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ABSTRACT

We develop a method for precise asymptotic analysis of partition functions near first-
order phase transitions. Working in a (v+1)-dimensional cylinder of volume L x...x L xt,
we show that leading exponentials in ¢ can be determined from a simple matrix calculation
provided t > vlog L. Through a careful surface analysis we relate the off-diagonal matrix
elements of this matrix to the surface tension and L, while the diagonal matrix elements of
this matrix are related to the metastable free energies of the model. For the off-diagonal
matrix elements, which are related to the crossover length from hypercubic (L = t) to
cylindrical (¢ = 00) scaling, this includes a determination of the pre-exponential power of
L as a function of dimension. The results are applied to supersymmetric field theory and,
in a forthcoming paper, to the finite-size scaling of the magnetization and inner energy at
field and temperature driven first order transitions in the crossover region from hypercubic

to cylindrical scaling.
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1. Introduction

Finite-size effects at first-order phase transitions exhibit a rich set of phenomena that
have been brought to light by a number of authors [FB,P,PF|. Recent rigorous studies
have clarified some of the issues involved with the rounding of the magnetization jump
in a finite periodic hypercube with periodic boundary conditions [BK,BKM]. One may
analyze the asymptotics of the partition function or the magnetization as the dimension,
L, of the hypercube tends to infinity. For example, varying the magnetic field p of the Ising
model in a neighborhood of zero, the magnetization approximates a hyperbolic tangent
with transition region of width L% in dimension d > 1. The shape function is in fact
universal for any two-phase system. This is due to the fact that the partition function is
essentially a sum of contributions exp(uMiL?) from the two phases, where My are the
infinite volume magnetizations of the plus and the minus phase, respectively (for the Ising
model, M_ = —M,). The logarithmic derivative of the sum produces the characteristic

tanh shape.

In this paper we consider systems in cylindrical (v + 1)-dimensional periodic boxes
having dimensions L x ... x L x t. A new set of phenomena will come to light as we
investigate the joint asymptotics as L, ¢ tend to infinity (under the limitation L”e™" <
1). Such geometries are of interest when studying the lowest eigenvalues of a quantum
mechanical Hamiltonian. (A v-dimensional quantum system can frequently be rewritten
as (v+ 1)-dimensional classical statistical mechanics, with ¢ = 3, the inverse temperature.)
It is particularly interesting to see how the shape function crosses over from the hyperbolic
tangent (found when L =t — 00) to the shape characteristic of one-dimensional systems
(expected when t — oo before L — oo). The latter shape may be found by computing the

largest eigenvalue of the transfer matrix of the one-dimensional Ising model,

et e P
T = (e—ﬁ e‘“)’ (1.1)



and taking its logarithmic p-derivative near p = 0.

For systems describing the coexistence of two phases related by a symmetry, Privman
and Fisher developed a heuristic theory of crossover finite size-scaling which predicts a

crossover from hypercubic to cylindrical scaling when t diverges with L like &, where
& ~ const L exp(a L") (1.2)

is the inverse mass gap at the transition point, o is the surface tension between the two
phases and w is a dimension dependent exponent. Privman and Fisher [PF| predicted
w = 1/2 for v = 1 but gave no prediction for v > 1. Brezin and Zinn-Justin [BZ] predicted
w = (2 —1)/2 (see also [BCJZ]).

The theory presented here starts from a detailed analysis of the microscopic configura-
tions of the system. It turns out that the most important effects of the cylinder geometry
are related to the spontaneous formation of interfaces, separating two different phase above
and below the interface. Rewriting the periodic partition function as a weakly interacting
gas of such interfaces, and using renormalization group ideas to control this interaction,
we will be able to reduce the partition function to the partition function of an effective
one dimensional spin system. As a result, we are able to calculate the partition function
asymptotics of a system describing the coexistence of N phases (not necessarily related by

a symmetry) in terms of a N x N symmetric matrix.

Our results conform, in the Ising case, with the picture developed by Privman and
Fisher [PF] for crossover finite-size scaling. Our aim is to put crossover scaling on a rigorous
footing, to treat a wide class of N-phase systems, and to give concrete estimates on the
deviations from ideal scaling behavior. In addition, we determine the exponent w = w(v)
in the relation (1.2). We will show at low temperatures that

L2 it wi1=2
10 it v+1>2,



confirming thus the prediction of Privman and Fisher for v + 1 = 2, and correcting the
prediction of Brezin and Zinn-Justin for v +1 > 2. We also determine that the constant

is 1/2 at low temperature if ¥ + 1 > 2; it is not universal in v + 1 = 2 dimensions.

Main Results. We now state two theorems, one relating the partition function with pe-
riodic boundary conditions to the partition function of an effective one-dimensional model,
and one relating the off-diagonal matrix elements of the corresponding transfer matrix to
the string tension of the original model and to L. We defer to Section 2 a description of the
class of models to which the theorems apply. Essentially we need a contour or cluster rep-
resentation with a Peierls condition, translation invariance, and invariance under reflection
in the t-direction. Thus our results apply to perturbed Ising models at low temperature, to
large ¢ Potts models [LMMRS], to large N lattice Higgs models [BFW] and to continuous
spin systems and quantum field models near first-order transitions [[,JW1]. The notation
is as follows: Zp,er (V) is the periodic partition function in volume V', |V| = L¥¢, u is an
(N — 1)-vector of parameters driving transitions amongst N states, p* is the coexistence
point, f(u) is the free energy density, and 7 is the parameter in the Peierls condition (7 = 3

for the Ising model). It is assumed throughout that L, t are positive integers.

Theorem A. There are C* functions f,(pn) > f(n), ¢ =1,---, N, agreeing with f(p)
if and only if the corresponding phase is stable, such that the following statements are true

provided T is sufficiently large and |p — p*|LY < 1.

(i) There exists an N x N symmetric matric M such that for all t > vlogL and for

0< k<4,
k
‘dd—M(Zper(V) —Tr M| < e FIVIg=0mt, (1.4)
dkz
(i) 'd—#k (L7 log Mgy + fq(m)‘ < (oM (15)
d o)L
(i) o ML) < U0y (1.6)
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This theorem reduces the determination of the asymptotics of Z,., (V) to a calculation
of the eigenvalues of an N x N matrix M. For N = 2, this matrix resembles (1.1) with
+u — (u—,u*)L”g—[L(,u*i) and e~” replaced with something of the order exp(—O(7)L"). If
the original model has a positive transfer matrix 7', as many models of statistical mechanics

do,
Zper(v) = Z)‘i )
=1

where A\; > Ay > --- are the eigenvalues of T'. Theorem A then implies that the first NV
eigenvalues of T' are just the eigenvalues of M, and that A\; < e=©("))\; for the remaining
ones. For these models, a bound of the form (1.4) therefore remains valid for ¢t < vlog L

as well.

The next theorem relates the off-diagonal matrix elements M,, of M to the string
tensions o0,, of the original model. We make several assumptions on the structure of
interfaces, see Section 5. Essentially we need locality and suppression of defects relative to
a flat interface. This makes the surface tensions o,, well defined and enables us to connect

them with the off-diagonal matrix elements of M.

Theorem B. Let 7 be sufficiently large, p # q, and let Assumptions 5.1 through 5.5 of

Section 5 be satisfied. Then there are constants 0 < by <1 and Cpq > 0 such that
Mpq(L) = (1 + O(e—bﬂ'L))e—quLVe—f(u)L”, v Z 2 )
Mpg(L) = (14 O(L™1))Cp L™ 2e=om " = f WL 1 L5 1,

provided | — p*| < e"TE/2,

We will see in a subsequent paper [BI2] that the crossover length &, for N = 2 is
the inverse eigenvalue splitting at the point p*(L) where I'__ = I'; ;. Calculating the
eigenvalues of the 2 x 2 matrix M and using the fact that |p*(L) — p*| < e~ ("=OMIL dque
to Theorem A, the bounds (1.4) through (1.7) immediately imply that &7, is given by (1.2)
and (1.3).



Using our methods, an analog to Theorem A could be proven for models with complex
parameters or for models lacking reflection invariance. But then M would no longer be real
and symmetric, and any subsequent analysis would necessarily diverge from the treatment
given here. Some interesting new phenomena can arise (for example, Zpe, (V) may have

zeros as p is varied) but we do not pursue such models here.

Application to supersymmetric models. In [IJW],[JW1] it was shown that the weakly
coupled two-dimensional two-component Wess-Zumino models admit a contour expansion
of the type required for Theorem A. In fact if we consider antiperiodic instead of periodic
boundary conditions in the t-direction, Theorem A remains valid with the same M and f.
This provides an opportunity of proving a vanishing theorem. Let n(n_) be the number
of bosonic(fermionic) zero-energy states for the quantum mechanical Hamiltonian at fixed

t and finite L. The index theorem of [JLW] states that

Zper(V)=ny —n_ =degW — 1, (1.8)
where W is the superpotential. We now prove that for these models ny +n_ =ny —n_,
in other words n_ = 0 (vanishing theorem) and n, = degW — 1. (A direct proof is also

possible [JW2].)

The argument proceeds as follows. It was shown already in [JW1] that f = 0 and
that u = p* (i.e. each of the deg W — 1 minima of the bosonic potential leads to a distinct
phase in the thermodynamic limit). Hence the condition | — p*|L” < 1 holds for all L
and we have N = degW — 1. Applying Theorem A to the periodic partition function

Zper(V) = N and letting t — oo we have that
Jim [N — Tr M| = 0. (1.9)
This is possible only if M is the identity matrix. The ordinary Feynman-Kac formula and

H > 0 imply that

ny +n_ = lim Tre ¥

B—o00

= thm ZAP(V>, (1-10)
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where Zap(V) is the partition function with antiperiodic boundary conditions. Since

Theorem A applies to Zap (V) with the same M, we see that
ny +n_ :tlim TrM' =N, (1.11)
— 00
and the vanishing theorem is proven.

Actually f = 0 and p = p* follow from the asymptotics of this paper as well. One
needs to use Theorem 2.2 below, which admits for the possibility that |x—p*| > L™. Then
one gets estimates similar to (1.4), only the matrix M may be of lower rank. Nevertheless

(1.8) is incompatible with any possibility except f =0, M = I, rank M = N = deg W — 1.

Outline. After definitions and precise statements of results in the next section, we
develop the partition function asymptotics in Sections 3 and 4. Section 5 is devoted to
a detailed surface analysis relating M to the surface tension in a neighborhood of u*.

Section 2 also contains a brief summary of the ideas used in the proof of Theorem A and

Theorem B.



2. Definitions and Main Results

We consider models defined in a (v + 1)-dimensional cylinder V' = A x T, where A is
a v-dimensional torus with sides of length L in each direction, and T is a one-dimensional
torus of length ¢t. We assume that the model allows for an expansion into excitations Y
of N different ground states ¢ € @ = {1,..., N}, with real ground state energies e, and
small activities p(Y') € R for the excitations (henceforth called contours.) To make this

precise we make the following definitions.

A contour is a pair (Y, ¢(+)) where Y is a connected union of unit cubes ¢ with centers in
Z""! and q(-) is an assignment of labels ¢(F) € Q to the boundaries F of the components C
of Y =V\Y. Y is connected using shared v-dimensional faces as a criterion for connecting
two cubes of Y. As a subset of V| Y is considered as an open set obtained by taking the
closed union of cubes in Y, and deleting the boundary of the resulting set. To simplify
formulae, we use the symbol Y to denote the pair (Y, q(-)) as well as the region Y. To
each contour Y we assign an activity p(Y) € R which is translation-invariant and invariant
under reflections with respect to the planes A x tg and satisfies the following bound for

some large 7:

p(Y)] < e~(reolY], (2.1)

Here |Y'| denotes the volume of Y and eq is defined as the energy of the lowest ground
state,

ep = mine,. (2.2)
q

An allowed configuration of our system is a collection, {Y,}, of nonoverlapping (i.e.
sharing no common cubes) contours with compatible boundary labels. The compatibility
is determined by the requirement that any connected component of V'\ U, Y, has constant
boundary conditions. Given a collection of contours, we finally attach energy densities to

the regions occupied by each phase of the model. A connected component of V\U,, Y, that
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has boundary condition m is considered to be part of R,,, the region “in the m-th phase.”
Thus we have partitioned V \ U, Y, as U, R,,. Note that the collection {Y,} uniquely
determines the regions R,,, except for the case where {Y,} is empty, which corresponds
to the N different cases |R,,| = |V|0mq, ¢ = 1,..., N. Associating the energy density e,
with the region R,,, we get the expression for the partition function:
N
Zper(V) = > [[p(Ya) I e m!"ml. (2.3)
(Yo} « m=1

The connection between this partition function and the Peierls contour picture of spin
systems is clear—we have just replaced sites with cubes and thickened contours to include

neighboring cubes.

