1408.0744v1 [math.CO] 4 Aug 2014

arxXiv

AN I’ THEORY OF SPARSE GRAPH CONVERGENCE II:
LD CONVERGENCE, QUOTIENTS, AND
RIGHT CONVERGENCE

CHRISTIAN BORGS, JENNIFER T. CHAYES, HENRY COHN, AND YUFEI ZHAO

ABSTRACT. We extend the LP theory of sparse graph limits, which was intro-
duced in a companion paper, by analyzing different notions of convergence.
Under suitable restrictions on node weights, we prove the equivalence of metric
convergence, quotient convergence, microcanonical ground state energy conver-
gence, microcanonical free energy convergence, and large deviation convergence.
Our theorems extend the broad applicability of dense graph convergence to all
sparse graphs with unbounded average degree, while the proofs require new
techniques based on uniform upper regularity. Examples to which our theory
applies include stochastic block models, power law graphs, and sparse versions
of W-random graphs.
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1. INTRODUCTION

In the companion paper [3], we developed a theory of graph convergence for
sequences of sparse graphs whose average degrees tend to infinity. These results fill
a major gap in the theory of convergent graph sequences, which dealt primarily with
either bounded degree graphs or dense graphs. While progress in this direction was
made by Bollobéds and Riordan in [2], their approach required a “bounded density”
condition that excludes many graphs of interest. For example, it cannot handle
graphs with heavy-tailed degree distributions such as power laws. To accommodate
these and other graphs excluded by the bounded density condition, we generalized
the Bollobéds-Riordan approach in [3] to graphs obeying a condition we called L?
upper regularity. We then showed that when p > 1, every sequence of LP upper
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regular graphs contains a subsequence converging to a symmetric, measurable
function W: [0,1]2 — R that is in LP([0,1]?). Such a function is an LP graphon.
Conversely, only LP upper regular sequences can converge to LP graphons, and so
our results characterize these limits. The work of Bollobds and Riordan in [2] and
the prior work on dense graph sequences amount to the special case p = co, while
LP graphons with p < oo describe limiting behaviors that occur only in the sparse
setting. Thus, the L? theory of graphons completes the previous L*° theory to
provide a rich setting for limits of sparse graph sequences with unbounded average
degree.

One attractive feature of dense graph limits is that many definitions of convergence
coincide, and it is natural to ask whether the same is true for sparse graphs. After
all, there are many ways to formulate the idea that two graphs are similar. For
example, one could base convergence on subgraph counts or quotients. Furthermore,
statistical physics provides many numerical measures for similarity, such as ground
state energies or free energies.

Let us first address the question of subgraph counts. For dense graphs, the
sequence (Gj)n>o converges under the cut metric if and only if the F-density
in G,, converges for all graphs F', where the F-density is the probability that a
random map from F to G, is a homomorphism [7]. One might guess that suitably
normalized F-densities would characterize sparse graph convergence as well, but
this fails dramatically: for sparse graphs, cut metric convergence does not determine
subgraph densities (see Section 2.9 of [3]). This is not merely a technicality, but
rather a fundamental fact about sparse graphs. We must therefore give up on
convergence of subgraph counts as a criterion for sparse graph convergence.

By contrast, we show in this paper that several other widely studied forms of
convergence are indeed equivalent to cut metric convergence in the sparse setting.
Thus, with the exception of subgraph counts, the scope and consequences of sparse
graph convergence are comparable with those of dense graph convergence.

We will consider several notions of convergence motivated by statistical physics
and the theory of graphical models from machine learning, such as convergence
of ground state energies and free energies, as well as convergence of quotients,’
which encode “global” graph properties of interest to computer scientists, such
as max-cut and min-bisection. We will also analyze the notion of large deviation
(LD) convergence, which was recently introduced for graph sequences with bounded
degrees [4] and can easily be adapted to our more general context. For bounded
degree graphs, LD convergence was strictly stronger than convergence of quotients
or other notions introduced before, but we will see that in our setting it is equivalent
to these other forms of convergence.

All these question can be studied for LP upper regular sequences of sparse graphs,
but they can also be studied directly for LP graphons. While the former might be
more interesting from the point of view of applications, the latter turns out to be
more elegant from an abstract point of view. We therefore first develop the theory
for sequences of graphons, and then prove our results for sparse graph sequences.

We begin in Section 2 with motivation, definitions, and precise statements of
our results, with some ancillary results stated in Section 3. We begin the proofs in
Section 4 by completing the cases that do not require the notion of upper regularity.
We then make use of upper regularity to deal with graphons in Section 5 and graphs

1Quotient convergence is also called partition convergence in some of the literature.
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in Section 6. Finally, in Section 7, we show that any sequence whose quotients,
microcanonical free energies, or ground state energies converge to those of a graphon
must be upper regular, which completes the proofs.

Before turning to these details, though, we will explain the motivations behind
the different types of convergence analyzed in this paper.

1.1. Motivation. When formulating a notion of convergence for growing sequences
of graphs, one is immediately faced with the problem of deciding when to consider
two large graphs on different numbers of vertices to be similar.

One natural approach is to compare summary statistics, such as weighted counts
of homomorphisms to or from small graphs. Convergence based on these statistics
is called left convergence if it uses homomorphisms from small graphs and right
convergence if it uses homomorphisms to small graphs. Left convergence amounts to
using subgraph counts, and as discussed in the previous section it is not a useful tool
for characterizing sparse graph convergence. By contrast, right convergence is far
more useful in the sparse setting. It amounts to using statistical physics models, and
it encompasses quantities such as max-cut, min-bisection, etc. that are important in
combinatorial optimization.

The advantage of using summary statistics is that they can easily be normalized
to compare graphs on different numbers of nodes. For a more direct approach, one
must find other ways to compare such graphs.

One way to deal with this is to blow up both graphs to obtain two new graphs
on a common, much larger set of vertices. Conceptually, the most elegant way to
do this is probably an infinite blow-up, replacing the vertex sets of both graphs
by the interval [0, 1] and the adjacency matrices by appropriate step functions on
[0,1]2. Comparing the two graphs then reduces to comparing two functions on
[0,1]2, leading to the notion of convergence in the cut norm. A priori, this has the
problem that relabeling the nodes of a graph would change its representation as a
function on [0, 1]2, but this can be cured by defining the distance as the cut distance
of “aligned” step functions, where alignments are formalized as measure preserving
transformations from [0, 1] — [0, 1], chosen in such a way that the resulting two
functions are as close to each other as possible. The resulting definition is known as
cut metric convergence, and it was analyzed for sparse graphs in [3].

Another way to deal with the different vertex sets is to “squint your eyes” and
look at whether the results are similar. More formally, one divides the vertex sets
of both graphs into ¢ blocks, and then averages the adjacency matrices over the
respective blocks, leading to two ¢ X ¢ matrices representing the edge densities
between various blocks (we call these matrices g-quotients). One might want to
call two graphs similar if their ¢-quotients are close, but we are again faced with
an alignment problem, now of a slightly different kind: different ways of dividing
the vertex set of a graph into blocks produce different quotients. While some of the
quotients of a graph contain useful information about the graph (for example those
corresponding to Szemerédi partitions), others might not. Unfortunately, it is not
a priori clear which of the g-quotients of a graph represent its properties well and
which do not. We solve this problem by defining two graphs to be similar if the sets
of their g-quotients are close, measured in the Hausdorff distance between subsets
of the metric space of weighted graphs on ¢ nodes.

The four notions of convergence describe informally above, namely left conver-
gence, right convergence, convergence in metric, and convergence of quotients, were
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FiGURE 1. Implications between different notions of sparse graph convergence.

already introduced in [7, 8] in the context of sequences of dense graphs. But we felt
it to be useful to review the motivation behind these notions, before addressing the
extra complications stemming from the fact that we want to analyze sparse graphs.

In this paper we also discuss a fifth notion of convergence: large deviation conver-
gence (LD convergence), which was recently introduced [4] to discuss convergence
of bounded degree graphs. Roughly speaking, LD convergence keeps track of not
just the possible quotients of a graph but also how often they occur.

Figure 1 illustrates the implications among these concepts. In the upper half of
the figure, we see that LD convergence is the strongest notion and ground state
energy convergence is the weakest. To complete the cycle and prove that they are
all equivalent to metric convergence, we require one hypothesis, namely uniform
upper regularity. This notion first arose in [3], and we review its definition below;
intuitively, it ensures that subsequential limits are graphons rather than more subtle
objects. Indeed, it is possible to state our results using just the fact that limits can
be expressed in terms of graphons, without explicitly referring to upper regularity.
We will chose this approach when stating our results in Theorem 2.10.

2. DEFINITIONS AND MAIN RESULTS

2.1. Notation. We begin with some notation. As usual, a weighted graph G =
(V,a, B) consists of a set V = V(G) of vertices, vertex weights a; > 0 for x € V,
and edge weights 8,y = By € R for z,y € V. We use E(G) to denote the set of
edges of G, i.e., the set of pairs {x,y} such that 3;, # 0. If we consider several
graphs at the same time, then we make the dependence on G explicit, denoting
the edge weights by ., (G) and the vertex weights by a,(G). The maximal node
weight of G will be denoted by

maxG: mGa
Omax(G) xglvaé)a()

and the total node weight of G will be denoted by

ag = Z a (G).

zeV(QG)
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We will always assume that ag is strictly positive. If U is a subset of V(G), we
will use ay(G) to denote the total weight of U, i.e., ay(G) = >y ax(G). We
say a sequence (Gp)n>0 of graphs has no dominant nodes if amax(Gr)/ag, — 0
as n — oo. Finally, if ¢ € R, we often use ¢G to denote the weighted graph with
vertex weights identical to those of G’ and edge weights 3., (cG) = ¢f.y(G). If G is
a simple graph with edge set E(G), we often identify it with the weighted graph
with vertex weights 1 and edge weights 8., = 1,,cp(c)- In this case, ag is just the
number of vertices in G, and (Bzy(G))z,yev (@) is the adjacency matrix. As usual,
we use [n] to denote the set [n] = {1,...,n} and N to denote the set of positive
integers. Finally, we define the density of a weighted graph G to be

az(G)oy (G)
Gl = > —=5= 1By (G)]
ag
z,yeV (G)
Note that for an unweighted graph without self-loops, ||G]||1 is just the edge density
21E(G)|/IV(G)[*.

2.2. Convergence in metric. One of the main topics studied in [3] is the conditions
under which a sequence of sparse graphs contains a subsequence that converges in
metric. This question led us to the notion of LP upper regularity, and more generally
uniform upper regularity. Upper regularity plays an important role in the proofs in
the present paper, but it is not essential for stating our main results. We therefore
defer the discussion of uniform upper regularity to Section 2.7 and restrict ourselves
here to just defining convergence in metric. For examples, see Section 3.3.

As already discussed, it is convenient to define this distance by embedding the
space of graphs into the set of functions from [0, 1]? into the reals.

Definition 2.1. An L? graphon is a measurable, symmetric function W: [0,1]> — R
such that

1/p
nwu:(ﬂwumpmw) <.

Here symmetry means W (x,y) = W(y, z) for all (z,y) € [0,1]?. If we do not specify
p, we assume that W is in L' and call it simply a graphon, rather than an L!
graphon.

On the set of graphons, one defines the cut norm || - ||g by

(2.1) [Wo = sup
5,7C[0,1]

W (z,y) dz dy
SxT

)

where the supremum is over measurable sets S, T C [0, 1]; this notion goes back to
the classic paper of Frieze and Kannan [10] on the “weak regularity” lemma. One
then defines the cut distance between two graphons U and W by

6|:’(U7 W) = II;f ||U - Wd)Hl:h

where the infimum is over all invertible maps ¢: [0, 1] — [0, 1] such that both ¢ and
its inverse are measure preserving, and W is defined by W (z,y) = W(é(x), ¢(y))
(see [6, 12, 7]); such a map ¢ is called a measure-preserving bijection. After identifying
graphons with cut distance zero, the space of graphons equipped with the metric
g becomes a metric space.

To define the cut distance between two weighted graphs, we assign a graphon
W¢ to a weighted graph G as follows: let n = [V(G)]|, identify V(G) with [n], and
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let Iy, ..., I, be consecutive intervals in [0, 1] of lengths a1 (G)/ag, ..., an(G)/ag,
respectively. We then define W& to be the step function that is constant on sets of
the form I,, x I, with

(2.2) WO(2,y) = Buu(G) it (e.y) € L x L.

Informally, we consider the adjacency matrix of G and replace each entry (u,v) by
a square of size a, (G)a,(G)/aZ, with the constant function 3, on this square.

With this definition, one easily checks that the density of a weighted graph G
can be expressed as ||G||; = ||[W¢||;. For dense graphs, one can define a distance
d0(G,G") between two graphs by just considering the cut distance between W¢
and WY But for sparse graphs, the inequality

(W W) < [WE - W o < WO+ Wy

means the cut distance is not very informative, since under this metric all sparse
graph sequences are Cauchy sequences.

To overcome this problem, we identify weighted graphs whose edge weights only
differ by a multiplicative factor.? Explicitly, we introduce the distance

’ 1 G 1 G’
(23) 5D,norm(G>G) 6|:| (||G||1W ’ ||G,||1W ) 5
where in the degenerate case of a graph G with ||G||; = 0 we define ﬁwc to
be zero. As an example, with this definition, two random graphs G,, ,, for different
p can be shown to be close in the metric 60 norm, @s are two random graphs with
different numbers of nodes, at least as long as pn — 0o as n — oo (see Section 3.3).

Definition 2.2 ([3]). Let (G,,)n>0 be a sequence of weighted graphs, and let W be
a graphon. We say that (G,),>0 is convergent in metric if (G,),>0 is a Cauchy
sequence in the metric 00 norm (G, G') defined in (2.3), and we say that G, converges

to W in metric if Jg(mWG",W> — 0. (Again, we set mWG = 0 if
[GnllL =0.)

2.3. Convergence of quotients. The next object we define is convergence of
quotients. To formalize this, consider a weighted graph G and a partition P =
(Vi,...,Vy) of V(G) into ¢ parts, some of which could be empty. Equivalently,
consider a map ¢: V(G) — [g] (related to P by setting ¢(x) = ¢ iff x € V). We will
define a quotient G/¢ = G/P as a pair (a, 8) = (a(G/¢), B(G/¢)), where a € R?
is a vector encoding the total vertex weights of the classes in P and § € RY%7 ig
a matrix encoding the number of edges (weighted by their edge weights) between
different classes. Explicitly,

(2.4 0u(G/0) = &
ac
and
B _ 1 au(G) aw(G)
(25) BZ] (G/¢) - ||G||1 Z ac ag ﬁuv(G)

(u,v)eV; X V;

(In the degenerate case where G has no edges and |G||; = 0, we set S(G/¢) =0.)
We call G/¢ a g-quotient of G, and we denote the set of all g-quotients of G

20f1 course, this slightly decreases our ability to distinguish between dense graphs.
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by S,(G). Note that without the normalization factor ﬁ in (2.5), the weights
Bi;(G/¢) would scale with the density of G, which means that all quotients of a
sparse sequence would tend to zero. We have chosen this factor in such a way that

18(G/$)Ir = 18;(G/9)| < 1,
g
with equality if and only if G has non-negative weights and density ||G||; > 0.
We will consider S,(G) as a subset of

(2.6) Sq:{(a,ﬁ)e[o, 17 x [1,1]7%¢ : Zal—land 3 |5U|<1}

i,5€[q]

equipped with the usual ¢; distance on Rq+q

(27) ((OZ B Z |O£1 - az| + Z |51J ﬁz]'

i€[q) i,5€[q]

which turns S, into a compact metric space (S;,d1), a fact we will use repeatedly
in this paper. For a € /A, we define the subspace

(2.8) Sa={(a,8) € S;: o = a},
which is closed and hence also compact. Note that our normalizations are a little
different from those in [8], in order to ensure compactness.?

