AcA
A;EAp, UjAj =B
k
+> B |
7j=1

_Beg|B| . — 1 A
<e B 0|B|€ 7Q|B|ZE’B|]€{£CO|B|+I€}
k=1

OV,
Opi

[T ((e = DBINIVal) } <
AeA

< e—BEoIBIe—mlBI{BC’O|B| +|B|}el?!
< (BCO + 1)|B|€fﬁeo|3|€*(’m*1)\3|_ (4.24)

Inserted into (4.15), and continuing in the same way as before, we obtain the bound
(4.21). 0
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5. TRUNCATED FREE ENERGIES AND THE STABLE PHASES OF THE MODEL

While the next section will be devoted to a detailed discussion of the mean
values of general local variables, here we will anticipate the fact that the state (-),
can be linked with the “probability” — in the ensemble (3.36) of labeled contours
— that a given site = is in Wy, the area outside contours and in the ground state
g9, To discuss the stability of phases in dependence on the “tuning” parameter
i (cf. Section 2.1), we can thus use the standard Pirogov-Sinai theory. There are
only two features that are not entirely standard — the fact that the weights p(Y")
are in general complex numbers and the fact that our model is actually considered
on a slab of thickness M (linked with the temperature ) with periodic boundary
conditions in the “time” direction. The former was taken into account in [BI89]
(also in [GKKS8], but here we will base our discussion on [BI89] and later works
based on it, in particular [BK90] and [BK94]). The latter is a novel feature of
quantum models. Even though it leads only to small modifications, it is important
to realize that the metastable free energies used to determine the phase diagram
will have contributions comming from contours wrapped around T, in the “time”
direction. This leads to certain modifications in the definition of truncated free
energies which will be described in this section.

We start with some notation. As usual (see also Section 3) a contour is a pair
(supp Y, a), where suppY C T, is a connected union of finitely many closed unit
cubes with centers in Lo, (we call those cubes elementary cubes in the sequel),
while « is an asignment of a label a(F) to the faces F' in dsupp Y which is constant
on the boundary of all connected components of T \ suppY. Its interior IntY
is the union of all finite components of T \ suppY and Int,, Y the union of all
components of Int Y whose boundary is labeled by m. Recalling that we assumed
d > 2, we note that the set T\ (supp Y UInt Y) is a connected set, implying that the
functions «a(-) is constant on the boundary of the set V(Y) = suppY UIntY. We
say that Y is a g-contour, if @y = ¢ on this boundary. Two contours Y and Y’ are
called compatible or not touching if suppY NsuppY’ = 0, and mutually external if
V(Y)NV(Y') = 0. Given a finite set of mutually compatible contours Y7, ...,Y, we
say that Y;, ¢ = 1,...,n, is an external contourin {Yy,...,Y,}, if suppV;NV(Y;) =0
for all j # i. Consider now a set of contours {Y7,...,Y,,} contributing to (3.36). The
contours in {Y7,...,Y,} are then mutually compatible, and all external contours
are g-contours. In addition, the labels of these contours are matching in the sense
that the boundary of each connected component of Ty \ (suppY; U---UsuppY,)
has constant boundary conditions.

Given this setup, it is now standard to derive a second representation for Z, s
which does not involve such a matching condition. To this end, we first introduce
partition functions Z,;(V') for all volumes V' C T, for which V¢ = Ty \ V is a
(possibly empty) union of closed elementary cubes in T. We say that Y is a contour
in V,if V(YV) CV, and call a set {Y3,...,Y,} of mutually compatible contours in
V' a set of matching contours in V if the boundary of each connected component of
V' \ (supp Y1 U---UsuppY,) has constant boundary conditions. Denoting the union
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of those components which have boundary condition ¢ by W, we define

Z,V)= S e [Je Pen™nl, (5.1)

{Y1,....,Yn} ¢

where the sum runs over all sets of mutually compatible, matching contours in V'
for which all external contours are g-contours. Recalling the expression (3.36) for
Zg,A, we note that the partition function (5.1) is actually equal to Z, 5 if V = Ta,

Zy(Ta) =Zgn - (5.2)

We now rewrite the partition function Z,(V), in a standard way, as a sum over
contours without any matching condition, see e.g. [Zah84] or [BI89]. Introducing
the weights

-

Zon (It 1Y)

K (V) = p(Y)ePeaVI TT 2 2m”
CI( ) p( )6 Zq(IHth)’

m=1

(5.3)

one gets

Z,(V) = e~ PealVl > ﬁKq(Yk). (5.4)

{Y1,...Y,, }CVO k=1

where the sum runs over all sets of mutually disjoint g-contours in V.
The weights K,(Y') do not, necessarily, satisfy the bound

K (V)] < € (5.5)

with a sufficiently small constant € > 0. While it turns out that such a bound can be
proven for stable phases g, it is false for unstable phases. In order to circumvent this
problem, we follow the standard strategy and construct truncated contour activities
K, (Y), truncated partition functions

ZH(V) = e~PealVI > ﬁK;(Yk), (5.6)

{Y1,...Y,, }CVO k=1

and the corresponding free energies f, in such a way that the weights K é (Y') satisfy
the bound (5.5) and, in the same time do not differ from K,(Y) whenever the phase
q is stable, i.e. whenever the real part of the free energy f, of the truncated model
is minimal, Re f; = min,, Re fy,.

