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Abstract

In previous work [14], we modify the hidden Markov
mode (HMM) framework to incorporate a global para-
metric variation in the output probabilities of the states of
the HMM. Devel opment of the parametric hidden Markov
model (PHMM) wasmotivated by thetask of simultaneously
recognizing and interpreting gestures that exhi bit meaning-
ful variation. With standard HMMs, such global variation
confounds the recognition process. The original PHMM
approach assumes a linear dependence of output density
means on the global parameter. In this paper we extend
the PHMM to handle arbitrary smooth (nonlinear) depen-
dencies. We show a generalized expectati on-maximization
(GEM) algorithmfor trainingthe PHMM and a GEM algo-
rithmto simultaneously recognize the gesture and estimate
thevalue of the parameter. e present results on a pointing
gesture, where the nonlinear approach permits the natural
azimuth/el evation parameterization of pointing direction.

1 Introduction

In [14] we introduce parametric hidden Markov models
(PHMMs) as a technique to simultaneously recognize and
interpret parameterized gesture. By parameterized gesture
we mean gestures that exhibit a meaningful variation; an
example is a point gesture where the important parame-
ter isdirection. A point gesture is then parameterized by
two values: the Cartesian coordinates that indicate direc-
tion. Alternatively, direction can be specified by spherical
coordinates.

We refer the reader to [14] for a detailed motivation of
the PHMM approach as It relates to gesture recognition
and interpretation. We briefly mention here that without
resorting to manual tinkering withthefeature space, astan-
dard dynamic time warping (DTW) or HMM approach to
the recognition of parameterized gestures faces the diffi-
culty that either the variability controlled by the parameter
must be modeled as noise, or there must be an indepen-
dent recognition procedure for each significantly distinct
parameter value. Likewise the process of recovering the
parameters necessarily involves recognizing the gesture.

PHMMs extend the standard HMM model to include
a global parametric variation in the output of the HMM
states. In [14] a linear model was used to model the
parametric variation of the output densities at each state
of the HMM. Using the linear model, we formulated an
expectation-maximization (EM) method for training the
parametric HMM. During testing, the PHMM simultane-
oudly recognizes the gesture and estimates the quantifying

parameters, also by an EM procedure.

After reviewing linear PHMMs, we present the exten-
sion of the framework to handle situations in which the
dependence of the state output distributionson the parame-
tersisnotlinear. Nonlinear PHMMsmodel the dependence
using asingle 3-layer logistic neura network at each state;
this model reduces the constraint on the mapping from
parameterization to output densities from being linear to
simply being smooth. The nonlinear PHMM s thus able
to model alarger class of gesture and movement than the
linear PHMM, and by the same token, the parameterization
may be chosen more fredly in relation to the observation
feature space.

2 Related work

Hidden Markov models and related stetistical time-
warping techniques have been applied to the problem of
gesture recognition with notable success [11, 12, 5, 15].
None of these works has devel oped representationsto learn
meaningful variation of the gestures. For example, Starner
and Pentland restrict the ASL aphabet to repeatable, non-
varying gestures. In fact ASL is subject to complex gram-
matical processes that operate on multiple simultaneous
levels. These kinds of variationin ASL are addressed in a
machine perception framework by Poizner et . [9].

In [13], we apply HMMs to the task of hand gesture
recognition from video by training an eigenvector basis set
of the images corresponding to each state. An image's
membership to each stateisafunction of theresidua of the
reconstruction of the image using the state’s eigenvectors.
The state membership is thus invariant to variance along
the eigenvectors. Although not applied to images directly,
the present work is an extension of thisearlier work in that
the goa isto recover a parameterization of the systematic
variation of the gesture.

Murase and Nayar [7] parameterize meaningful varia-
tion in the appearance of images by computing a repre-
sentation of the nonlinear manifold of the images in an
eigenspace of the images. Their work is similar to ours
in that training assumes that each input feature vector is
labeled with the value of the parameterization. In testing,
an unknown image is projected onto the manifold and the
parameterization is recovered. Their framework has been
used, for example, to recover the cameraanglerelativeto a
known object in thefield of view.