The quotients of a graph G allow one to express many properties of interest to
combinatorialists and computer scientists in a compact form. For example, the size
of a maximal cut in a simple graph G,

MaxCut(G) = max Z By (G),

WEVLD) (4 pewxvienw)

can be expressed as

MaxCut(G) = [E(G))| (a,ﬁr)ne%};(a) (Brz + fa1).

Restricting oneself to the subset of quotients (o, §) € S2(G) such that a; = ay = 1/2,
one can express quantities like min- or max-bisection, and considering Sy(G) for
q > 2, one obtains weighted versions of max-cut for partitions into more than two
sets.

To define convergence of quotients, we need the Hausdorff metric on subsets of a
metric space (X,d). As usual, it is a metric d™f on the set of nonempty compact
subsets of X, defined by

d™(S,S") = max {sup d(z,S"), sup d(y, S)} :
zeS yes’

where

d(z,S) = ;Ielg d(z,y).

If d is a complete metric, then so is d™f (see [13]), and the same holds for total
boundedness. Thus, starting from the metric space (S, d1), this gives a metric dt'f

3Specifically, the analogue of (2.4) and (2.5) in [8] would be to use Bij(G/9)/(ci(G/ ) (G/))
instead of 3;;(G/¢), while modifying the definition of d; accordingly. This would encode essentially
the same information, but the analogue of S; would not be compact.
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on the space of nonempty compact subsets of S, and this space inherits compactness
from the compactness of (Sy,d1).

Definition 2.3. Let (G,,)n>0 be a sequence of weighted graphs. We say that the
sequence (G, )n>0 has convergent quotients if for each g, there exists a closed set
Sg° € 8, such that S, (Gr) converges to Sg° in the Hausdorff metric.

Remark 2.4. Note that the closedness of the set Sq°° C &, can be assumed without
loss of generality (every set has Hausdorff distance zero from its closure, which is
why the Hausdorff metric is restricted to closed sets). Furthermore, because of the
compactness of the Hausdorff metric, convergence of quotients is equivalent to the
statement that the quotients S;(G,,) form a Cauchy sequence. It is then easy to
verify that the limiting set Sg° can be expressed as*

53 = {(@ ) €8, di (0. 7). 5,(C) — 0}

2.4. Statistical physics and multiway cuts. Next we define some notions mo-
tivated by concepts from statistical physics (or, for a different audience, by the
concept of graphical models in machine learning).

Consider a weighted graph GG. We will randomly color the vertices of G with ¢
colors; i.e., we will consider random maps ¢: V(G) — [¢]. We allow for all possible
maps, not just proper colorings, and call such a map a spin configuration. To make
the model nontrivial, different spin configurations get different weights, based on a
symmetric ¢ x ¢ matrix J with entries J;; € R called the coupling matriz. Given G
and J, a map ¢: V(G) — [g] then gets an energy

1 (@), (G)
(2.9) E¢(G,J) =— i@l — 2 PulG) s
! u,veV(Q) G
(If G has no edges, we set this term equal to zero.) Given a vector a = (a1, ..., aq)

of nonnegative real numbers adding up to 1 (we denote the set of these vectors
by 4\,), we consider configurations ¢ such that the (weighted) fraction of vertices
mapped onto a particular color ¢ € [¢] is near to a;. More precisely, we consider
configurations ¢ in

=1 G
Qe (G) = {qﬁz lq] = V(G): %;{7})() —a;| <eforallie [q]} .
G
On Q, . (G) we then define a probability distribution
a,g 1 —
HED(B) = —me VOB,
G,J

where Zéa’j) is the normalization factor

(2.10) Zg‘j) = Y T V@IEGD,
$€Qa,(G)

1To see why, note that if (o, 8) € Sg°, then
di (v, 8), 84(Gn)) < di'(55°,84(Gn)) — 0,

while if d1 ((«, 8),Sq(Grn)) — 0, then combining this limit with dlff(Sf;O, S¢(Grn)) — 0 and the fact
that S2° is closed shows that («, 8) € Sg°.
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The distribution N(c?j) is usually called the microcanonical Gibbs distribution of the

model J on G, and Zg:’;) is called the microcanonical partition function.
In this paper, we will not analyze the particular properties of the distribution
ﬂg’j), but we will be interested in the normalization factor, or more precisely its

normalized logarithm

1 (a)
2.11 Foc(G,J)=— log Z5"77,
( ) 75( ) |V(G> | 0g G,J
which is called the microcanonical free energy. We will also be interested in the

dominant term contributing to Zéa’;), or more precisely its normalized logarithm,

the microcanonical ground state energy

2.12 Eac(G,J)= min Eu(G,J).
(2.12) (G.0) = min_ E,(G.)

a,e

Note that the energy Fy(G, J) has been normalized in such a way that |Ey(G, J)| <
[[J]|oo (Where ||J|loo = max; jeq) [Jij]), and Qa(G) # 0 as long as € > amax(G)/aq,
implying that under this condition, Zéa’j) > e IV(G)Eac(G.T) > o= IV(GIITllee  Thus,
for fixed J the microcanonical energieé and free energies are of order one.

Definition 2.5. Let (G,),>0 be a sequence of weighted graphs. We say that
(1) (Gn)n>o0 has convergent microcanonical ground state energies if the limit

(2.13) E.(J) = &ll_I}(l) limsup B, (G, J) = Eh_% llnrggf E..(G,J)

n—oo
exists for all ¢ € N, a € A4, and symmetric J € R?*9, and
(ii) (Gn)n>0 has convergent microcanonical free energies if the limit

(2.14) F.(J)= ilg% limsup Fp (G, J) = g% linn_1>iorolf F,.(G,J)

n—o0

exists for all ¢ € N, a € A4, and symmetric J € R?*49,

Recall that the microcanonical ground state energy describes the largest term
contributing to the microcanonical partition function ng). Using the fact that
this partition function contains at least one and at most ¢!V (%) terms, we will see
that a scaling argument shows that convergence of the microcanonical free energies
implies convergence of the microcanonical ground state energies. On the other hand,
the energy of a configuration ¢ can be expressed in terms of the quotient G/¢ as

(2.15) Ey(G,J) = —(B(G/9), ]),
where

(B,J) = Zﬁijjij-
(2]

Using this identity, we will express the microcanonical ground state energy as a
minimum over quotients, which in turn can be used to show that convergence of
quotients implies convergence of the microcanonical ground state energies.

The following theorem gives a precise statement of these facts. We will restate
the theorem as part of Lemma 3.2 and Theorem 3.3 and prove it in Section 4.

Theorem 2.6. Let ¢ € N and let (Gp)n>0 be a sequence of weighted graphs.
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(i) If S4(Gy) converges to a closed set S;° in the Hausdorff metric, then the
limit (2.13) exists for all a € Ay and all symmetric J € R7? and can be
expressed as

E,(J)=— , ).
(J) s S Sa<ﬁ )

(i) Letae Ay If |[V(Gp)| — oo and the limit (2.14) exists for all symmetric

J € R1%9, then the limit (2.13) exists for all such J and

Ea(J) = lim %Fa()\J).

Remark 2.7. Definition 2.5 differs from that given in [8] for dense graphs in that
we are taking the double limit of first sending n — oo and then sending ¢ — 0,
rather than a single limit with an n-dependent ¢ = &,,. (In [8], &, was chosen to be
omax(Gn)/ag, , even though all theorems involving the microcanonical free energies
required the additional assumption that G,, has vertex weights one, corresponding
to e, = 1/|V(G,)]). While there is some merit to the simplicity of a single limit,
here we decided to follow the spirit of the definitions from mathematical statistical
physics, where the formulation of a double limit is standard; it is also more consistent
with the double limits usually taken in the theory of large deviations, where an
n-dependent € usually makes no sense.

However, the two definitions are equivalent if G, is dense with bounded edge
weights and vertex weights one (this follows from Theorem 2.15 below, because such
graphs are L upper regular). Thus, as far as the results of [8] are concerned, there
is no difference between the two definitions.

2.5. Large deviation convergence. As we have seen in the last section, the
quotients of a graph G provide enough information to calculate the microcanonical
ground state energies (2.12), since the quotients tell us which energies Ey4(G, J) can
be realized. However, to calculate the microcanonical free energies (2.11) we need
to know a little more, namely how often a term with given energy appears in the
sum (2.10).

This leads to the notion of large deviation convergence (LD convergence), which
was first introduced in the context of bounded degree graphs [4], where it turned out
to be strictly stronger than convergence of quotients. Roughly speaking, this notion
codifies how often a given quotient (o, 8) € S;(G) appears in a sum of the form
(2.10). Or, put differently, it specifies the probability that for a uniformly random
map ¢: V(G) — [q], the quotient G/¢ is approximately equal to (a, 8). The precise
definition is as follows:

Definition 2.8. Let ¢ € N, let (G,,)n>0 be a sequence of weighted graphs, and
let P, ¢, be the probability distribution of G,,/¢ when ¢: V(G,) — [g] is chosen
uniformly at random. We say that (G,)n>0 is ¢-LD convergent if |V (G,)| — oo
and

lim lim inf log P4, [dl((m 8),Gn/9) < 8}
e—0 n—oo |V(Gn)|
— lim lim sup log Pq,Gn [dl((aa 6)3 Gn/¢) S 5]
€50 oo V(G,)]

(2.16)
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and say it is g-LD convergent with rate function I, : S; — [0, 0] if the above limit is
equal to —I,((a, ). We say that (Gy)n>0 is LD convergent if it is ¢-LD convergent
for all ¢ € N.

The following theorem states that LD convergence is at least as strong as conver-
gence of quotients and convergence of the microcanonical free energies. We prove it
in Sections 4.3 and 4.4.

Theorem 2.9. Let ¢ € N and let (Gn)n>0 be a sequence of weighted graphs. If
(Gn)n>0 is g-LD convergent with rate function I, then the following hold:

(i) The sets of quotients S;(Gy,) converge to the closed set
Sq(1g) = {(a, B) € &g : Ig((a, B)) < oo}

in the Hausdorff metric.
(ii) For all a € Ay and all symmetric J € RI*9, the microcanonical free
energies converge to
FallpJ) = int (=05, 7) + T((05))) ~ loga

2.6. Limiting expressions for convergent sequences of graphs. The results
stated so far, namely Theorems 2.6 and 2.9, raise the question of whether the four
notions of convergence considered in these theorems are equivalent. They also raise
the question of whether the limits of the quotients, microcanonical ground state
energies, and free energies as well as the rate functions I, can be expressed in terms
of a limiting graphon. It turns out that the answers to these two questions are
related, and that we have equivalence if we postulate convergence to a graphon
W e L.

We need some definitions. All of them rely on the notion of a fractional partition
of [0,1] into g classes (briefly, a fractional g-partition), which we define as a g-tuple
of measurable functions p1, ..., pq: [0,1] — [0, 1] such that p1(z)+-- -+ p4(x) =1 for
all z € [0,1]. We denote the set of fractional g-partitions by FP,. To each fractional
partition p € FP,, we assign a weight vector a(p) = (a1(p), ..., aq(p)) € &y and an
entropy Ent(p) € [0,log q] by setting

and
1
Ent(p) = / Ent,(p)dx with Ent,(p) = — sz(x) log p;i(x)
0 ,
(with 0log0 = 0). Let
S, = {(a,ﬂ) €10, x R¥T: Y = 1}
i€lq]

(in comparison with the definition (2.6) of S, we do not restrict §). Given a graphon
W and a fractional g-partition p € FP,, we then define the quotient W/p to be the

pair (o, 3) € §q where
a;(W/p) = i(p)
and

&mwmz/ pi()p; ()W (2, y) i dy

(0,1]2
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for i,j € [q]. We call W/p a fractional q-quotient of W. Let §q(W) denote the set
of all fractional g-quotients of W, and for a € A, let ga(W) denote the set of pairs
in §q(W) whose first coordinate equals a. It will be shown in Proposition 5.5 that
§q(W) is compact.

Next we define the microcanonical ground state energies and free energies of a
graphon W. Given an integer ¢ > 1 and a symmetric matrix J € R7%? we define
the energy of a fractional partition p € FP, to be

EW ) ==y [ i)W ) ey
%7 ’

For a € Ay, the microcanonical ground state energy is defined as

(2.17) EaW,J) = inf &,(W,J),

pra(p)=a

while the microcanonical free energy is defined as

(218) AW = it (&,07.0) - Em(s)).

The infima in these equations are over all fractional g-partitions of [0, 1] such that
a(p) = a. Note that all these quantities are well defined because 0 < Ent,(p) < logg
and

W D] < [ ][0 W |-
Finally, the LD rate function I,(F, W) is defined as

(2.19) I,((a, B), W) = U ﬁ)(logq — Ent(p)),
Note that I,((a, 8),W) € [0,logq] if (e, 8) € Sy(W) and I,((a, 8), W) = oo if
(a, B) ¢ Sg(W).

We are now ready to state the main theorem of this paper. Recall that graphons
are assumed to be L! (and not necessarily L®, as in some papers in the literature).

Theorem 2.10. Let W be a graphon, and let (Gy)n>0 be a sequence of weighted
graphs with no dominant nodes, in the sense that amax(Gr)/ag, — 0. Then the
following statements are equivalent:

(1) (Gn)n>o converges to W in metric.
(ii) For all ¢ € N, §;(Gy) — §q(W) in the Hausdorff metric dif.
(i) The microcanonical ground state energies of (Gn)n>0 converge to those of
w.
If all the vertices of G, have weight one, then the following two statements are also
equivalent to (i):

(iv) (Gpn)n>o0 is LD convergent with rate function I, = I,(-, W).
(v) The microcanonical free energies of (Gy)n>0 converge to those of W.

We prove this theorem in Section 6.
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2.7. Uniform upper regularity. It is natural to ask whether one can state Theo-
rem 2.10 without reference to the limiting graphon W. It turns out that the answer
is yes, and in fact this reformulation (Theorem 2.15) will play a key role in the proof.
To state this theorem, we need the notion of upper regularity, which first arose in
our study of subsequential metric convergence in [3] and plays a key role both in
that paper and in this one.