Our definition of the truncated weights K| follows closely the treatment from
[BK94]. The main difference is that since the contours can have only a limited
extension in the time direction, we take their “horizontal diameter” as the parameter
to use in inductive definitions (and proofs). Namely, for a contour Y, we take the
diameter §(Y') defined as the diameter of the d-dimensional projection

{y € R% such that (y,t) € C(x,t),for some C(z,t) C supp Y} (5.7)



QUANTUM PERTURBATIONS OF CLASSICAL SPIN SYSTEMS 25

We define (V) in the same way. Notice that §(Y) < 6(Y) whenever suppY C
Int (V).

To introduce the weight K (Y) in an inductive manner, assume that it has al-
ready been defined for all ¢ and all contours Y with §(Y) < n, n € N, and that it

obeys a bound of the form (5.5). Introduce fé”‘l) as the free energy of a contour
model with activities

K'(Y?) i §(Y9) <n-—1

. (5.8)
0 otherwise.

K=y = {

Consider now a contour Y with §(Y) = n. Since 6(Y) < n for all contours Y
in IntY’, the truncated partition functions Z;(Int,,Y") are well defined for all ¢
and m. Their logarithm can be controlled by a convergent cluster expansion, and
Z,(Int,,Y") # 0 for all ¢ and m. We therefore may define K (Y’) for g-contours Y’
with 6(Y) = n by

K0 = X))o T Gt 5.9)
with )
o) = T x (a = B(Re "~V — Re fi=1)(v)) (5.10)
m#q

Here « is a constant that will be chosen later and x is a smoothed characteristic
function. We assume that x is a C'; function that has been defined in such a way
that it obeys the conditions

0<x(z) <1, 0<X<q (5.11)
dx
and
xX(x)=0 if x<-1 and x(x)=1 if =>1. (5.12)

As a final element of the construction of K, we have to establish the bound (5.5)
for contours Y with §(Y) = n. The proof of this fact, together with the proof of the
following Lemma 5.1, follows closely [BK94|. However, since, on the one hand, the
claims of Lemma 5.1 (as well as the definition of K| (Y")) slightly differ from similar
claims in [BK94] and, on the other hand, there is certain number of complications
in [BK94] that are not necessary for the present case, we present the proof in the
appendix.

We use f, to denote the free energy corresponding to the partition function
Zy(V),

fqo= —i lim 1

/
5 dim, |V|log Z(V), (5.13)
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and introduce fy and a4 as

fo=minRe fp , (5.14)
ag = BRe fy — fo) - (5.15)

Finally, we recall that volumes V' as well as supports of contours, suppY, are
unions of elementary cubes and |Y| or |supp Y| denotes their (d + 1)-dimensional
volume. Similarly for the boundary 9V of V' we use |0V| to denote its d-dimensional
euclidean area.

Lemma 5.1. Assume that p(-) obeys the conditions (4.4) and (4.22) and let
€= e THot2 and a=aoa—2. (5.16)

Then there exists a constant eg > 0 (depending only on d and r) such that the
following statements hold provided € < ey and & > 1.

i) The contour activities K (Y') are well defined for all Y and obey (5.5) and

8i- K;(Y)‘ < (3rBCy +2)|V (V) |eY]. (5.17)

i) If a;6(Y) <@, then xq(Y) =1 and K (Y) = K (Y).

i) If a,0(V) <@, then Z,(V) = Z,(V).

iv) For all volumes V' C T for which V¢ =Ty \'V is a union of closed elementary
cubes, one has

1Z,(V)] < o—BhlVI+O(e)oV| (5.18)

and

’a—Zq(V)‘ < (2BCq + 1)|V]e=BhlVI+O@IaVI (5.19)
2%

Remarks.

i) Here, as in the appendix, O(e) stands for a bound Ke, where K < oo is a
constant that depends only on the dimension d and the number of classical states
r.

ii) For real A, the free energy f independent of boundary conditions and can be
expressed as

f= 1 lim log Tr 4, e PHan = 1 lim log Z, A (5.20)
B Az |A] A° B Az |A] s
Since H, 5 is a selfadjoint operator in this case, f is real. Rewriting the partition
function in terms of the (d + 1)-dimensional contour model introduced in Section 3,
see equation (5.2), we have

1 1
lim log Z,(T —~ 1 log Z,(V 5.21
Sa7 A, A8 Zu(Ta) = 3 fim o Z,(V). (321

T="%u T|V|
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iii) By contrast, the meta-stable free energies f, defined in (5.13) do in general
depend on ¢, even if X is real. It is worth noting, however, that the meta-stable
free energies are real-valued in this case. To see this, we first observe that by the
symmetry property (3.39), Z,(V) is real for all V', implying that K (Y)* = K,(Y™).
Using the definitions (5.8) through (5.10), one then establishes by induction that
Z, (V) is real while K/ (Y)* = K (Y™*). Given this symmetry for K/ (Y"), the reality
of f, now easily follows from the cluser expansion of log Z; (V).