Recently there has been interest in methods that re-
cover latent parameterizations. In his “family discovery”
paradigm, Omohundro [8], for example, outlines a variety



of approachesto learning the nonlinear manifold represent-
ing systematic variation. One of these techniques has been
appliedtothetask of lip reading by Bregler and Omohundro
[4]. Bishop, Svensen and Williams[ 3] have d sointroduced
techniquesto learn latent parameterizations.

Finally, anumber of systems have been devel oped which
usegesturerecognitionwithinan interactivecontext. These
are particularly relevant to the present work in that the sys-
tem is charged with the task of extracting a parameter im-
portant to the interaction as well as the task of recognizing
that the gesture occurred. The Perseus [6] system is an
example. The typica approach of these systemsisto first
identify static configurations of the user’s body that are di-
agnostic of thegesture, and then use an unrelated method to
extract the parameter of interest (e.g., direction of pointing).
Manually constructed ad hoc procedures are typically used
to identify the diagnostic configuration, atask complicated
by the requirement that this procedure work through the
range of meaningful variation and also not be confused by
other gestures. Perseus, for example, understands pointing
gestures by detecting when theuser’sarmisextended. The
system then finds the pointing direction by computing the
line from the head to the user’s hand.

3 Linear PHMMs

This section reviewsthe linear derivation found in [14].
PHMMsmode the dependence on the parameter of interest
explicitly. We begin with the usual HMM formulation [10]
and change the form of the output probability distribution
(usually anormal distribution or amixturemodel) to depend
on the parameter 6, avector quantity.

3.1 Modd

In the standard continuous HMM model, a sequence is
represented by movement through a set of hidden states.
The Markov property isencoded in a set of transiti on prob-
abilities, with a¢;; = P(¢: = j | ¢z—1 = 1) being the
probability of moving to state j at time ¢ given the system
wasin states at timet — 1. Associated with each state j
is an output distribution of the feature vector x given the
system isredly in state j at timet: P(x; | ¢: = j). Ina
simple Gaussian HMM, the parameters to be estimated are
theai]', [y and 2]'.1

To introduce the parameterization on 8 we modify the
output distributions. The simplest useful model isalinear
dependence of the mean of the Gaussian on 8. For each
state j of the HMM we have:

fi;(8) = W6 + i, (1)

P(xy | g0 = j,0) = N(x4, 1;(0),Z;) (2)

In the work presented here al values of 8 are considered
equally likely and so the prior P(0 | ¢; = j) isignored.

Note that € is constant for the entire observation se-
guence, but is free to vary from sequence to sequence.
When necessary, we write the value of 8 associated with a
particular sequence k as 6;,.

Figure 1 shows the PHMM architecture as a Bayes
network. Bengio and Frasconi’s [1] Input Output HMM

1Technically therearealsotheinitial state parameters; to be estimated,
in thiswork we use causal topologieswith aunique starting state.
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Figure 1: Bayes network showing the conditional dependencies
of the PHMM.

(IOHMM) is a similar architecture that maps input se-
quences to output sequences using a recurrent neural net,
which by the Markov assumption needs only consider the
current and previoustime steps of theinput and output. The
PHMM architecture differsin that it maps a single param-
eter value to a sequence. Thus the parameter provides a
global constraint on the sequences, and so the PHMM test-
ing phase must consider the entire sequence at once. Later,
we show how this feature provides robustness to noise.

3.2 Training

Training consists of setting the HMM parameters to
maximize the probability of the training sequences. Each
training sequence is paired with avalue of 8. The Baum-
Welch form of the expectation-maximization (EM) algo-
rithm is used to update the parameters of the output prob-
ability distributions. The expectation step of the Baum-
WEelch algorithm (also known as the “forward/backward”
algorithm) computes the probability that the HMM was in
state j a time ¢ given the entire sequence x,, denoted as
v¢;. Itis convenient to consider the HMM'’s parse of the
observation sequence as being represented by the matrix
Vg

Intraini ng, the parameters ¢ of theHMM are updated in
the maximization step of the EM agorithm. In particular,
the parameters ¢ are updated by choosing a¢’ to maximize
the auxiliary function Q(¢’ | ¢), the expected value of the
log probability of the sequence given the parse v,;. ¢’
may contain al the parameters in ¢, or only a subset if
several maximization steps are required to estimate all the
parameters. In[14] we derive () for HMMs:

Xt|Qt—.7 ¢)

a¢'
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The parameters ¢ of the parameterized Gaussian HMM
include W, p1;, Z; and the Markov model transition prob-

abilities. UpdatmgW andu separately has the drawback
that when estimating 17; only the old value of y; isavail-
able, and similarly if g, is estimated first. Instead, we
define new variables:

]
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such that ﬁj = Z;Q;. We then need to only update Z; in
the maximization step for the means.

