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We theoretically examine the use of a statistical distance measure, the indistinguishability, as a
generic tool for the identification of topological order. We apply this measure to the toric code and
two fractional quantum Hall models. We find that topologically ordered states can be identified with
the indistinguishability for both models. Calculations with the indistinguishability also underscore
a key distinction between symmetries that underly topological order in the toric code and quantum

Hall models.
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I. INTRODUCTION

Conventional types of quantum order can be charac-
terized by local symmetries. Topological quantum order,
in contrast, defies characterization by local operators!.
Topological order owes its structure to non-local prop-
erties and therefore depends on the surface on which it
is placed. Examples of topologically ordered quantum
states include the ground state of Kitaev’s toric code
model? and quantum Hall states®. Such states are not
characterized by simple, local order parameters. Analy-
ses based on system entanglement entropy and other non-
local properties have been used to study these states.®2

Wavefunctions (e.g., the Laughlin state®) capture the
essential properties of some of the fractional quantum
Hall (FQH) states. Indeed, full microscopic analyses are
typically done with wavefunctions in efforts to accurately
capture the low energy physics of insoluble quantum Hall
models?8. These wavefunctions, in turn, describe incom-
pressible quantum liquids with no simple local order pa-
rameter.

Kitaev has constructed exactly soluble spin models,
the toric code? and honeycomb? models, to analytically
probe topological order. These two-dimensional models
exhibit one-dimensional string symmetries that underly
topological order. A comparison between symmetries in
these spin models and certain symmetries of the FQH
regimel® has been recently drawnil. We ask if one can
use numerical methods to generically identify and com-

pare topological order in both types of models.

The indistinguishability2 14 was recently proposedi?

as a tool to probe complex quantum states. The indistin-
guishability is a statistical distance measure that yields
the probability of making an error in an n-particle mea-
surement in an attempt to distinguish two states. Ref.[15
used explicit calculations on one-dimensional spin mod-
els to test if this measure can act as an effective non-
local order parameter to identify quantum states. Scal-
ing relations were found in transitions between states in
the quantum Ising model and the bilinear-biquadratic
Heisenberg chain without making recourse to local order
parameters. Phases and phase transitions were instead
identified using ansatz states.

In this paper we study the indistinguishability as a
method to identify topological quantum order in two-
dimensional models. We study the toric code and models
of the FQH regime. We find that in the toric code the in-
distinguishability reveals distinct topological sectors and
the one-dimensional nature of the symmetries defining
each sector. We then use the indistinguishability to un-
derscore a key difference between topological order in the
toric code and the FQH regime. By diagonalizing mod-
els of the FQH effect we show that distinct topological
sectors (and distinct FQH states in general) differ in that
symmetry operators must span the entire system rather
than just one-dimensional operators. The measure can
be used to identify mechanisms of topological ordering
in more non-trivial models where symmetries and a com-
plete characterization of states have not been performed.

In Section [Tl we review the indistinguishability as a
measure of distinct quantum orders. In Section [II] we
examine the scaling behavior of the indistinguishability
in the toric code. In Section[[Vlwe examine the scaling of
the indistinguishability in FQH models of the Laughlin,
charge density wavel®(CDW), and Moore-Read? states.
We summarize in Section [V]with a comparison of results
for both sets of models.

II. INDISTINGUISHABILITY

The indistinguishability is based on a quantum infor-
mation measure of quantum state distinguishability12 14,
We define the indistinguishability I,,(A:B) of two N-
particle states, U5 and WUg, as the probability of mak-
ing an error in distinguishing the two states with an n-
particle measurement:

I,(AB) = Telp” — o, (1)

1 1
2 4
where Tr|(| is the trace norm of Q and p™ = Try_, (p)
is the n-particle reduced density matrix and Try_,, de-
notes the partial trace over n particles. Interpreting the
density matrix as a probability distribution, the last term
in Eq. [l can be identified with a well-known statisti-
cal distance measure, the Kolmogorov distance. When
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I, is zero, two states are distinguishable and the ansatz
state W is a poor approximation to Ug. However, when
it is non-zero, there is a finite probability that an n-
particle measurement can not distinguish the two states.
I, = 1/2 corresponds to the maximum indistinguishabil-
ity, implying two identical states with unitary wavefunc-
tion overlap when n = N. In contrast to the entangle-
ment entropy used in the FQHE regime, here the state
indistinguishability yields a single number that quanti-
fies the ability of an optimally chosen set of n-particle
correlators to distinguish two statest?13. 1 — I, gives the
probability that an optimally chosen correlation function
involving at most n particles will be able to distinguish
the two states.