6. EXPECTATION VALUES OF LOCAL VARIABLES

To distinguish between different phases we have to evaluate expectation values
of local observables. Whenever we have a local bounded observable ¥, represented
by an operator acting on Hsyppw with a finite supp ¥ C Z%, we have

<\IJ> _ TI"HA (\IJG_BH[Z’A) — Tr'HA (\IJTM) _ Z;I:A
PET Mgy (e Fen) T T (TM) T Zga

(6.1)

Retracing the steps leading to the contour representation (3.36) of Z, o, we can
get in a straightforward manner a similar expression for Z(;If A- Namely, introducing

M
we (S, ..., Sar) = Trog, (U ][ K(50)) (6.2)
t=1
with K (X) given as before by (3.23), we have
Zin= Y we(S1,...,5u) (6.3)

S, S

Localizing the observable W, by definition, in the first time slice, we define the d+ 1
dimensional support of ¥ as

S := |J C(=1). (6.4)

rEsupp ¥

Assuming without loss of generality that supp ¥ and hence S(¥) is a connected
set, we introduce the contours corresponding to a configuration op, in the same
way as before, with the only difference that the supports of these contours are now
the connected components of D U S(¥), where, as in Section 3, D is the set of
excited cubes in T,. By this definition, one of the contours corresponding to o,
will contain the set S(¥) as part of its support. We denote this contour by Yy.
Continuing as before, we obtain the representation

Zin= > o) [[o() JTe o, (6.5)

{Y¢,Y1,....Y%}
supp Yo DS (¥)
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where

pu(Ye) = Z wy(op,ap), (6.6)

O'D—)Y

with the reduced weight wy given by a formula of the type (3.31).
More generally, we introduce, for a volume V' which contains the d+1 dimensional
support S(¥) of ¥, the diluted partition function

z;V)y= > pu@u) Lo [Tt (6.7)

where the sum runs over all sets of mutually compatible, matching contours in V'
for which all external contours are g-contours. For V' = Ty, Z(‘JI’ (V) = Z;Ij A» Which
implies that

Z (Tx)
(Uyyr = 2. (6.8)

! Zq (TA)
For every term contributing to (6.7) we consider the collection Yy consisting of the
contour Yy as well as all contours Y among {Y7, -+, Yy} encircling it (IntY D S(¥))

and define

p(Va) =ps(Ye) [] »(Y). (6.9)

YeVy

Y #Yy

Denoting further supp Vo = Uy ¢y, supp Y, Int Yy the union of all finite compo-
nents of T\ supp Vg, Int ,, Vg the union of all components of Int )y that are labeled
by m, and Ext Yy = [y ¢y, Ext Y, we introduce, in addition to the weights K,(Y")
defined in the preceeding section for an arbitrary g-contour Y, also the weight

(Int ,,,
Kqow (Vo) = py(Py)e ealsurr 2l H I]:; ;}j)) (6.10)

attributed to the collection )y. As a result we get the representation

ZEWV) = e PVl ST K () [ Ka(V2), (6.11)
Yo,Y1,....Y, =1
Here the sum goes over set of all collections Yy and all sets {Y7,...,Y,} of non-

overlapping ¢ contours in V', such that for all contours Y;, i = 1,...,n, the set V(Y;)
does not intersect the set supp Vy.

Assuming for the moment that the weights K, ¢(Vw) and K, (Y) decay suffi-
ciently fast with the size of Yy and Y, respectively, we now use the standard Mayer
cluster expansion for polymer systems to get

28%

V ZK: (V) Z Z [HK Yk}gbc(y\llayl, .Y, . (6.12)
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Here ¢.(Vw, Y1, -+ ,Y,) is a combinatoric factor defined in terms of the connectivity
properties of the graph G(), Y1, -+ ,Y,), introduced as the graph on the vertex
set {0,1,--- ,n} which has an edge between two vertices ¢ > 1 and j > 1, i # j,
whenever suppY; NsuppY; # 0, and an edge between the vertex 0 and a vertex
i # 0 whenever V(Y;) Nsupp Vg # 0. (see for example [Sei82] or [Dob94] for a new
simple and very lucid proof). The combinatoric factor ¢.(Vw, Y1, - ,Y,) is zero if
G(Yy,Y1,---,Y,) has more than one component.

To prove the convergence of (6.12) one has to show that the weights K, ¢ and
K, decay sufficiently fast with the size of Yy and Y, respectively. To this end it is
useful to introduce truncated models. For a contour Y with V(Y) N S(¥) = 0, we
define K (Y") as before, see (5.9), while for the collection Yy we define

Ké,\lz(yq/) = pg,(yq,)eﬁeqlsuppyw H
m=1 YelVy

with x;(Y) as in (5.10). Given this definition, we introduce

Z¥WV)y=e PSVINTKL () Y [ KLY (6.14)

Yy {Y1,....Y, } k=1

and

(6.15)

n

/ / - 1 /
R YLD SEND O | L
Vo n=0 """ {Y1,...Yn}

k=1

¢e(Vy, Y1, ,Y,). (6.16)

.....

The following Lemma gives the absolute convergence of the expansion (6.16), which
in turn will yield Theorem 2.1 ii), iii) and iv).