Next we introduce additional real parameters {u;} on which the activities p and the
energies e, may depend. There should be at least NV — 1 such parameters, and we need a

degeneracy-breaking condition. Namely, we suppose that the matrix

0
i q,i=1,...N—1
is nonsingular. We further assume that p and e, are C* functions of u = (u1,. .., un—1)
satisfying the bounds
d*e,
< Ck, 2.5
d*p(Y
plY) < Cre~ (THealYl and (2.6)
dpk
IE7"].. = max > |(E™")iq| < const < oo, (2.7)
q

where the constants are independent of 7 and & : {1,...,N — 1} — {0,1,...} is a multi-

index of order |k| = _ k; between! 1 and 4. We also assume that

eq(p = po) = eg(p=po)  forall ¢,g€@ (2.8)

1 Following [BK] we take derivatives up to 41 order. There it was used to evaluate the location of the

maximum of the susceptibility, see [BK], Sect. 4.



and some g € R" 1.

Before stating the results proven in this paper we summarize the main facts which
are known about the finite-size behavior in cubic or nearly cubic volumes V' (see condition

(2.11) below). We introduce the free energy

. 1
fp) =— vilén”“ mlog Zper(V, 1) (2.9)
and the finite-volume order parameter
Mi (Vi) = — Liog z (Vi) (2.10)
per ) = |V| dﬂz g per s ), .

where we changed our notation with respect to (2.3) to make the dependence of Z,e, (V)
on p explicit. The main result of [BK] can then be summarized by the following theorem

(the construction of the functions f, mentioned in the theorem is sketched in Appendix

A).

Theorem 2.1. There exist four times differentiable, real-valued functions f,(p), ¢ =
1,...,N and a constant by > 0, such that the following statements are true when T is
large enough and

|V| exp(—boT min{L,t}) < 1. (2.11)
(i) f(:u) = Ininq fq(ﬂ)-
() | (faln) = eq@u)| O™ if k<4,

(iii) Zper (V1) — Z e~ FaWIVI| < o= W)V =bor min{L,t}

q

< e—b()’r min{L,t}

-

k
(iv) j—#k (Mper(vv NEDS Pq(u)Mq(u)>

q

where [k < 3, Py(u) = a0V (Y, e~V and M, () = —df, () /dp.
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Remarks. 1. Due to Theorem 2.1 (ii), the matrix

F= (et = ) (212)

i q,i=1,...,.N—1

obeys a degeneracy removing condition of the form (2.7) as well. As a consequence, there

is exactly one point p* such that f,(n) = f(u) for p = p*. Using Theorem 2.1 (iv),

we conclude that the infinite volume order parameter Mpe, (1) = liény o Mper(V, ) is a

convex combination of the order parameters M, with equal weight f:)/: all of them if = p*.
2. The explicit form of the finite-size scaling for the magnetization and other physi-

cally interesting quantities is obtained from Theorem 2.1 by expanding f,(x) around the

coexistence point p*,

o) = fa(u™) + Mg(p*) (i — 1) + Ol — u* ) - (2.13)

3. In many models, the activities p(Y) and the ground state energies e,, are in fact
analytic functions of . While the “truncated free energies” f,(u) can probably be chosen
C*° in this case, we do not expect that they can be made analytic, since these would be
analytic continuations of f(u) across the point p*, which are expected (and sometimes

known, see [I]) not to exist.

We now proceed to the main focus of this paper, namely long volumes where (2.11)
may not hold. In order to state the main results and to explain some of the ideas behind
the proofs, we need the notion of a kink. We define: a contour Y C V = A x T is called
short, if there is an interval I C T of length |I| < ¢ = |T'|, such that Y C A x I (we use
I(Y) to denote the shortest interval I for which this is true). Considering a short contour
Y as a subset of V,, = A x R, its complement has either one component or two infinite
components. If it has two infinite components, it describes a transition from a state m
below Y and a state ¢ above Y (we sometimes emphasize this fact by a superscript mgq

on Y) and is called a kink. Given a kink Y, we denote by V(Y') the union of Y with all
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finite components of V. \Y and by V, (V_) the part of (A x I(Y))\V(Y) which lies above
(below) Y.

The main ideas used in this paper can now be summarized as follows: in a first step, we
rewrite the periodic partition function as a sum over kinks, resumming all other contours
on the r.h.s. of (2.3). This resummation has three effects: a “renormalization” of the
ground state energy e,, for the regions between kinks (we denote the new, effective ground
state energy by f,,(L)), a “renormalization” of the kink activity p(Y’), and an effective

interaction between two subsequent kinks. Neglecting this interaction, Z,e (V) becomes

ZoV) 0[] w0 JL e et (2.14)
Y1,...Y, @ i

where the sum goes over ordered sequences of kinks Y; = ¥,"*~*""* 'V} is the region between
Y; and Y;11, and k(Y;) is a modified kink activity (see Section 3 for the precise definitions
of fn(L) and k). In order to reduce the right-hand side of (2.14) to the partition function
of a one-dimensional gas of kinks, we then associate an open interval C'(Y') of length one
to each kink Y (essentially, C(Y) is the interval containing the middle point of I(Y)).
Approximating the nonoverlap conditions on Y7,...Y, by the condition that C(Y;) and

C(Y;+1) do not overlap we obtain

Zoar(V) = D [[r(Ci)efmilEman (2.15)
Cq,..C, 1
where At; is the distance between the upper end of C; and the lower end of C;4, and
r(C;) = Z K(Y)e—fmi,l(L)(|Vf|—LV|If|)e—fmz-(L)(|V+|—L"|I+|) (2.16)
Y

Here I is the upper (lower) part of I(Y)\C(Y), Vi are the volumes defined above, and

the sum goes over kinks Y = Y"™i-1"i guch that C(Y') = C;.

Due to the assumed translation invariance of our model, r(C;) does not in fact depend
on the location of C; in T, but it does depend on the superscripts m;_1m; of C;. Introducing
the matrices

1) : m
Fﬁnz—v_)vhrfoRr(C 7) (2.17a)
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and

F = diag (e—lAlfm<L>) , (2.17b)

the right-hand side of (2.15) can be written as a trace

N
Zoer (V) = tr (0D + F) = 3" A (L) (2.18)

i=1
where )\gl)(L) > /\él)(L) > > /\5\1,)(L) are the eigenvalues of I'V) + F (T'M) is symmetric
due to the reflection invariance of the model). There are several corrections to the above
picture. First, we have neglected contributions from contours Y to Z,e, which are not short;
together with several other approximations made in the actual proof they contribute an

error term

Lve(r=OMW)te=FIVI (2.19)

Second, we neglected the interaction between kinks Y;, Y; 1. After a sequence of expan-
sions, we are able to recover the expression (2.18), up to errors decaying rapidly with ¢ as in
(2.19). However, the matrix I'M becomes I'M +T' () where I'® involves at least two kinks,
and hence is a very small change of order e=(?7=OM)L" The eigenvalues Ay (L), ..., An (L)
of T 4+ T 4 F are therefore close to A{Y (L), ..., A%)(L). And finally, the representa-
tion (2.14) is only a valid approximation if all phases are of “low energy” in the sense that

LYa, < 77/8, say, where ay = f; — min,, fp.

In order to take this last effect into account, we artificially divide the states between
low and high energy at a point where there is a gap. Certainly there is some a* with L"a* €
[37/4,137/16] and such that no states ¢ lie in the range a,L" € [a*L",a*L" +7/(16N)]. If
m is the first state above the gap, then 7* = min{r, L”a,,} defines a decay rate associated
with the high energy states. We denote the states below the gap by Qs(L); for these
LYa, < 77/8 and (2.14) is a good approximation. The high energy states are so heavily
suppressed that two kinks bounding a region in one of these phases can be considered as

bound into one new kink. Since Qs(L) depends on p and we need to control u-derivatives,
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we should relax these definitions slightly to allow for overlapping neighborhoods in which

Qs(L) is independent of p.

Repeating this process for all high energy volumes V;, one obtains a representation of
the form (2.14), where the high energy phases have disappeared, but some of the kinks Y;

e—(2T—O(1))L")

are actually molecules of several kinks. These terms are O( and so can be

absorbed into T(>1). Thus (2.18) is valid with F(") 4+ F replaced by the |Qs(L)| x |Qs(L)]

matrix

(Pz(;l) + Pl(fl) + Fog)pgeq.(L); (2.20)

and the approximation there means neglecting terms of order L¥e~ (7 ~OW)te—fIV],

We summarize our results in the following theorem, leaving its proof to Section 3
where we analyze the interactions between kinks) and Section 4 (where we reduce the
y

partition function to an equivalent one-dimensional system and break it down into product

form (2.18)).

Theorem 2.2. Let 7 be sufficiently large. For each L, there exists a 7 € [37/4,7) and
corresponding low energy phases Qs(L). For p,q € Qs(L), there are functions I'pq(L) and
fq(L) forming a symmetric matriz I' and o diagonal matriz F' = diag{exp(—L" f,(L))}.
Letting A\1(L) > ... > An(ry(L) denote the (possibly repeated) eigenvalues of F' + 1T, the

following statements hold provided |k| < 4 and

Lret<1. (2.21)
(i) asymptotics in t:
dF N(L) *
g | Zoer (V) = 22 a1t | S eVl ot
a=1

< e~(r-0)L

14



(iii) one-kink estimates on I':

k
‘% ppq(L>' < ~UHr-om)L”

(iv) Let T (L) be the one-kink matriz defined in (2.17a). Then for p,q € Q4(L)

d* I
‘W Tpq(L) _F(l)pq(L)]‘ < e L7 = (2r—0)(L"~1/2)

(v) Let )\gl)(L) > e > )\%zL)(L) be the eigenvalues of F + TN . Relabeling if necessary,

suppose that Qu(L) = {1,---, N(L)} and fi(L) < -+~ < fxay(L). Then Aa(L) satisfy
Aa(L) = AXP(L)| < e~ FE - (2r-0QNL"~1/2)

Ao (L) — exp(—fo(L)LY)| < e~ FF7-0QNL"

Remarks 1. Statements (v) follow from (iv) by perturbation arguments. Similar statements
hold for p-derivatives (with possible relabelings) but will contain small denominators if
there are "near degeneracies” in {A&l)(L)} or {fo(L)}. These statements show that a one-
kink calculation is accurate up to two-kink effects. This is of interest when combined with

our asymptotics for FE)(L) in terms of surface tensions (derived in Section 5).

2. Since A1 (L) is close to e~ /1L "and since fi(L) = f + e~ (T"OU)L we have that

( ) < exp(e” Ty < 0(1) . (2.22)

A1 (L)

We conclude that the bounds of Theorem 2.2 remain valid if the factors e 1V or e=f£" on
the right-hand sides of (i), (iii), (iv) and (v) are replaced by A1(L)* or A (L), respectively.

Another consequence of (v) is the positivity of A\, (L) for all a.

3. Theorem A follows from Theorem 2.2. since |p — p*|L¥ < 1 implies that a,L” <
O(1). Then by construction Q4(L) = {1,..., N}. Thus we may take M = F +1T.
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Theorem 2.2 establishes a foundation for an analysis of scaling behavior of quantities
such as the magnetization. The following theorem describes what we know about the

periodic magnetization Mpe,(V, ) defined in (2.10).

Theorem 2.3. Under the same conditions as in Theorem 2.2, let

Mi(L,pu)=L"" i log Ao (L) (2.23)
and
-1
Po(V,p) = AL(L) | DN : (2.24)
B
Then for 0 <k <3
d* *—O(1))t
o M ..( ZMZ (L, 1) Pa(V, ) || < e~ =0t (2.25)

This result is an immediate consequence of Theorem 2.2. The interpretation is that
each eigenvalue contributes M to the magnetization, but only as part of a convex combina-
tion determined by the P,. The largest eigenvalues receive the greatest weight, particularly
for large t. In the cylindrical scaling regime, t — oo, the P, trivialize to 0 or 1 while the
M scale. In the block regime L ~ t — oo, the M are constants while the P, scale. In

the crossover regime both quantities scale nontrivially.

The next set of results represent an attempt to relate the off-diagonal matrix elements
Iy (L) to the surface tension o,, between phases p and ¢, and to exhibit the dependence
on L. These results depend on some additional assumptions on the structure of kinks sepa-
rating two phases. Essentially we need that the kink activities factorize into contributions
from each local excitation of the surface separating the two phases (Assumption 5.1). Each
such contribution should decay exponentially in the size of the excitation (Assumption 5.2)
and should depend on p in a reasonable manner (Assumption 5.3). Furthermore, in di-

mension v+ 1 = 2, we need positive activities of excitation activities (Assumption 5.5). All
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these assumptions are reasonable for ”finite range models” of statistical mechanics at low
temperature. The remaining Assumption 5.4 is a strict form of a triangle inequality for
the surface tensions. Needed only if N > 2, it allows us to neglect two-kink effects in com-

parison to one-kink effects. Thus it guarantees that 'y, (L) ~ Fﬁ)(L) (Proposition 5.3).

Theorem 2.4. Let 7 be sufficiently large and assume that Assumptions 5.1 through 5.5
are valid. Define a(p) = max{aq(p),ap(p)}. Then the following statements are true for a
suitable constant by >0, p # q and L > 1.