We use I, to quantify the degree of indistinguishabil-
ity of two states imposed by underlying correlators in an
N-particle system. In cases where a small constant value
of n ~ O(1) suffices to characterize the correlators (i.e.,
two states can be distinguished locally), we define I, to
be intensive in N. Such two states belong to the same
n-particle correlator class if I,, remains finite in the ther-
modynamic limit (i.e., as N — 00). On the other hand, if
two states can not be distinguished locally and therefore
n needs to scale with N, we define I,, to be extensive. In
this situation, we use the scaling of n with N to iden-
tify correlator classest®. The precise scaling behavior of
n with N (e.g., n ~ O(N) or n ~ O(v/N)) provides us
with a key feature to reliably distinguish phases.

In the following, we explore the scaling of the indis-
tinguishability between topologically ordered quantum
states.

III. INDISTINGUISHABILITY IN THE TORIC
CODE

A. Review of the Toric Code

The toric code Hamiltonian was constructed as an ex-
actly soluble model with a topologically ordered ground
state and anyonic excitations®!8. We briefly review the
model and discuss its symmetry properties. The model
is given by:
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where o; denotes Pauli matrices at sites j on bonds of
the square lattice. The first product is over the four sites
surrounding the vertex v while the second product is over
the four sites around each plaquette p (Figure [I).

When placed on a torus, the model possesses two
distinct one-dimensional Zs symmetries. The opera-
tors [[;c,,0f and [[,;c, 0 both commute with Hr
where w’ is a loop along vertices and w is a loop along
bonds. These one-dimensional operators form closed
loops around either cycle of a torus. They can be used

to classify topological ground state sectors.
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FIG. 1: Top: Section of torus depicting the two-dimensional
basis of the toric code in real space. The sites sit on bonds
between vertices to form a square lattice. Bottom: Section
of torus depicting two-dimensional basis of a single Landau
level in real space. Basis states form a periodic array of rings
in the Landau gauge.

The ground state of the toric code is then given as the
equal-amplitude superposition of vortex-free states:
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where x; are four spaces of such vortex-free configura-
tions distinguished by the expectation value of the op-
erator: [],.,, of, for two in-equivalent non-contractible
loops w1, we wrapping around the torus in two different
directions. f; is a normalization factor which is equal for
all sectors. By a vortex-free configuration, we mean a
basis state |€) for which [[;.;, o7 = +1 for all plaquettes
op.

The toric code exhibits a phase transition under a mag-
netic field. This perturbation breaks the one-dimensional
Z-> symmetries and can destroy topological order if it is
strong enough. Numerical studies of ground state degen-
eracies and other indirect measures of topological order
show a robust phase transition!? from the topologically
ordered phase to a classically ordered phase with increas-
ing magnetic field. A more recent study used a topolog-
ical fidelity measure to observe the same transition by
extracting finite size scaling information related to the
one-dimensional Zy symmetries2’.

B. Computed Indistinguishability

Given the above ground states of the toric code, we can
analytically compute the indistinguishability between
two topologically distinct sectors. We consider a square
lattice £ with spins located on L bonds along each dimen-
sion and N = 2L? sites. A block Q of n sites is chosen
for calculating I,,. The remaining sites in the lattice are
denoted as R, i.e., L= OUR.



To compute I,, we must find g% and g%, the reduced
density matrices on a subset @ C L for two different
states A and B, respectively. From Eq. Bl we find that
the matrix elements of g% — Q% are given by:

(volof — eFlwe)
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Here, the states |ug) are all basis states on the sublattice
R, and da(|¢)) =1 if |¢) € span(xa), O otherwise.

