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Abstract

In this paper, we consider the problem of Robust Matrix Completion (RMC) where the goal is to
recover a low-rank matrix by observing a small number of its entries out of which a few can be arbitrarily
corrupted. We propose a simple projected gradient descent method to estimate the low-rank matrix
that alternately performs a projected gradient descent step and cleans up a few of the corrupted entries
using hard-thresholding. Our algorithm solves RMC using nearly optimal number of observations as
well as nearly optimal number of corruptions. Our result also implies significant improvement over the
existing time complexity bounds for the low-rank matrix completion problem. Finally, an application of
our result to the robust PCA problem (low-rank+sparse matrix separation) leads to nearly linear time
(in matrix dimensions) algorithm for the same; existing state-of-the-art methods require quadratic time.
Our empirical results corroborate our theoretical results and show that even for moderate sized problems,
our method for robust PCA is an an order of magnitude faster than the existing methods.

1 Introduction

In this paper, we study the Robust Matrix Completion (RMC) problem where the goal is to recover an
underlying low-rank matrix by observing a small number of sparsely corrupted entries from the matrix.
Formally,

RMC: Find rank-r matrix L* € R™*" using Q and Pq(L*)+ S*, (1)

where © C [m] x [n] is the set of observed entries (throughout the paper we assume that m < n), S* denotes
the sparse corruptions of the observed entries, i.e., Supp(S*) € . Sampling operator Pq : R™*" — R™*"
is defined as:

(PQ (A))U = Aij, if (’L,]) € Q, (PQ(A))U =0, otherwise. (2)

RMC is an important problem with several applications such as recommendation systems with outliers.
Similarly, the problem is also heavily used to model PCA under gross outliers as well as erasures [JRVSTI].
Finally, as we show later, an efficient solution to RMC enables faster solution for the robust PCA (RPCA)
problem as well. The goal in RPCA is to find a low-rank matrix L* and sparse matrix S by observing their
sum, i.e., M = L* + S*. State-of-the-art results for RPCA shows exact recovery of a rank-r, u-incoherent
L* (see Assumptlon 1, Section [3]) if at most p = —— fraction of the entries in each row/column of S* are

corrupted [HKZII, |M1N—Siléﬂ

However, the existing state-of-the-art results for RMC with optimal p = ﬁ fraction of corrupted entries,
either require at least a constant fraction of the entries of L* to be observed [CISCII [CLMWT1I] or require
restrictive assumptions like support of corruptions S* being uniformly random [Lil3]. [KLTT4] also considers
RMC problem but studies the noisy setting and do not provide exact recovery bounds. Moreover, most of the
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existing methods for RMC use convex relaxation for both low-rank and sparse components, and in general

exhibit large time complexity (O(m?n)).

In this work, we attempt to answer the following open question (assuming m < n):

Can RMC be solved exactly by using || = O(rnlogn) observations out of which O(—=) fraction of the
u2r

observed entries in each row/column are corrupted.

Note that both || (for uniformly random ) and p values mentioned in the question above denote the

information theoretic limits. Hence, the goal is to solve RMC for nearly-optimal number of samples and

nearly-optimal fraction of corruptions.

Under standard assumptions on L*, §*, Q and for n = O(m), we answer the above question in affirmative
albeit with |Q| which is O(r) (ignoring log factors) larger than the optimal sample complexity (see Theorem/[I]).
In particular, we propose a simple projected gradient (PGD) style method for RMC that alternately cleans
up corrupted entries by hard-thresholding; our method’s computational complexity is also nearly optimal
(O(|Qr + (m+n)r? +r3)). Note that our method applies non-convex opeators like low-rank projection and
hard-thresholding. Hence, standard convex analysis techniques cannot be used for our algorithm.

Several recent results [INT5, NUNS™ 14} [JTTK14 [HWT4] [BIull] show that under certain assumptions, pro-
jection onto non-convex sets indeed lead to provable algorithms with fast convergence to the global optima.
However, as explained in Section [3, RMC presents unique set of challenges as we have to perform error
analysis with the errors arising due to missing entries as well as sparse corruptions, both of which interact
among themselves as well. In fact, our careful error analysis also enables us to improve results for the matrix
completion as well as the RPCA problem.