(i) If the phases corresponding to p and q are stable (i.e. a(u) =10)

FPQ(L> = (1 + O(e_blTL>)e_quLVe_fLV7 v 2 2 ’
) . (2.26)
Fpe(L) = (1 + O(L_l))cpqL_l/ze_gpqL eI, v=1L>1,
where Cpq > 0 is a constant.
(ii) For 1 <k <4 and a(p)L” < O(1),
dFT
‘W’fq < OMIT,, (2.27)

(iii) Forv>2,1 <k <4 and a(pu)L” < O(1) the bound (2.27) may be sharpened to
0

" < O(L"M)Ty, . (2.28)

(iv) Forv =1, k=1 and a(u)L < O(1) the bound (2.27) may be sharpened to

)dcl;pq < O(L)Ty, {1 + wew(eb”)} : (2.29)
1

This Theorem is proven at the end of Section 5.

Proof of Theorem B: The above bound (2.26) gives Theorem B for yu = p*. For
i — p|LY < e ™2 a(p) L < O(1) and we may use Theorem 2.4 (ii). Integrating the
bound (2.27) from p* to u, we obtain the bound

Lpg (1) = Tpq (1) (1 + P FO(|u — p7[)) = Fpg () (1 + O(e”T/270WNE)) - (2.30)
Together with the bound (2.26) and the fact that |f(u) — f(p*)| < O(e~7E/?) this implies

Theorem B.
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3. Kinks and Contours

The goal of this section is to rewrite the periodic partition function as a sum over
“kinks” (describing transitions between regions dominated by different ground states) and

to study the interaction between these kinks.

Before defining the notion of a kink, we divide the set of contours in V = A x T into
long and short contours, where a short contour is a contour Y for which one may find an
interval I C T of length |I| < t such that Y C A x I (a short volume W C V is defined
in the same way). Obviously, each short contour Y may be considered as a contour in
the infinite cylinder V,, = A x R, and V\Y has either one or two infinite connected
components. In the first case we call Y an ordinary contour, and in the second case we

call it a kink.

In order to continue we need some notation. Given a short contour (Y,q(-)), we
define its interior, Int Y, as the union of all finite components of V\Y, introduce V(Y) =
Y UInt Y, and let Int,,, Y denote the union of all components C of Int Y for which ¢(-) takes
the value m on 0C. If Y is an ordinary contour, V. \Y has only one infinite component.
We call its boundary the external boundary of Y and call Y a g-contour if ¢(-) = ¢ on
the external boundary of Y. We sometimes emphasize the fact that Y is a g-contour by a
superscript ¢ on Y. If Y is a kink, one of the infinite components of V,,\Y contains the set
A x [tg, 00) for all large enough ¢y > 0, while the other one contains the set A x (—o0, —tg].
We call the boundaries of these components the external boundaries of Y and use d+Y to
denote the boundary of the infinite component which contains A X [tg,00) and O_Y for
the boundary of the component which contains A x (—oo,tg]. If ¢(:) is ¢ on 0_Y and m
on 0.Y we say that Y describes a transition from ¢ to m and sometimes emphasize this

by putting a superscript ¢gm on Y.

Finally, given a set of nonoverlapping ordinary contours {Y,} we say that Y is an

external contour of {Y,} if it is not contained in Int Y,, for any «.

18



Given these definitions we now rewrite Z,e, (V') as

Zpex ( Z Hp )HZm<Vm) ) (3.1)

{Yo} «

where the sum 2' goes over sets {Y,} containing long contours and kinks, but no ordinary
contour. As before any component of V\U,Y, has constant boundary conditions. V,,
denotes the union of those components which have boundary condition m, and (for any
W CV), Z, (W) is defined by restricting the sum in (2.3) to a sum over collections {Y,}
of ordinary contours Y C W whose exterior contours are g-contours. If W¢ = V\W is not

connected, we do not allow contours whose interior intersects We¢.

Obviously, the interaction between different kinks (and between kinks and long con-
tours) is given by Z,, (V). We therefore have to study the behavior of Z,(W) for W C V,
g =1,...N. Fixing, for a moment, the external contours in the representation (2.3) for
Z4(W) and resumming all the others we obtain a factor [ [, Z,,(Int,, Y'?) for each external

contour. This yields the expression
= ) e calWieVie >|H YO ] Zm (It Y| (3.2)
{Y }cxt m

where the sum goes over sets {Y 7} _ . of mutually external g-contours (that is V' (Y,) and
V(Y,) have no common cubes for a # a). We divide each Z,, by the corresponding Z,

and multiply it back again. Iterating this procedure we get

Z,(W)=e WIS T] K(Y, (3.3)

{vdr «

where the sum goes over sets {Y 4} of g-contours in W with the only restriction that Y2

and Y,2 have no common cubes for o # a; and K(Y?) is defined by

q IIlt Y4
K(Y7) = p(Y?)esalY lH Tt Yq>. (3.4)
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Note that (3.3) is purely formal at this moment since Z,(Int,, Y'?) might be zero for some

contours Y9. The main content of the next lemma is that this does not happen if

T

|T(Y)|ag < 57" (3.5)

Here 7 denotes the orthogonal projection from V = A x T onto A, |7n(Y)| is the v-

dimensional volume of 7(Y’), and
ay=fs~F. (3.6)

where f = f(u) is the free energy and f, = f,(u) are the functions introduced in Theo-
rem 2.1 (see also Appendix A). Since the proof of this lemma is essentially the same as

that of Lemma A.2 proven in the Appendix we omit it here.

Lemma 3.1. There is a constant by > 0 such that the following statements are true provided

T 18 large enough:

(i) For all |k| <4, all ¢ € Q and all short volumes W

d k — f|W|+|oW| —borL
G Zm(W)| < const|W|%e exp{|Wle }.
(ii) if Y9 fulfills the condition (3.5) and |k| < 4,

‘_ K(Y9)| < e~ (=aaln(y)I=0)Iy°]

(iii) If W C V is chosen in such a way that all g-contours in W fulfill the condition (3.5),
then Zq(W) 20 for all W C W and

ZyW) =e WIS T K(v¢

{vi}r «

Remark. The factor exp{|W|e~7L} in Lemma 3.1, which is not present in the correspond-

ing lemma in the appendix comes from the topologically nontrivial contours which are not
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—Lbo7 can be bounded

present for the volumes considered in the appendix. Note |W e
by |[0OW]| if W is a short volume with connected boundary (as it is always the case of

W = Int,, Y? for some ordinary contour Y'?), since |W| < [0W| |m(W)| < |OW|L".

We are now able to analyze the interaction between kinks in (3.1). In a first step
we separate Zper(V') as given by (3.1) into a sum containing no long contour, henceforth

denoted Z;es(V'), and a sum containing at least one long contour, Zyig (V)
Zper(V) = Zig(V) + Zres(V) . (3.7)
In the next step we prove a lemma bounding Zy, (V) :

Lemma 3.2.

—— Zig(V) SV < pre— (-0t

dk
‘ dp®

provided |k| < 4 and
LV~ (-0t < 1 (3.8)

Proof. We rewrite Zy;, in the form

where Y7, ...Y,, are long contours and Y,,41,...Y,,4, are kinks. Inserting Lemma 3.1(i)

and using the fact that |f — eg| < O(1) to bound

[T1p(a) [T e 1V H12Vnl = e~/ IVITT |p(Y7) e/ 1Yol

< e IWVIT[e-tr-0ml

2

we obtain that

1 1
| Zbig (V)| < const e~ {1V exp{tL’e LTt} Z Z Z He—(T—O(l)MYz-I .

n! m!
n>1 m>0 Yi, . Yogym 1©
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Releasing the compatibility constraints on the contour sum and bounding Le~ 27 by one

we obtain

| Znig(V)| <

=V exp | S0 e O] _qbexp [ ST emrmomY
Y:|Y|>t Y:|Y|>LY

< const e~ T1Vlet {exp(tL”e_(T_O(l))t) - 1} exp(tLVe” (T7OMILy

< const e

which may be bounded by L¥e~fIVIe=(T=O0)t if the condition (3.8) is true. The bounds

on derivatives are similar and left to the reader. O

Next we consider Z,e5(V'). Obviously, Zes(V) can be rewritten as

Zres(V)ZZ% > H%(W(WH

n>0  Yi,..,Y, i=1

p(Yi) | [ Zm (It Y) (3.9)

where the sum goes over ordered sequences of nonoverlapping kinks Y7, ..., Y,, such that for
each i € {1,...,n}, 0,Y; UO_Y;4; is the boundary of a maximally connected component
Vi of V\ U; {Y; UInt Y;} (we identify Y, 11 with Y7 and also require boundary condition
compatibility on 9Y;, that is ¢(V;) = ¢ and ¢(V;—1) = m if Y; = Y"?). The factor 1/n
compensates for the fact Y7,...Y, and Y;i1,Y;19,...Y;_1,Y; correspond to the same set
of kinks in the original sum (3.1) and should be interpreted as 1 if n = 0 (in which case

there are actually N terms Z,(V), ¢=1,...N).

Leaving the discussion of the general case to the end of this section, we will for the
moment assume that all states ¢ € @ lie below the gap introduced in Section 2. As a
consequence,

aq,L” <

col 3

T (3.10)
for all ¢ € @, (3.5) is fulfilled for all ordinary contours in V', and Z,(W) can be analyzed
by a convergent cluster expansion for all ¢ € @, all W C V and all V. = A x T, uniform in
t = |T|. We conclude that the finite L free energy

i 1
Vov.—axR |V]

fo(L) = log Z4(V) (3.11)
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exists and obeys a bound
|fo(L) = fo| < emTmaal =0, (3.12)
In addition, for each V; contributing to (3.9)

log Zg(Vi) = = fo(L)Vi| + ) kq(X) (3.13a)
X

where the sum goes over connected subsets X C V., intersecting 0V; = 0,Y; UO_Y; 41 and
ko (X)| < e (Tmaal"=0MNIXT (3.13b)

Setting ¢(04+Y;) and ¢g(9;Y;—1) to the sum of all terms associated to the lower and upper

boundary of V;, respectively, we may rewrite
log Z, (Vi) = = fo(L)|Vi| + 94(0+Y:) + 94(0-Yis1) + g4(Yi, Yit1) (3.14)

where the interaction term g¢,(Y;,Y;y1) can be written as a sum over connected sets X

intersecting both 0_Y; 1 and 0,Y;. As usual
194(0£Y)] < [02Y[0(e” (T E) (3.15)
and
(Y5, Yiro)| < min |0, il |0 Yo [Je (el -OWIENYe st (g1

where we used (3.13) and the fact that the number of connected sets X of size | X| = s
which intersect a given set M can be bounded by |M |const®. Combining (3.9) and (3.14)

we get

Z Z [ fqz(L)IVI] e9ai (YVi-Yir1) | (3.17)

n>0 Yy,.

where we used the abbreviations

R(Y™) = p(Y™0)e9m O " t00 @Y ") T 7 (Int-Y™9) (3.18)

m
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and ¢; = q(V;).

Remarks. 1. The leading term in n in (3.17) comes from the sum

Z ZQ(V) )

qeQ

and should therefore be written as

Z exp {—fq(L>|V| + O(|V|e—t(7—aqL”—O(1))>} .
qeq@

Assuming that a condition of the form
Lue—(T/S—O(l))t <1 (38/)

is true, |[V]e t(7=2L"=O0M) < 1 and the sum >4 Zq(V) differs from the corresponding

term »_ exp{—fy(L)|V[} by a number which may be bounded by

Z e~ fa(D)IV] ‘exp{O(|V\e‘t(7_“qu_O(1)))} -1

9€q
< Z e~ DIVIQ (v ]e tr—aal"=0M))
q€@R
< [V tr—0@) Z ea=Fa(L)IV] = fIVI

q€Q
< LV e tr=0Q) —fIVI

We have left out this correction in (3.17) and assume it has been absorbed into Zyig (V).

2. By Lemma 3.1
|Z;L(Int;meq)| < exp(—f|Int;Lqu| +0()|Yy™)
< exp(—f(L)[Int~ Y™ + O(1)[Y™)

where we used the bound (3.12) and the fact that [Int~Y™4| < L[Y™4] to replace f by

F(L) = min £,(L) (3.19)
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in the last step. Combining the above bound with the a priori bound on p, the bound

(3.15), and the fact that |eg — f(L)| < O(1) one obtains that

K(Y)| < e=(TOWY =/ (IIV)I

Generalizing this to derivatives we get

k
dd K(y)‘ < o (TOMIY (HDIVY) (3.20)
Lk

for all multi-indices k of order |k| < 4.