The above expression shows that if @ supports two in-
equivalent loops wi, ws, all sectors can be distinguished,
as expected. If it only supports one such loop, only half
of the sectors can be distinguished. If it does not wrap
around the boundary, no sectors can be distinguished. I,
is always either 0 or 1/2. The above explicit calculation
therefore shows that for a wisely chosen Q, such that it
wraps the boundary (wq,ws € Q), correlators of size n =
O(VN) are sufficient to reliably distinguish topological
sectors.

We now ask how many measurements on randomly
chosen spins are needed to distinguish topological sec-
tors of the toric code. For simplicity, we consider only the
case of distinguishing two sectors, i.e., we look for clus-
ters wrapping around the torus in one non-trivial way.
We seek the probability II(p) that a fraction p of ran-
domly chosen sites forms a cluster that wraps around
the boundary. This is the problem of percolation with
periodic boundary conditions. For this problem, it is
well-known that a critical p. exists such that in the ther-
modynamic limit, I = 1 for p > p. and II = 0 other-
wise. The critical behavior is in fact identical to that of
standard percolation with free boundary conditions?:22.
These well-known results from percolation theory indi-
cate that in order to distinguish sectors of the ground
state based on purely randomly chosen sites, a cluster
size n ~ O(N) is necessary.

A different situation occurs if we choose sites randomly,
but as a contiguous blocks. The probability for a contigu-
ous cluster of size n to wrap around the boundary, which
we denote as g, is given by:

o(n) = / dp S(NP(p) — n), (5)

c

where P is the probability for one site to lie in the perco-
lating cluster for a completely random choice of sites. We
then have I, = (1 — o(n))/2. We do not expect a sharp
transition to appear in this quantity because there is a
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FIG. 2: (Color online) Plot of the n-particle indistinguishabil-
ity versus ¢ = n/N for several different system sizes computed
using Monte Carlo selection of random but contiguous collec-
tions of spins for the toric code on a two-dimensional periodic
lattice with N = 2L? spins. The graph shows data collapse
and a linear scaling of n with system size, N, in contrast to
a N2 scaling for properly chosen spins (Eq. H).

finite but exponentially small probability for a random
block of size n > v/N to wrap around the boundary.

Scaling theory dictates that the behavior of P in the
thermodynamic limit and in the critical region is gov-
erned by P ~ (p — p.)?. The divergence of the corre-
lation length is described by & ~ (p — p.)~"; however,
on finite systems this is bounded by L and therefore
(p — pe) ~ L=Y¥. We then have P ~ L=#/V or, equiv-
alently, a critical cluster size n. ~ L>7#¥ = LP where
D is the fractal dimension. If one were to grow only one
cluster in the system, the probability for this cluster to
percolate should increase rapidly at n ~ O(LP). In two
dimensions, the value of D is 91/48. We can therefore
expect that a contiguous cluster of size

n ~ O(LOY/18) (6)

is sufficient to distinguish two sectors of the ground state.
To verify the above statement we compute I, explicitly
using a direct-sampling Monte Carlo method. We draw
the configurations of a cluster with n connected sites from
a uniform distribution and measure the probability for
such a cluster to support a loop wrapping around the
boundary, P(loop) = o(n). The results of I,, versus linear
scaling ratio:
n
=1, (7)
for several L are shown in Figure[2l The data collapse be-
yond a regime where finite-size effects are relevant, which
agrees with the expected scaling n ~ O(LP). The dif-
ference between L?1/48 and L? is too small to be distin-
guished numerically.
We have thus shown that the indistinguishability re-
veals the size of the operators required to identify topo-
logical sectors. For suitably chosen blocks we find



n = O(VN) whereas randomly chosen sites lead to
n = O(N). In the case where a random, but contigu-
ous choice of sites is made, the necessary block size is
n = O(L°Y/*%). I, thus yields topologically relevant in-
formation without requiring a precise identification of the
non-local symmetries defining each sector. We now turn
to models of the FQH effect that, in some limits, do not
have exact solutions.