Matrix Completion (MC): The goal of MC is to find rank-r L* using Pq(L*). State-of-the-art result
for MC uses nuclear norm minimization and requires || > p2nr? log? n under standard p-incoherence
assumption (see Section B]), but the method requires O(m?n) time in general. The best sample complexity
result for a non-convex iterative method (with at most logarithmic dependence on the condition number of
L*) achieve exact recovery when |[Q| > uSnr®log? n and needs O(|Q|r) computational steps. In contrast,
assuming n = O(m), our method achieves nearly the same sample complexity of trace-norm but with nearly
linear time algorithm (O(|2|r)). See Table [ for a detailed comparison of our result with the existing
methods.

RPCA: Several recent results show that RPCA can be solved if p = O(ﬁ)—fraction of entries in each row
and column of L* are corrupted [NUNST14| [HKZTT] where L* is assumed to be p-incoherent. Moreover,
St-NcRPCA algorithm [NUNST14] can solve the problem in time O(mnr?). Corollary 2l shows that by
sampling  uniformly at random, we can solve the problem in time O(nr?) only. That is, we can recover L*
without even observing the entire input matrix. Moreover, if the goal is to recover the sparse corruption as
well, then we can obtain a two-pass (over the input matrix) algorithm that solves the RPCA problem exactly.
St-NcRPCA algorithm requires r%log(1/¢) passes over the data. Our method has significantly smaller space

complexity as well.

Our empirical results on synthetic data demonstrates effectiveness of our method. We also apply our method
to the foreground background separation problem; our method is an order of magnitude faster than the state-
of-the-art method (St-NcRPCA) while achieving similar accuracy.

In summary, this paper’s main contributions are:

(a) RMC: We propose a nearly linear time method that solves RMC with |Q| = O(nr? log® nlog? || M ||2/¢)
random entries and with optimal fraction of corruptions (p = ﬁ)

(b) Matrix Completion: Our result improves upon the existing linear time algorithm’s sample complexity
by an O(r®) factor, and time complexity by O(r?) factor, although with an extra O(log||L*||/€) factor in

both time and sample complexity.
(c) RPCA: We present a nearly linear time (O(nr?)) algorithm for RPCA under optimal fraction of cor-



ruptions, improving upon O(mnr?) time complexity of the existing methods.

Notations: We assume that M = L* + S§* and Po(M) = Po(L*) + S*, ie., S* = Po(S*). ||v]|, denotes
¢, norm of a vector v; ||v|| denotes ¢2 norm of v. ||Al|2, ||A]|F, ||A]|+« denotes the operator, Frobenius, and
nuclear norm of A, respectively; by default ||A|| = ||A||2. Operator Pq is given by (), operators P,(A) and
HT¢(A) are defined in Section 21 ¢;(A) denotes i-th singular value of A and o} denotes the i-th singular
value of L*.

Paper Organization: We present our main algorithm in Section 2] and our main results in Section [3 We
also present the proof of one of our main results in Section Bl Section [ presents our empirical result. Due
to lack of space, we present most of the proofs and useful lemmas in Appendix.

2 Algorithm

In this section we present our algorithm for solving the RMC (Robust Matrix Completion) problem: given
Q and Po(M) where M = L* + S* € R™*" rank(L*) < r, ||S*]lo < s and S* = Pq(S*), the goal is to
recover L*. To this end, we focus on solving the following non-convex optimization problem:

(L*,S*) = argrilig |Po(M) — Po(L) — S||%, s.t., rank(L) <r,Pa(S)=S5,|S|o < s. (3)

For the above problem, we propose a simple iterative algorithm that combines projected gradient descent
(for L) with alternating projections (for S). In particular, we maintain iterates L") (with rank k& < r) and
sparse S, L+ is computed using gradient descent step for objective (3) and then projecting back onto
the set of rank k matrices. That is,

1
LD = p, (L(t) - Z—j'PQ(M AR s<t>)> : (4)

where Py (A) denotes projection of A onto the set of rank-k matrices and can be computed efficiently using
SVDof A, p= % S(+1) is computed by projecting the residual P (M — L(*+1)) onto set of sparse matrices
using a hard-thresholding operator, i.e.,

S = YT (M — L), (5)

where HT¢ : R™*™ — R™*" is the hard thresholding operator defined as: (HT¢(A));; = A;j if |Ai;| > ¢
and 0 otherwise. Intuitively, a better estimate of the sparse corruptions for each iteration will reduce the
noise of the projected gradient descent step and a better estimate of the low rank matrix will enable better
estimation of the sparse corruptions. Hence, under correct set of assumptions, the algorithm should recover
L*, 5* exactly.