To define this concept, we define the LP norm of a weighted graph G to be

1/p

icl=( 3 @%@ o) |

z,yeV(Q) G
and for p = oo we set
Glloo = max o (G)].
IGloe = max [8,(C)

gy (G),ay(G)>0

As we already have seen in Section 2.2, when studying graph convergence for sparse
graphs, it is natural to reweight the edge weights by ﬁ to obtain a weighted
graph which does not go to zero for trivial reasons. In order to control the now
possibly large entries of the adjacency matrix of the weighted graph ﬁG, one

might want to require the LP norm of ﬁG to be bounded, but this turns out
to be too restrictive. Instead, we will use a weaker condition, which requires the
LP norm of ﬁG to be bounded “on average,” at least when the averages are
taken over sufficiently large blocks. To make this precise, we need some additional
notation.

Given a weighted graph G and a partition P = {V4,...,V,} of V(G) into disjoint
sets Vi,...,Vy, we define Gp to be the weighted graph with the same vertex weights
as G and edge weights which are defined by averaging over the blocks V; x Vj,
suitably weighted by the vertex weights:

220 Bul(Gp) = ————— Y au(G)au(@)ul)

if (z,y) € V; x Vj and ay, (G)ay, (G) > 0, while we set 3, (Gp) = 0 if either = or y
lie in a block Vi (G) with total node weight ay, (G) = 0.

Definition 2.11. Let G be a weighted graph, let C,n > 0, and let p > 1. We say
that G is (C, n)-upper LP regular if amax(G) < nag and

IGPll, < ClIGI

for all partitions P = {Vi,...,V,} for which min; ay, > nag. We say that a
sequence of graphs (G, )n>0 is C-upper LP regular if there exists a sequence 7, — 0
such that G, is (C, n,)-upper regular, and we say that (G,,)n>0 is LP upper reqular
if there exists a C' < oo such that (Gy,)n>0 is C-upper LP regular.

The definition of L' upper regularity always holds vacuously, but the following
definition of uniform upper regularity turns out to be the correct L' analogue,
as described in Appendix C of [3]. It is closely related to the notion of uniform
integrability of a set of graphons (see Section 5.2), and it is the notion we will need
in this paper.
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Definition 2.12. Let n > 0 and let K: (0,00) — (0,00) be any function. We say
that a weighted graph G is (K, n)-upper regular if amax(G) < nag and

a2 (G)ory (G) |Bay (G
(2.21) > 7 G NG zK@lGl S €
ag 1G]y
z,yeV(G)

for all € > 0 and all partitions P = {V1,...,V,} for which min; oy, > nag. We say
that a sequence of graphs (Gy,)n>0 is K-upper regular if there exists a sequence
N, — 0 such that G,, is (K, 0, )-upper regular, and we say that (G, )n>0 is uniformly
upper regular if there exists a function K: (0,00) — (0, 00) such that (G,)n>0 is
K-upper regular.

Note that the properties of LP upper regularity and uniform upper regularity
require (G,)n>0 to have no dominant nodes, a property we already encountered in
Theorem 2.10. One of the main results of [3] is the following theorem.

Theorem 2.13 (Theorem C.7 in [3]). Let (Gy)n>0 be a uniformly upper regular
sequence of weighted graphs. Then (Gy)n>0 contains a subsequence that is convergent
in metric. Furthermore, if (Gp)n>0 is convergent in metric, then there exists a
graphon W such that G,, converges to W in metric.

Conversely, it was shown in [3] that every sequence of weighted graphs which
converges in metric to a graphon and has no dominant nodes must be upper regular.
The precise statement is given by the following theorem, which follows immediately
from Corollary 2.11 and Proposition C.5 in [3].

Theorem 2.14 ([3]). Let (Gy,)n>0 be a sequence of weighted graphs without domi-
nant nodes, and assume that G, converges to some graphon W in metric. Then
(Gr)n>0 is uniformly upper reqular. If W is in LP, then (Gp)n>0 is LP-upper reqular.

A uniformly upper regular sequence of simple graphs must have unbounded
average degree, by Proposition C.15 in [3]. This corresponds to the fact that
graphons are not the appropriate limiting objects for graphs with bounded average
degree (although they apply to all other sparse graphs).

Returning to the subject of this paper, the question of whether the five versions
of convergence defined in Sections 2.2 through 2.5 are equivalent, we are now ready
to state our results without reference to a limiting graphon.

Theorem 2.15. Let (Gy)n>0 be a uniformly upper regular sequence of weighted
graphs. Then the following three statements are equivalent:

(1) (Gn)n>o is convergent in metric.

(ii) (Gn)n>0 has convergent quotients.

(iii) (Gn)n>0 has convergent microcanonical ground state energies.
If all the vertices of G,, have weight one, then the following two statements are also
equivalent to (i):

(iv) (Gn)n>o0 is LD convergent.

(V) (Gn)n>0 has convergent microcanonical free energies.

Note that by Theorems 2.6 and 2.9, we already know that (iv) implies both
(v) and (ii), and that both (v) and (ii) imply (iii); in fact, we need neither node
weights one, nor the assumption of upper regularity. So the important part of this
theorem is that under the assumption of uniform upper regularity, convergence in
metric implies convergence of quotients (and LD convergence, if we assume node
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weights one), and convergence of the microcanonical ground state energies implies
convergence in metric. We prove Theorem 2.15 in Section 6.

One may want to know whether the assumption of upper regularity is actually
necessary for these conclusions to hold. The answer is yes, by the following example.

Example 2.16. Let ¢, € N be such that ¢,, — co and ¢,,/n — 0 as n — oo, and let
G, be the disjoint union of a complete graph on ¢,, nodes with n — ¢,, isolated nodes.
Then (G,)n>0 is LD convergent (and hence has convergent quotients, microcanonical
free energies and microcanonical ground state energies); see Section 3.3.6 below.
However, (Gy)n>0 is not a Cauchy sequence in the normalized cut metric 60 norm
from (2.3) and hence does not converge to any graphon in metric (see the proof of
Proposition 2.12(a) in [3]).

The following theorem states that convergence of the quotients, microcanonical
ground state energies, or microcanonical free energies to those of a graphon W all
imply upper regularity, as does LD convergence with a rate function I,(-, W) given
in terms of a graphon W. It is the analogue of Theorem 2.14 for these notions of
convergence.

Theorem 2.17. Let (Gp)n>0 be a sequence of weighted graphs with no dominant
nodes, and let W be a graphon. Then any of the following conditions implies that
(Gr)n>0 is uniformly upper regular.

(i) The microcanonical ground state energies of (Gn)n>0 converge to those of

w.

(ii) For all € N, S,(G,) — S;(W) in the Hausdorff metric di!t.

(i) The microcanonical free energies of (Gy)n>0 converge to those of W.

(iv) (Gn)n>o0 is LD convergent with rate function I, = I,(-, ).

Note that the first two assertions in this theorem already follow by combining
Theorem 2.14 with Theorem 2.10(i)—(iii). However, this is not how our proofs of
Theorems 2.10 and 2.17 proceed. Instead of proving Theorem 2.10 directly, we use
uniform upper regularity to prove Theorem 2.15 in Section 6. Then Theorem 2.17
is exactly what we need to deduce Theorem 2.10 from Theorem 2.15, and we prove
Theorem 2.17 in Section 7.

3. FURTHER DEFINITIONS, REMARKS, AND EXAMPLES

3.1. Convergence of free energies and ground state energies. In addition
to the microcanonical quantities introduced in Section 2.4, statistical physicists
often analyze the unrestricted probability measure

pa,rn(P) = 1 e~ IV(ODIE(GNHV(O)|(ha(G/9))
" 26,7,k
where h is a vector in R? called the magnetic field,
<ha OL> = Z hiaia
i€lq]

and Zg, ;5 is the normalization factor
(3.1) Zagh = Z e—\V(G)Iqu»(G,J)+|V(G)|<h70t(G/<7>))7

¢: V(G)—ld]
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usually called the partition function. The normalized logarithm of the partition
function is the free energy

F(G, J, h) = log ZG,],h

1
V(G)|
of the model (J, k) on G, and the maximizer in the sum (3.1), or more precisely its
normalized logarithm, is the ground state energy

EG,J h) = min Ey (G, J h)— {(h,a(G .
(@ 1) = min (Ey(G,J.h)~ (ha(G/[0))
Definition 3.1.

(1) (Gn)n>o0 has convergent ground state energies if the limit

(3.2) E(J,h) = lim E(G,,J,h)
n— o0

exists for all ¢ € N, symmetric J € R7%%, and h € RY.
(ii) (Gn)n>o0 has convergent free energies if the limit

(3.3) F(J,h) = lim F(Gp,J,h)
n— o0
exists for all ¢ € N, symmetric J € R7%?, and h € RY.

These notions are implied by the microcanonical versions, and convergence of
free energies implies convergence of ground state energies. This is the content of
the following lemma, which we will prove in Section 4.1. Note that part (iii) is a
restatement of Theorem 2.6(ii).

Lemma 3.2. Let (Gy,)n>0 be a sequence of weighted graphs with |V (G,,)| — oo,
and let g € N. Then the following hold:
(i) Let J be a symmetric matriz in R, and assume that the limit (2.14)
exists for all a € A,. Then the limit (3.3) exists for all h € R?, and

F(J,h) = aIGHqu (Fa(J) = (a, h)).
(ii) Let J be a symmetric matriz in R, and assume that the limit (2.13)
exists for all a € A,. Then the limit (3.2) exists for all h € R?, and

E(J,h) = a1€nqu (Ea(J) — (a,h)).
(i) Let a € Ay, and assume that the limit (2.14) exists for all symmetric
J € R1%9. Then the limit (2.13) exists for all such J, and

o1
= lim TFa(\).
(iv) Assume that the limit (3.3) exists for all h € R? and all symmetric J €

R9%9. Then the limit (3.2) ezists for allh € R¢ and all symmetric J € RI*4,
and

Ea(J)

E(J,h) = lim lF()\J, Ah).
A—oo A
Convergence of the ground state and free energies is strictly weaker than that of
the microcanonical versions. See Section 3.3.5 for an example.
On the other hand, we can use (2.15) to express both the microcanonical ground
state energies E, (G, J) and the unrestricted ground state energies E(G, J, h) as
minima over quotients. Using this fact, it is not hard to show that convergence
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of quotients implies convergence of the ground state energies as well as the micro-
canonical ground state energies. This is the content of the following theorem, which
again holds for an arbitrary sequence, with no assumption about upper regularity.
We prove the theorem (which encompasses Theorem 2.6(i)) in Section 4.2.

Theorem 3.3. Let ¢ € N and let (Gp,)n>0 be a sequence of weighted graphs such
that Sy(Gy) converges to a closed set S° in the Hausdorff metric. Then the limit
(2.13) exists for alla € Ay and all symmetric J € R7? and can be expressed as

Ea(J) =— ).

(J) (aﬁ)rgg?msaw )

and the limit (3.2) exists for all symmetric J € R and all h € R? and can be
expressed as

E(J7 h) = (%Iﬁ%iergoo (_<5’ J> - <a7h>)7

Much as in Section 2.6, we can write down limiting expressions for a graphon W.
The ground state energy of the model (J,h) on W is

E(W,J,h) = inf h; z)d
( ) Pg%Pq( Z /0 1] I)

and its free energy is defined as

F(W,J,h) = i%( Zh/

re [0,1]

x)dx — Ent(p ))

It follows from Lemma 3.2 and Theorem 2.10 that if (Gy)n>0 has no dominant
nodes and converges to W in metric, then its ground state energies converge to
those of W, and if all the vertices of GG,, have weight one, then the free energies also
converge to those of W.

3.2. LD convergence.

Remark 3.4. It is not hard to see that (Gp)n>0 is ¢-LD convergent if and only if
Py.c, obeys a large deviation principle with speed |V (Gy)|, i.e., if there exists a
lower semicontinuous function I,: S, — [0, 0o] such that

log Py, [Gn/d € 5]

— inf I,((e, 8)) < liminf

o S n—00 VGn
(3.4)  (@9es —~ . ([G>|/¢ .
. 0g Fq,G,, n €
< limsu < - inf I,((e,
SRR TTWEIT S whes )

for all sets S C S,. Here S denotes the closure of S and S its interior.
Indeed, assume that (3.4) holds for some lower semicontinuous function I,: S, —
[0, 00]. By the lower semicontinuity of I,

I,((e,8)) = lim f{Z, (0", 8) : di (@ B), (0", 8) < =},

which implies (2.16) when inserted into (3.4). It turns out that (2.16) is also sufficient
for (3.4) to hold. Indeed, under the assumption that the underlying metric space is
compact (which is the case here), the equality of the two limits in (2.16) implies
that P, g, obeys a large deviation principle with rate function given by I,; see, for
example, Theorem 4.1.11 in [9] for the proof.
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3.3. Examples. In this section we give some examples of convergent graph se-
quences, as well as a few counterexamples in which the equivalences in Theorem 2.15
fail (of course because uniform upper regularity does not hold).

3.3.1. Erdds-Rényi random graphs. The simplest example of a uniformly upper
regular sequence—in fact an L*-upper regular sequence—is the standard Erd6s-
Rényi random graphs G, , obtained by connecting each pair of distinct vertices in
[n] independently with probability p. Here p can depend on n, as long as pn — oo as
n — 0o. Under this condition, G, , converges with probability one to the constant
graphon W = 1. This can proved in several ways, for example by showing that in
expectation all the quotients in S;(Gy, ) converge to the corresponding quotients in

gq(W) and proving concentration with the help of Azuma’s inequality.

3.3.2. Stochastic block models. Next we consider the block models obtained as
follows. Fix k € N, a symmetric matrix B = (bi;); jex) With entries b;; > 0
satisfying k2 Z” b;; =1, and a target density p, < 1/maxb;;. Divide [n] into k
blocks Vi, ..., Vi of equal size (or, in the case where n is not divisible by & of sizes
differing by at most 1) and define py, = p,b;; if (u,v) € V; x V;. Then we connect
vertices u and v with probability p,,. If np, — oo as n — oo, then the resulting
graph converges with probability one to the step function W that is equal to b;; on
the block (=2, 1] x (£=1, 1], The proof can again be obtained by proving that the

n ’'n n ’'n

quotients converge in expectation, followed by a concentration argument.

3.3.3. Power law graphs. Starting again with the vertex set [n], connect i # j with
probability min(1,7(ij)~%), where 0 < a < 1 and 0 < 8 < 2a. In other words,
the expected degree distribution follows an inverse power law with exponent «,
while the n? scaling factor ensures that the probabilities do not become too small.
If B > 2a — 1, then the expected number of edges is superlinear, and a similar
argument to the one used in the above two examples shows convergence, this time
to a graphon that is not in L>, namely W (z,y) = (1 — a)?(zy) 2.

3.3.4. W-random graphs. Our fourth example provides a construction of a sequence
(Gr)n>o of simple graphs that converge to a given graphon W with non-negative
entries W(z,y) > 0. Normalizing W so that f[0,1}2 W =1 and fixing a target density
pn, we proceed by first choosing n i.i.d. variables x1, ...z, uniformly in [0, 1], and
then defining a random graph G, (W, p,) on {1,...,n} by connecting each pair
{i,j} € ([g]) independently with probability min{1, p, W (z;,y;)}. Assuming that
prn — 0 and np, — oo, the graphs G,, converge to W under the normalized cut
metric with probability one, by Theorem 2.14 in [3]. If W is a step function, this
is more or less equivalent to the convergence of stochastic block models, while for
general graphons W, one can proceed by first approximating W by a step function.