IV. INDISTINGUISHABILITY IN THE
FRACTIONAL QUANTUM HALL REGIME

We consider a two-dimensional electron gas (2DEG)
on the surface of a torus under a magnetic field per-
pendicular to the surface. In a strong magnetic field,
electrons occupy highly-degenerate and energetically dis-
tinct Landau levels (LLs). At a fractional LL filling, v,
ideal interaction models can generate topologically or-
dered ground states without defining local symmetries.
Two examples include the Abelian Laughlin states® at
v = 1/3 from short range pair interactions?® and the
non-Abelian Moore-Read statel” at v = 5/2 from short
range three-body interactions?4:25.

In the torus geometry, these ground states are degen-
erate in multiple folds and show a finite energy gap from
excited states, thereby suggesting topologically ordered
states. A key question then arises. Is there a simple
correlation function (e.g., a one-dimensional chain oper-
ator with n ~ v/N as for the toric code) that defines the
topological sectors in the quantum Hall regime? A well-
known result by Haldane!? discovered just such a sym-
metry. A product of translation operators around one
toric cycle indeed connects distinct topological sectors.
(For a review of this work and its connection to topolog-
ical sectors see Ref. 126.) This center of mass operator
requires all particles for its construction, in contrast to
the chain operators identified in the toric code.

Peculiarities of the lowest LL basis require that a sym-
metry spanning at least one dimension must incorpo-
rate all particles. To see this we consider basis states
on a section of the torus as shown at the bottom of
Figure [l The Landau gauge basis states form periodic
rings around the torus. Operators constructed from one-
dimensional translations of these rings will encompass
the entire system. One can show that there are no lowest
LL basis states that are both orthogonal and localized in
two dimensions??. As a result, apparent one-dimensional
symmetries must span all particles in two-dimensional
lowest LL systemst?.

The apparent lack of true one-dimensional symmetries
suggests that all FQH states are best characterized by
n ~ N correlation functions, i.e., wavefunctions, in sys-
tems without edges. We verify this assertion using the
indistinguishability to compare a variety of different FQH
states on the torus. We compare these states by first con-
structing generator models, diagonalizing these models,
and then numerically computing I,.

A. Modeling Fractional Quantum Hall States

We now review the Coulomb model of the FQH regime
and ideal models that generate FQH states. Periodic
boundary conditions for magnetic translational operators
are imposed with a quantized flux Ny through the unit
cell. The magnetic length ¢ is taken as the unit length
and the energy is in Coulomb units, €?/4mef. In the
absence of LL mixing, the Hamiltonian of a 2DEG of
N particles interacting through the Coulomb interaction
can be projected into the topmost LL with the filling
factor 7 = N/Ny22:

H, = Ni Z Z efq2/2€icr(l‘i*rj) i VmLm(QQ), (8)
[ m=0

i<j q

where V;,, is Haldane’s pseudopotential parameter2? and
L., (x) is the Laguerre polynomial. The momenta q take
discrete values suitable for the unit cell lattice. r; is the
guiding center coordinate of the i-th electron.

Our first example of the ideal state at v = 1/3, the
Laughlin state ¥, is obtained as the densest zero-energy
ground state of a short range interaction with only the
pseudopotential V3 nonzero in the above Coulomb Hamil-
tonian. Our second example of the ideal state at half-
filled second LL (v = 5/2), the Moore-Read state ¥py,
is obtained as the densest zero-energy ground state of a
repulsive three-body potential22:

Hy=— > 8ix[VIVIO(r; —1;)0%(r; —14)], (9)

i<j<k

where S; ; i, is a symmetrizer. We can then compare these
ideal states with the exact ground state of the Coulomb
interaction using numerical diagonalization.

B. Computing Indistinguishability in the
Fractional Quantum Hall Regime

Exact diagonalization can be used to compute reduced
density matrices and therefore the indistinguishability in
the FQH regime. In the occupation representation with
Ny orbits, the N-particle FQH states are given by the
following general expression:

W) = ZS)\i|Ni>a (10)

where |N;) = cl-Ll e CZN|O> is the N-particle basis state
with orbits i1, 49, ..., 25 occupied and ); is the normalized
amplitude of the basis state. The operator cl-L (c;) creates
(annihilates) a fermion at the i-th orbit. N is the size
of the N-particle Hilbert space.