Unfortunately, just the above two simple iterations cannot handle problems where L* has poor condition
number, as the intermediate errors can be significantly larger than the smallest singular values of L*, making
recovery of the corresponding singular vectors challenging. To alleviate this issue, we propose an algorithm
that proceeds in stages. In the g-th stage, we project L®) onto set of rank-k, matrices. Rank k, is monotonic
w.r.t. ¢. Under standard assumptions, we show that we can increase k, in a manner such that after each
stage HL(t) — L HOO decreased by at least a constant factor. Hence, the number of stages is only logarithmic
in the condition number of L*.

See Algorithm [ for a psuedo-code of the algorithm. Our algorithm has an “outer loop” (see Line 6) which
sets rank k, of iterates L(*) appropriately (see Line 7). We then update L") and S in the “inner loop”
using @), [@). We set threshold for the hard-thresholding operator using singular values of current gradient
descent update (see Line 12). Note that, we divide © uniformly into Q-7 sets, where @ is an upper bound on
the number of outer iterations and 7' is the number of inner iterations. This division ensures independence



Algorithm 1 L = PG-RMC (Q, Po(M), €, 7, 11,1)

1: Input: Observed entries Q, Matrix P (M) € R™*™ convergence criterion ¢, target rank r, incoherence
parameter p, thresholding parameter n

. 10[.1,27"712”7)Q(M)”2 % . . . %
2 T« 10log——g———2, Q< T /* Number of inner and outer iterations */
3: Partition 2 into @ - T subsets {Qq; : ¢ € [Q],¢ € [T]} uniformly at random
4: IO =0, MO = Tt Pa(M), ¢« no1 (M) /* Initialization */
5. ko 0,q+0
6: while o, 1(M©) > 55 do

- ©
7 qqt+l, kg |{i:o(M©) > %(M)}} /* Setting rank of the g-th stage */
8  for Iterationt =0tot =T do
9: SO =HT (P, , (M — LW)) /* Projection onto set of sparse matrices */
10: M® =L1® - I&’tlpgq’t(L(t) + 85U — M) /* Gradient descent update */
11: LY = p, (M) /* Projected gradient descent update */
12: Set threshold ¢ + 7 (quH(M(t)) + (1) o, (M<t>))
13:  end for
4. SO = g™ 1O = (1) pr©) = pp(7) /* Initialization for the next outer iteration */

15: end while
16: Return: LT

across iterates that is critical to application of standard concentration bounds; such division is a standard
technique in the matrix completion related literature [JN15, [HW14l ReclI]. Also, 7 is a tunable parameter
which should be less than one and is smaller for “easier” problems.

Note that updating S® requires O(|Q| -7 + (m +n) - r) computational steps. Computation of L**1) requires
computing SVD for projection P,, which can be computed in time O(|Q|-7+ (m+n)-r%2+73) time (ignoring
log factors); see [JMD10] for more details. Hence, the computational complexity of each step of the algorithm
is linear in |Q|-r (assuming |Q2| > r-(m+n)). As we show in the next section, the algorithm exhibits geometric
convergence rate under standard assumptions and hence the overall complexity is still nearly linear in ||
(assuming r is just a constant).

Rank based Stagewise algorithm: We also provide a rank-based stagewise algorithm where the outer
loop increments k, by one at each stage, i.e., the rank is ¢ in the g-th stage. Our analysis extends for this
algorithm as well, however, its time and sample complexity trades off a factor of O(log(ci/€)) from the
complexity of PG-RMC with a factor of r (rank of L*). We provide the detailed algorithm in Appendix[5.2]
due to lack of space (see Algorithm [2I).

3 Analysis

We now present our analysis for both of our algorithms PG-RMC (Algorithm [I) and R-RMC (Algo-
rithm [2)). In general the problem of Robust PCA with Missing Entries (B]) is harder than the standard
Matrix Completion problem and hence is NP-hard [HMRW14]. Hence, we need to impose certain (by now
standard) assumptions on L*, §*, and () to ensure tractability of the problem:

Assumption 1. Rank and incoherence of L*: L* € R™*" 4s a rank-r incoherent matriz, i.e.,
el U\l < /&, Nlef V|, < uy/%, Vi € [m], V) € [n], where L* = U**(V*)T is the SVD of L*.
Assumption 2. Sampling (0): In each iteration, g, is obtained by sampling each entry with probability

_ 19q.¢]
b=



Assumption 3. Sparsity of §*, S*: We assume that at most p < ﬁ fraction of the elements in each row

and column of S* are non-zero for a small enough constant c. Moreover, we assume that Q is independent

of S*. Hence, S* = Pq(S*) also has at most p - p fraction of the entries in expectation.