Lemma 6.1. Let €, ¢g and @ be as in Lemma 5.1, and assume that ¢ < €y and
a > 1. Then:

i) For every collection Yy one has

K 4 (V)| < [[W]|elot2)Isup ¥l lsupp P\ S0 (6.17)
i) If
ag max §(Y) <@, (6.18)
N3

then K ¢(Vv) = Kq v (V).
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i11) The cluster expansion (6.16) is absolutely convergent, and

‘<¢>;7V‘gZ‘K;,q,(y@)\i% Z [ﬁ‘K/(Yk)‘
n}

W n= Yi,...,

Cbc(yq/,Yl» e aYn>

< ||\IJ||e(O‘+2+O(E))|5upp | ) (6.19)

w) If agd(Ta) < &, then (¥)gn = (¥); A
v) For an arbitrary volume V C T,

1ZY (V)| < [|W]eC+DIsupp V| =B folVI+O(e)|oV] (6.20)

vi) There is a constant K = K(d) > 0 such that for V =Ty,

12 (V)] < H\IlHe(W-HNSUPP\IJ|€—Bf0|V|—|—O(e)|8V| maX(e—%|V|,e—K7|8V|) . (6.21)

Proof. Observing that 6(W) < Jnax d(Y) for all components W of Int Yy, the
eVw

statement ii) of Lemma 6.1 immediately follows from Lemma 5.1.

In order to prove i), we first note that pg(Yy) < ||¥]|p(Yy), where p(Yy) satisfies
an analog of the bound (4.4) (however, Yy is not necessarily excited on S(V)),
namely

5(Ye)| < efﬁeolsupp Yo|,—7[supp Y\p\S(‘I’)I(l + 6*7)|5(‘I’)|' (6.22)
Hence

p@(y@)eﬁeqlsuppy\pl < ||\I;||6*5(6076q)\suppywIefvlsuppyw\s(‘lf)l(1 + e~ M)ISMI

(6.23)
Using Lemma 5.1 we get

Z’ Int yq/

Combined with the bound f(e, — e) < ay + O(€) we get

e%alnt Yo |+0(€)|0Int Yo | (6.24)

’K y\p)‘ < ||\D||eaq|suppyq,ulnty\p\+0(e)|81nty\p| —v|supp Yo \S(¥)]| O(e)|suppy\p|

(6.25)
Observing that []ycy, Xq(Y) # 0 implies that a,|V (V)] < (o + 1+ O(€))|Y] for
each Y € Yy, and noting that |S(¥)| = |supp V|, we finally get

‘ v (Ve ‘ < @[l (a0 lsupp YAS (V)] p(at 1+0())supp W] (6.26)

Statement iii) follows from i) and Lemma 5.1, i), while statement iv) follows from
ii) and Lemma 5.1, ii) and iii).
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To get the statement v) and vi), we first write Z (V) as

ZY (V)= pu(Ve)Zy(Bxt Vy) [ [ Zm(Int Yy ). (6.27)
Yo m

Using now (6.23) and the bound (5.18) in its strengthened form (A.43), we get

‘Z;I’(V)‘ < ||\I,HG'VIS(‘I/)Ie—BfolvleO(E)IBVl Ze—vlsuppy\p\eO(e)lsuppquIX
Yo

X max (e*%”EXtyw\U'e*K(dh'aU'). (6.28)
UCExt Vg

Extracting a factor

max e_% |supp Vv | max (6—7‘7 |Ext yw\U|e—K(d)7|3U|) <
Vo UCExt Yy

< maxe K@Vl pax (6—%‘1I(V\V(yq,))\Ule—K(d)ﬂaUl) <
Ve UCV\V (V)
< max(e_%q‘v\me_K(d)V'aU') ,  (6.29)
- Ucv
where V(Yg) = V \ Ext )y, and bounding
Ze—%\suppy\pl <(1+ O(e—%))lsupp vl (6.30)

YV

we get

|Z,;II(V)| < H\I/He(v-kl)lsupp\Ifle—/;fo\V\eO(Gﬂav\ max(e_%qW\U'e_K(dh'aU') . (6.31)
ucv

Bounding the last factor by one, we get statement v); continuing as in the proof of
Lemma A.3 in the appendix, we get statement vi). O

7. PROOF OF THEOREMS 2.1 AND 2.2

Proof of Theorem 2.1. In order to prove the theorem, we will use Lemmas 5.1
and Lemma 6.1, with a = /2. We therefore need that v > 4 — 2logep, which
in turn requires 8 and v¢ are sufficiently large, see (4.5). Choosing appropriate
Bo and 7o, we take 5 € (380, Bo) and choose g according to (2.13). Then (4.3)
and (4.21) are satisfied once |A\| < A\g. For every § > [y we now choose M such
that 8 = % € (%ﬁo,ﬁo]. Whenever a, = 0 we can then use the claims ii) from
Lemma 5.1 and ii) from Lemma 6.1 to conclude that K,(Y) = K (Y) for all Y and
K, 3(Vy) = Kqw(Vy) for all Yy. As a result the bounds (5.5), (5.17), and (6.17)
are valid for K,(Y) and K, ¢(Yy). This allows us to use cluster expansions for
evaluation of Z,(V) as well as Z,/ (V).
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Hence (2.25) follows directly from (5.2), (5.13) and Lemma 5.1 iii). Similarly,
we get (2.26) (with an explicit formula for (¥),) from (6.12). Finally, given the
absolute convergence of the cluster expansion for the expectation values of local
observables and the exponential decay of the contour activities, the bound (2.27) is
standard.