To compute the indistinguishability we must compute
the n-particle reduced density matrix, p™. The total N-

particle density matrix is given by pr = [¥)(¥|. p(™) can



be computed using Try_,(pr) = Y, (a|pr|c), where
denotes all m-particle basis states: |a) = cjl "'sz |0) with
m = N —n. The reduced density matrix can now be de-
composed in the n-particle basis of |n;) in the occupation
representation. The reduced density matrix elements are
then given by:

p" = (na|Trm(pr)ng)/Ne

= (nal Y (Ck, -~ cx)pr(ch, -+ el )lnw)/Ne
k

Ns ms

= > > NNT(a, k)T (b k, j)/Ne,
k

2%

where T(a,k,i) = (nalcg,, - - - ¢k, |Ni), Ne = (%) is a

normalization constant, and mg is the size of the Hilbert
space for m-particle states.

For a pure system on the torus geometry, N-particle
states |¥) can be calculated exactly in the momen-
tum subspace. The momentum operator is given by
JJN = Mod(z:fc\,:1 ik, Ny) for all basis states |N;). To
get nonzero matrix elements pl(;fg , we require that the n-
particle states |n,) and |np) have the same momentum
Jn = Mod(Jn — I, Ng) with J,,, = Mod(Z;n:1 kp, Ng).
Noting this conservation of momentum rule, we calculate
the trace norm term of Eq. [l in momentum sub-blocks.
This use of translational symmetry considerably reduces
the Hilbert space size.

We compare different states using exact diagonaliza-
tion on the torus and the above expressions for the in-
distinguishability. In the following subsections, we show
results with hexagonal unit cells. We have checked that
different choices for unit cells do not impact our conclu-
sions.

C. Distinguishing the Laughlin and Charge
Density Wave States

We first compare the uniform Laughlin state with a
gapless state at one-third filling. A transition between
the Laughlin state and the gapless state can be driven
by softening the short range part of the Coulomb inter-
action, V4 — Vi3 — dVj. This gapless state is a non-
topological CDW. Such CDW states have been discussed
in the literaturet®:2830 at a variety of fillings.

Figure [3 shows the overlap between the Laughlin and
the lowest energy state, ¥y, , from the softened Coulomb
model as a function of dV; for several system sizes. Here
we see that in the lowest LL the Coulomb point (dV; = 0)
lies squarely in the Laughlin liquid regime. But as the
short ranged part of the Coulomb interaction is softened,
the Laughlin gap collapses (not shown) to reveal a tran-
sition towards the CDW phase. The CDW phase is non-
uniform and may occur at a momentum different from
the Laughlin state. We note that there are many nearly
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FIG. 3: (Color online) Squared wavefunction overlap between
Laughlin state and the ground state of v = 1/3 system with
modulated pseudopotentials V;.

degenerate states in the CDW regime. There is a small
energy splitting in finite sized systems. We take the low-
est energy state.

We now explore the nature of the liquid-to-CDW tran-
sition using the indistinguishability. The Laughlin state
is a topological state with degenerate topological sectors
but the CDW state does not represent a topologically or-
dered state. It is best described by local correlators. We
therefore expect a distinct signature in I,, in the transi-
tion.

Figure [ shows I,, versus c for several different pseu-
dopotentials as we cross the transition from the Laughlin
liquid (top points) to the CDW state (bottom points).
The data for each dV; represent composites from several
different values of N indicating that even for small N
we have approximate data collapse for I,, (away from the
transition point). Near the transition point (dV; ~ 0.10)
the data scatter. From the figure we see that above
the transition (0 < dV; < 0.08) the Laughlin state is
barely distinguishable from the ground state of the soft-
ened Coulomb interaction. Once we cross the transition
(dVi Z 0.12) the Laughlin state can be distinguished
from the CDW state but only with measurements on
n ~ N particles. This is surprising because the CDW
state is locally non-uniform and one would expect it to
be locally different from the uniform Laughlin state. We
note however that here we have compared only the lowest
energy CDW state that arises in our finite size calcula-
tion. Inclusion of all low energy CDW states that arise
in the thermodynamic limit may lower the n = O(N)
dependence to an n = O(1) dependence.