Assumptions 1, 2 are standard assumptions in the provable matrix completion literature [CR09, [Rec11l [JTNT5],
while Assumptions 1, 3 are standard assumptions in the robust PCA (low-rank+sparse matrix recovery)
literature [CSPW11l [CLMWT11l, [HKZ11]. Hence, our setting is a generalization of both the standard and
popular problems and as we show later in the section, our result can be used to meaningfully improve the
state-of-the-art for both these problems.

We first present our main result for Algorithm [[lunder the assumptions given above.
Theorem 1. Let Assumptions 1, 2 and 3 on L*, S* and Q hold respectively. Let m < n, n = O(m), and
let the number of samples || satisfy:

2
E[|Q] > Capr?nlog? (n) log> (M> ,
€
4#2T

O(log(||M||2/€))) outer iterations and O(log(%)) inner iterations, outputs a matriz L such that:

where C is a global constant. Then, with probability at least 1 —n~ '8 2 Algorithm [ with n = at most

L—-L"|| <e

F

Note that our number of samples increase with the desired accuracy €. However, using argument similar to
that of [JNI5], we should be able to replace € by o} ;, which should modify the e term to be log? k where
k = o1(L*)/o,(L*). We leave ironing out the details for future work.

Note that the numbe of samples matches information theoretic bound upto O(rlognlog? o /€) factor. Also,
the number of allowed corruptions in S* also matches the known lower bounds (up to a constant factor) and
cannot be improved upon information theoretically.

We now present our result for the rank based stagewise algorithm (Algorithm [2).
Theorem 2. Under Assumptions 1, 2 and 3 on L*, S* and Q respectively and S satisfying:

2
E[Q]] > Copi'r®nlog? (n) log <“ ”’1> ,
€

Ap’r
m

for a large enough constant C, then Algorithm[Qd with n set to outputs a matrix L such that: Hﬁ — L

<
. F
€, wp. >1—n"lo8s,
Notice that the sample complexity of Algorithm Pl has an additional multiplicative factor of O(r) when
compared to that of Algorithm [I] but shaves off a factor of O(log(k)). Similarly, computational complex-
ity of Algorithm [l also trades off a O(log k) factor for O(r) factor from the computational complexity of
Algorithm [I1

Result for Matrix Completion: Note that for S = 0, the RMC problem with Assumptions 1,2 is exactly
the same as the standard matrix completion problem and hence, we get the following result as a corollary
of Theorem [T}

Corollary 1 (Matrix Completion). Suppose we observe Q and Po(L*) where Assumptions 1,2 hold for L*
and Q. Also, let E[|Q|] > Ca?u*r?log® nlog” 1 /e and m < n. Then, w.p. > 1 —n~'8%  Algorithm [0
outputs L s.t. |L — L*||y <e.

Table[Il compares our sample and time complexity bounds for low-rank MC. Note that our sample complexity
is nearly the same as that of nuclear-norm methods while the running time of our algorithm is significantly



Sample Complexity Computational Complexity

Nuclear norm [Recl1] O (u?rn log? n) O (n®log 1)
SVP [INT5] (0] (u4r5n10g3 n) (0] (,u47°7n10g3 nlog(l))
Alt. Min. [HWT4] O (nu*r®log® (k) log® n) O (nutr'®log® (k) log” n)
Alt. Grad. Desc. [SLI5] | O (nr&? max{p?®logn, u'rfx}) O (n*r®x*log (1))

R-RMC (This Paper) @) (u4r3n log? (n) log (%)) 0 (,u47*4n10g2 (n)log (UT;))
PG-RMC (This Paper) | O (,u41"2n log? (1) log? (“_)) 0 (u4r3n log? (n) log? (U_))

Table 1: Comparison of PG-RMC and R-RMC with Other Matrix Completion Methods

better than the existing results that have at most logarithmic dependence on the condition number of
L*.