We finally consider the case where some of the states m € @) lie above the gap. Since
Zm(V;) can in general not be analyzed by a convergent expansion for such an m, we leave

it as it is and replace (3.17) by
Z Z H Za (Vi) T DIV T e Ve¥ien) | (3.17)
n>0 Yy,. i

where we used the superscript u (= unstable) for the volumes V; corresponding to states
g which lie above the gap and s (= stable) for all others. That is V;* = V; and V* = () if
q(V;) is above the gap while V;* = () and V;* =V} if ¢(V;) lies below the gap. Obviously,

we also have to change the definition of x and the interaction term g(-, -) by defining

if m lies above the gap.

In order to state the next lemma, we introduce, for W C V', the number ¢(W) as the

size of the maximal subset S C T such that A x S C W.

Lemma 3.3. Assume that
Lve t <1 (3.8")
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and that |k| < 4. Then

k
L W)| < |W|HeFIWIHOMIOW] (=t(W)(min{r.an "} ~O(1) (3.21)
duk -

Proof. The proof of Lemma 3.3 is essentially identical to the proof of Lemma 5.4 in
[BI1]. We define an ordinary m-contour to be small if a,,|7(Y")| < 77/8 and use the relation
(3.2) to rewrite Z,,(W) in the following way. Write a set {YJ"} of external m-contours
in Was {XJ'} U{Z2} where {Z]'} denotes the small contours in {Y)"} and {X['} the
large contours in {Y*}. Note that for fixed X2’s, the sum over {Z2} goes over all sets

of mutually external small contours in Ext = W\ U, V(X,). Thus, resumming the small

contours and using (3.2) a second time,

ZuW)= Sz [T [pxm [ 2 ot x| . (322)
{ X3 Yext o q

where the sum goes over sets of mutually external large contours in W and Z]S\?la“(Ext) is

obtained from Z5™all(Ext) by dropping all large external m-contours.

By Lemma 3.1(ii), log Z8™#!!(Ext) can be analyzed by a convergent cluster expansion.

Comparing this expansion to the expansion of f,,|Ext| one finds that
| fon [Ext| + log Z5m (Ext) | < 8 Ext|O(e™7%) + [Ext|e™ v Bt 4 |Extle=" bo/am |

where the first item is the usual boundary term, the second comes from the topologically
nontrivial excitations in Ext and the third comes from the fact that the large contours
which are truncated in Z8™3! still contribute to f,, (the factor 72/a,, arises because each
large contour has a size |Y'| > O(7/a,,), and contours are suppressed like exp(—7O(|Y])).)

Using the fact that
|0 Bxt| = [0W|+ ) |0X7 < [oW]+2d > |X[7]
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we now bound

Zzlmall(EXt)eﬂExﬂ

< exp {\8W|O(e‘”°) + ) 2d|X]| 4 [We b min{L:t}}
X exp {—(am - e‘szO/“’")|Ext|}

< exp {\8W|O(e‘”°) + ) 2d|X7| 4 [We b min{L:t}}

y exp{_ (am (1 - %)) IExtI} |

Inserting this bound, the bound (i) of Lemma 3.1, and the bound

< e~ (THe0)Xal < o= (T+f=0(e7"07))|Xa]
p(Xa)| <e <e

into (3.22) we obtain
‘Zm<W)|ef|W| < eXp{‘8W|O(6_TbO) 4+ ‘W‘eTbO rnin{L,t}}

x 3 e—am(l—bofz)mxtlHe—<r—0(1)>|X;"|_
{X T ext o

Extracting a factor

o o—am (1-0(7~ 1)) [Ext] 1;[ o~ (T=0()|XT"|

and bounding the remaining sum as in the proof of Theorem 3.1(ii) in [BI1] we get

|Zm(W)|ef|W| < eXp{|3W| + |W|emin{L’t}}

—am (1=0(r 1)) |Bxt] T o= (r—0(0)IX2"|
X max e (& @
(X1} 1;[

< exp{|oW]|O(1) + t(W)O(1)}

—am(1-0(r 1)) |Ext| —(r=0()|X 7|
X max e e al
{xa} 1;[

where we used the assumption (3.8") and the fact that [W| < (|OW|+¢(W))L" in the last

step. Now, each time slice in A x § either contributes a small factor

e—am(l—O(Tfl))LV < eO(l)—min{T,amL"}

27



—am(1=0(r")IExt| o1 contains at least one cube in Uy X M and therefore contributes a

to e
small factor < e~ (7=9(1) to the product IL. e~ (T=OM)IXal = Ag a consequence,

e—am(l—O(T_l))|EXt| He—(T—O(l))|XZ’| < e(O(l)—min{T,amL”})|S| _ e(O(l)—min{T,amL”})t(W) )

This completes the proof of (3.21) for |k| = 0. The proof for the derivatives is similar and

is left to the reader. O

Remarks. 1. As before, the leading term in n in (3.17’) comes from the sum

Z%W

9€Q
but Z,(V) ~ e~ fa(DIV1 is only true if ¢ lies below the gap. But for ¢ above the gap,

Z,(V) < et =0() o~ fIVI

due to Lemma 3.3 (recall that 7% = minggq_(r) min{7, a,L"}). We have left out this term

in (3.17") and assume it has been absorbed into Zy;z (V).

2. The free energies f,(L) may be defined even if a,L” > 77/8. To this end one

introduces truncated activities K’(Y?) as in Appendix A, see equation (A.8), defines

Zy(v)y=e VI T] [] &' (V¢

vy @
and takes the limit
1
The resulting f,(L) is a C*-continuation of the f,(L) defined in (3.11) and

k
. (D) =)

The logarithm of Z;(V;) can be analyzed by a convergent expansion for all p:

log Z,(V;) = |W+ZH

(c.f. equation (3.13a)) with

< O(e_(T/g_O(l))L) i

‘___k/ ’ < o~ (r/5—0(W)IX]| |

Finally,
. L, T
ko (X) = kq(X) if a,L” < 37



4. A One-dimensional System of Rods

In this section we reduce the kink partition function (3.17) to an equivalent one-
dimensional system of hard-core rods, and then obtain the product form after a sequence

of expansions.

In a preliminary step we make the definition of the low energy states Q(L) a little
bit more precise. Given L and i € RN~ we chose a* € L™V[37/4,137/16] in such a way
that no states ¢ lie in the range a,(ft)L” € [a*L”,a*L" 4+ 7/(16N)]. We denote the states
below the gap by Qs(L) = Qs(L, i) and define

7°(L,p) = min{r, min L"a,,(L, ,
(Lop) = win{r, min  Lan(L)}

where
am(L7“> = fm(Lnu) - IIlqulfq(L,u>

= am(p) +O0(e™"7") = am () + O(L™)
if |u— | L” < 1. Throughout this section, fi and Qs(L) = Qs(L, ft) are fixed, |u—ia|L” < 1

and 7* and a,, denote 7*(L, 1) and a,,(L, p), respectively. Note that
> (G -0 >
due to the above bound on a,, (L, 1) — ap, ().
After these preliminaries we expand
eIV = 1 4 (Y3, i)
where by (3.16),

154(Ys, Yie1)| < elYilg=(T—ag L"=O(1))(dist (Y, Yi1)+1) (4.1)

Each g term is considered to connect Y; with Y;;. Also, Y; and Y;;; are considered

connected if the lowest point of Y;;; is below the highest point of Y;. Finally, ¥; and Y,
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are considered connected if V;* # (). To any connected string Y;, ..., Y, we associate an
interval I C T which extends from the lowest point of Y; to the highest point of Y, ,.

Thus, I is a union of the unit intervals of 7. We form the following activity:
94; (Y3, Yj41)

Z Z H Zg;, (Vi )e ~fay (D)IV] or

>0 Yo,.., Yy j=0 14 g, (Y}, Yj41)
X KJ(ng)G_fq’ (L)|Vf|e_fq+(L)|V+| . (42)
Here the sum is over compatible sequences of kinks, Yy, ..., Y,, whose spanning interval is

I. The phase at the bottom of Yj is g_, the one at the top of Yy is ¢. The regions V_ (V)
are the portions of A x I below Y (above Yy). The term g is selected if it is needed to

connect Y; and Y, otherwise 1 + g is selected.

These new kink activities allow us to write
Zres(v) — Zres 1<V) + Zbig, (V)

Zresa( Z Z H [7‘1 L (L] (4.3)

n>0 LIn =1

where the second sum in (4.3) goes over open intervals Iy, -- -, I,, such that I; and I; do
not overlap for ¢ # j and Zyig,1(V') is the sum of terms where the interval formed by the
construction above is all of 7. Each interval in (4.3) is really a triple (7, ¢4, q-), where
g+ (g—) is an assignment of a label in @ to the upper (lower) endpoint of I. The interval J;
is the one between I; and I;;1; both endpoints of J; have the same label ¢;. The length of
J is denoted |J|. Note that ¢4 (I) no longer take values corresponding to the high energy

phases.
We give bounds on r(I) by writing
(D) = (D) +r?(ID)

where r( ) is the one-kink term (¢ =01in(4.2)) and 7‘%2) is the rest. First, using the bound

(3.20) on K, we obtain

|r§1)(I)| < e~ (T=OM)HI=1) o= (r=O@)LY o= f(L)L" || (4.4)
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Here we use the fact that the minimum size of a kink is LY. When we apply p-derivatives
to fy. (L), we bring down factors |Vi| < |I|L”, which can be absorbed into the constants
above. Hence the same estimate holds for d*r(Y) /du*. Better estimates should hold for

r§2) since there are at least two kinks. But we have to bound

Z,(V") < e SV IHOMIOVH| o=(r"—0NUV™) (4.5)

which is Lemma 3.3. (Recall that 7* = min{7, L"a,,} where a,, is the lowest value
amongst the high energy states.) We estimate g, using (4.1), only we settle for a decay
exp|—(7—aq,L" —O0(1))t(V;®)]. Then each factor exp(—7+a,L") from this bound combines
with exp(—f,L") from V;® to produce an overall exp[(—7 — f(L)L")t(V;?)]. Differences
|fq— fq(L)|L”|I] are O(1)|I| and are harmless. The parts of I not covered by this argument
get their decay from k, as in the one-kink estimate (4.4). This includes volumes where 1 is
selected in place of §. Summing over Yy, ..., Y} yields only another harmless exp(O(1)|I])

factor. Summarizing, we obtain

|r§2)(I)| < e~ (7T =0 (1-2) g=2(r=OW)L" ,—F(L)LV|I| | (4.6)

Derivatives of r§2) again produce volume factors from differentiating Z,(V*") or f,(L), but

as in the one-kink estimate they can be absorbed into the constants in (4.6).
In a similar fashion we bound
| Zig 1 (V)| < e~ (7" =0t =(r=ONL" = fIVI (4.7)

Since Zyig, Zbig,1 decay so rapidly in ¢, we may focus attention on Z.s 1 which contains

the main asymptotics.

The only obstruction to expressing Zyes 1 in product form is the presence of rods with
|I| > 1. In order to effectively shrink intervals to unit length, we make use of shrunken

intervals C. We say C is a core of I if C is a unit interval closest to the center of I (two
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choices if |I| is even; all intervals are built of unit intervals with integer centers). Our rod
activities will be functions of a pair (C, I) such that C' is a core of I. Define

2 (D) explfy, (D)LY + fy (L)L) (4.8)

7“1(0,[)2 m

Here I is the part of I above C' and I~ is the part below C. The factor m
is inserted, since if |I| is even, two C’s are possible. This activity obeys the following

estimate:

r1(C, T)| < e (7" =aay L =OODIIT| (=(r* ~aq_L"~O(II™| (~(r=O()LY (~F(IL" (49

Here we take a bound covering both cases (4.4), (4.6). Multiplying the energy densities
fq. (L) cancels most of the decay but due to the gap between the low and high energy

phases, a decay At in |I| remains. Thus we take

1
A=(7"- L)LY |77t > —— —O(1/7) . 4.1
(7= o (L2 ) 7 = 1o - 00/ (4.10

Now we sum over the collections of pairs (C, ) in Zyes 1:
1 - _ vl
Zresa (V) = Z - Z H [7”1(01',]@')6 fai ()L lKIl] : (4.11)
TLZO (Cl,Il),...,(Cn,In) =1

Here K; is the interval between C; and C;1.

The next step is to expand part of the hard-core interactions between intervals, reduc-
ing each interval I; to its core C;. To this end we extend the sum over (Cy, 1) ..., (Cyp, I,)
to include overlapping intervals. We even permit I; to wrap around 7'; in this case the
activity is obtained from the t — oo limit, with I; any interval of R. However, we maintain

the following conditions:
(i) C; N C; =0 (as open intervals)

(ii) C4, ..., C, are arranged cyclically around 7" in order
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(iii) ¢4+ (Cs) = q—(Ciy1)-

In the third condition, the phases ¢4 (C;) are inherited from I;. In order to recover

Zres,1(V), we insert a factor [] U(I;", I ,), where

i=1

U(I+ I- )_ {O if (I:_U01>H(IZ:_1UCZ)§£® ) (4'12)

9 1 .
e 1 otherwise

It is only necessary to enforce nonoverlapping conditions between neighboring intervals;

the other conditions follow.