3.3.5. Convergence of free energies without convergence of microcanonical free ener-
gies. Our next example is a generalization of Example 6.3 from [8] to the sparse
setting, and is based on the observation that for an arbitrary sequence of graphs
G, the free energies of G,, and a disjoint union of G,, with itself are identical (this
follows from the fact that for two disjoint graphs G and G’, the partition function
on G UG factors into that of G times that of G’). If we take G,, to be equal to
Gn,p if nis odd, and equal to a disjoint union of two copies of Gy, ;, if n is even, then
we get convergence of the free energies. By contrast, in the notions of convergence
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from Theorem 2.10, the odd subsequence converges to W = 1, while the even one
converges to the block graphon W' that is equal to 2 on [0,1/2]? U [1/2,1]? and 0
elsewhere. In particular, the min-bisection of the even subsequence converges to
zero, while the min-bisection of the odd sequence converges to 1/2. This shows that
the microcanonical ground state energies are not convergent, which implies that the
microcanonical free energies don’t converge either.

3.3.6. LD convergence without metric convergence. This is Example 2.16 from
Section 2.7, consisting of a graph G,, that is the disjoint union of a complete graph
on ¢, nodes with n — ¢, isolated nodes. A random g-quotient is then determined by
how many elements of the clique there are in each part and how many elements of the
non-clique. Calling these numbers by,...,b; and ay, ..., aq, we have by +---+b; = ¢,
and a1 + --- 4+ ag = n — ¢y, and this occurs with probability

_n Cn n—=cy
a bl,...,bq A1,...,0q ’

Everything else is determined from this data: o; = (a;+b;)/n, Bij = bibj/(cn(cn—1))
if i # j, and B;; = bi(bi — 1)/(cn(cn — 1)). If ¢, € N is such that ¢, — oo and
cn/n — 0 as n — oo, then in the rate function, the choice of by,. .., b, gets wiped
out by the choice of a1, ..., a4, leading to LD convergence with rate function

q
I,((er, B)) =logq + Z o;log a;
i=1
as long as § € R9%7 satisfies 3;; > 0, fi; = /BiiBj;, and >, v/Bii = 1 (while
I,((c, B)) = oo otherwise). On the other hand, (G, )n,>0 is not a Cauchy sequence
in the normalized cut metric 00 yorm from (2.3) and hence does not converge to any
graphon in metric (see the proof of Proposition 2.12(a) in [3]).

3.3.7. Convergence of quotients without convergence of the microcanonical free
energies. We close our example section with an example from [4] (Example 5
from that paper) which shows that without the assumption of upper regularity,
convergence of quotients does not imply convergence of the microcanonical free
energies, and hence does not imply LD-convergence either. Before stating this
example, we note that whenever H, is a sequence of regular bipartite graphs,
¢, — 00, and G, is the union of ¢, disjoint copies of H,, then the quotients of G,
converge to the convex hull of the quotients of a graph consisting of a single edge.
To see why, consider a map from the vertex set of G, into [g]. Since G,, is regular,
the corresponding quotient does not change if we replace G,, by a disjoint union of
|E(G,)| edges (and map each of the split vertices to the same element of [g] as its
original vertex in G,,). Thus, the quotient is in the convex hull of the quotients of a
single edge. On the other hand, each quotient of a single edge can be realized in the
bipartite graph H,,, showing that each quotient in the convex hull can be arbitrarily
well approximated in G,, if ¢,, — oco.

To get a sequence G, without convergent microcanonical free energies we specialize
to the case where H,, consists of a 4-cycle when n is even and a 6-cycle when n
is odd. The free energies of G,, are then equal to the free energies of the 4-cycle
when n is even and those of the 6-cycle when n is odd. But it is easy to check that
the 4-cycle has different free energies from a 6-cycle, implying that G,, does not
have convergent free energies, and hence does not have convergent microcanonical
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free energies either (an alternative proof was given in [4], where it was used that
G, does not converge in the sense of Benjamini and Schramm [1], which in turn is
necessary for convergence of the free energies, as proved in [5]).

4. CONVERGENCE WITHOUT THE ASSUMPTION OF UPPER REGULARITY

In this section, we consider general sequences of weighted graphs G,, without any
additional assumptions (except that G,, has at least one edge with nonzero edge
weight). We will prove Lemma 3.2, Theorem 3.3, and Theorem 2.9.

4.1. Free energies and ground state energies. In this section, we prove Lemma 3.2.
We start with the proof of (i). To this end, we note that for all a € A\, we have the
lower bound

/IV(Gn)l

)

Z(Gy J, W) YIVEW] > labi=<llhlly (7(2))

)

from which we conclude that

limsup F(Gy, J,h) < Fa(J) — (a, h).

n—oo

Since a € A, was arbitrary, this gives

. < B
limsup F(Gn, J,h) < alenqu (Fa(J) — (a, h)).

n—oo
To get a matching lower bound, we use the fact that /A, can be covered by
[1/(2¢)]9 < e cubes of the form [[{_,[a; — €, a; + €]. Explicitly, let AEIE) be the
set of points a where each coordinate is an odd multiple of . Then

2(G, W)YV < VD] e b2l 7, (G, NIV,
aEAqE

implying that
liminf F(G,,J,h) > —¢||h||; + liminf min (Fa.(Gn,J) — (a,h))
n—00 aEAEIE)

n— oo

= —¢||h]li + min liminf(F,.(Gn,J) — (a,h))
aGAEf) n—00

where in the second step, we used that the minimum is over a finite set. Let ey
be a sequence going to zero, let a; be the minimizer on the right hand side, and
assume (by taking a subsequence, if necessary) that a; converges to some a. Let
€r =€k +||a— agl|oo. Since Fa, ¢, (Gn,J) > Faz, (Gn, J),

Sending k£ — oo, we conclude that
hnIgng(Gna J, h) > ah—r% hnrglg.}f(Fa,g(Gna J) - <aa h>)
(Fa(J) = (a,h)) > Inin (Fa(J) = (a,h))

as desired.
The proof of (ii) starts from the observations that

Bar (Gn, h) — (@', h) + ¢ |[blly, = E(Gn, J 1)

> min (Eac(Gn,J) — (a,h)) —ellh|,
aEAff)
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for all a’ € A and all € > 0. Using these two bounds, the proof of (ii) is now
identical to the proof of (i).
To prove (iii) and (iv), we note that the number of terms in (3.1) and (2.10) is
at most ¢!V(@! implying that
F(G,J,h) < E(G,J,h) < F(G, J, h) +logq
and

Foo(G,J) < Ea.(G,J) < Fa.(G,J)+logg.

Rescaling J and h by a factor A — oo, and using that both the energies and
microcanonical energies are linear in A, we obtain the claimed implications. ([l

4.2. Convergence of quotients implies convergence of microcanonical ground
state energies. In this section, we prove Theorem 3.3.
To this end, we use (2.15) to express the microcanonical ground state energies as

By ’ = ; .
“GN = @)

where
Sac(G) =8;(G)NSae with Sae={(a,8) €S, |la—al| <e}.

Proof of Theorem 3.3. In view of Lemma 3.2 it is enough to prove convergence of
the microcanonical ground state energies.

Let € > 0. Since S,(G) is assumed to converge to S°, we can find an ng € N
such that

dlff(Sq(Gn),Sqoo) <e forall n>ng.
For n > ng, choose (o™, 3M) € S, .(G,) C S,;(G,) such that
Eae(Gn, J) = (8™, ),
and choose (@™, 5() e Sg° such that dy ((@™, 30 (o™, (M)} < e. Then
Eac(Gn, J) 2 =(B"™), ) — €] J||oo-

Since |d§") —ai] < |a§") —ai| + dl((d("),,/;’(”)), (@™, B(M)) < 2e, we have that
(@™, 3" € S, 5., proving in particular that

Eae(Gn,J) > —(B™, 1) —¢|Jh == sup  (8,J)—el| ]|l
(a,8)€S°NSa,2e

Taking first the liminf as n — co and then the limit € — 0, this shows that

lim liminf E, . (G, J) > — lim sup B,J)y=—max (B,J),

e—0 n—oo e—0 (,8)€S2°NSac (a,f)ESNSa

where the final step is due to compactness. The proof of the matching upper bound

lim limsup Ea o (Gp, J) < — lim sup B,Jy=—max (B,J),
e—

0 nooo €70 (2,8)€82°NSa,c (,8)€S5°NSa

proceeds along the same lines, now using that for any (o, §) € Sg° with [[a—a|. < ¢
we can find (@™, () € Sp0(G) with di((a, B), (@™, 5)) <e. O
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4.3. LD convergence implies convergence of quotients. In this section, we
prove part (i) of Theorem 2.9, which is statement (iii) of the following lemma.

Lemma 4.1. Let g € N, assume that (G, )n>0 is a g-LD convergent sequence of
weighted graphs with rate function I, and let Sy(I,) = {(a, B) € Sy : I,((or, B)) <
oo}. Then the following are true:

(i) The set Sq(I,) is closed with respect to the metric d;.
(ii) The set Sq(I4) is equal to the set S° = {(cv, B) : da ((a7ﬁ)78q(Gn)) — 0}.
(ili) S¢(Gr) converges to Sy(1,) in the Hausdorff distance.

Proof. (i) For each a € R, the set {(a,8) € Sy : I;((a, 8)) < a} is closed by the
lower semicontinuity of I,. To prove closedness of the set S;(I,), we observe that

[quyn((a’ﬁ)) _ 710g'P .G [dliﬁ?éi))] Gn/9) < E}

takes values in [0, log g]U{oc}, which in turn implies that I, takes values in [0, log ¢]U
{00} and shows that S,(I;) = {(«, 8) : I,((er, B)) < logq}.
(ii) Let us first assume that («, 3) € S;(I;). Then
limsup I, . »n((e, 8)) < I;((or, B)) <logg forall >0,

n—oo

because I . »((a, 8)) is non-increasing in €. Since I, ., takes values in [0,logg] U
{o0}, this implies that for all € > 0 we can find an ng such that

Ijen((o,8)) <logg if n>mno,

which in turn implies that
dy ((a,ﬂ),Sq(Gn)) <e if n>mno.

This proves that («, 8) € S;(I,) implies dy ((a,ﬁ),sq(Gn)) — 0.

Assume on the other hand that dy ((a, B), Sq(Gn)> — 0, and by contradiction,

assume further that (o, ) ¢ S,(I,), i.e., assume that I,((a,8)) = oco. Since
I, en((cr, B)) takes values in [0,log g] U {oo}, this implies that there exists an e > 0
such that

liminf I, . ,((e, B)) = o0.
n—oo

which in turn implies that there exists an ng < oo such that I, . ,((c, 8)) = oo for
all n > ng. As a consequence,

dy ((a,ﬁ),Sq(Gn)) >e if n>no,

contradicting the assumption that d; ((047 B), Sq(Gn)) — 0.
(iii) Using the fact that S4(I;) is compact, one easily transforms the statement
that dy ((a, B), Sq(Gn)) — 0 for all (o, B) € S4(I,) into the uniform statement that

sup i ((,8),8,(Gn)) = 0.
(aﬁﬁ)esq(lq)

To prove convergence in the Hausdorff distance we have to prove the matching
bound

sup dy ((a,,@’),Sq(Iq)> — 0.
(a,8)€Sq(Gr)
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Fix € > 0, and let S be the set S = {(«, 8) € S; : di((a, B),S4(I;)) > €}. Since S
is closed, we may use (3.4) to conclude that

. log Fq_(; [Gn/¢ S S]
m G < - = —o0.
hn sup VG <. ,g)fesl (e, B)) 00

Since the probability on the left hand side takes values in {0} U [¢~1V(Gn)I 1] this
shows there must exists an ng = ng(e, ¢) such that P, ¢, [Grn/¢ € S] =0 if n > nyg,
showing that S,(G,,) NS = when n > ng. Expressed differently, for all € > 0 we
can find an ng such that for n > ng,

Sq(Gn) € {(a, B) € Sg = di((ev, B), Sq(1q)) < e}
Or still expressed differently, we can find a sequence &, — 0 as n — oo such that

di((a, B),Sq(1)) < e, forall (a,B) € Sq(Gr). O

4.4. LD convergence implies convergence of free energies. In this section,
we prove part (ii) of Theorem 2.9.

(ii) Given d,& > 0, chose an arbitrary (a, 8) €
configurations ¢: V(G,,) — [q] such that di((a, 8),Grn/¢) <e. If ¢ € Q4 )., then
la; — ai(Gn/9)| < e+ 6, implying that Q). € Qacys(Grn). Using further that
di((a, ), Grn /) < e implies that |(5,J) — (B(Gn/®), )| < €||J||co, and we then
bound

Sa,s, and let (, gy . be the set of

gV (EIlBINVEGIp [di((ev, B), G/ 9) < €]
< ¥ ((B(Ga /)0 427100 IV (G)]

PEQa cts(Gn)
_ (aet+d) e]| ]| V(G
— ZGn,J e H Hocl ( z)l’

where the last step follows from the definition (2.10) and the fact that —Ey (G, J)
can be expressed as (8(Gy/¢), J). Using (2.16) plus monotonicity in € to guarantee
the existence of the limit ¢ — 0, this implies that

(@e+9)

limn i nf 8 2T
=m0 noee [V(G)

>logq+(B8,J) — I,((a, B)).

Since 6 > 0 and (a, 5) € Sas were arbitrary, this shows that

(a,€)

log Z,
lim lim inf Y > lim  sup (logq +(B,J) — Iq((a,ﬂ)))
e—0 n—oo |V(Gn)‘ 60 (o, B)ESa.s
> sup (logg+(8.J) — L((a. 8))) = —Fully. ]).

To get a matching upper bound we again fix a and €, > 0. Since S, ¢ is closed
and hence compact, we can find a finite set Ss C Sa such that di(Ss, Sae) < 0.
For s € Ss, let Bs(s) be the set of pairs (o, ) € Sa, such that dy(s, (o, 8)) < 0.

Then Sac = U,cs, Bs(s). As a consequence,
789 = Y eVl s
¢:V(Gn)—[d]
< VeI 3 ( sup  BEDIVED, (G, /6 € Bé(s)])
S€S5 O‘ ﬁ)GBg(S)
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Since Sj is finite and does not depend on n, we find that

o 0s 28
im sup

. log Py.c, [Gn/¢ € Bs(s)]
< log ¢ + lim sup max sup  (8,J) + —
n—oo SE€Ss ((a,B)EBg(s) V(Gn)l

logP G [Gn/¢ S Bg(s)]
= log ¢ + max sup  (B,J) + limsup Ak
s€Ss <<a,a>eBa<s> n—o0 V(Gn)|

€55 \ (,8)€Bs(s) (cr,B)€Bs (s

< logq—i—maX( sup (8,J) — inf )Iq((a,,@))> ,

where we used (3.4) in the last step.
Since sup o gye gy (s) (3, J) < (8’5 J)+2[|J[|o6 for all (', 8) € Bs(s), we conclude
that

fmsup B 1oy (18.)  1,((, ) + 251
1msup ———— < log g+ max sup , — a, 0o
n—o0o |V(Gn)| s€S55 (a,ﬁ)GBg(s) !
—logg+ swp  ((8,7) = Iy((@:))) + 26|l
(a,B)€Sa,c

Sending § — 0 and using the fact that Zéas?f is monotone in &, this gives

lim limsup ——=">- < sup (loqur B, Jy—1 ((a,ﬂ))).
=0 oo |VI(Gh) (o,B)ESa.c !