Result for Robust PCA: Consider the standard Robust PCA problem (RPCA), where the goal is to
recover L* from M = L* + S*. For RPCA as well, we can randomly sample |Q| entries from M, where Q
satisfies the assumption required by Theorem [Il This leads us to the following corollary:

Corollary 2 (Robust PCA). Suppose we observe M = L* + S*, where Assumptions 1, 8 hold for L*
and S*. Generate Q € [m] x [n] by sampling each entry uniformly at random with probability p, s.t.,
E[Q]] > Ca®ptr? logZnlog”o1/e. Let m < n. Then, w.p. > 1 —n~'8%  Algorithm [ outputs L s.t.
L =Lz <e

Hence, using Theorem [Il we will still be able to recover L* but using only the sampled entries. Moreover, the
running time of the algorithm is only O(u?nr? log? nlog? (01/€)), i.e., we are able to solve RPCA problem in
time linear in n. To the best of our knowledge, the existing state-of-the-art methods for RPCA require at
least O(n?r) time to perform the same task [NUNST 14, [GWTL16]. Similarly, we don’t need to load the entire
data matrix in memory, but we can just sample the matrix and work with the obtained sparse matrix with
at most linear number of entries. Hence, our method significantly reduces both time and space complexity,
and as demonstrated empirically in Section M can help scale our algorithm to very large data sets without
losing accuracy.

3.1 Proof of Theorem [l

We now present our proof for Theorem [T} the proof of Theorem [ follows similarly. The proofs of all but
one of the lemmas used are deferred to the appendix to improve readability. Recall that we assume that
M = L*+S* and define S* = Pq(S*). Similarly, we define S®) = HT (M —L®). Critically, S® = Pg(S®)
(see Line 9 of Algorithm [II), i.e., S® is the set of iterates that we “could” obtain if entire M was observed.
Note that we cannot compute S (®) it is introduced only to simplify our analysis.

We first re-write the projected gradient descent step for L(!*1) as described in @):

E,
B _ e ~ —
L) = py (L* + (5" — 50+ (I— %) (L® — L*) +(8® — S*))) (6)
E1 p E

That is, L(**t1 is obtained by rank-k, SVD of a perturbed version of L*: L* 4+ E; + E3. As we perform

entrywise thresholding to reduce [|S* — S® ||, we need to bound ||LE+Y) — L*|.. To this end, we use
techniques from [JN15], [NUNST14] that explicitly model singular vectors of L(**1) and argue about the



infinity norm error using a Taylor series expansion. However, in our case, such an error analysis requires
analyzing the following key quantities (H = E; + Es):

V1<j, s.t., jeven:Aj:= mzﬁﬂe; (HTH)% V*l2, B; = mfix] ||eq (HHT) U2,
qe(n q€[m

V1< j, s, jodd:C; = mzﬁHeZHT (HHET) = U™y, D; = max lel H (HT H)' v, (7)
qe(n qe[m

Note that F; = 0 in the case of standard RPCA which was analyzed in [NUNS™ 14|, while F3 = 0 in the
case of standard MC which was considered in [IN15]. In contrast, in our case both F; and Fj5 are non-zero.
Moreover, E3 is dependent on random variable 2. Hence, for j > 2, we will get cross terms between Ej3
and F, that will also have dependent random variables which precludes application of standard Bernstein-
style tail bounds. To this end, we use a technique similar to that of [EKYY13l [JN15] to provide a careful
combinatorial-style argument to bound the above given quantity. That is, we can provide the following key
lemma: _

Lemma 1. Let L*, Q, and S* satisfy Assumptions 1, 2 and 3 respectively. Let L* = U*S*(V*)T be the

tth

singular value decomposition of L*. Furthermore, suppose that in the iteration of the ¢ stage, S

defined as HT;(M — L") satisfies Supp(S®) C Supp(S*), then we have:

r n “
(A, B Co Do < [ (13 + €y (S 1B+ ol ) ogn )

Ve >0 wp >1—n"2°85+ where By, By and E3 are defined in (@), A, Ba,Cy, D, are defined in (7).

Remark: We would like to note that even for the standard MC setting, i.e., when F; = 0, we obtain
better bound than that of [INT5] as we can bound max; |[el (E3)U]||2 dlrectly rather than the weaker
Vrmax; ||l (E3)%u;|| bound that [JNT5] uses.