We now expand U = 1+ A to obtain

ﬁU 1) => 1[4 (4.13)

For each A(I A +1) present, we draw the open interval I UI; ;. We also draw the open
intervals C;. The union of all lines drawn breaks into connected components, and these

components form a new system of rods.

The activity r2(J) associated with one of these components is

-y 3 1:[ [rl Cy, I;)e~fu WL 1K '] r1(Co, 1) > T AL),

’I’Lzl (Cl,Il), (CnI )
(4.14)

where G is a graph of lines £ = (Iz ,I;11) compatible with J in the sense that the union
of intervals obtained by the above construction is J. (By (i)—(iii) above, only the G with
every line (I;",I; ;) contributes. Hence > [JA = (—=1)"*.) If |J| = 1, then n = 1 in
(4.14), in which case we get

ro(J)= Y n(LI). (4.15)

I.c(H=J

In both cases we assume g_(I;) = q_(J) and ¢4+ (I,,) = ¢+ (J). In terms of these activities

we have
Zres l(V) = Zres 2(V> + Zbig, (V>

res 2 Z Z H [TQ fqi(L)LV|Ki| ) (416)

n>0 dn i=1
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Here K, are intervals between components, with boundary condition ¢; = ¢4 (J;) =
q—(Jit1). As usual, Zyigo(V) is defined as the sum of terms where a single component

encircles T'.

Evidently we have recovered our original form (4.3) for the partition function. The
gain here is that any ro(I) with |[I] > 1 is necessarily a two-kink effect. More generally, we
can construct ry1 from 7y just as ro was constructed from ry. As we shall see, 7 (I) with
|I| > 1is at least a k-kink effect, decreasing as exp(—k(r — O(1))L") as k — oo, only the

term with |I| = 1 is nonzero, and we have the desired product structure.

Proposition 4.1. Suppose that vy satisfies the following bounds:

> () b

7 T’k(I)
= O

) ) 1\
S Y el el n S
L¥|1|

120, |1]>1 |¢|<4

for some co = O(1) (independent of k). If en < g1 < e~ (7 =) then ryiy satisfies the

eF DL < g Il=1, (4.17)

a[
out "k

<I>} <es, (4.18)

same bounds, but with ¢, — €1 + O(1)ege” (A7) gy — O(1)egee” —47.

Remark. By (4.4) and (4.6) r; satisfies the assumptions of the proposition with €1 = g9 =
exp(—(7 — O(1))L").

Proof. In the course of the proof, we will encounter derivatives of products of activities and

volume factors at several places. All these derivatives will be bounded using the estimate

1 2] ot = n . B 5
MZ<4(LV|I|) B HlAi(u) <4] Z(Lym) A(m) L (419)

out
i=1 | |e]<4 H
which is easily proven using Leibniz’s rule.

As a first application we translate our assumption into a bound on 7, (C,I). As in

(4.9) we obtain

e qe
_ ™ —aq, L' —co)|I1| (7" —aq_ LY—co)|I"| f(L)L” 1 0
[rell = el + L7 el o e ( ” 7 76(C 1)
= 2 zi) [
150, [I|>1 -
< ,0(1), (4.20)
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where we used the fact that the volume factors produced by derivatives are cancelled

e

by the corresponding part of (L|I|) The unit interval estimate is unchanged since

rp(C,C) =ri(C).

All that remains is to bound the expansion (4.14), remembering that | > [ A| = 1.

The case |J| =1 is simple, since then (4.15) applies and we have

> ()

0]<4

a[

ot ri1 ()] e/ <oy em(BTme0m O |y |

<ey 4 e BTm=0WM)g, (4.21)

We used the fact that (L¥|.J|)~1¢l = (L¥)~1 < (L¥|1|)~11el1O0) together with the fact
that |I| > 2 in (4.20).

The case |J| > 1 needs some care. We use the fact that there may not be two r,(C, C)’s
in a row in (4.14); every pair (C;, I;), (Cit1, I;+1) must interact. There must be at least
one |I;] > 1 and at least two I;’s overall. In order to estimate derivatives, we bound the
factor (L¥|.J|)~¥l appearing together with the £th derivative on the left-hand side of (4.18)

by

(U LIz (%) < (ULIL) (1 + U L] = I < (JULILY)~ et v mi=17)

and apply (4.19). Derivatives of the term []e 7/« (WE'IKl produce volume factors
O(1)(L¥ 3" |K;|)*! which are cancelled by the corresponding factor (| U; I;|L¥)~¥l, while

derivatives of activities will be bounded using the inductive assumption (4.20).

Let us categorize the remaining factors that result from evaluating a term in (4.18)

after inserting the expansion (4.14) and the above bounds. Such a term is O(1) times

(77 =co)(17|=1) o F (L) L] ] J4(| Ui Li| =] T ) H [Z (LV‘IjD_'Z'
y4

n—1
O'ri(Cy, 1)) u H o~ fa; (L)LY |K;|

out

J=1 J=1

where we have bounded | U; I;| 71l by |1;|~1l. We associate factors with intervals as follows:
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intervals C; ef (LL”

UIi\J : e Vi Lil=1J])
K; : e(T"—co+ (L)LY —fq; (L)L")|K;| — o(7"—agq; L" —co)| Ki|
additionally : e(7"—co)(n—1)
Now let us fix I{,..., I’ , the long rods with |I| > 1, and sum over the short ones. Then

by (4.17) there results a factor
1+ 516—(7-*_aLV_co)e(7-*_co)|H| <1+ gleaLV|H| < 6|H| < e(AT—CQ)He—(AT—Co—l) ’

for each overlap interval H of the form If+ N Ifj_l. (The two factors multiplying e result

from increasing | K| by 1 and decreasing n by 1.) On the initial and final sections It ~, I4F

m

of length R, say, we have a factor

R—1

AR (1 n Z 616(7’*—aL”—cO)he—4(h+1)eT*—co) < AR (1 n 2516(7*—aL"—co—4)(R—1)eT*—co—4>
h=0

< e(T*—aL"—Co)R(l + 2€leaL”> ) (4'22)

Here a = Qg_(1t), OF Qg (1LY and the first exponential in A comes from dropping K; or K,

while the second exponential in h comes from increasing |J| by h+1. All these factors from

summing over short rods can be bounded by the product []exp[(7* — aq, L” — co)|If+| +
J

(T* —ay LY — co)|If_|]. Each one of these factors is as in the definition of ||rg|| in (4.20).

To help in performing the sums over (C, I*), let

* v
5 = 5167’ AT > 5160th

Y

with the inequality holding for any ¢ € Q4(L). By assumption, § < e~ (A7=%)  We choose
one long interval containing 0 (with factor m) and sum on either side the pairs (C, I*) such

that I contains an endpoint of the previous interval. For m > 2 we get a bound

m(l +25)2(0(1)62>m6(7*—co)(m—l) e—(AT—co—l)(m—l) < O(l)m{—:%e(T*_AT)(O(l)d)m_Q )

36



When m = 1 we must have at least one factor €1 from the two tail sums (4.22), so we get
a bound O(1)e(48 + 46%) < O(1)ege1e” ~27. Summing on m, we get the desired bound

O(l)EQEleT*_AT. O

Starting at &1 = 5 = exp(—(7 — O(1))L¥), the mapping &1 — &1 + O(1)eze™(277%),

*— AT

g9 — O(1)egerie™ converges geometrically, and 6§k) is always exp(—(7 — O(1))L"),

while

Eék) < e—k(T—O(l))L" (0(1)67*—A7)k—1 ) (423)

As a corollary of the proof, we obtain the following estimate on Zyis (V'), which has an

expansion similar to (4.14):
| Zig i (V)| < e~ ot /I ) (4.24)

The same estimate holds for p-derivatives.

As we discard Zpig 1 (V'), we are finally only interested in

[pe(L) = lim rg(C?), (4.25)

a k—o0

where |C| = 1. Here the limit is approached exponentially fast. The partition functions
Zres,k (V) have an expansion as in (4.16), but since ri(J) — 0 as k — oo for |J| > 1, the

limit has the simpler expression
Zres,co = M Zyes = Tr (F + r)t. (4.26)
. 1 . . k
Here F' = diag {exp(—f4(L)L")}4eq.(r)- By Proposition 4.1 we have that |aa—uk [pe(L)] <

e~ (F+7=00)L" "which completes the proof of (i)-(iii) of Theorem 2.2.

To obtain (iv) and (v) we need to compare I" with the one-kink matrix I'™) de-

fined in (2.17a). The difference (ro(C?7) — T'p,)ef " is of order 8%2)6_(7*_60) <
e~ (T=OW)LY ¢=A7 = Recall that 75(C) can be expressed in terms of r; using (4.15),
(4.8). If we then replace r with rgl), the one-kink term, we obtain (2.16). Thus
(Tg(C’pq)—Fl(,}]))ef(L)LV involves the two-kink term r&z) only. Summing (4.6) with the appro-

T AT

priate energy factors gives a bound e~ (27-OCM)L" ¢ , which thus governs |I'y; — Fé}ﬂ

and its derivatives. This proves the remaining statements in Theorem 2.2.
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5. Surface Tension and Kink-Matrix

In this section we show that the matrix I' in Theorem 2.2 can be chosen in such a way
that

Iy =01+ O(e_blTL))e_"Pque_fLV ,

if u=p*, p#qand v+12> 3, while
qu — O(L—I/Z)e—apqL”e—fL” ,
if 4 = p*, p# qand v +1 = 2. Here 0, is the surface tension between p and q.

We will prove these results using the surface expansions introduced by Dobrushin [D]
(see also [G], [BF]| and [HKZ]) to prove these results for the 1-kink matrix Fg?, and a
stronger version of Theorem 2.2 (iv), see Proposition 5.3 below, to estimate the difference
between I',, and Fé}]). In order to take into account of the special features of our problem
— periodic boundary conditions and the need for bounds on logarithmic derivatives of
I‘,(,?, see Proposition 5.1 below — we will need some significant extensions of the above-
mentioned surface expansions. We will need certain additional assumptions and we have

to slightly change the definition of F,(,}]), see equation (5.1) below.

In order to formulate the assumptions needed to prove the results of this section, we
need some notation. We recall that m denotes the orthogonal projection from V,, = A X R
onto A and introduce the notion of the height of a point in V., by defining the height of

(r,t) e Ax R ast.

Fixing a kink Y = YP? C V we define: a cube cin Y is called simple iff it is the only
cube in Y which has the projection 7(c). A cube ¢ in Y is called excited iff there is a cube
¢ # ¢ inY with dist(7(c),7(¢)) < 1 which isn’t simple. A connected component C' of
the set Y* of excited cubes in Y is called small if |7(c)| < L and v = 1, or if |7(c)| < L/2

and v > 2. We denote the union of all large components of Y* by Wy and the small
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h=1 h=-1 h=3 h=0
Figure 5.1. Different walls in  + 1 = 2 and their height h.

components of Y* by Wy, ..., W,. Wy will be called the large wall of Y and W1,..., W,
are called the small walls of Y. Finally, S C Y is called a flat piece of Y if it is a connected
component of Y\Y*. A cube cin a wall W (a flat piece S) is called a boundary cube of W
(of ), if 7(c) is connected to Om(w) (to Om(s)). The height of a cube is the height of its
center. If v = 1, the height of a small wall is defined as the height of its right boundary

cube minus the height of its left boundary cube, see Figure 5.1.

Remarks. i) If W C V. is a union of cubes, it is called a wall if there is a kink Y such

that W isa wall of Y.

ii) We have defined the notion of a kink Y in such a way that each simple cube ¢ in
Y has exactly 2v neighboring cubes (in the sense of sharing a common face) in Y. As a
consequence, two boundary cubes ¢y and cg of a wall W and a flat piece S have the same

height if 7(cw ) and 7(cg) are connected.
iii) If v = 1, the large wall Wy of a kink Y is either empty or Wy =Y.

In order to redefine I'™ in such a way that the above-mentioned surface expansions
can be applied we now introduce, for v > 2 and an arbitrary kink Y, the reduced kink
Yy by subtracting all small walls from Y and filling the created holes by flat pieces. Note
that there is only one way to do this such that Y} is again a kink due to the above remark
ii). We introduce C(Y) as the unit interval C'(Yp) obtained from Yy, I, (Y) as the part of
I(Y) which lies above C(Y) and I_(Y) as the part of I(Y) which lies below I(Y). Our
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new definition of F&) is then

pz(i]) - ZK(y)e—fp(L){lV—(Y)I—L”If—(Y)I}e—fq(L){|V+(Y)I—L”|f+(Y)I} 7 (5.1)

Y
where the sum goes over all kinks Y = Y77 such that C (Y) is a fixed interval in R, say the
interval (—1,2). Vi (Y) are as before defined as the upper (lower) part of (AxI(Y))\V(Y),
cf. Section 2. Note that the contributions of the different walls of Y to |V (V)| — L |1+ (Y)]
are additive: if one defines Y (W) as the kink having W as its only wall and Vi (W) =

V(Y (W), I (W) = I.(Y(W)) one easily shows that

Va(Y)| = LN L)) = 3 [V (W) — L)L (wa)] | (5.2a)
i=0
if Y is a kink with walls Wy, ..., W,, (if n = 0, (5.2a) is obvious; for the induction step

n — n 4+ 1 it requires a minute of inspection, the essential fact which is used is the fact

that C(Y) is not changed if one adds a small wall W, 41 to Y).