To evaluate the expectation value of the projection operator (2.28), we apply the

expansion (6.10) for the particular observable ¥ = P(m)) = | gf,"@)ﬂg(](x)! Using

the factor elswPPYe\SWI in (6.17), one can show that the sum of all terms with
supp Yy # S(V) is of the order const €, a term that can be made small by taking e
small. We are thus left with contributions coming from the term K, ¢ (YVy) with

supp Ve =S(W) = | ] C(z,1). (7.1)

This means that necessarily Yy = {Yy} with supp Yoy = S(¥) and «(9S(¥)) = q.
The only configurations o yielding this Yy are those for which o = {0, +} agrees
with ¢(9), except possibly for the point (y,t) = (z,1). For the activity

Kouw(Vw) = po({Ye})efealV @I (7.2)

this gives a contribution O(e) if 0,1 # g(q) and a contribution

€B€q|A|MTI. Ha (‘I’ |g( (q)| H fB ZyEA gU(y))>

= Tra, (P90 (0”]) = 0mg. (7:3)

if 0,1 = gg(;q) Putting everything together, we obtain the bound

(PSP g = Bmg + O(e). (7.4)

which proves iv).

Finally, v) is a standard claim in the Pirogov-Sinai theory. Namely, given the
bounds (5.5), (5.17), and the fact that f, can be analysed by a convergent cluster
expansion, we get |f, — e4] < O(€) and a similar bound for the derivatives of f,.
Statement v) then follows from the corresponding assumptions (2.4) and (2.5) on
the functions e,(p). O

Proof of Theorem 2.2.
The partition functions

Zper,A(L) =Tr HAe_ﬁHper’A(L> (75)
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and
Zper () = Trag, Wem HHlveram (7.6)

have representations Z(Ty _ (r)) and Z¥ (T (z)) similar to (5.1) and (6.5). The
proof of Theorem 2.2 follows from this representation in a standard manner [BI
89, BK90]. One only has to notice that contours contributing to these partition
functions may be wrapped around the torus Ty ., (z) in time as well as space direc-
tions. Nevertheless, whenever a contour Y satisfies the condition 6(Y") < %, one can
define ExtY" as the largest component of Ty ., \ suppY. For every configuration
containing only such contours, all external contours have clearly the same external
label. Splitting now Z(Ty (1)) (resp. Z¥(Ty,..(z))) into contributions containing
at least one contour such that §(Y) > % and those where all contributing contours
are such that §(Y) < £, we get

Z(Ta,.) = Z"8(Ta,.) + Y Zum(Ta,.)- (7.7)
m=1

Here Z,,(Tx .. ) is given as a sum over all configurations containing only those
contours for which §(Y) < % and such that the common external label of external
contours is m. Taking into account the fact that term Z (T, ) is exponentially
suppressed in L (one can use verbatim the proof from [BI89]), we get

< e—ﬁfoM(2L+1)de—const'yL, (78)

2(Ta ) = D Zn(Ta )
m=1
and similarly

‘ZW(TAPQY) _ Z Zgz(TAper) < ||111||6(’Y+1)|supp‘I/|€—BfoM(2L+1)d6—const'yL. (7.9)
m=1

Moreover, whenever m is stable, m € Q(u), we have Z,,(Ty ..) = Z],(Tx,..)
and we can use the cluster expansion of log Z/ (Tx _.) and f,, to show that

per

‘Zm(TA ) — G—Bme(2L+1)d| < e—BfOM(2L—|—1)dM(2L + l)de—const'yL. (7.10)

Namely, we just observe that the first terms in which these two cluster expansions
differ are of the order e=°"*7L (clusters wrapped around Ty er 1N spatial direc-
tions).

For m ¢ Q(u), on the other hand, we proceed as in the proof of Lemma A.3 to
get

‘Zm(TAper) < exp(M (2L + 1)deconstrl) e—BfoM(2L+1)*

% max{e—%qM(zLH)d : o~ K(@yM(2L+1)"" } (7.11)
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For m ¢ Q(u) and L sufficiently large, we therefore get

)Zm(TApe,) < 9e~BfoMQLA1)? (=K (d)yM(2L+1)*"" (7.12)

In a similar way, proceeding now as in the proof of Lemma 6.1, we get

‘ ZY(Ty )| < 2@ |leCr+Dlsupp ¥lp=AfoM LA (—K(@yMQELED'™ (7 13)

provided m ¢ Q(u) and L is sufficiently large.

Combining the bounds (7.8), (7.10) and (7.12), and using the fact that f,, =
Re fy, if the couling constant A is real, which in turn implies f,, = fo if m € Q(u),
we get

Z(Ta,,.) — |Q(u)|e PMEIHDT < e=BRoMRLALT ) (—constvL) (7.14)

provided L is sufficiently large.
Introducing now the truncated expectation values

A%
(Y ~ Zy (Ta,..)