In the following lemma, we characterize how the progress in the estimation of L* by L") depends on the
quantities in [71
Lemma 2. Let L) = P, (L* + H), where H is any perturbation matriz that satisfies the following:

g
1| Hlly < 4

b

2.Vie[n], a€ [10%1 with v <

( )%*

THT( )L JU*

oy

< (V)% / % when a s even

< (V)%%un/ 7 wh is odd
2_(U)u 77 when a is o

where o is the k' singular value of L*. Also, let L* satisfy Assumption 1. Then, the following holds:

eTH(HTH)'# v

)

i
< F (Uk+1 + 20 ||H||2 + 81})

Jresn -

o0
where p and v are the rank and incoherence of the matriz L* respectively.

In the next lemma, we show that with the threshold chosen in the algorithm, we show an improvement in
the estimation of S* by S(¢+1),
Lemma 3. In the t'" iterate of the ¢*" stage, assume the following holds:

12 = L0 < 22 (o + (3)7 o)

2 & vk (3) 1) < (e v (3) 2) <R (i + (3) )




where o}, and of | are the k and (k+ D) singular values of L*, A\, and M\+1 are the k and (k-+1)*" singular
values of MD and, r and p are the rank and incoherence of the m x n matriz L* respectively. Then we have

1. Supp (g(t)> C Supp (§*)

< 82 (04 + (3)"07)

m

2, H§<t> _ 5

o0

In the following lemma, we show that we make progress simultaneously in the estimation of both S* and L*
by S® and L®). We make use of Lemmas [ and [ to show how progress in the estimation of one affects the
other alternatively. We use Lemma [l along with Lemma[2lto show improved estimation of L* by LW,
Lemma 4. Let L*, Q, S* and S satisfy Assumptions 1,2,3 respectively. Then, in the t' iteration of the
q™ stage of Algorithmd, S® and L® satisfy:

" " 8 2 1 t—3
oo -5 <5 (il (3) i)
Supp (§(t)) C Supp (g*) , and

22 I
== 2 (il + (3) )

with probability > 1 — ((q — 1)T +t — 1)n~(19+198 @) where T is the number of iterations in the inner loop.

Proof. We prove the lemma by induction on both ¢ and .

Base Case: g=1and t=0
We begin by first proving an upper bound on ||L*||_ . We do this as follows:

T
* ok *
E Ok Uik Y5k
k=1

where the last inequality follows from Cauchy-Schwartz and the incoherence of U*. This directly proves
the third claim of the lemma for the base case. We also note that due to the thresholding step and the
incoherence assumption on L*, we have:

.
|L;;

T T 2
ner
<D on Juiv] o1 Y fulon] < S==oi
k=1 k=1 mn

¢
L [BO|| < %25 (o3 + 207) € 225 (807,) , and

2. Supp (g(t)) = Supp (g*) .

where (¢) follows from Lemma[l So the base case of induction is satisfied.

Induction over ¢
We first prove the inductive step over ¢ (for a fixed ¢). By inductive hypothesis we assume that:

a) B0, <2 (of 0+ (3) o7, )
b) Supp (§(t)) C Supp (§*)
) 27— 1O < 2 (o7 + (1)o7

with probability 1 — ((¢ — 1)T +t — 1)n~(10F1°8®) " Then by Lemma Bl we have:

i
< B (of 0 + 20| H, + 80) (8)

HL(tH) s




From Lemma [Il we have:

. (SO 1\ @) 1 1\"?
vganE()H +8Balogn < 100 Olyt1 T 3 oy, | +8Balogn < =5 Oyt1 T 3 o, | (9)

where (1) follows from our assumptions on p and our inductive hypothesis on HE(t)HOO and (¢2) follows
from our assumption on p and by noticing that [[D] < HE(t)HOO + ||L* - L(t)HOO. Recall that D =

L® —L* + §® — g,
1 1 t—3
14, < s (azqﬂ +(3) a;;,> (10)

From Lemma [TT}
with probability > 1 — n~(10+1°g%)  From Equations [0, @ and B, we have:

2ur 1\"?
L* — L(t-i—l)H < * - *
H com quJrl + 2 qu

which by union bound holds with probability > 1 — ((¢ — 1)T 4 t)n~ (19418 @) Hence, using Lemma B and
we have:

L. ||E(t+1)Hoo < Sﬁir (Uzqﬂ + (%)FQ Uzq)

2. Supp (g(t)t + 1) C Supp (§*>

which also holds with probability > 1 — ((q — 1)T 4 t)n~(10+1°8®) " This concludes the proof for induction
over t.