Choose an arbitrary sequence e, going to zero, and choose (o, fk) € Sa,e such that

the supremum on the right hand side is bounded by log ¢+ (8, J) — I, ((a, Bk)) +€k-

Going to a subsequence if needed, assume that (ay, Bx) converges to some (o, 8) € Sa

in the d; distance. Then

o logz) .
ggllgsipm < logg+ (8, J) — liminf I, ((ax, Sx))

<logq+(8,7) — Io((cv, B))

where in the last step we used that I, is lower semi-continuous. Since («, 3) € Sa,
the right hand side is bounded by

sup (loga+ (8,J) — I((e 8))) = ~Fally, ),
(a,8)€Sa

as desired. O

5. CONVERGENT SEQUENCES OF GRAPHONS

In this section, we formulate and prove our main results in the language of
graphons. Several of these results are generalizations of the corresponding results
for L° graphons proved in [8]; the exceptions are those involving LD convergence,
which was not considered in [8]. It turns out, however, that most of our proofs are
quite different from those of [8], most notably the proof that convergence of ground
state energies implies convergence in metric (Section 5.5), which involves some new
ideas not present in [8] such as the use of rearrangement inequalities.
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5.1. Upper regularity for graphons. First we review the notion of upper regu-
larity for graphons from [3].

Given a graphon W and a partition P = (Y7,...,Y,,) of the interval [0, 1] into
finitely many measurable sets, we define Wp to be the step function whose value on
Y; x Y; equals to the average of W over Y; x Y, i.e.,

5

_ W(z,y)dxdy onY; xY;,

AYDAYS) Jyvixy; B

where A denotes the Lebesgue measure. An easy fact is that W +— Wp is contractive
with respect to the LP norms || - ||, and the cut norm || - ||g, i.e.,

(1) IWplo<IWlo  and  [Wpll, < [W]l, forallp> 1.

Another standard fact is that up to a factor of 2, Wp is the best step function
approximation to W with steps in P, in the sense that

(W —=Wp|o <2W —Up|o

Wp =

for all graphons U. To see why, note that
W = Wpllo < W = Usplo + [[Up — Wello
=W =Upllo+[(W-Up)rlo
<2|W - Upllo.

Definition 5.1. Let K: (0,00) — (0,00) be any function. We say that a graphon
W has K-bounded tails if for each € > 0,

(5.2) /[ ; W (@, 9) 111w (2,)|> K (e) dr dy < €.
0,1

A graphon W is (K, n)-upper reqular if Wp has K-bounded tails whenever P is a
partition of the interval [0, 1] into sets of measure at least . A sequence (W),)n>0
of graphons is uniformly upper reqular if there exist K: (0,00) — (0,00) and a
sequence 7, — 0 such that W, is (K, n,)-upper regular for all n.

A key result from [3] is that every uniformly upper regular sequence of graphons
contains a subsequent that converges in cut distance to some graphon. This is stated
below.

Theorem 5.2 (Theorem C.7 in [3]). If (W,)n>0 is a sequence of uniformly upper
regular graphons, then there exists a graphon W and a subsequence (W) )n>o of
(Wh)n>0 such that og(W), W) — 0.

5.2. Equivalent notions of convergence for graphons. The main theorem of
this section, Theorem 5.3 below, is the analogue of the first four statements of
Theorem 2.15. To state it, we need the analogue of the microcanonical ground state
energies and microcanonical free energies define in (2.12) and (2.11), namely the
quantities

Ea (W, J) = pgéqu E (W, ),
lle(p)—alleo <e
and
(5.3) Fae(W,J) = inf E,(W,J) — Ent(p)).
) pEFP,

lla(p)—alleo <e
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The following theorem is the main theorem of this section, and will be proved in
Sections 5.4, 5.5, and 5.6 below.

Theorem 5.3. Let (W,)n>0 be a sequence of uniformly upper regular graphons.
Then the following statements are equivalent:

(1) (Wn)n>o0 is a Cauchy sequence in the cut metric ég.
ii) For every q € N, the sequence (S;(Wy))n>0 @s a Cauchy sequence under
q >
the Hausdorff distance d3.
(i) For every q € N, a € Ay, and symmetric matriz J € R1*9,
lim lim inf &, . (W,,, J) = lim limsup &, (W, J).
e—0 n—oo e—0

n— oo

(iv) For every q € N, a € Ay, and symmetric matriz J € R7*9,
lim lim inf Fp c (W, J) = lin}) lim sup Fp (W, J).
e—

e—0 n—oo n—00

Remark 5.4.

(i) We will prove the theorem by showing that (i) = (ii) = (iii) = (i) and
that (i) = (iv) = (iii). It turns out that the assumption of uniform upper
regularity is only needed for the proof that (iii) = (i). All other implications
hold for arbitrary sequences of graphons.

(ii) Under the assumption (ii) of the above theorem, §q(Wn) converges to the
compact set® S = {(a, 8): dl((a7ﬁ),§q(Wn)) — 0}. Proceeding as in
the proof of Theorem 3.3, this in turn implies that (iii) holds with the limit
given as

Ey(J) =— J
a( ) (a,%l)ae)é;o<67 >a
a=a

again without the assumption of uniform upper regularity.

(iii) Under the assumption (i) of the above theorem, the sequences (Ea(Wy,, J))n>0
and (Fa(Wh,, J))n>0 are convergent for all ¢, a, J. (In particular, the use of
€ in the theorem statement is just for comparison with the case of graphs,
and not because it is truly needed.) Finally, under the assumption of
uniform upper regularity, each of these two statements is not only necessary
but also sufficient for convergence in metric to hold, as we will show in
Sections 5.5 and 5.6.

5.3. Compactness of quotient space. Before jumping into the proof of Theo-
rem 5.3, we prove some compactness results about quotients of W, thereby shedding
light on the quantities & (W, J), Fa(W,J), and I,((«, 8), W).

Recall the ¢; distance d; from (2.7) as well as the definitions of fractional graphon
quotients from Section 2.6.

Proposition 5.5. Let W be a graphon, let ¢ € N, and let a € A,. Then gq(W)
and §a(W) are compact under the metric d;.

We will prove this proposition after we develop a few preliminaries.

In (2.17)-(2.19), Ea(W, J), Fa(W, J), and I;((e, 5), W) were originally defined
as infima over some subset of fractional partitions. We will see that the infima are
attained by some fractional partitions, so that the “inf” can be replaced by “min”.

5The nonempty compact subsets of §q form a complete metric space under diif (see [13]).
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Furthermore, we will see that

(5.4) Ea(W, J) = lim Ea (W, J),
e—
(5.5) Fa(W, J) = limO Fae(W,J), and
E—
(5.6) Iy((a, 8), W) = lim b (logg— Ent(p)).

d1(W/p,(a,B))<e

The quantities £, (W, J) and Fa(W, J) are both continuous with respect to a, W, J.
On the other hand, I,;((«, ), W) is lower semicontinuous in its arguments (Proposi-
tion 5.10), and it is not continuous (it takes values in [0, log g] when (o, 8) € gq(W)
and is infinite otherwise).

It follows as an immediate corollary of Proposition 5.5 that

EW,J,h)=— max ((B,J)+ (e h))
(0,8)ES, (W)

and

(5.7) Ea(W,J) =~ max (B.J),
(a,B)ESa (W)

since (a, 8) — (8, J) and (a, B) — (o, h) are continuous in the d; metric. This gives
an alternate representation of ground state energies of W in terms of its quotients.

5.3.1. Approzimations by step functions. One way to approximate a graphon W by
step functions is given by the following lemma, which is an immediate consequence
of the almost everywhere differentiability of the integral function.

Lemma 5.6. Let p > 1. For a positive integer n, let P, be the partition of [0, 1]
into consecutive intervals of length 1/n. If W is a graphon, then Wp — W almost
everywhere. In addition, Wp_, — W in LP whenever W is an L? graphon.

Proof. Almost everywhere convergence follows the Lebesgue differentiation theorem.
To get convergence in LP we approximate W by the bounded graphon W, =
W1 <am, where M > 0. By triangle inequality and (5.1),

W —=Wp,llp < IWar — War)p, llp + IW = Wil + [[(W = War)p, [l
<|War = (War)p, llp + 2(IW = Wil

The second term on the right can be made arbitrarily small by setting M to be
sufficiently large, and for any fixed M, the first term on the right goes to zero as
n — oo. This shows that |W — Wp_ ||, — 0. O

The lemma does not, however, give any information on the speed of convergence.
If instead of almost everywhere convergence we content ourselves with convergence in
the cut metric, the situation is different, as is well known in the case of L? graphons,
where one can apply the weak version of the regularity lemma first established in
[10]. This lemma can be generalized to LP graphons for p > 1 and more generally to
any graphon with K-bounded tails (see [3]), but we will not need this here, where
we use only the corresponding version for uniformly upper regular sequences of
graphs (see Theorem 6.1 in Section 6).
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5.3.2. Limits of fractional partitions. We say that a sequence p(™) € FP, of fractional

partitions converges to p € FP, over rational intervals if fD pl(- )( dr — fD pi(x) dz
for every interval D C [0, 1] with rational endpoints.

Lemma 5.7. Fiz q € N. Every sequence p(™) € FP, of fractional partitions contains
a subsequence that converges to some p € FP, over rational intervals.

Proof. By restricting to a subsequence, we may assume that [}, p§"> (x) dx converges
for every interval D C [0, 1] with rational endpoints, and let us denote this limiting
value by p;(D). Then, by the extension theorem for measures (Proposition 5.5 in
[11]), p1; can be extended to a measure on [0, 1] such that 3, pi(D) = A(D) for
every measurable D C [0, 1], where A is the Lebesgue measure. It is easy to see that
1; is absolutely continuous with respect to A. Defining p; to be the density of pu;
with respect to A and changing p; on a set of measure zero, we obtain the desired
fractional partition p = (p;)ic[q- O

Lemma 5.8. If p®) ¢ FP, converges to p € FP, over rational intervals and
|[W,, — W|g — 0, then dy(W,,/p™, W/p) — 0.

Proof. We have a;(p™) = f[o I pz(n) — f[oa pi = a;(p). Next we have

Big(Wa/ ™) = By (W/ )| = \ [ @ @) Wala) — Wa ) de dy
< HWn - W“D :
It remains to show that f;;(W/p(™) — B;;(W/p), i.e

/ P (@)py” (y)W (2, y) d dy — / pi(@)p; ()W (z,y) du dy,

which follows from Lemma 5.6 as we can approximate W arbitrarily well in L' using
step functions with rational steps, and p(™ converges to p over rational intervals. [

Now we can prove the compactness of the set of quotients.

Proof of Proposition 5.5. Let (W/p(™),>1 be a sequence of quotients in S, (W (W) (or
Sa(W)). By Lemma 5.7 we can restrict to a subsequence so that p(™ converges to
some p € FP, over rational intervals. By Lemma 5.8, we have d; (W/p(™), W/p) — 0,
thereby proving that the space of quotients is closed and hence compact. O

The claim (5.4) has a similar proof: we have &,(W, J) = —(8(W/p), J), so that
di(W/p™  W/p) — 0 implies &, (W, J) = E,(W, J).

5.3.3. Entropy and lower semicontinuity. Now we prove (5.5) and (5.6), and fur-
thermore the claim that in the definitions (2.18) and (2.19) for Fa(W,J) and
I,((a, B), W) the infimum is attained by some fractional partition. In fact, they are
all immediate consequences of Lemma 5.7 along with the following lemma.

Lemma 5.9. If p(") € FP, converges to p € FP, over rational intervals, then

lim sup Ent(p(™)) < Ent(p).

n—oo
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Proof. For any positive integer k, let pj) € FP, (and similarly pf,?])) denote the
fractional partition obtained from pp by averaging over the interval [(j —1)/k, j/k)
for each integer j € [k]. Specifically, we set the value of p); on [(j —1)/k,j/k) to

i/k
be kf(]j/_l)/k pi(z) dz.

Since —zlog x is concave, Ent(p(™) < Ent(pfg])) by Jensen’s inequality. For a

fixed k we have
lim sup Ent(p(™) < lim sup Ent(pf,?])) = Ent(px))
n—oo n—oo

where the last equality follows from p(™) converging to p on rational intervals. Finally,
we have ppy; — p; almost everywhere as k — oo by the Lebesgue differentiation
theorem, and thus Ent(px)) — Ent(p) as k — oo by the bounded convergence
theorem. This proves the lemma. (I

Proposition 5.10. Let ¢ € N. The function I,((er, ), W) is lower semicontinuous
(with the metric di on the first argument and ég on the second).

Proof. We need to show that if (o™, (") — (a,3) in d; and W,, — W in 07 as
n — oo, then

liminf I, ((a™, ), W,,) > I,((a, B), W).

n—oo

We may restrict to a subsequence so that Iq((a(”),ﬂ(”)),Wn) converges to the
original liminf. Since I, is invariant under measure preserving bijections for the
graphon, we may assume that |IW,, — W||5 — 0. The result is automatic if the limit
is infinity, so we might as well assume that I,((a™, 3(™),W,,) < co (and hence at
most logg) for all n, so that there is some p(™ € FP, with W/p(™ = (o™, 3(")
and I,((a™, 3), W,) = logq — Ent(p™). By Lemma 5.7 we can further restrict
to a subsequence so that p(™ converges to some p € FP, over rational intervals.
By Lemma 5.8 we have W/p = lim,,_, o0 Wn/p(”) = lim,, 00 (a(”), ﬁ(”)) = (a, 8), so
I,((er, B), W) < logq — Ent(p). By Lemma 5.9,

liminf I, ((a™, 3™), W,,) = liminf(log ¢ — Ent(p,))
n— oo n—oo
>log g — Ent(p) > I,((ev, B), W),
as desired. O

5.4. Proof of (i)=-(ii)=-(iii) in Theorem 5.3. The claim that (i) implies (ii)
follows from Lemma 5.11 below. The claim that (ii) implies (iii)—with the limit
expressed as described in Remark 5.4(ii)—is essentially identical to the proof of
Theorem 3.3 from Section 4.2 and is left to the reader.