To derive an update equation for Z; we maximize () by
setting equation 3 to zero (selecting Z as the parameters
in ¢’) and solving for Z;. Note that because each obser-
vation sequence k in the training set is associated with a
particular 8;., we can consider all observation sequences in
the training set before updating Z;. Accordingly we de-
note +;; associated with sequence k as 7y Substituting
the Gallssian digtribution and the definition'of frp = Z;Qp

into equation 3;
. _108;(0r)
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Setting this derivative to zero and solving for

Z;, we get
the update equation for Z;:
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Once the means are estimated, the covariance matrices
2, are updated in the usual way:

"7 Z 5= 5 e (ke = i (80)) (e = (60))" (9)

asisthematrix of transition probabilities[10].

3.3 Testing

In testing we are given an HMM and an input sequence.
We wish to compute the value of 8 and the probability
that the HMM produced the sequence. As compared to the
usual HMM formulation, the PHMM ' stesting procedureis
complicated by the dependence of the parse on theunknown
6. Here we present only a technique to extract the value
of 8, since for a given value of @ the probability of the
sequence x, iseasily computed by the Viterbi agorithm or
by the forward/backward a gorithm.

We desire the vaue of 8 which maximizes the prob-
ability of the observation sequence. Again an EM al-
gorithm is appropriate: the expectation step is the same
forward/backward agorithm used in training. The for-
ward/backward al gorithm computestheoptimal parsegiven
avalue of 6. In the corresponding maximization step we
update & to maximize (), thelog probability of the sequence
given the parse ;..

To derive an update equation for 8, we start with the
derivativein equation 3 fromthe previoussection and sel ect
6 as ¢'. Aswith Z;, only the means j:; depend upon 6
yielding:

=23t 19 )

Setting this derivative to zero and solving for 8, we have:

-1
6= [Z%i W].sz‘lel [Zw W]'sz_l(xt - Hj)]
t,j t,j
(11)
The values of v;; and @ areiteratively updated until the
changein @ issmall. With the examples we havetried, less
than ten iterations are sufficient. Note that for efficiency,
many of the inner terms of the above expression may be
pre-computed.

4 Nonlinear PHMMs

41 Mode

Nonlinear PHMMs omit the linear model of section 3.1
in favor of alogistic neural network with one hidden layer.
Aswithlinear PHMMs, the output of each state isassumed
to be Gaussian:

P(Xt | q = J, 9) = N(Xt, ﬁj(a), Zj) (12)

The mean

i1,(8) is defined to be the output of the net-
work associ ated W|th state j:
1;(60) = WD g(Wkilg 4 p(1i)y 4 p(29) (13)

where W (47) denotes the matrix of weights from the input
layer to the layer of hidden logistic units, 5(%7) the biases
at each input unit, and ¢(-) the vector-valued function that
computes the logistic function of each component of its
argument. Similarly, W(%7) and (%) denote the weights
and biases for the output layer (see[2)]).

4.2 Training

Aswith linear PHMMs, the parameters of the nonlinear
PHMM are updated i n the maximi zation step of thetraining
EM agorithm by choosing ¢’ to maximize the auxiliary
function Q(¢' | ¢).

Inthenonlinear PHMM, the parameters ¢ includethepa-
rameters of each neural network aswel| as 2; andtransition
probabilitiesa,;. Unlikethelinear PHMM |t isnot possible
to maximize ¢) with respect to ¢ anayticaly. Instead we
rely onthe" generalized expectation-maximization” (GEM)
algorithminwhich @ isnumerically maximized inthe max-
imi zati on step using optimi zationtechniques. The expecta
tionstep isthe same asinthelinear parametric and standard
HMM formulations (the forward/backward al gorithm).

Gradient ascent may be used to update the network pa
rameters in each maximization step of the GEM a gorithm.
When applied to multi-layer neural networks, gradient as-
cent (or gradient descent when the god isto minimize“er-
[o]r") is often referred to as the backpropagation a gorithm

2].