If v = 1, it is not possible to define C(Y) in such a way that (5.2a) remains valid:

while

S(Y) = L L (V)| + LU (V)] = [Vi (V)] = V()]

= V[ = [w(Y)[ + ImtY] = > (|Wi| = |[x(W3)| + [IntW;]) , (5.2b)
for all v including v = 1,
A(Y) = (Vi (V)| = L L (Y)]) = (IV-(V)| = L[ I-(Y)]) (5.3)

cannot be written as a sum of local terms if v = 1. In order to keep these non-local effects
minimal, we define C(Y') in such a way that |A(Y')| is minimal. Since | [V (Y)|—=|V_(Y)|| <
LY(|[I(Y)] — 1), and

AY) = [Vi (V)| = [V-(Y)| = mL” ,
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where m = [I(Y)| =1, |[I(Y)| = 3,...1—|I(Y)|, depending on the choice of C(Y), we can

arrange that |[A(Y)| < L if v = 1 by choosing C(Y) in such a way that |A(Y)| is minimal.
We now state the assumptions used in this section.

Assumption 5.1 (Factorization). There are functions G.,(p) and wall-activities p(W)

such that

(i) p(Yat) = e~ (Cartleate)/DL T 5(W;) for a # b and each kink Y with walls
Wo, ..., Wy

(ii) p(W) is translation-invariant.
Assumption 5.2 (Suppression of excitations). For an arbitrary wall W,

1P(W)| < e~ (THea)(IWI=I=(W)1)

Assumption 5.3 (Bounds on derivatives). There are constants Cy, 1 < |k| < 4, not

depending on T and L, such that

and
dk
'W ﬁ(W)‘ < Cke—(T—l—eo)(\W\—\W(W)D )
1

Assumption 5.4 (Suppression of 2-kink terms relative to 1-kink terms). Let a,b,c be

distinct elements of Q). Then,
Oac+0ch = Oap + T — O(l) .

Assumption 5.5 (Additional assumptions for v = 1).
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(i) The wall activities p(W') and the activities p(Y') of all ordinary contours Y are invariant

under reflections with respect to the vertical lattice planes xq X R, xg € A.
(ii) p(W) > 0 for all small walls W .
(iii) There exists at least one small wall W with height h # 0 such that p(W) > 0.

Before stating the theorems proven in this section we want to comment on the above
assumptions. Assumption 5.1 requires that the kink activity p is the product of the flat
kink activity exp(—(Gap+ (€q +€p)/2) L") and certain translation invariant activities p(W;)
for the pieces describing the deviations from the flat kink. It is typical of models with finite-
range interactions. Note that Assumption 5.1 is only compatible with assumption (2.1) of

Section 2 if 6, > 7.

In contrast to Assumption 5.1, Assumptions 5.2 through 5.4 significantly restrict the
class of models for which the methods of this section apply if there are more than two
states, N > 2. Assumption 5.4 fails if it is more favorable to pass from phase a to b via
phase ¢ than directly from a to b. For example, in a model with spins s, = 0,41 and
nearest neighbor interaction J|s, — s,|, we have o4 = 6o— = J and 64_ = 2J. Since a
wall W may be a splitting of the kink Y% into two surfaces involving energies &4, and &,
Assumptions 5.2 and 5.3 will, in general, also fail if 5.4 fails for these models. Note that
the methods of this section can still be applied to a certain subclass of kinks, for example
if @ and b are such that 5, < r161’1dn Geq+ O(1). We do not investigate this case any further

here.

On the other hand, Assumptions 5.2 and 5.3 should, in general, be valid if the inter-

action range is finite and Assumption 5.4 is fulfilled.

Proposition 5.1. Assume that Assumptions 5.1 through 5.3 are valid, that v +1 > 3 and

that p # q. Then there is a constant by > 0 and a C*-function o,,(1) such that
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(1) opg(p) is the surface tension between p and q if p and q are stable, i.e., if f,(p) =
Ja() = £ ().

(ii) For |k| <4,
i

W (0pg — Tpg)| < O(e_sz) .

(iii) If agL” and a,L” are smaller than 77/8, and if |k| < 4,

k
‘d_ [pg]) _e—<apq+<fq+fp>/2>L”} < e~ @pat(fatfo) /AL g=barL

dpk

Proposition 5.2. Assume that v + 1 = 2, and that Assumptions 5.1, 5.2, 5.8 and 5.5 are
valid. Let p # q, and define Af = (fq — fp)/2 and a(p) = max{a,(p), aq(pr)}. Then the

following statements are true:

(i) If p and q are stable (i.e., fp(1) = fq(p) = f(n)), the limit

. 1
Opg = f(p) = Jlim — logI') (L, 1)

L—oo

exists and

Opg — Opgl < O(e_bﬂ) .

(if) If a(u)L < O(1),

e (ATI+OE 2L < PO (L, 1)U +om L < (AFI+O( 2L

(iii) If a(u)L < O(1),
‘d% Fé}])(L,,u)‘ < O(L)T3 (L, ) {1 + |Af|eLO<e’b”>} : (5.4)

(iv) There is a constant Cpq > 0 such that

p&)(L’ () = Cpg L™ 2eU+oval(1 4 O(L7Y)) (5.5)
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provided p and q are stable (i.e., a(u) = 0) and L is large enough.

Assumption 5.5(iii) is not needed to prove (i) through (iii), and Assumption 5.5(ii) is not

needed to prove (i).

Remark. If v =1 and Assumption 5.5(iii) is not valid, i.e, p(W) = 0 for all walls with
height h # 0,

1 — Opq)L —7bs L
IiQ () = e”UFomdb (14 0(e7h))
provided p and ¢ are stable (i.e., a(u) = 0).

Proposition 5.3. Assume that Assumptions 5.1 through 5.4 are valid for all a # b. Then

the bounds (iii) and (iv) of Theorem 2.2 can be sharpened to

k
'% Fab(L)‘ < e~ fHTa—O0NL" (5.6a)
"
and
dk (1) ~ v v
o (Pan(L) - 15, (L))' < e HFum 0L mr (k) (5.6b)

provided a,b € Qs(L) and a # b. Assumption 5.3 is not needed to prove (5.6) for k =0,

and Assumption 5.4 is not needed if N < 2.

Proof of Proposition 5.3. By the assumptions 5.1 through 5.3,

dk

- eIV ™" < o= (@ —OM)LY (~(r=0W)(|Y™"|-L")
o

p(Y*)

from which we conclude that

k
d_ ,{(yab)

o < e~ Ea=OW)LY (=(r=O)(IY ™ |~L*) = L)V (V)] (3.20)

where k() is the activity introduced in Section 3. In order to treat the case where a = b

at the same time as the case a # b we set G,, = 7 for the purpose of this proof (note
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that (3.207) is just (3.20) if @ = b with this notation). As a consequence of (3.20") we may

improve the 1-kink bound (4.4) of Section 4 to
‘ (1 ‘ < o (r=OM(II-1) g~y a_ ~OMNLY (= FLIL 11| (4.4)

In order to improve the bound (4.6) on 7{ )(I), we use (3.20") together with Assumption

5.4. We obtain

' (1 ' < o (T OMI1-2) g~ (Faya_+T-OONLY o~ F(L)LAI1] | (4.6)

Using (4.4") and (4.6"), the proof of (5.6) is the same as that of the bounds (iii) and (iv)
of Theorem 2.2. The fact that Assumption 5.3 is not needed to prove (5.6) for k = 0 is

obvious. O

In order to prove Proposition 5.1 and 5.2 we need some facts about the geometry of a
general kink Y. We denote by ¢, the translation s : (z,t) — (z,t + s) and call a general
translation ¢ = ¢, s € Z a vertical translation. For a set C' of cubes in V,, we use [C] to

denote the equivalence class
[C]={C'|C" = p,(C), s€Z},

under vertical translations. If Y is a kink with walls Wy, ..., W,,, we call [Wy],..., [W,]

the “floating” walls of Y.

Given two walls W, W’ we say that [W] and [W’] are compatible, if 7(W) and
m(W') do not share a (v — 1)-dimensional cube. With this definition, the floating walls

[Wol, ..., [W,] of any given kink Y are mutually compatible.

Lemma 5.4. Let v > 2 and {[Wol,...,[Wyn]} be a set of mutually compatible floating
walls, where Wy is large and W1, ..., W,, are small. Then there is exactly one kink'Y with

CY) = (=1, 1) which has [Wo), ..., [Wy] as its floating walls.
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@ (b)

Figure 5.2. A set of mutually compatible walls not corresponding to a kink (a) and a set of mutually
compatible walls corresponding to a kink in ¥ + 1 = 2 dimensions.

Lemma 5.5. Let v = 1 and let {[W1],...,[W,]} be a set of mutually compatible, small
floating walls whose heights add up to zero. Then there is exactly one kink'Y with C(Y') =
(=%, 3) which has [Wo),...,[Wy] as its floating walls.

Proof of Lemmas 5.4 and 5.5. These Lemmas are an immediate consequence of Re-
mark (ii) before Assumption 5.1; the corresponding geometric conditions have been dis-
cussed at length in [D], and are not repeated here. Note that the conditions C(Y) =
(—1,%) and C(Y) = (-1, 3) fix the global horizontal translation which is fixed in [D] by
fixing the boundary of the interface studied there. See Figure 5.2 for an illustration of

Lemma 5.5. O
Proof of Proposition 5.1. We will prove this proposition by rewriting (5.1) as the partition
function of a polymer gas in A. Neglecting, for a moment, the factor

¢9(0-Y) (9 (91Y) (5.7)

in the activity k(YY) = k(YP9), see equation (3.18), we rewrite (5.1) as

PO 2 3™ p(0) T Zun (Tt Y )T DAV =E U1 = DIV =L 1
Y m

n

~ 1 v ~
= ¢ (Cuta(catea) "N TT R (W) (5.8)

Y =0
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where Wy, ..., W, are the walls of Y. We used (5.2a) and Assumption 5.1 and defined

RW) = (W) [ Zun (It W) Fo V=00 =LA T (W)} o= Fu BV (W) =L T4 (W)}

(5.9)

In order to define o4, (1) we will also need certain truncated activities,

/ —5 —fo Ve W) =LY T- (W)} = fo { IV (W) | =L | Ly (W)}
K'W)=pW) || Zn(Int,,W)e e

< (= alsonl)x (7 - alson) (5.10)

where S(W) is the union of 7(W) and it’s interior, while x is a smoothed characteristic
function y € C*, with 0 < x <1, x(z) = 0if 2 < —1, x(z) = 1 if 2 > 0 and |d¥y/dz*| <

O(1) for 1 < k < 4. We will need the following lemma which will be proven below.
Lemma 5.6. Let p # q and |k| < 4. Then,

(i) ‘_ K’ ’ < e~ (7/B=OM)IWI==(W)])
for all small walls W .
(i)

— K(W)‘ < e~ (T/B=OW)(IW|=|x(W)])

for all walls W, provided

\]
\]

ap,L” < g and aq,L” < § (5.11)

dF -

(iii) d—uk [K(W) _ K’(W)] < e—(T/S—O(l))(|W|—|7T(W)|)O(e—b17'L) ’

provided W is a small wall and the condition (5.11) is fulfilled.