Lemma 5.11. Let g € N, U and W be graphons, and p € FP,. Thend,(U/p, W/p) <
¢*|U = Wlg and hence

(5:8) A(S(V), 84(W) < 400 (U, W).
Proof. We have a(U/p) = a(p) = a(W/p). Also for i,j € [q] we have

BVl =B Wip) = | [ (U =Wt o)y o) iy

< U -=Wilg-

(5.9)
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Summing over all 4,5 € [q] gives di(U/p,W/p) < ¢*||[U — W||5. The claim (5.8)
follows immediately. ([

We next observe that microcanonical ground state energies are continuous in the
cut metric. To state this result, we define the norm ||J||; of a matrix J € R?7*? to

be Zi,je[q] | i1

Proposition 5.12. Let ¢ € N, a € Ay, and h € R?, and let J € RY*7 be a
symmetric matriz. If U and W are arbitrary graphons, then

(5.10) Ea(U, J) = Ea(W, J)| < [|J[10a(W, U).

Proof. Since the left side of this bound does not change if we replace U by U? for
some measure preserving bijection ¢: [0, 1] — [0, 1], it is enough to prove it in terms
of |W — Ul|g instead of (W, U). Let p € FP,. Using (5.9) we obtain

[Ep(U. T B) = E,W. L) = | 37 (B(U/p) = Biy(W/p) i
(5.11) i.j€ld]
< MU - Wig,

as desired. O

5.5. Proof of (iii)=-(i) in Theorem 5.3. By the bound (5.10), convergence in
metric implies convergence of the microcanonical ground state energies. To prove
the converse, we will establish the following proposition, one of the main results of
this section.

Theorem 5.13. Let W and U be two graphons. If
(5‘12) ga(Ua J) = 5a(W> J)
for all g € N, every symmetric matriz J € R1%?, and all a of the form

(5.13) a, = (1/q,...,1/q),
then 6g(W,U) = 0.

This theorem proves the implication (iii)=-(i) in Theorem 5.3, as well as the
fact that convergence of (W, J) is sufficient for convergence in metric (see
Remark 5.4(iii)). Indeed, for the second of these assertions, assume first that the
ground state energies E,(W,,, J) converge for all ¢ € N, all a of the form (5.13), and
all J, while W,, does not converge in the cut metric. Since (W,,),>0 is assumed
to be uniformly upper regular, we may use Theorem 5.2 to find two subsequences
W, and W)/ of W,, that converge to two graphons W and U in the cut distance
0, while (W, U) > 0. But convergence in the cut distance implies convergence
of the ground state energies by (5.10), which means that U and W have identical
ground state energies, a contradiction. The proof of (iii)=-(i) in Theorem 5.3 is
similar, since convergence of W/, to W in metric implies that S,(W},) — S,(W) in
the Hausdorff distance, which in turn can easily be seen to give convergence of the
quantities in (iii) to &, (W, J) (the proof is the same as that of Theorem 3.3), and
similarly for the convergence along the subsequence W) to E,(U, J).

To prove Theorem 5.13, we will work with the quasi-inner product

C(W,Y) = supE[WY?],
¢
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where the supremum is taken over all measure preserving bijections ¢: [0,1] — [0, 1]
and the expectation E[-] is with respect to the Lebesgue measure on [0,1]2, i.e.,

EWY? = [ W)y (o) dedy= [ W)Y (6(0).0(0) de dy
[0,1]2 [0,1]
This quantity was defined in [8], where it was assumed that both W and Y are in

L. But the definition makes sense in our more general context, where we will
assume that W is an arbitrary graphon and Y is bounded.

Lemma 5.14. Let W and U be two graphons such that (5.12) holds for all ¢ € N
and all a of the form (5.13). Then

(5.14) C(W,)Y)=C(U,Y)
for all bounded graphons Y .

Proof. If Y = WH for a weighted graph H on ¢ nodes, where H has edge weights
J € R?7%? and vertex weights a of the form (5.13), then

—Ea(W, J) =C(W,WH),

and the claim follows directly from the assumption (5.12). For general Y, we use
Lemma 5.6 to approximate Y by step functions. More explicitly, let P, be as in
Lemma 5.6, and let Y,, = Yp, . Then Y,, — Y in L, and ||Y,]/cc < ||Y|lco- Hence

EW Y] — EW Y] < 20Y [oc W Ljwis e[l + WL <k lloo Y = Y,¥ [
<2 Y e[ [Whiw skl + K[IY = Yol

The right side can be made as small as desired by first choosing K large enough
and then n large enough. Observing that the resulting convergence is uniform in
¢, this implies that C(W,Y;,) — C(W,Y) and similarly for C(U,Y,,). From this, the
claim follows. O

Lemma 5.15. Let W and U be two graphons such that (5.14) holds for all bounded
graphons Y. Consider the real valued random variables W = W(z,y) and U=
U(z,y) where x,y are chosen independently uniformly at random from [0,1]. Then
W and U have the same distribution.

To prove this lemma, we will use some notions and results from the theory of
monotone rearrangement.

5.5.1. Monotone rearrangements and proof of Lemma 5.15. Throughout this section,
we identify graphons W with the real-valued random variables W (x,y) obtained
by choosing z,y independently uniformly at random from [0, 1]; if W is such a
random variable, we use E[W] to denote its expectation. For s € R we use {W > s}
to denote the event that W > s, namely {W > s} = {(z,y) : W(x,y) > s}, and
Pr[W > s] to denote the probability of this event.

For a graphon W, we define the monotone rearrangement as the function

W*(x1,20) = sup{t € R: Pr[W > t] > ||z||3},

where ||z]|c = max{x1,z2}. Then W*(z1,2z2) is a weakly decreasing function of
|z|loo, and it has the same distribution as W i.e.,

Pr[W > t] = Pr[W* > t].
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To see why, note that
Pr[W* > tg] = Pr[sup{t € R : Pr[W > t] > ||z||2} > to]
= Prthere exists t > to such that Pr[W > t] > ||z||2]
= Pr[Pr[WV > to] > [|z%]

=Pr {xl < A/Pr[W > tg] and 2 < /Pr[W > to]]
= Pr[W > t],

where the third line follows from the fact that ¢ — Pr[W > t] is right-continuous.
Define two graphons W and U to be aligned if their level sets are nested, in the
sense that for all s,¢t € R, either {W > s} C{U >t} or {U > s} C{W > s}. It is
easy to see that for any two graphons U, W, the monotone rearrangements U* and
W* are aligned.
Let W be an L! graphon, and let Y be a bounded graphon. Then we have the
rearrangement inequality
EVY] < E[V" V).
See Appendix A for a proof. The proof also tells us that
EWY]=EW"Y"]

if Y and W are aligned. Before delving into the proof of Lemma 5.15 we observe
that

(5.15) EWY] <C(W,Y) < E[W*Y*].

The first inequality follows immediately from the definition of C(W,Y"), and the
second follows from the definition and the fact that Y and Y¢ have the same
distribution, which in turn implies that Y* = (Y'?)*.

Proof of Lemma 5.15. Define top, (W) C [0,1]? in such a way that the Lebesgue
measure of topy (W) is A, and W (u,v) < inf(, ) ctop, (w) W(z,y) whenever (u,v) ¢
top, (W). Explicitly, let M = sup{s € R: Pr[W > s] > A\}. If Pr{W = M} =0,
then we have that Pr{iV. > M} = Pr{W > M} = A, and we define top, (W) =
{W > M}. Otherwise, Pr{lW > M} < XA < Pr{W > M}, in which case we
chose top, (W) in such a way that {W > M} C top,(W) C {W > M} and
pltop, (W)] = A, where i denotes the Lebesgue measure on [0, 1]%. In either case, we
have M = inf ;) ctop, (w) W(z,y) and W (u,v) < M whenever (u,v) ¢ top,(W).

It is easy to see that W and the indicator function 1y, () are aligned, implying
that E[WltopA(W)} = E[W*ltOpA(W)*] Consider now the L' graphon Y =
Liop, (w)- With the help of (5.15) and the fact that E[WY] = E[W*Y*] we have

EWY]|=C(W,Y)=C(U,Y) <E[UY"].
Let Y = Liop, (U)- Then Y and Y have the same distribution, implying that Y* =Y*.
On the other hand, Y and U are aligned, implying that E[UY] = E[U*Y*]. Putting
everything together, we conclude that
EWY] <E[UY].
In a similar way, we show that E[UY] < E[WY]. We thus have shown that for all
A €[0,1],
E[WltopA(W)] = E[UltopA(U)]'
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This in turn implies that W and U have the same distribution. ([

5.5.2. Proof of Theorem 5.13. Theorem 5.13 follows immediately from Lemma 5.14
and the following proposition. We remark that when W is bounded, or even in L?,
the proof of the proposition is much easier as one can consider C(W, W) = E[W?].
This does not work when W is only assumed to be in L'. The proof begins by
transforming W into a bounded graphon. In what follows, we use the metric

5p(U, W) = ingU— W,

where the infimum is over all measure-preserving bijections ¢: [0,1] — [0,1]. Tt
clearly satisfies dq(U, W) < 6, (U, W).

Proposition 5.16. If U and W are graphons such that C(U,Y) = C(W,Y) for all
L graphons Y, then 61(U, W) = 0.

Proof. We know that U and W have the same distribution. Let W = arctan W and
U = arctan U (note that W and U are both bounded). Since both arctanz and
x — arctan x are increasing in z, for every measure preserving bijection o: [0,1] —
[0,1] the rearrangement inequality implies that

E[(W — W)W] > E[(U - U) W]

and
E[W?] > E[U°W].
Thus
(5.16) E[WW] - E[U°W] > E[W?] — E[U°W] >0,

By assumption we have C(U, W) = C(W, W), which must equal E[WW] by the
rearrangement inequality. Taking the infimum over all ¢ in (5.16) and using the
facts from the previous sentence yields C (/VV7 W) =C(U, W) A similar argument
shows that C(U,U) = C(U, W). Therefore

52 (U, W)?2 = in E[(U° — W)?] = E[U?] + E[W?] — 2sup E[U° W]
=C(U,U)+C(W,W) —2C(U,W) =0.

Since 01 (U, W) < 6,(U, W), we must have &, (U, W) = 0 as well.
Finally we need to deduce that 6;(U, W) = 0. Let K > 0. From the mean value
theorem, we know that
|z —y| < (1 + K?)|arctan z — arctany|
whenever z,y € [— K, K|. It follows that for every o,
107 = W) ie < gwizsclh < L+ K207 = W

The left side differs from ||U? — W]||; by at most 4 ||U1|U‘>KH1 (here we use the
triangle inequality, and the fact that U and W have the same distribution, so that
Wk, < [Uws k|, and |0 L wis k[, < [[UL 015 k||, by the rearrange-
ment inequality). Thus

107 =Wl < (0 K207 = Wl + 4 [0 ]l

Taking the infimum over ¢ and using 51([7,W) = 0, we find that §, (U, W) <
4 ||U1|U‘>K||. Since K can be made arbitrarily large, 6, (U, W) = 0. O
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5.6. Proof of (i)=(iv)=-(iii) in Theorem 5.3. The following result gives the
implication (i)=-(iv) in Theorem 5.3 as well as the statement that Fo(W,,J)
converges whenever W,, converges in metric.

Proposition 5.17. Let g € N,a€ Ay, € >0, and h € R?, and let J € R?*? be a
symmetric matriz. For any two graphons U and W,

| FalU, 1) = FalW, )| < 1T 1h60(U, W)

and
FacU, ) = Farc W, )| < | 1100(U, W),

Proof. Since the left sides of the above bounds do not change if we replace U by
U? for a measure preserving bijection ¢: [0,1] — [0, 1], it is enough to prove the
lemma with a bound in terms of |[U — W{|g instead of ég(U, W). The result then
follows immediately from (5.11) and the definitions (2.18) and (5.3). |

Next we show that convergence of F,(W,,J) for all J implies convergence
of Ea(Wp, J). Together with our results from the last section, this shows that
convergence of Fo(W,,,J) for all ¢ € N, a € A,, and symmetric J € R?*7 is
sufficient for metric convergence, which concludes the proof of Remark 5.4(ii).

Lemma 5.18. Let g e N, a€ Ay, and ¢ > 0, let J € R?*9 be symmetric, and let
U and W be two graphons. Then

€WW,.7) — £a(U, )] < | FulW,e]) ~ FulU,e)] + 2280

Proof. Using the fact that Ent(p) < logq, we get by (2.17) and (2.18)
|Ea(W, ]) = Fa(W, J)| < loga,

for all J, and similarly for U. Hence
EalIW, J) — £allU, )] = <[€alW, ) — EalUc)
< %<|J-"a(W, cJ) — Fa(U,cJ)| + 2log q),
which proves the claim. O

Proof of ()= (iii) in Theorem 5.3. As in the proof above, one sees that

1 1 1 1
e Wier) = B <y (W) < LFa (W) + 80
But this clearly shows that (iv)=-(iii) in Theorem 5.3. 0

5.7. Quantitative bounds on distance between fractional quotients. In
this section, we prove a quantitative bound on the distance between two different
quotients of the same graphon, which will be used in the next section.

We define the L' distance in FP, to be

1
(517) o) =3 [ Inte) = pitw)] o

i€lq]

note that di(p, p') < 2. We also need the definition of K-bounded tails from (5.2).
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Lemma 5.19. Let g € N, and let W be a graphon with K-bounded tails for some
function K: (0,00) — (0,00). Then there exists a weakly increasing function
ex 1 [0,2] = [0,00) such that ex(x) = 0 as © — 0 and

di(W/p,W/p') < ek (di(p, p'))
for all p,p’ € FP,. For a,b e A,

(5.18) a1 (8aW), 8o (W) < exc(la—blly),
where |[a —bl[y =), |a; — by
Proof. Fix € > 0. Clearly

S laite) — |<Z/ I0:@) = pl(@) da = ds (o, ).

On the other hand, using the fact that 37, p;(v) = 3, pi(z) = 1 for all z € [0, 1],

we have
S 18w /0) — it Z\
> [0,1)2
< /[01 (z,y IZ
+/[01 (z,9) IZ
s LCYDY

i

ny(m(x)pj() pi(@)6(y) ) da dy|

pi(@)p3(v) — pil)p) ()| da dy

pi(z — pi(x) }(y)’dxdy

pil) - pé(x)\ da dy

<2 [ K(E/8) Y |ple) - o) dedy

[0,1]2
+4/[ . (W (i, 9) L)W (a,y)|> K (/8) d dy
0,1

< 2K(¢/8)di(p, p') + /2,
showing that
& (W/p, W/p') < (1+ 2K (=/8))d (p, o) + /2,

which is at most e provided that dy(p,p’) < /(2 + 4K (¢/8)). Since € > 0 was
arbitrary, this immediately implies the existence of the desired function .

The claim (5.18) follows from noting that for any a,b € A, and p € FP, with
a(p) = a, we can find a p’ € FP, with a(p’) = b such that di(p,p’) = la—Db|;. (In
fact, we can choose p’ so that p; < p} if and only if a; < b;.) O

The above lemma can be used to show that £, (W, J) is continuous in a. The
continuity of F, (W, J) then follows from noting that Ent(p) is uniformly continuous
in p € FP, with respect to dy (as —zlogz is continuous on [0, 1]). More explicitly,
we have the following lemma.