D. Distinguishing Topological Sectors in the
Fractional Quantum Hall Regime

We now examine the indistinguishability between two
distinct topological sectors. We first compare two Laugh-
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state and calculated ground state as a function of ¢ for v = 1/3
system with different pseudopotentials. The data for each dV1
are from different system sizes N = 6,7,8,9,10,11, and 12.
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FIG. 5: (Color online) Indistinguishability as a function of
¢ for v = 1/3 system (a) between two degenerate Laughlin
states, and (b) between Laughlin state and the first excited
state.

lin states. On the torus there are three degenerate Laugh-
lin states. These orthogonal Laughlin states define dis-
tinct topological sectors. We now ask if two distinct sec-
tors can be distinguished with n = O(v/N) correlation
functions.

In Figure Bh we plot the indistinguishability computed
for two degenerate Laughlin states, W, and Wys. The
approximate data collapse has been shown for different
system sizes, indicating that the results are valid for the
thermodynamic limit. We find that the two states are
nearly indistinguishable for small ¢ but become distin-
guishable only for large ¢ 2 0.5. We do not find an
n = O(V/N) dependence. Instead, the non-local, O(N),
distinction between states is found to be a generic feature
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FIG. 6: (Color online) Indistinguishability as a function of ¢
for the v = 5/2 system (a) between two degenerate Moore-
Read states, and (b) between the Moore-Read ground state
and the first excited state.

of any two quantum Hall states. FigureBb compares the
Laughlin state ¥, with it’s first excited state W, at
zero momentum. The first excited state can be thought of
as a composite fermion particle-hole pair that is formed
from superpositions of all electron coordinates®3!. We
find precisely the same I,, dependence here indicating
that the structure we observe is generic for any two or-
thogonal lowest LL states derived from short range mod-
els. For long range interactions we find that the I,, versus
n dependence exhibits the similar behavior.

We have also checked the non-Abelian Moore-Read
states. From Eq.[@we can generate six degenerate Moore-
Read states on the torus, corresponding to six distinct
topological sectors. We plot the indistinguishability be-
tween two distinct Moor-Read states, U pysy and Wpyo,
in Figure [6h and the indistinguishability between W p s
and its first excited state, W1, in Figure [6b for differ-
ent system sizes. These figures show precisely the same
generic structure as Abelian Laughlin states.

V. SUMMARY

We have computed the indistinguishability, I,,, (Eq.[d)
between distinct topological states in two different types
of two-dimensional models, the toric code lattice model
of spins and FQH models of 2DEGs in a strong magnetic
field. Both models show ground states with topological
degeneracies. Using I,, we were able to show that the
nature of the topological order in the toric code is distinct
from that in the FQH regime.

In the toric code, basis states are localized in two di-
mensions to lie at discrete sites. The model was con-
structed to obey strictly one-dimensional symmetries.
These symmetries then yield topological degeneracies



when the model is placed on a surface with periodic
boundaries. As a result our calculation of I,, showed that
measurements on a carefully chosen set of n ~ v/N spins
in an N-particle system can accurately distinguish topo-
logical sectors, as expected. The topological quantum
Hall states, in contrast, always show an n ~ N depen-
dence. This is a result of the one-dimensional nature of
the Hilbert space itself. FQH correlators distinguishing
two states'® span all particles even though the correla-
tors are constructed from a one-dimensional product of
operators.

Our study used the indistinguishability to show that
quantum Hall states in periodic systems can only be dis-
tinguished with correlators of the order of the system
size, N. This implies that the wavefunction is sufficient

and necessary in a full description of FQH states. Our
results also imply that in comparing candidate quantum
Hall states in systems without edges, overlap is an effi-
cient tool to distinguish two states (overlap is equivalent
to I,—n up to a constant factor). Our results show that
small-size correlation functions (n < N/2) can not accu-
rately distinguish two quantum Hall states in the torus
geometry.

It would be interesting to extend our analysis to sys-
tems with edges. Correlators of FQH edge states can be
used to distinguish states in the bulk32. A calculation of
I, for systems with edges may show a different n depen-
dence for states chosen near the system edge.
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