Up to the interactions between different walls coming from the neglected term (5.7),

we have rewritten I‘é ) as a dilute polymer gas with hard-core interaction. We follow [BF],
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see also [HKZ], to take into account the additional interaction coming from (5.7). In a first

step we express g,,(0+Y) as a sum over sets X intersecting 0.Y,
gm(aiy) = Z km(X> ) (5'12)
X

where k,,(X) obeys a bound
dk
‘d_uk km(X)‘ < oG /8-0MIXI | (5.13)

if the condition (5.11) is fulfilled (cf. Section 3). Expanding exp(km (X)) as 14 ky(X),

where k,,(X) obeys again a bound of the form (5.13), we may rewrite FS} as a sum of

terms of the form

e—(&ab+(ea+eb)/2)L” H[?(Wz) H ]%mj (X]) , (514)
i=0 j=1
where m; = p or ¢q. Considering the union of Y with X;,..., X, as a new kink and

decomposing this new kink again into walls and flat pieces, one finally obtains that Fﬁ)

may be written as

Fg(;};) — ¢~ (Gpat(epteq)/2)L ZHK(WZ) ,
Y i=0

where K (W) obeys again a bound of the form (ii)(see Lemma 5.6 above). If we define
K'(W) by substituting K’(W;) and l;;n(Xl) into (5.14), where &/ (X;) is obtained from

the activity k], (X) introduced at the end of Section 3 by expanding
eFmX) =14 (X)),

the other statements of Lemma 5.6 remain true as well. We summarize these facts in the

following;:

Lemma 5.7. There are wall activities K(W) and K'(W') such that (i) the statements of

Lemma 5.6 remain true for K and K' and (ii)
Fzgz) — e (Fpgt(epteq)/2)L” Z HK(Wz) , (5.15)
Y i
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provided

apL” < -1 and a,L” < -1,

(el N|
|

At this point the proof of Proposition 5.1 is straightforward. We introduce “partition

functions”
Z(A)= > J[xm),
{Wol,....,[Wn]} 4
Zsmall(A) — Z HK<W2) 9
{Wh],...,[Wp]} 4
and

where the sums go over sets of mutually compatible floating walls, [Wy] (if present) is
large, and [W1],...,[W,] are small. Due to Lemmas 5.6 and 5.7, Z/(A) can be analyzed

by a convergent cluster expansion. We conclude that the limit

hpg (1) = — i, @ log Z'(A) ,
exists, that it obeys the bounds
d
'W hpq(ﬂ)‘ < e (/870 (5.16a)
and that
j—; [log Z'(A) + L”hpq(u)]‘ < e (7/8B-OMIL (5.16b)

where we used the fact that the corrections to the infinite volume behavior are exponentially

small for periodic partition functions. Putting

Opq(1) = Gpg (1) + Flep (i) + eq(1) — Fp(1) — fo()] + hpg (1) (5.17)

we have defined a C*-function which obeys Proposition 5.1(ii).
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To see that 0,4 is the surface tension if a, = a, = 0, we note that
(L (W)LY + [I-(W)|LY = [Ve(W)| = [Vo(W)| = [W| + [IntW| — [z(W)|,  (5.18)

from which we conclude that
[?’(W) = ~({/V)ef(IWI—|7r(W)I)1_[[Zm(Intmpv)efIIHthI] ’
if a, = a; = 0. But this is just the weight of a wall in the usual surface expansion for the

surface tension.

We are left with the proof of the bound (iii). By Lemma 5.6(iii) and the fact that

both Z’'(A) and Zgyman(A) may be analyzed by a convergent cluster expansion,
dk
‘w log Z'(A) — log Zsmall(A)]‘ < |Alo(e™7Ly .

Combined with the bound (5.16b) this implies that

[Zsmall<A) - e_LVhpq]

d* v
' < _e—L hpqO(Ll/e—blTL) ,

duk

which leaves us with the analysis of the difference
/
Zvig(A) = Z(A) = Zsman(A) = Z HK(W1> )
{(Wol,...[Wal} @
where the sum goes over sets {[Wo], ..., [Wy]} where [Wp] is not empty. Resumming the
small walls [W1], ..., [W,] and using the fact that this resummation can be controlled by

a convergent cluster expansion we bound

[ Zbig(A)] < Z 'K (Wo)e™ 1A\ (Wo)lhpg+]0Wol
[Wol
< e~ 1Al Z 1= (r/8=0W)[IWo| ~|m(Wo)|]
[Wo]

where we have used the fact that |7(Wy)| < O(1))[|Wo| — |7(Ws)|]. Using the fact that
each component of [Wy] is larger than L/2, we immediately obtain the bound
|Znig(A)] < e7 A0 (emb27F)
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where by > 0 is a constant. The bounds on derivatives are similar. This completes the

Proof of Proposition 5.1. O

Proof of Lemma 5.6. We start with the proof of (i). We assume without loss of generality
that

ap|S(W)| < gT-i-l and aq|S(W)| < gT-l-l,
because K'(W) is zero otherwise. Using Lemma A.2(i) to bound Z,,(Int,, W), the fact
that |eg — f| < O(1) to replace e in the bound on p(W) by f — O(1), and equation (5.18)
and the bounds
(L (W)] = V(W] < [Ze(W)] SOV,
_ . 7
(H-W)| + [L: (W)DIS(W) | maxtap, ag} < (gT + 1) (W] =[x (W)])

to estimate the volume factors in K’(W) we obtain the bound

|I?'(W)| < e (/8=0MN(WI=[m(W)D LOMIOW] < o= (7/8=0WN(WI|=[x(W)])

Derivatives produce harmless factors O(1) ||Ve(W)| — L¥|I_(W)||, O(1)[IntW| and

O(1)|S(W)| which may be absorbed into a term @MWl < cOMAW[=[x(W)]),

The proof of (ii) is essentially the same as the proof of (i) (fi (L) — fm is O(e~"7F)
and therefore harmless). To prove (iii) we note that the condition (5.11) implies that the

characteristic functions in (5.10) are 1. Bounding

o fm (D{IVE(W)| =LY [T (W)[} _ e_fm{|Vi(W)|_LV|fi(W)|}‘

Y

e fm {IVE(W)| =L | I+ (W)} ‘e|s<W>|<|W|—|w<W>|>O<e—Tb1L> 1

and estimating

e|S(W)|(|W|—|7T(W)|)O(e’”’1’“) _ 1‘ < eL”(|W|—|S(W)|)O(e*Tb1L) 1

< IWIITWINOM) ([ e=bi Ly

Y
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we may prove (iii) in the same way as (i) and (ii). O
Proof of Proposition 5.2. In a first step we approximate F,(;? by

fz(i]) = Z’ p(Y) H Zm(Intmy)egp(a—Y)+gq(8+Y)e—fp{lV—I—L”II—I}e—fq{|V+|—L”II+I}
Y m
(5.19)
where the sum )’ goes over kinks Y having only small walls. The resulting error may

easily be bounded; using the fact that |Wy| — |7(Wy)| > O(L) for a large wall W, together
with the bound |d*(f, (L) — f)/du*| < O(e="*7L), one finds that

d ' - Gpq— b7
‘d—uk [ng) _FSI)H < e~ UHopa—OUNLO (b7l (5.20)
provided |k| < 4 and
7
a(p)L < % : (5.21)
Introducing
f:fq;fp and Af:7fq;fp, (5.22)
and using the relation (5.2b) we then rewrite
T = Z’ p(Y) [ Zim(Int Y )elIV VLI 800X H0a(0:¥) ~(ANAY)
Y m
— e_(&pq+(ep+eq)/2)LZ(L) , (523)
where A(Y) is the quantity introduced in (5.3) (recall that |[A(Y)| < L ) and
Z(L) = Z’ e (0 Y)H0a(0:Y) = (ANA) TT K (W) . (5.24a)
Y i
Here
K(W) = p(W)e/ IWI=I=(W)1} HeﬂlntmmZm(Inth) .
Defining

Reow) = RO (5 = alsw)] ) (=l
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we may proceed as in the proof of Proposition 5.1 to construct activities K(W), K'(W)

such that

(L) =3 e @A T k(W) (5.24b)
Y i
K and K’ obey the bounds of Lemma 5.6(i) and (ii) and K (W) = K'(W) if (5.21) is true.

Next we introduce

2 =Y"T[&Ew)= > J[&EW),
Y

{Wol,..., Wrlto @

2 =S"T[&w)= Y  [[&W),
Y i

{[WO] ----- [Wn]}O i

where the last sum in both equations goes over sets of walls satisfying the constraint that

their heights add up to zero. The error between Z(L) and Z(L) may then be bounded by

Z(L)e MM < Z(L) < Z(L)eHAT (5.25a)

di- (Z(L) — Z(L)| < O(L)Z(L) + LIAf|eFIAS+0(77) (5.25b)

provided (5.21) is valid.

While (5.25a) is an immediate consequence of the bound |A(Y)| < L and the fact

that the activities K in (5.24a) are positive, the bound (5.25b) requires some comments.

Obviously
d ~ dAf) 5 | 3
—Z(L)=——~B1+B
dpsi (&) dp; HREE
where ,
By =Y AY)e ANATT K (W)
% k
- Z’ A(Y)esr OV 400 )= (ANAY) TT R (W)
Y i
and

~ / d
’ Y ’ dyii % (W)
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Using again the bound |A(Y)| < L and the fact that the activities K are positive, we

estimate

|Bi| < LZ(L).
On the other hand
By — d Z(L)| < ‘eL|Af|—1‘Z' @ [TEW:)
B v am \ 7

dpsi
< LIAf|eMAI S T e Wi (Wi (r/8-00)
Y

< LIAF|eHIASH0ET)

where we used the fact that K obeys the bounds of Lemma 5.6. This completes the proof

of (5.25b).

Following [BF] we now implement the constraint on the heights hq,...,

Wi, ..., W, by a Fourier transformation of 6(>_ h;):

Z(L) = L/Tr Z(L,p) dp,

2 J_,

Z(Lp)= Y. J[EW;)ehr,

{Wl, o [Wal} g

and similarly for Z'(L, p). If (5.21) is true, Z(L,p) = Z'(L,p) and
1
h(Lap) = _E lOgZ<L7p)
can be analyzed by a convergent cluster expansion. We conclude that

‘— h(L,p ‘ O(e™™7),

d —by7L
< 17T
‘du’“ (h(L,p) — h(p))‘ < O(e ),
where
h(p) = — Lhm _L log Z' (L, p) .
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h(L,p) and h(p) may be rewritten as

oo

MLp) = 3 an(L)e™

n=—oo

and

h(p) = i ane™®

n=—oo

where a,,(L) and a,, are linear combinations of terms of the form [[, K (W;) with ) h; = h.
Each a,, is real, obeys a bound

|an| < e T0Inl (5.29)

and (by the reflection symmetry Assumption 5.5(i)), satisfies the relation a,, = a_,,. We

conclude that h(L,p) is real, which implies that

Z(L,p) =20, (5.30)

and that
h(p) = Z Ay, COSTP . (5.31)

Let now

h(p) = mf h(p) .

Since h(p) is real analytic, either h(p) does not depend on p and

Z(L) = e PMW A 4 O(e 07hy) | (5.32a)
or
h(p) > inf h(5) = h(n)
except for a finite number of points pq,...,pr. We can estimate the contributions of these

minima to the integral (5.26a) by a saddle point analysis. It follows that there are constants
C% > 0 not depending on L such that
k
Z(L) = e PPN (G LR+ oL k) (5.32b)
i=1
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as L — oo. Here k; is the order of the first nonzero derivative of h(p) at p = p;. Note that

h(ki)(pi) > 0 since p; is a minimum; therefore, the leading saddle point approximation

% _o; exp {—L h,:,) (p— pi)’“} dp = C; L'
is finite. Combining (5.32) with (5.23) and the estimates (5.20), (5.25a), and
h(w)] < O(e™"7),

we obtain Proposition 5.2(i) with

Opg = [h+Gpg+ 3(ep+eq— fo— fo)] - (5.33)
To prove (ii) we note that the bounds (5.28a) and (5.30) imply that

e~ LOET™) < Z(L) < O (5.34)

provided a(u)L < 77/8. Combined with (5.20) and (5.25a) we obtain Proposition 5.2(ii).

To prove (iii) we combine (5.28a), (5.30) and (5.25a) to bound

‘dilr Z(L)' < LO(e ™™™ Z(L) < LO(e ™) Z(L) ,
where we used the fact that L|Af| < La(u) < O(1). Using (5.25b) together with (5.34)

and (5.25a) we conclude that

‘dii Z(L)‘ < O(L)Z(L) {1+ \Af|ew<e‘b”>} . (5.35)

Combined with the bound (5.20) this completes the proof of (iii).

We are left with the proof of (iv). We want to prove that the second derivative,
h)(p) > 0 whenever
h(p) = min h(p) ,

p
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because this statement, together with the bound (5.32b), implies the bound (5.5). We

proceed by contradiction and assume that h(®)(p) = 0. As a consequence
h(L,p) < mpin h(L,p)+e 7l
BD(L,p)] < e 7F,  and
|h(2)(L,]5)| < e tiTl
for some b; > 0 and hence
Z(L,p) > m;xx Z(L,p)(1— e—(blr—O(l))L)

> max Z(L,p) — e~ 17"O0)L (5.36)
P
while

1ZO(L,5)| < Z(L, p)e~Or7=O0W)L

< e~ (ar—OM)L (5.37)

We want to show that (5.36) and (5.37) are in contradiction with Assumption 5.5. To

this end we rewrite

OB DR | LUOR (5.38)

{[Wl]v---z[Wn]}O

where Y is a kink corresponding to [W1],...,[W,] and g(Y") is a shorthand for

9g(Y) = gp(0-Y) + g4(0:Y) .
We recall that the sum goes over walls W1, ..., W, such that their heights add up to zero
and that g(Y) may be written in the form

g¥V)= > kX)=) Y kX)), (5.39)

XNY #0D ICA XnY#0
T (X)=1I

where k(X)) depends only on that part of Y which projects onto I = 7(X), is zero if X is

not connected and obeys a bound

|k(X)| < emImOMIIX] (5.40)
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if a(p) < O(1).

We then approximate Z(L) by
Zyes(L) = Zres et T p(W7)

where the sums in (5.38) and (5.39) are restricted to walls W and connected sets X
satisfying the bounds
|lmT(W)| < L/3, |m(X)| < L/3. (5.41)

This introduces an error

1 Z(L) = Zyes(L)| < 70

where b > 0 is a constant.