Lemma 5.20. Let ¢ € N. Then the function Ent: FP, — [0,1og q] with p — Ent(p)
is uniformly continuous in the metric dy defined in (5.17). Explicitly,

[Ent(p) — Ent(s')| < af (S (o.)).
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where f(z) = z(1 —logx).

Proof. Because the function f(z) = —zlogx is concave, for each ¢ > 0 the function
x> f(x) — f(z +t) is weakly increasing. It follows from this and f(0) = f(1) =0
that for any x,y € [0, 1],

|f (@) = f(y)| < max{[f(0) — f(lz —yD|, [f(1 = [z —y]) = S}
= max{f(|lz —y[), fF(1 - [z —y])}
< flz—y)+fA—lz—yl)
< flle—yl) + e =yl
= f(lz — ),
where the last inequality holds because f(1 —t) < ¢ for all ¢ € [0,1]. Since
di(p,p) =3, f[o,1] |pi(z) — p}(x)| dz and f is concave, we have

_ ;@ / (#or(o) — Foia)) da]
2;/ Fpi(z) — d(@)]) dx

< f(édl(/% p’))-

é]Entw — Ent(p))

IN

Because f is continuous at 0, this completes the proof. (]

6. CONVERGENT SEQUENCES OF UNIFORMLY UPPER REGULAR GRAPHS

In this section we prove Theorem 2.15. Theorem 2.10 will follow from this theorem
and Theorem 2.17, which we prove in Section 7.

6.1. Preliminaries. We start by stating some of the results from [3], which will
allow us to replace uniformly upper regular sequences of weighted graphs by sequences
of weighted graphs with K-bounded tails. To state them, we will use the cut distance
between two weighted graphs G, G’ with identical node sets V(G) = V(G') =V
and identical node weights a; = @, (G) = a,(G’), defined as

(6.1) an(G.G) = max | Y S5 (8,,(G) — (@) |

S.TCV 2
(z,y)eSXT

Note that this distance is equal to |[WE — WS’ |5, where WE and WY are the
step functions defined in (2.2) and || - ||g is the cut norm defined in (2.1). Indeed,
for W = WY, the supremum in (2.1) can easily be shown to be a maximum that is
attained for sets S and T which are both unions of the intervals I;.

We will also use the notion of an equipartition of the vertex set V' (G) of a weighted
graph G, defined by requiring that the weights of the parts of the partition differ from
an equal distribution by at most amax(G). Explicitly, a partition P = (V1,..., V%)
of V(G) is called an equipartition if |y, — tag| < amax(G) for all i € [k]. The
following version of the weak regularity lemma was proved in [3].

Theorem 6.1 (Theorem C.12 in [3]). Let K: (0,00) — (0,00) and 0 < e < 1. Then
there exist constants N = N(K,€) and no = no(K, e) such that the following holds
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for all m < mo: for every (K,n)-upper regular graph G and each natural number
k > N, there exists a equipartition P = (V1,..., Vi) of V(G) into k parts, such that

do(G,Gp) < |G-

As a consequence, given a K-upper regular sequence of weighted graphs G,, with
no dominant nodes, we can find a sequence of equipartitions P,, of V(G,,) into k,

classes such that the sequence of weighted graphs® én = M(G‘n)pn satisfies
1 N max (G ~
(62)  do( ;G Ga) =0, ) N T A
1Gnllx ag,
and
(6.3) W& has K-bounded tails.

~

We call a sequence (G,,)n>0 with these properties a regularized version of (Gy,)n>0,
and P,, a regularizing partition for G,,.

To see that all these conditions can be simultaneously achieved, let 7, — 0 be
such that G, is (K, n,)-upper regular. Assume that &, goes to zero slowly enough
that n, < no(K,ep) and 1, N(K,e,) — 0 in Theorem 6.1. Choosing k, = N (K, &,),
the theorem then gives a sequence of equipartitions P,, of V(G,,) into k, classes
such that (6.2) holds. The weight of each class of P, is bounded from below by
g, [kn — Omax(Gr), which is asymptotically greater than n,aq, because n,k, — 0
and kpmax(Gn)/ag, — 0. Thus, the bound (2.21) holds for P = P,,, establishing
that

az(Grn)ay, (Gr) -
2. T BnCays, Gk <€
2,YEV(Gn) Gn

for all € > 0. In other words, W& has K-bounded tails.

6.2. Comparing sequence of graphs to sequences of graphons. In this sec-
tion we prove three lemmas, which are the main technical lemmas used to reduce
many statements in Section 2 to those in Section 5. We define

Sac(W) = {(c. 8) € $(W) : |la — a]|os < &}

Lemma 6.2. Let G be a weighted graph, let P be an equipartition of V(G) into
k classes such that G = G'p, and let ¢ € N. Then there exist two maps ¢ — pg
and p — p from the set of configurations ¢: V(G) — [q] into the set of fractional
partitions FP, and from FP, to FP,, respectively, such that the following hold:
(i) WE/p=W€C/p for all p € FP,.
(ii) [|G[l(G/¢) =W /py for all ¢: V(G) — [q].
(i) For each p € FP, there exists a ¢: V(G) — FP, such that

(6.4) di(pg, p) < g mX(@),

ag
Proof. Let P = (V1,...,Vs), and assume that the vertices in G are ordered in
such a way that Vi = {1,2,...,|Vi|}, Vo = {{Va] + 1,...,|[Vi| + |V2|}, etc. Let
r, = ay, (G)/ag for p € [k], and let Iy,...,Ix C [0,1] be consecutive intervals of
length z1, ..., xg.

OIf ||Gn|l1 = 0, we choose G to have edge weights 0.
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For p € FP, define p by averaging p over the intervals I, i.e., p;(z) = i I pily)dy
if € I,,. Since W€ is constant on sets of the form I,, x I,, for u,v € [k], we clearly
have W& /p = W& /p, proving (i).

Next, given ¢: V(G) — [q], let py be the fractional g-partition defined by
1

Av,.(G)

Z (G p(u)=i when z € 1.
ueV,(G)

(6.5) (pg)i(x) =

Using the fact that 3,,(G) is constant on sets of the form V), x V,, it is then easy
to check that ||G||1G/¢ = WY/ p,, proving (ii).
To prove (iii), consider p € FPy, and let v, ; = [; pi(x) dz. We then decompose
n
V., into g sets V,, ; such that
G)

(872
i — v, (G)ag] < 2@
ag

for all ¢ and p. Setting ¢ =i on |J, V,.,;, we then get a map ¢: V(G) — [g] such
that (6.4) holds. O

Lemma 6.3. Let ¢ € N and let (G,)n>0 be a uniformly upper reqular sequence of
weighted graphs. If G, is a reqularized version of G, then

(6.6) a1 (84(Gn), (W) ) = 0.

Proof of Lemma 6.3. We start by showing that
N N 1 .
(6.7 1(Ga/6.1Gu 11 (G ) < o (-GG

whenever @n is a regularized version of G,,. Indeed, from the definition of the cut

distance (6.1) it is easy to see that d1(G/¢, G’ /¢) < q2dD(ﬁG, ﬁG’) whenever

G and G’ have identical node sets and node weights and for any ¢: V(G) — [q].
More generally, for any A > 0, we have d1(G/$, \(G'/9)) < qzdg(ﬁG, ﬁG’).
Setting A, = ||Gyll1 proves (6.7).

Next we observe that by Lemma 6.2(ii),

(6.8) 1Gnll184(Gr) C Sy(WE).

~

(
On the other hand, given Wé”/p € q(WG"), we may use Lemma 6.2 and
Lemma 5.19 to find a quotient G, /¢ € S;(G,) such that

d (W /p. |Gl G 9) = di(WE 5, WE /)

Qv
<ex <qknmx<Gn>> ’
Oan

(6.9)

where k,, is the number of classes in the regularizing partition corresponding to @n
and K is the function from (6.3).

Taking into account the second bound in (6.2), the bound (6.9) together with
(6.8) implies that

A (1Gali8,(Gn). 8, (WO ) ) 0.
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while (6.7) and the fact that do (gt Gn, Gn) = 0 show that

di(8,(Gn). |Gul184(Gn)) — .
Together, these two bounds imply (6.6). O

6.3. Proof of (i)=(ii) and (ii)=-(iii) in Theorem 2.10. Recall that by Theo-
rem 2.14, convergence in metric implies uniform upper regularity. As a consequence,

(i)=(ii) follows immediately from Lemma 6.3. Indeed, dg (mWG‘n, W) =0

by (6.2), which implies that 5D(Wé”,W) — 0. We then use the bound (6.6) from
Lemma 6.3 in conjunction with (5.8) from Lemma 5.11 to conclude that

d(8,(G). 8,01)) =0,

completing the proof of (i)=-(ii) in Theorem 2.10.
The implication (ii)=-(iii) follows with the help of Theorem 3.3, the closedness of

:S\q(W)7 and the representation (5.7).

6.4. Proof of the equivalence (i)« (ii)< (iii) in Theorem 2.15. Recall that by
Theorem 2.13, for a uniformly upper regular sequence convergence in metric implies
convergence in metric to some graphon W, so the above proof of the implication
(i)=(ii) for Theorem 2.10 also proves it for Theorem 2.15. The implication (ii)=(iii)
follows from Theorem 3.3.

It remains to show (iii)=-(i); i.e., under the assumption of uniform upper regularity,
convergence of the microcanonical ground state energies implies convergence in
metric. Assume for the sake of contradiction that G,, does not converge in metric.
By Theorem 2.13 this implies that there are two subsequences G}, and G, and two
graphons U and W such that G/, — U and G/ — W in metric while 6g(U, W) > 0.
By the already proved (i)=-(iii) in Theorem 2.10, the microcanonical ground state
energies of G, and G, converge to those of U and W, and by our assumption that
G, has convergent ground state energies, this implies that U and W have identical
ground state energies, contradicting Theorem 5.13.

6.5. Convergence in metric implies LD convergence. Our main result in this
section is the following theorem, which by (5.6) proves the implication (i)=-(iv) in
Theorem 2.10 and hence also Theorem 2.15.

Theorem 6.4. Let g € N and let (Gp)n>0 be a uniformly upper reqular sequence
of weighted graphs such that G,, converges to a graphon W in metric and G,, has
vertex weights one. Then the limit (2.16) exists with
I,((a, B)) = log ¢ — lim sup Ent(p).
e—0 pEFP,
di(W/p,(a,3))<e

Proof. To prove the theorem, we will need to calculate probabilities of the form
Po.c|di((or, B),G/¢) < €] for graphs G that are near to W in the normalized cut
distance. Assume for the moment that G is well approximated by a weighted
graph whose edge weights are constant over large blocks. More precisely, assume
that there exists an equipartition P = (V4,..., V) such that G and Gp are close
in the cut norm. Under such a condition, the quotients of G are close to those
of Gp, provided they are suitably normalized. More precisely, if we define G to

be the normalized weighted graph G = HGlHl (G)p, the quotients of G are close
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to those of G multiplied by ||G||1 (see (6.7)). Consider thus the probabilities
Pe.cldi((e.8), IGI1(G/¢)) <e].
Since the edge weights of G are constant on sets of the form V), x V,,, we have

that @/d) = @/gb' if for all ¢ € [g] and all 1 € [k], the number of vertices in V,, that
are mapped to ¢ € [¢] is the same in ¢ and ¢’. Denote this number by k; , = k; ().
The number of configurations ¢: V(G) — [q] with given k; , is

k
(6.10) N({ki}) = H Tt

CIH

where n,, = |V,,|. Approximating k! as (k/e)* (we analyze the error term below),
we have

N ({kiu}) ~ exp (- iz b log (222

where py is the fractional partition defined in (6.5). Observing that the number
of choices for {k, ;} is polynomial in |V(G)|, and hence will not contribute to I
(again we bound the error later), and noting further that ||G||1(G/¢) = Wé/p¢ by
Lemma 6.2, we then approximate Py ¢ [di((, 8), IG1(G /o)) < e| by

)) — (V@) Ent(py)
[l,

—V(&)] el V(G| Ent(pg)

max
¢: V(G)—[d]
di((a,8), W€ /pgy)<e

q

Taking into account that (again by Lemma 6.2) any fractional quotient wé /p can

be well approximated by a quotient of the form W& /pe, we obtain the theorem.

The formal proof proceeds as follows. Let K : (0,00) — (0,00) and (7,)n>0
be such that lim, 71, = 0 and G, is (K,n,)-upper regular. Fix ¢ > 0. By
Theorem 6.1 and Definition 2.12, there are constants k € N and ng < oo such that
for each n > ng there exists an equipartition P = P,, = (V1,...,V}) of V(G,,) into
k parts such that

9
¢*dey (G, (G)p) < 511Gl

and W& with G, = remr ” (Gp)p has K-bounded tails.
Let G =G, and G = @ By the bound (6.7),

0,(G/6.11811(G/8)) < ¢*dn (”G”G G) ‘.

implying that
Poc (0, 8), |G l1(G/9)) < /2] < Pyc[di((a, B),G/o) <e]
< Pycldi((e, B), IIG1(G/9)) < 3¢/2].

Given a configuration ¢: V(G) — [q], let k; ,,(¢) be the number of vertices v € V,,
such that ¢(v) = ¢, and let N({k; ,}) be the number of maps ¢ leading to the same
ki u; see (6.10) above. Bounding the number of choices for {k, ;} by |[V(G)|?* and
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observing that || G||1(G/¢) = V[/é/p¢7 we then bound

max N({kiw(@)}) < VNP g di((e, B),G/¢) < €]
¢:d1 ((a,8),WE [pg)<e/2

< V(&) max N({Fiu(®)})-
B (0,) W [ py)<Be/2

Since (k/e)k < k! < ek(k/e)*,

L\ ent(oo) V()] k Ent(
- n < N({k; < (e|lV(G nt(pg) V(G
(6|V(G)|) e < N{kip}) < (elV(G)])'e ;

implying

AV OIP, cldi((a, B),G/¢) < €]

< (e]V(G)])HatD o eV (G| Ent(py)
di((o8). W /ps)<3e/2
< (e|V(G)|)klatD) SGI;E el V(G| Ent(p)
P q

d1((e,8),WE /p)<3e/2

and
VNP, o ldi((a, B),G/9) < €]
2 (e‘V(G)D_kq max el V(G| Ent(pg)

¢: V(G)—[d]
di((e,8), W /py)<e/2

Next we use Lemma 6.2 to approximate an arbitrary fractional partition p € FP, by
a fractional partition of the form p4, with a error of gk/|V(G)| in the d; distance.
With the help of Lemmas 5.19 and 5.20, we can ensure that for n (and hence
[V(G)| = |[V(G,)|) large enough, the resulting errors in dy ((c, ), W /p) and Ent(p)
are bounded by €/4 and €, respectively, leading to the lower bound

¢V P, g[di((a, B), G/0) <]
> (e|V(G)|) 7 sup eV (G)(Ent(p)—<)
p q
di ((e,8),W /p)<e/4

To conclude the proof, we note that if G,, — W in metric, then 5D(Wa", W) — 0.
Taking into account Lemma 5.19 and the fact that the entropy Ent(p) is invariant
under measure preserving transformations, we get that for n sufficiently large

(V@)™ sup  elV(EIED
pEFP,
di((a,8),W/p)<e/8

< gV NP g, [d((a,B),Gn/0) <]
< (e[V(G)|)klatD sup V(O Ent(p)

pEFP,
di((e,8),W/p)<2e
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As a consequence

log Py.c, [di((a,8),Gn/¢) <
—loggq—e+ sup Ent(p) < liminf — 1.6 [1((@, ), Gn/9) < €]

peFP, n—00 [V (Gn)l
d1((o,8),W/p)<e/8

log Py.c, [di((a, B),Gn /o) < €]

<lims
< 17131_>501<1)p VE)
< —logg + sup Ent(p).
pEFP,
di((o,8),W/p)<2e
Sending € — 0 completes the proof. 0

6.6. Completion of the proofs of Theorems 2.15 and 2.10. To complete the
proof of Theorem 2.15, we still need to show for graphs with node weights one,
statements (iv) and (v) are equivalent to the other statements of the theorem. We
will also have to establish the limit expressions given in Theorem 2.10.