= 1
q’TA per Z‘/](TA Per) (7 5)

(cf. (5.6) and (6.14)), we get

‘Z‘II(TAPM) - Z B_BRG me(2L+1)d<\II>/

m’TApcr _—
meQ(pn)
< > ‘<\If>in,mper (Z),(Ta,, ) — e PRefmMELAD" | |
meQ(u)
gy’ ’ZT%(TA )| 4 [[w e+ DIsupp ¥ =B ML+ j—constaL (7 16)
mgQ(u)
Next, we observe that <\I’>;n,qrA can be bounded in the same way as (V) o
namely
‘(\1;>, T < ||\If||€(a+2+o(e))lsupp\1'| < ||l:[l||6(’7+1)|supp\1l|' (7.17)
m, Aper — <

Inserting the bounds (7.10), (7.17) and (7.13) into (7.16), and dividing both sides
of the resulting bound by |Q(,u)|e_5f0M(2L+1)d, we get

‘(‘I,> per,A(L) — Z <ql>m,TApcr < e—const 'yL||\IjHe('y+1)|supp\Il| ’ (718)
meQ(u)

provided L is sufficiently large. In the limit L — oo, this yields the claim of Theorem
22. 0O
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APPENDIX. PIROGOV-SINAI THEORY IN THIN SLABS — PROOF OF LEMMA 5.1

In this appendix, we prove Lemma 5.1. Actually, it is a direct consequence of

the Lemma A.1 below. In order to state the lemma, we recall the definition of fén)
as the free energy of an auxilliary contour model with activities

K' (Y if 5(Y) <
0 otherwise,
and define
5" = minRe f{"), (A.2)
" = B(Re £V — ). (A.3)

Observing that fo = lim, .o fén) and a, = lim, afj‘), Lemma 5.1 follows
directly from the following.

Lemma A.1. Assume that p(+) obeys the conditions (4.4) and (4.22) and let

€=e TTot2 and a=o-—2. (A.4)

Then there is a constant €y, depending only on d and r, such that the following
statements are true once (7y is such that) € < ey and a > 3. For allm > 0 and Y
and V' such that 6(Y') <mn, §(V) < n, one has:

i) \K’(Y)\ < eVl
ii) (Y)‘ (3r500 L)V (Y)Y,
i) If a(’”)a Y

( then x,(Y)=1.
iv) If ag”s(y then  K!(Y) = Ky (Y).
v) If a(n)(S( Vy<a then Z[(V)=Z,V).
vi) | Z,(V)] < ePHR"IVIO@IoVI

Z, (V)| < (2BCy + 1)|V]e PR IVIgO@IoV]

vii)

Opi

Proof. We proceed by induction on n.
I. The case n = 0.

There are no contours with 6(Y) = 0. This makes i) — iv) trivial statements
and implies that féo) = e,. On the other hand, §(V) = 0 implies |V| = 0 and
Zy(V) = Z,(V) =1, which makes v) — vii) trivial statements.

1I. Induction stepn — 1 — n.



36 C.Boras, R. KOTECKY, D. UELTSCHI

Proof of i) for 6(Y) = n. Clearly, §(IntY) < n, and all contours Y contributing
to Z,(Int ,,Y) obey the condition 5(Y) < n. This implies that ]K(’J(f/)] < ¥l by
the inductive assumption i). As a consequence, the logarithm of Z; (Int,,Y") can be
analyzed by a convergent expansion, and

2 £(n—1
’log Z!(Int,,Y) + BV |Int,,, Y|| < O(e) oIt Y. (A.5)
Combining (A.5) with the induction assumption vi), we get

H Zpm(Int,,Y) Seagn—1>|1ntY|60(e)Zm|aInth|
s Z(’I(Inth)

< eaé”’1)|1ntY|eO(e)|Y|‘ (A.6)
Observing that ~ 3
|Bem — BV < O(e), (A7)
which implies the bound
Bleq =€) — a{"V| < O(e), (A.8)

we use the bound (4.4) to evaluate
p(V)ePealY ] < =Y Ighle—en)lY| < o= (r-OENIY] o 1¥] (A.9)

Applying now the bounds (A.9) and (A.6) to the definition (5.9) and using the
equation |V (Y)| = [Int Y| + |Y|, we obtain

K(Y)] < (1) IVl gm0, (A.10)

Without loss of generality, we may assume that x;(Y) > 0 (otherwise K (Y) = 0
and the statement i) is trivial). Let us notice that

V(YY) <o(Y)|Y]. (A.11)

Indeed, considering a disjoint union 7" of “rows” consisting of elementary cubes
C(x,t) with fixed cordinates xa,...,x4 and ¢, one notices that the set V(Y) inter-
sects at most §(Y") of elementary cubes in each such row and there is at most |Y|
such rows that have a nonempty intersection with V(Y). By the definition of x; (Y)
and (A.11), we get

B = f D V) < 1+ a) Y]
for all m # q. As a consequence,

o MV < (1 +a)Y], (A.12)
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provided x;(Y) # 0. Combined with (A.10) and the fact that x;(Y) < 1, this
implies that
|K;(y)| < e~hrm1ma= 0@l (A.13)

which yields the desired bound i) for 6(Y) = n.
Proof of ii) for §(Y) = n. Using (4.22), (2.7), (4.4), and (A.8), we get

‘ 0

o (V)P )| < (28Cy + D[y |e- PeotnlIgheal¥] <
Hi

< (2BC + 1)|Y [e" (O lad™ VYT (A 14)

Using inductive assumption i) and ii) for contours contributing to Z;(Int,,Y"),
we can apply the cluster expansion to get the bounds