Rather than reiterate the devel opment of the backpropa-
gationa gorithmhere, wenotethat to optimize P(x; | ¢: =
J, 8) viagradient ascent we use

0 . _
% log P(x; | ¢: = j,0) = _zj 1(th -

where x;; — f1;(6) is the usua error quantity to be min-
imized by the backpropagation algorithm. Accordingly,

i;(9)) (14



to maximize ) we use the backpropagation agorithm to
minimize the error

45 Z5 H(xke — f15(8)) (15)

for the network corresponding to state j.

In each maximization step of the GEM algorithm, it is
not necessary to maximize () completely. Aslongas @ is
increased for every maximization step, the GEM agorithm
is guaranteed to converge to alocal maximum in the same
manner as EM. Infact, sincethe functional () changeswith
every expectation step, a complete maximization of @ in
the maximization step is probably computationally waste-
ful. In our testing we run the gradient ascent agorithm
(backpropagation agorithm) a fixed number of iterations
for each GEM iteration.

4.3 Testing

In testing we desire the value of 8 which maximizes
the probability of the observation sequence. Again an EM
algorithm to compute 6 is appropriate.

Asinthetraining phase, we can not maximize () analyt-
icaly, and so a GEM agorithmis necessary. To optimize
(), we use a gradient ascent algorithm:

0Q oo re10(8)

G0~ 22 ks = iy (65— 19
01 (8) _ @i p (L) 4 p Ly (L)
—g =W N(g' (WD) 4 pBD ) (17)

where /A(-) formsthe diagonal matrix from the components
of its argument, and ¢’(-) denotes the derivative of the
vector-va ued function that computes the logistic function
of each component of its argument.

In the results presented in this paper, we use a gradient
ascent algorithm with adaptive step size. In additionit was
found necessary to constrain the gradient ascent step to pre-
vent the agorithm from wandering outside the bounds of
the training data, where the output of the neura networks
isessentially undefined. Thisconstraint isimplemented by
simply limiting any component of the step that takes the
value of @ outside the bounds of the training data, estab-
lished by the minimum and maximum @ training val ues.

As with the EM training agorithm of the linear para-
metric case, for al of our experiments less than ten GEM
iterations are required.

4.4 Freedom of choice

In [14] we present an example of a pointing gesture
parameterized by projection of hand positiononto theplane
paralel and in front of the user at the moment that the arm
isfully extended. The linear PHMM works well since the
projection is a linear operation over the range of angles
used in the experiment.

The nonlinear variant of the PHMM introduced in the
previous section is appropriate in situations in which the
dependence of the state output distributions on the param-
eters @ isnot linear, and cannot be made linear easily with
aknown coordinate transformation of the feature space.

In practice, a useful conseguence of nonlinear model-
ing for PHMMs isthat the parameter space may be chosen
morefredy inrelation to the observation feature space. For

example, in a hand gesture recognition system, the natu-
ra feature space may be the spatia position of the hand,
while a natural parameterization for a pointing gesture is
the spherical coordinates of the pointing direction (see Fig-
ure 2).

However, thereis no guarantee that any observationfea
ture space will permit the PHMM to learn the parameteri-
zation. Continuing with the pointing example, the nonlin-
ear PHMM approach will learn the smooth mapping from
spherical coordinates of the point to hand position at each
state unambiguously. Obviously, a feature space that does
not include the = coordinate (across the body) will not
be enough to capture the parameterization, while a feature
space that neglects the depth awvay from the body may work
well enough.

The mapping from parameter to observations must be
smooth enough to be learned by neural networks with a
reasonable number of hidden units. While in theory a 3-
layer logistic neural network with sufficiently many hidden
unitsand sufficient dataiscapabl e of computing any smooth
mapping, we would like to use as few hidden units as pos-
sible and so choose our parameterization and observation
feature space to give simple, learnable maps. Cross vali-
dation is probably the only practical automatic procedure
to evaluate parameter/observation feature space pairings,
as well as the number of hidden unitsin each neura net-
work. The computational complexity of such approaches
isadrawback of the nonlinear PHMM approach.