By Theorem 6.4, we know the implication (i)=-(iv) in Theorem 2.15, and we
also know that the rate function is given by (2.19), as claimed in Theorem 2.10(iv).
Finally, by Theorem 2.9(ii), in Theorem 2.15 statement (iv) implies statement
(v), and by Lemma 3.2(iii), this in turn implies statement (iii) of Theorem 2.15,
completing the proof of Theorem 2.15.

Theorem 2.17, which we prove in the next section, is nearly enough to deduce
Theorem 2.10 from Theorem 2.15. The only missing piece is the explicit limit
expressions stated in Theorem 2.10 for how limiting quotients, ground state energies,
free energies, and large deviations rate function depend on W. So far, we have
dealt with all of them except for the microcanonical free energies. Since we already
have shown that convergence in metric for graphs with node weights one implies
LD convergence with rate function given by (2.19), this follows from the following
lemma.

Lemma 6.5. Let W be a graphon, and let (Gy,)n>0 be a sequence of weighted graphs.
If (Gn)n>0 s LD convergent with rate function I, = I,(-, W) as defined in (2.19),
then the microcanonical free energies of (Gpn)n>0 converge to those of W, as defined

in (2.18).

Proof. By Theorem 2.9(ii), the assumption implies convergence of the microcanonical
free energies, with the limiting free energies given by
F.(J) = ( inf _ (—(B,J) + I;((er, B),W)) — logq.
a,B)ESa

= inf inf —(8,J) — Ent
.. (—(8,7) (0))
W/p=(c,8)

= inf (—{B(W/p), ) — Ent(p))
a(p)=a

= Fa(W, J),
as desired. O
7. INFERRING UNIFORM UPPER REGULARITY

In this section we prove Theorem 2.17. We have already proved a number of
implications between the four conditions in the theorem statement. Specifically, from
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Lemma 6.5 we know that (iv) implies (iii). From Lemma 3.2(iii) (and the analogous
assertion that Ea(W, J) = limy_,00 A" 1 Fa(AJ) with an essentially identical proof)
we know that (iii) implies (i). From Theorem 3.3 we deduce that (ii) implies (i).
Thus, it remains to show that (i) implies that (Gy,)n>0 is uniformly upper regular,
which is the statement of the following proposition.

Proposition 7.1. Let (G,)n>0 be a sequence of weighted graphs with no dominant
nodes and W a graphon. If the microcanonical ground state energies of G,, converge
to those of W, then (Gn)n>0 is uniformly upper regular.

In order to prove this proposition, we introduce a notion of equipartition upper
regularity, where instead of considering all partitions of the vertex set with no
part having weight smaller than nag, we consider all equipartitions into ¢ parts.
Following the definition, we prove a lemma which says that the two notions of upper
regularity are qualitatively equivalent.

Definition 7.2. Let K: (0,00) — (0, 00) be any function and let ¢ € N. A weighted
graph G is (K, q)-equipartition upper reqular if amax(G) < ag/(2q) and for every
e > 0 and equipartition P of V(G) into ¢ parts,

> 1B (GIP) s, (/P2 K (©)an(G/Prayarp) < €
i,5€[q]

Equipartitions are defined in Section 6.1. We use 3;;(G/P) and f;;(G/¢) as
synonyms (see (2.5) for the definition), where the function ¢: V(G) — [q] defines
the partition P as the preimages of the points in [g], but recall from (2.20) that
Bi;j(Gp) is normalized differently from g;,(G/P).

Using (2.4), (2.5), (2.20), and (2.21), it is clear that if G is (K,n)-upper reg-
ular, then it is (K, g)-equipartition upper regular for ¢ < 1/(2n), since in every
equipartition of V(G) into ¢ parts, the weight of each part is at least

aG/q — omax(G) = ac/q —nag = nag.
Conversely, we also have the following.
Lemma 7.3. Let K': (0,00) — (0,00) be any function, and let
K(e) = max{de ' K'(g/4),16e?}.
Letn > 0 and qo = n~2. If a weighted graph G is (K', q')-equipartition upper reqular
for some ¢’ > qo, then G is (K, n)-upper regular.

Proof. By scaling the vertex weights, we may assume without loss of generality that
ag =1. Let P = (V4,...,V,) be a partition of V(G) into ¢ classes, where ayy, > 7
for each i € [g], and let € > 0. Define
S:={(i,4) € lq] x [q] : 18i;(G/P)| = K(e)i(G/P)a;(G/P)}.
We need to prove that
(7.1) > 18,(G/P) <e.
(i,5)€S
Since o;(G/P) = n for all i € [q] and 3=, .11 18i;(G/P)| < 1, we have

(12 PSS Y al@/PI(C/P) < g X 185(G/P)I <
(i,5)es (i,5)€s

1
K(e)
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Thus if 2K (g) > 1, then S = ) and (7.1) trivially holds. So assume from now on
that 72K (¢) < 1. Since K(g) > 16e~2 by assumption, we have

(7.3) € >4n.
For each « € V(G), define the (weighted) degree of = to be

deg, (G) = > ay(G)|Bry(G)].

yeV(G)

We construct an equipartition P’ of V(G) as follows. For each i € [g], we partition
Vi into subsets V; o, Vi1, ..., Vi k, such that

1 1
ay, . (G) € [? — amax(G), 7 + amax(G)] for 1 <k <k,

ay, ,(G) <1/¢, and the vertices in V; o all have the lowest degree present in V;. We
will do this in such a way that foralli=1...,qand all j =1,...,k;,

i—1 i—1 ki 7 i—1
% (Z kis +j> <D v oY, W < é (Z ki +j> + Omax (G).
=1

ir=1 ir=1j'=1 ir=1

For example, we can do this greedily by sorting all the vertices in V; according to
their degrees and then placing them into V; ; for j = 1,2,... in decreasing order
by degree until the lower bound in the above inequality is satisfied. Since the last
vertex added contributed at most aumax(G) to the sum, we are guaranteed to have
the upper bound as well. When the total weight left in V; is too small to fill another
Vi,j» we are necessarily left with a remainder V; o that has weight less than 1/¢" and
contains only vertices with the lowest degree from V;.

Next, consider the remainder sets Vi g, ..., V0, whose union we denote by V;.
By construction, either Vj is empty, in which case we do nothing, or ay;, lies between
ko/q" — amax(G) and ko/q', where kg = ¢’ — >,~, ki. Proceeding again greedily
(this time ignoring the degrees), we decompose V; into kg sets Vois -5 Vo, with
weights between 1/¢" — amax(G) and 1/¢" + aumax(G). The sets V; ; with 0 <i < ¢
and j > 1 then form an equipartition P’ of V(G) into ¢’ sets.

Define S’ to be the set of pairs (u, v) € [¢'] x [¢] for which we can find an (4, j) € S
such that u is the label of a subclass of V; and v is the label of a subclass of Vj. In
other words, S’ refines the set S from [g] X [g] to [¢'] % [¢], except that it does not
necessarily contain pairs (u,v) for which v or v is in V4 (since the remainder sets
used to form Vj do not necessarily come from a single part of P). Thus, we have

, 1
> 1B(G/P < D Iﬁw(G/P)HHGH > (@) ay(G)|Bry (G|
(i.5)€S (u,v)€S’ L 2yev(G)

zeVy or yeVp

(14) < Y IBalG/P)+ o X 0n(G) deri(G)

(u,v)eSs’ z€Vo

It remains to prove that (7.4) is at most &.
We begin with the second term. For each ¢, since the vertices in V; o are among
the lowest degree vertices of Vi, ay, ,(G) < 1/¢’, and v, (G) > 0, we have

qu‘,,o(G)
Z oz (G) deg, (G) T(G)

mEViyo 4 zeV;

IN

Y 0u(G)deg, (@) < — 3 0, (G) deg, (G).

qanVi
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Summing over i € [¢] and using > cy () @ (G) deg,(G) = ||G||;, we see that the
second term in (7.4) is at most

by (7.3).

To bound the first term in (7.4), we decompose the sum into a sum of those
terms for which |3, (G/P’)| is larger than K'(e/4)a,(G/P’)a,(G/P’) and a sum
of those for which it is at most this large. Since G is (K’, ¢')-equipartition upper
regular, we can bound the first sum by /4, while the second is clearly bounded by
the sum of K'(e/4)a,(G/P")a,(G/P’) over (u,v) € S’. Taking into account that
K'(e/4) < §K(g), this proves that

> |6w(G/7>’)|g§+di(5) 3" au(G/P)ay(G/P).

(u,v)es’ (u,v)eS’

Since
1
(€)

Z Oéu(G/P Yo ( G/P Z a;(G/P) aj (G/P) < =

(u,v)€S’ (i,5)€S

by (7.2), we have shown that the first term in (7.4) is bounded by £/2, which
completes our proof. O

Proof of Proposition 7.1. To show that (G)n>0 is uniformly upper regular by
Lemma 7.3, it suffices to show that there is some K: (0,00) — (0,00) and some
sequence of integers ¢, — oo such that G,, is (K, ¢, )-equipartition upper regular.

Equivalently, this amounts to showing that we can find some ¢, — oo so that
omax(Gn)/ag, <1/(2¢,) and for every € > 0, there is some real K > 0 so that for
sufficiently large” n, we have

7.5 (G 15, . s <e
@5) | max > 1Bi(Ga/@NLis, (@ /o)12 K (Gn/é1as (Ga /o)
equipartition € [dn]

For any weighted graph G with anax(G)/ac < 1/(2¢) and equipartition ¢: V(G) —
[q], we have

Z 1Bi(G/D) 118, (G/d)|> Kai(G/d)a; (Gre) = —Eg (G, T)

i,5€[q]
by the definition (2.9) of E4(G, J), where J € {—1,0,1}7%7 is given by
Jij = sign(Bi(G/0))115,5(G/0) 12 Kai(G/d)a; (G /6)-

TThis is equivalent to the same claim for all n since we can increase K to account for the first
finitely many values of n.
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Using 0i(G/) > 1/q — amax(G)/ac > 1/(2q), we obtain

D il = D s, 6/6)zKaiCro)a G/o)
i,5€[q] i,5€[q]

165 (G/¢)|
<2
e Kai(G/9)a;(G/9)
4q? 4q?
< Va Z 1Bi; (G/ )| < N
i,j€(a]
It follows from the definition (2.12) of E, (G, J) that
left side of (7.5) < max max (—Ey(Gn, J))

®: V(Gn)—=lgn] Je{-1,0,1}9n "
equipartition symmetric

Zi,j ‘Jij‘g‘l%zl/K

7.6 = max —FEq o ae (Gn,J
(7.6) Je{fl’o’l}qu( an-cmax (Gn) [, (G )
symmetric

Ei,j |Jij‘§4q72L/K
(here q, = (1/qn,...,1/qn) € A%, and we also write q = (1/q,...,1/q) € A1
below).
Since the microcanonical ground state energies of G,, converge to those of W, we
know that for every ¢ € N, we can find €y(g) > 0 and ng(q) so that

—Eqc(Gn,J) < =Eq(W,J) +1/q

for all 0 < € < g¢(q), all n > no(q), and every symmetric matrix J € {—1,0,1}9%¢
(as there are only finitely many such J for each g). Set €, = Amax(Gr)/ag,,, so that
en — 0 because there are no dominant nodes. It follows that we can find a slowly
growing sequence ¢, — oo so that (for sufficiently large n) we have e, < €o(qn),
n > ng(qn), and gpe, < 1/2, from which it follows that

—Eqp e, (Gny J) < =E€q,, (W, J) +1/n
for all symmetric matrices J € {—1,0,1}% %9, Hence for sufficiently large n

(7.6) < max (= Eq.(W,J) +1/qy)
JE{*I,O,]}Q"XQ”
symmetric

Zi,j ‘Jij‘§4q121/K

< sw [ Wyl dedy+ 1/,
sclo,1]? /s
NS)<4/K

We can choose K large enough that the first term in the final bound above is at
most €/2. Since ¢, — 00, the second term is also at most £/2 for sufficiently large
n. This proves (7.5), showing that (Gy,)n>0 is uniformly upper regular. |
APPENDIX A. PROOF OF THE REARRANGEMENT INEQUALITY
In this appendix, we prove that
EWU] <EW*U".

when W is an LP graphon and U is an L graphon with % + 1% = 1, with equality
holding whenever U and W are aligned.
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If W,U > 0, the proof of the rearrangement inequality is standard, and can, e.g.,
be deduced from the following level-set representations

oo

U(m7y):/ooodt1[U(x7y)>t] and W(m,y):/o ds1[U(z,y) > s].

Indeed, with the help of this representation, we get

E[WU]:E[/Ooodsl[W>s]/ooodt1[U>t]}
—/Owds/ooodtpr[W>sandU>t]}
S/o ds/O dtmin{Pr[W>s],Pr[U>t]}

:/ ds/ dt min{Pr[W* > 5], Pr{U* > 1]},
0 0

where in the last step we used that U and U™ as well as W and W* have the same
distribution. Since the U* and W* have nested level sets, the expression in the last
line is equal to

/Oods /Oodt Pr[W* > s and U* >t}
0 0

= E[/ ds 1[W* > s]/ a1 > 1|
0 0
=E[W*U"].
If W and U are aligned themselves, the only inequality in the above proof becomes
an equality, showing that E[W U] = E[W* U*] if W and U are aligned.

If W and U are bounded below, say by W > —M and U > —M for some M < oo,
then we just use that E[W* U*|—E[W U] = E[((W+M)* (U+M)*|—E[(W+ M) (U +
M)], which follows from linearity of expectations and the fact that E[W] = E[W*]
and E[U] = E[U*]. Finally, to control the tails as M — oo, we bound

‘E[WU] —E {W1[W > _M|UL[U > —M]} ’
< E[[WUR[U| = M]| +E[WUIL W] > M|

< [Wily [U1io) = M|+ 1011

waw| = M| .
P

Now the right side goes to zero as M — oo by our assumption that W € LP and

UelLr.
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