) ai- log Zé(Inth)‘ < [BCo + (1 + BCy)O(e)] |Int Y| (A.15)

and

Bl 15| < [3Ca+ (14 BCo)0()] (416

Using further the inductive assumption vi) and vii), as well as the bounds (A.5)
and (A.6), we get

< [(38Co + 1) + (1 + BCo)O(e)] It Y|e" e YOIV

8 17 Zm(Int,,Y
11 ( )

O % Z;(Int,,Y)
< [(2rBCo + 1) + (1 + BCo)O(e)] [Int Y |eo™ It YOOIV,
(A.17)
With the help of (A.16) and (5.11) we get
’8{; X2<Y)‘ < 2(r = 1)[BCo + (14 BCo)O(e)]5(Y)
<2(r = 1)[BCo + (1 + BCo)O()]|Y]. (A.18)

Combining now (A.14), (A.17), and (A.18) with (A.6), (A.9) and the observation
that |[V(Y)| = Y|+ [Int Y|, we get

K;(Y)\ < {2rBCo + 1 + (1 + SCo)O(e) }V (V)]s IVl g= =0V,

(A.19)
Using now again the fact that K (Y) (and its derivatives) vanishes unless (A.12) is
fulfiled, we get the desired bound, provided ¢ is sufficiently small.

0
Fr
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Proof of iii) for k = 6(Y) < n and a(n)é( Y) < a@. We just have proved that i) is

(k—1)

true for all contours Y with 6(Y) < n. As a consequence, both fn, and fm may

be analyzed by a convergent cluster expansion. Using the definition of fm and
the obvious fact that |Y| > 4(Y) (again, d > 2), one concludes that all contours Y
contributing to the cluster expansion of the difference fr(,f —fm () obey the bound
|Y'| > k. As a consequence,

BIFED — fim] < (Ke) (A.20)
and
BIEED — fI5(Y) < (Ke)*s(Y) = k(Ke)* < O(e). (A.21)

where K is a constant depending only on the dimension d and the number of phases
r. Combining (A.21) with the assumption agn)é (Y) < @&, we obtain the lower bound

o — B[fék’_l) — f,,(,f_l)]é(Y) > o — a,(]”)‘;(y) —0(e) >a—a—0(e) =2 —0O(e),

with & defined by (A.4). Combining this with (5.12) we get the equality x;(Y) = 1.

Proof of iv) and v). The statement follows from the just proven fact that x;(Y) =1

for all contours Y with 5(Y)agn) < @, the definiton (5.9) of K (Y') and the relations
(5.6) and (5.4). We proceed by a second induction on the diameters of Y and V. For
6(Y) = 0 or 6(V) = 0 the statement is trivial. Assume now that K (V) = K,(Y)
for all Y with 6(Y) < k < n and 6(Y )aq " < &. Comparing (5.4) and (5.6), we
conclude that Z,(V) = Z,(V) for all V with §(V) < k < n and §(V)ay" < a. Let Y
be a contour with 6(Y) = k£ + 1 and 5(Y)aén) < a. Then Z;(Int ,,Y) = Z,(Int ,,,Y")
since d(Int ,,,Y) < 6(Y) — 1 = k. Combined with the fact that x;(Y") = 1 by iii), we
conclude that K((Y) = K,(Y). This completes the induction on k.

Proof of vi) for (V) = n. We say that a contour Y is small if aén)é(Y) < @ while
it is large if aén)é(Y) > @. We then rewrite the partition function Z,(V') given in
the form (5.1) by splitting the set of external contours into small and large contours
and, for a fixed collection of large external contours {X 1, Xk foxt, We resum over

(mutually external) small g-contours in Ext = V'\ U V(X;). As a result we get

i=1

Z,V)= ) Z M (Ext ) H{ H (Inth,L-)} (A.22)

{X17“’ 7Xk}ext

with the sum going over sets of mutually external large contours in V. The partition
function ZF*!(Ext ) is obtained from Z,(Ext) by dropping all large external ¢-
contours.
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Due to the inductive assumption iv), K,(Y) = K (Y) if Y is small. Since

K, (Y)] < el by 1), zsmall(Ext ) can be evaluated by a convergent cluster expan-
sion, and
| Zmall (Ext )| < emPRe S IBxt | O() 0Bt ], (A.23)

Here quma“ is the free energy of the contour model with activities

K, (Y) if§(Y)<nandY is small,

] (A.24)
0 otherwise.

small _
Kym(y) = {
On the other hand,
H | Zm (Int,, X)) | < e—ﬁf(" 1)|IntXi|eO(€)|8IntXi|

by the induction assumption vi). Observing that the smallest contours contributing
to the difference of fm and f(n b obey the bound |Y| > n, while

[V(X3)| < 6(X:) [ Xs] < n| X5l
we may continue as in the proof of (A.21) to bound
Blfe" ™Y = g0 It Xi| < BLf" Y = S IIV(X)] < n(Ke)"|Xi| < O(9)|Xi].