In summary, with nonlinear PHMMs we are free to
choose intuitive parameterizations but we must be careful
that it is possible to learn the mapping from parameters to
observation features given a particular observation feature
space.

5 Reaults

To test the performance of the nonlinear PHMM, we
conducted an experiment similar to the pointing experiment
of [14] but with a spherical coordinate parameterization
rather than the projection onto a plane in front of the user.

We used a Polhemus motion capture system to record
the position of the user’s wrist at a frame rate of 30Hz.
Fifty such examples were collected, each averaging 29time
samples (about 1 second) inlength. Thirty of the sequences
were randomly selected as the training set; the remaining
20 comprised the test set.

Before training, the value of the parameter 8 must be
set for each training example, as well as for each testing
exampleto evaluate the ability of the PHMM to recover the
parameterization. We directly measured the value of 8 by
finding the point at which the depth of thewrist avay from
the user was greatest. This point was transformed to spher-
ical coordinates (azimuth and elevation) viathe arctangent
function. Figure 2 diagrams the coordinate system.

Note that for pointing gestures that are confined to a
small area in front of the user (as in the experiment pre-
sented in [14]) the linear parametric HMM approach will
work well enough, since for small val ues the tangent func-
tionisapproximately linear. The pointing gesturesused in
the present experiment were more broad, ranging from -36
to +81 degrees elevation and -77 to +80 degrees azimuth.

An 8 state causal nonlinear PHMM was trained on the
40 training examples. To simplify training we constrained
the number of hidden units of each state to be equal; note



elevation

azimuth

Figure 2: The spherical coordinate system is a natural parame-
terization of pointing direction.

that thisis not required by the modd but makes choosing
the number of hidden unitsviacross validation easier. We
evaluated performance on the testing set for various num-
bers of hidden unitsand found that 10 hidden unitsgave the
best testing performance. We did not evaluate the perfor-
mance under varying amounts of training data or varying
numbers of statesin the HMM.

The average error over the testing set was computed to
be about 6.0 degrees devation and 7.5 degrees azimuth.
Inspection of the surfaces learned by the logistic networks
of thenonlinear PHMM reveal sthat asinthelinear case, the
input’s dependence on 8 ismost dramatic in the middle of
the sequence, theapex of thepointinggestures. Thesurface
learned by thelogistic network at the state corresponding to
the apex captures the nonlinearity of the dependency (see
Figure 3). For comparison, an eight state linear PHMM
was trained on the same data and yielded an average error
over the same test set of about 14.9 degrees elevation and
18.3 degrees azimuth.

Lastly, we demonstrate recognition performance of the
nonlinear PHMM on our pointing data. A one minute se-
guencewas collected that contai ned avariety of movements
including six points distributed throughout. To simultane-
oudly detect the gesture and recover 6, we used a 30 sample
(one second) window on the sequence. Figure 4 showsthe
log probability as a function of time and the value of 6
recovered for anumber of recovered pointing gestures. All
of the pointing gestures were recovered.

6 Conclusion

The PHMM framework presented in [14] has been gen-
eralized to handle nonlinear dependencies of the state out-
put distributionson the parameterization 8. We have shown
that where the linear PHMM employsthe EM algorithmin
training and testing, the nonlinear variant ssimilarly usesthe
GEM dgorithm.

The drawbacks of the of the generalized approach are
two-fold: the number of hidden units for the networks
must be chosen appropriately duringtraining, and secondly,
during testing the GEM a gorithmis more computationally
intensive than the EM agorithm of the linear approach.

. elevation
azimuth

Figure 3: The output of the logistic network corresponding to
state ; = 5 displayed as a surface. State 5 is near the apex of
the gesture and shows the greatest sensitivity to pointing angle.
Only the y coordinate of the output is shown; the z coordinateis
similarly nonlinear.

The nonlinear PHMM s able to model a much larger
class of parameterized gestures and movements than the
linear parametric HMM. A benefit of theincreased model-
ing ability isthat with some care, the parameter space may
be chosen independently of the observation feature space.
It follows that the parameterization may be tailored to a
specific gesture. Furthermore, more intuitive parameteri-
zations may be used. For example, afamily of movements
may be parameterized by a subjective quantity (e.g. the
“intensity” of a walk). We believe these are significant
advantages in modeling parameterized gesture and move-
ment.
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