In the next step we introduce a partition function

Zh<L) — Z egrcs(Wl,...,Wn) Hﬁ(W’L) , (5.42)
{[Wl],,[Wn]}h 7

where the heights of W1, ..., W,, add up to h € Z. g,es is defined as

gres(Wla .. aWn) — gres(?> == Z Z k(X> 5

ICA  XxXNnY+#0
[TI<L/3 x(x)=I

where the “open contour” Y corresponding to Wy, - -, W,, is defined as follows: Let I be
the connected component of I U7 (W1)U...Un(W,) which contains I. Since I < L by the
restrictions on Wy,...,W,, and I, it has a left and a right endpoint. Relabel W7, ... W,
in such a way that m(W;) C I for i = 1,...,m (m < n) and that m(W;) is to the left of
m(Wiy1). Translate W7, ..., W, in the vertical direction so that the left boundary cube
of W; has the same height as the right boundary cube of W41, ¢ =2,...,m. Y is then
defined as the contour Y with W(?) which is obtained by filling the holes to the left of W7,
to the right of W,,, and between W, and W; 1,7 =1,...,m — 1 by flat pieces. With this
definition

Zo(L) = Zyes (L) = Z(L) + O(e"E) |
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and

Z(L,p) = i e Z, (L) + O(e™"F)

n=—oo

o0

= Z Zn(L) cosnp + O(e ") | (5.43a)

n=—oo

where we used the reflection symmetry of the model in the last step.

As a consequence of (5.43a)
max Z(L,p) = Z(L,0) + O(e™""L) ;
p

combined with the bound (5.36) we conclude that

i Zn(L)(1 —cosnp) < O(e~b7L) . (5.44)

We now claim that

Zn(L)=0 if cosnp#1. (5.45)

Assume that Z, (L) # 0. Then there are walls Wy, ..., W,,, such that their height adds

up to n, and such that p(Wy) #0,...,p(W,,) # 0. Since Z,,(L) is a sum of positive terms

p(W;)edres(WaseosWon) (5.46)

—.

Zn(L) =

=1

But the right-hand side of (5.46) is independent of L and positive, which is a contradiction

with the fact that

Zn(L) < (1 —cosnp) tO(e7F) . (5.44%)

This proves (5.45).

Combining (5.37), (5.45) and the bound

Z3(L,p) = Z Zn(L)n? cosnp 4+ O(e™ 75 | (5.43b)

n=—oo
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we finally bound

Z n?Z,(L) = Z n?Z, (L) cosnp
< O(e—bTL) ’

from which we conclude that

Zn(L) < O(e™™")
for all n # 0. As a consequence
pWV)es== W) < O(e™h) (5.47)

for all small walls W with height A # 0 (use that fact that (5.42) is a sum of positive
terms). The left-hand side of (5.47) is independent of L. Therefore, p(W) = 0 for all small

walls with height h # 0, which is in contradiction with Assumption 5.5(iii). O

Remark: The above proof shows that Assumption 5.5(iii) is a necessary and sufficient
condition for the bound (5.5): Either p(W) # 0 for at least one wall of height h # 0 and
(5.5) is valid, or p(W) = 0 for all small walls of height h # 0, and

Z(L) = Z(L,p = 0) = e (1 + O(e™¥7E)) |
from which we conclude that

p&) - e—(f+apq)L(1 +0(e7 ) .

We finally prove Theorem 2.4, using Proposition 5.1 through 5.3.

Proof of Theorem 2.4: By Proposition 5.1 and 5.2,

- v _ fp"v‘fq o _ v v
e~ +o0)L" < o= (FF+0p-0(D)L < T((L)eCME (5.48)

provided a(u)L” < O(1). As a consequence of this bound and (5.6b),

T((L) < Tpy(L) (1 + eOU)L”e—T(L”—U) . (5.49)
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Combining these bounds with (5.6a), we get the two bounds of Theorem 2.4(i); combining
them with (5.6b), we get the bound (2.27) for v = 1. For v > 2,

by Proposition 5.1 and the fact that derivatives of 7,, + % are bounded by O(1).
Combined with (5.6b), (5.48) and (5.49) we get Theorem 2.4 (iii), while (5.4), (5.48) and
(5.49) imply Theorem 2.4 (iv) for v = 1. For v > 2 the bound (2.27) follows from (2.28).
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Appendix A

In this appendix we summarize the main ideas of the construction of the truncated
free energies f, as introduced in Section 2 of [BK]. This construction uses volumes W
which are part of R”™! rather than A x T, so we will only consider contours Y which may

be considered as contours Y in R”*! in this appendix.

For a contour (Y,q(-)) in R"*!, we define Ext Y as the infinite component of Y¢ =
R¥\Y, Int,,Y as the union of all finite components C' of Y¢ for which ¢(-) = m on dC,
Int Y as the union U,,Int,,,Y and V(Y) as Y UIntY. We say that (Y, ¢(-)) is a g-contour
if ¢(-) = ¢ on OExt Y, and say that Y5 is an exterior contour of a collection {Y,} of
nonoverlapping contours if Yz N IntY, = 0 for all o # &. Finally, a contour Y is called a

contour in W c R**' if V(Y) c W.

Given these notions we introduce the partition function Z,(W') with boundary condi-

tion ¢ as

Z,W) = 3 [ p(Ya) [T e o' (A1)

{Ya} «

where the sum goes again (c.f. (2.3) in Section 2) over collections of nonoverlapping
contours with compatible boundary labels, with the additional restrictions that the external
contours of {Y, } are g-contours, and that all contours in {Y,, } are contours in W. As before,
R, is the union of all connected components of W\ U, Y,, which have boundary condition

m.

For many purposes we need a different expression for Z,(W) which eliminates the
compatibility of boundary conditions on contours. Fixing the external contours in the rep-
resentation (A.1) for Z,(WW) and resumming all others we obtain a factor [, Z,,(Int,,Y?)

for each external contour. This yields the expression

Zw = ¥ <" 1

{Yo? }cxt «

W\ UV (Y,)

oY) ] Zm (It Y2)| (A:2)

m
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where the sum goes over the sets {Y ¢} of mutually external g-contours (i.e., V(Y,) =
Y, UIntY, and V(Ys) = Y5 U IntY; have no common cubes for o« # &). We divide each
Zm by the corresponding Z, and multiply it back again. Iterating this procedure we get
ZyW) =e WIS T[EYY) , (A.3)
{vd} @
where the sum goes over sets {Y2} of g-contours such that Y? and Y7 have no common

cubes for a # &, and K(Y9) is defined by

q IIlt Yq
K(Y?) = p(Y9)esalY lH Ly (A.4)

Note that (A.3) is purely formal at this point since Z,(Int,,Y?) might be zero for some
contours Y? (we have introduced the superscript ¢ to emphasize the fact that Y is a

g-contour).

The truncated free energy f, is then introduced as the free energy of a modified model

f.=— lim log Z, (W A5
q o |W| (W), (A.5)

where

Zy(W) = eI T K (V) , (A.6)

{vd} @
and K'(Y) is defined inductively as follows.

Assume that K'(Y) has already been defined for all contours Y with diam Y < n,
n € N, and that it obeys a bound
[K'(Y)| <M, (A7)

for some small e. Then Z (W) is defined for all ¢ and all volumes W with diam W < n.
Its logarithm can be controlled by a convergent cluster expansion and Z (W) # 0. For

g-contours of diameter n, K’(Y?) is then defined by

) = | e T e | o). (A80)
) = [ x (log | Z)(V (YD)~ log | Z4, (VYD) +afY?)) . (ASD)
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where o may be chosen arbitrarily in a range O(1) < a < 7—0(1), and 0 < x < 1 is
a smoothed characteristic function obeying the conditions x(z) = 0 if z < —1, x(z) =1
if # > 1, and |d*x(z)/dz*| < O(1) for 1 < k < 4. As the final step of the construction
one then has to establish the bound (A.7) for the contours of diameter n. Since all other
partition functions in (A.8) can be controlled by convergent expansion due to the inductive
assumption, the only nontrivial bound is an upper bound on Z,,(Int,,Y?). This is done by
a technique first introduced by Zahradnik in [Z] and carried out in detail in the appendix

of [BK]. As a corollary of this proof, one obtains the following:

Lemma A.1 [BK]. Assume that |p(Y)| < e~ TTe)Yl for all contours Y. Then the following

statements are true provided T is large enough and 3 < a < 17— O(1).
(1) K'(Y) is well defined for all Y and obeys a bound |K'(Y)| < e=(T—a=OMIIY],

(ii) If agdiam W < o — 2, then Zq(W) 40 for al W C W and K'(Y?) = K(Y?) for all

q-contours Y4 in W.
(iii) | Z,(W)| < e~ IVIHIOWI for all finite volumes W C R¥ .
Here f = min,, fm and ay = f, — f.

Remark. A close inspection of the proof of Lemma A.1 as given in [BK] shows that the
condition a, diam W < a—2 in statement (ii) can be replaced by a,|7m(W)| < a—2, where
m(+) is the projection on a v-dimensional hypersurface S in R”™ orthogonal to one of the
coordinate directions and |7(W)| denotes the v-dimensional volume of 7w(W'). To prove
this statement, the following changes should be made in Section 2 and in the appendix of

[BK]:

(o) The conditions a4 diam Y? < o — 2 and a, diam V < a — 2 in Lemma 2.1 should be
replaced by a,|m(Y?)| < a — 2 and a4|n(V)| < a — 2, respectively. Similarly, in Lemma

A.1 and Lemma A.2.
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(8) The bound |V (Y?)| < |Y9| diam Y? which was used in the proof of Lemma A.1 should
be replaced by
VO] < L(Y)|x(YO] < [V |x (Y],

where ¢, (Y'9) is the minimal distance between two surfaces Sy, So parallel to S such that

Y7 lies between S7 and Ss.

() The definition of a small contour given in the proof of Lemma A.3 should be replaced
by “Y? is small if a4|m(Y?)| < a —2.” Note the fact that |Y9| > (a — 2)/a, for all
larger contours, which is implicitly used in the proof of Lemma A.3, is still true with this

definition.

(6) Even though not necessary, it is convenient to replace the induction on the diameter

of Y by an induction on [V (Y)|.

Remark. The bounds of Lemma A.1 can be generalized to derivatives (see [BK]). One
obtains (For |k| < 4)

d* h W |+|oW
'd—pk Zq(W)' < const |[W|!Ple=FIWIHIOWI (A.9)
and

’— K'(Y)| < e~ (rma-0M)Y (A.10)

Using these bounds and the fact that K'(Y9) = K(Y?) if a,|n(Y?)| < o — 2, we will now

show that

‘_ K(y7)| < ealnty?|=(r=0()v*

< o~ (T—auln(YD|-0M)¥I| (A11)
if ag|m(Y9)| < a—2.
Proof. Due to the bound (A.9) and the fact that [IntY|*l < MY we have

dk Ity 7| +O(1)[Y|
<e ,

H Zpm (Int,, Y9
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for each g-contour Y. If [7(Y?)|a, < a — 2, log Z,(Int,,Y?) = log Z;(Int,,Y'?) can be

analyzed by a convergent cluster expansion and
d" 1 |IntY | +0(1)| Y|
_ HZ‘I_ (InthQ> < efq n |+ | ,

due to the bound (A.10). Combined with the a priori bounds on p and the fact that

IntY?| < Y| |n(Y?)| we obtain (A.11). O

Up to now, we have not specified a choice of a. Since both the bound (A.9) as well as
the bound (A.11) do not involve « explicitly, while (A.11) has a wider range of validity if
a is chosen larger, it is favorable to choose « large (but one has to respect the restriction
a<7—0(1)). We chose « as

a=2+4+—-T. (A.12)
With this choice of a, we summarize the main results of this section in the following:
Lemma A.2. The following statements hold provided T is chosen large enough:

(i) For all q, all volumes W C R*™" and all |k| < 4,

d* )
‘d—,uk Zq(W)‘ < const |[W|[Fle=fIWIHOW]

(ii) Assume that |k| <4 and that ag|m(Y?)| < %7‘. Then,

k
L R (yoy| < gaaltoey 1|07
dpk -

< e~ [r=aglr (¥ —0@WIY*|

(ili) If aq|m(W)| < L7, then Zq(W) £ 0 for all W C W and

Zy(W) =e WIS T[E (YY) .

{yvdy «
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Remark. The condition

w(¥Dla, < o7

is more convenient for the applications in Section 3 than the original condition

\]

|diam Y'|a, < 37

because the bound |V (Y)| < |7(Y)||Y]| remains true for certain topologically nontrivial
contours (called ordinary contours in Section 3), while the bound |V (Y)| < |7(Y)|diamY
becomes false in this context. This is the reason why we state the generalization of Lemma

A.2 in Section 3 using the condition |7 (Y')|a, < 77/8.
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