Thus o
[ 1Zmmt X;)| < e o7 e Xl O (A.25)

Combining (A.23) and (A.25) with the bounds

p(X5)| < e NXil=BeolXil < o=(r=0NIXil ,—3f("1Xil (A.26)
and
|0Ext | < |9V] + Z 0V (X;)| < |0V ] + 2(d + 1) Z |1 X, (A.27)
=1 =1

we conclude that

k
|Zq(V)| < eo(e)\a\/|€_3fén>|v| Z e—B[Re Femell _Re f§">]|EXt| H e—('y—O(e))|Xi|‘

{Xla"'vxk}ext =1
(A.28)

Next, we bound the difference quma“ — én). First, for all large contours X, we have

>

1X| > 8(X) > by =~ (A.29)
a

_Q~
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Next, we observe that

1

21 £(n) _ psmall
BIFYY = ] < (Ke)o S iy Tog(Ke)’

(A.30)

where K is a constant depending only on d and N. Recalling the condition & > 1,

we get
(n)

(n) _ 5rnall Qq < 1 (n) A.31
6’]‘. | — IOg(KG) — 2CLq ) ( 3 )
provided e is chosen small enough. Combining (A.28) with (A.31), we finally obtain

(n)

|Z,(V)| < eC©I10VIe=AIg™ VI 3
{le" 7Xk}ext

|Ext | He 71X | (A.32)

with
F=v-1 (A.33)

At this point we need the following Lemma A.2, which is a variant of a lemma first
proven in [Zah84] (see also [BI89] and [BK94] for the proof of this lemma exactly
in the following formulation).

Lemma A.2. Consider an arbitrary contour activity f(q (Y) >0, and let Zq be the
partition function

Z,(V)= H )el¥il)., (A.34)

{Y17' Y}Z 1

Let 3, be the corresponding free energy, and assume that K,(Y) < Y1 where € is

small (depending on r and d). Then for any a > —3§, the following bound is true

Z a|Ext| HK < 60(6)|8V| (A35)

{Yla"' 7Yk}ext

with the sum running over all sets of mutually external q-contours in V.

In order to apply the lemma, we define f(q (Y) = e "Iif Y is a large g-contour,
and K,(Y) = 0 otherwise. With this choice,

0< -5, < (Ke) (A.36)

As a consequence,

Gy <=L (A.37)
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provided € is small enough. Applying Lemma A.2 to the right hand side of (A.32),
and observing that € := e~ < ¢, we finally obtain the desired inequality

1Z,(V)| < eO©I0VIe=BI™ VI, (A.38)

Proof of vii) for §(V) = n.
Beginning from the formula (A.22) above, we first notice that
9 . .
‘87 log Z™ M (ExtY)| < (BCy + (14 BCo)O(e))[Ext Y| (A.39)
(cf. (A.15)) since we can use ii) for small Y. Using further the bound (A.23) we can
conclude that

O gomall (g >‘ < (BCo + (1 + BCo)O(e))|Ext Y [e~PRe fg™[Bxt | O(9]0Bxt |

O 1
(A.40)
Combining this with the bounds (4.22) as well as (A.23) for Z:™*!(Ext ) and the
inductive assumptions (vii) and (vi) for Z,,(Int,, X;), we get
0
O
> (BCo+ (14 BCo)O(e))|Ext Y] + (28Co + 1)[Int Y| + (BCo + 1)|Y]|
{X17"' 7Xk}ext

24w 2 R

k
G—B[Ref;ma”—Refén)]lExt|H@—(W—O(emxi', (A.41)
=1

Proceding now as in the proof of vi) from (A.28), we finally get vii).
This concludes the inductive proof of Lemma A.1. [

For V' =Ty, the bound from Lemma A.1 vi) can be actually strengthened:

Lemma A.3. Under the assumptions of Lemma A.1 we have
|1 Z,(Ty)| < o~ BoITA| LO(€)|0TA| max{e—%qlTAl , e_K(d)'Y|8TA|} (A.42)

with a constant K(d) that depends only on the dimension d.

(n) k .

a

Proof. Extracting from (A.32) the factor max e

Xq1.---. X ox .
{X1, Xk Yoxt Py

still get the same bound. This factor can be, in the limit n — oo, clearly bounded

_ag _
by {]na‘:}c(e VAUl K(dmaU'). As a consequence,
C

1Z,(V)| < e PolVIeO@IV] pax (¢ VAUl =K (@)710U]) (A.43)
ucv
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which is still true for arbitrary V' C T. We now decompose U and V into timeslices,
U=UU; and V =, Vi, and observe that [V \U| =Y, (|V;| — |U]), while |0U]| >
>, 107 (Uy)|, where 7(-) denotes the projection onto RY. Using the isoperimetric
inequality on R?, we now bound

a d—1 a a—1
- V\U[ g —2dK(d)y|U| 4 ) = (Ve =|Us]) g —=2d K (d)~|Us| 4 )

IN
=

max (6

max (6
Ucv

U, CVy

&~
I

1

d—1
max{ei%ﬁftt 672dK(d)’7|V't| d }

AN
=

o
I
—

(A.44)

Restricting ourselves to V' = Ty, we observe that |V;| = |V|/M is independent of ¢
in this case. As consequence,

M
a da—1 a da—1
maX(e_Tq|V\U|e_2dK(d)'Y|U‘ d )< maX{e—quw/M o 2dK(d)y(|V|/M) "3 }
Ucv — )

= max{e_%lv|,6_K(d)7‘aV|}, (A.45)

where we used that |0V = 2dM(|V|/M)% in the last step. O
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