Induction Over Stages ¢
We now prove the induction over ¢q. Suppose the hypothesis holds for stage ¢q. At the end of stage ¢, we
have:
T 8u? * 1T 8u’roy 1
LB, < % (0,40 + () 03, ) < TR 4 g and

< poey Ton®
2. Supp (g(T)) C Supp (g*)

with probability > 1 — (¢7" — 1)n~ (104129 From Lemmas [Bland [II] we get:

. 1 N me
‘qu-i-l (M(T)) - qu-i-l‘ < H1; < 155 (qu-i-l + W) (11)

with probability 1 — n~(10+1°8®)  We know that NOk,+1 (M(t)) > 5= which with [Tl implies that ‘UZqul‘ >
Tonkr

2u%r N 2u%r me
T+1 * *
HL( + )—L OOS m (qu+1+ (2> qu S m O.kq+1+20n/j,2’r‘n
20°r ([, T\ _ 20°7 (o o\ @ 26’ o,
= m (quﬂ * ; = m (2akq+1) = ( k‘ﬁl)



where (¢4) follows from Lemma 5l By union bound this holds with probability > 1 — ¢T'n~(10+lega),

Now, from [I2 and Bl we have through a similar series of arguments as above:

2

Sur
t *
HE()T+1HOOS ~ (807,..) (12)

which holds with probability > 1 — gT'n~(10+loga), O

In the following lemma, we show that that ak 41 is sufficiently small compared to ak 41 and ak is suffi-
ciently large compared to ak ,+1- The first condition enables us to show that o 1 decreases geometneally
which ensures that only a small number of “outer iterations” are required for the algorlthm to converge while
the second condition ensures that the error measured by ||E1||, and || E3| ., is small in comparison to qu
which is required for the application of Lemma [3l

Lemma 5. Assume that L*, Q and S* satisfy Assumptions 1,2 and 3 respectively. Furthermore, suppose at
the beginning of the ' stage of algorithm [

* 24 x
1|l O < 25T (207, 0a)

8u’r X
2 |EO|, < 37 (207, 1)
Then, the following hold:

* 15 %
1. Ok, > 33 hy_1+1

17
2. oqurl < 3_2012q71+1

with probability > 1 — n~(10+loga)

We can now proceed to prove Theorem [Tk

Proof of Theorem [} From Lemma [[3] we know that T > log(?’”2+a;). Consider the stage ¢ reached at
the termination of the algorithm. We know from Lemma @] that:

LB, < 2 (7,0 + () 0f,) < 220i 0+ 1
2 T 2
o S22 (of+ (B o, |) < 2

Combining this with Lemmas [6] and [Tl we get:

2. || L™ — L~

* T * €
kq Oke+1 t Ton

1 me
T * *
ok 1 (MT)| > 0f 1 — 100 <%+1 + W) (13)
When the while loop terminates, no, +1 (M(T)) < 5=, which from [[3] implies that ok < 7nu —. So we
have:
2ur €
L-1L* :HL<T>—L* < o< f
I loo o =T TRt T 10, S gy

We will now bound the number of iterations required for the PG-RMC to converge.

From claim 2 of Lemma [Bl, we have a,’;q 1 < %Uzq,l 41 Vg = 1. By recursively applying this inequality, we

get o 41 < (%)q o7. We know that when the algorithm terminates, Tkgt1 < ﬁ Since, (%)q o7 is an

Tulro}
€

upper bound for U,jq 41, an upper bound for the number of iterations is 510g( ) Also, note that an

upper bound to this quantity is used to partition the samples provided to the algorithm. This happens with
probability > 1 — T2p~(10+lega) > ] _ p—loga Thig concludes the proof. ([
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Figure 1: Performance of PG-RMC on synthetic data. (a): time vs error for various sampling probabilities;
time taken by St-NcRMC (b): sampling probability vs time for constant error; time taken decreases with
decreasing sampling probability upto an extent and then increases (c): time vs rank for constant error (d):
incoherence vs time for constant error

4 Experiments

In this section we discuss the performance of Algorithm [0 on synthetic data and its use in foreground
background separation. The goal of the section is two-fold: a) to demonstrate practicality and effectiveness of
Algorithm [ for the RMC problem, b) to show that Algorithm [lindeed solves RPCA problem in significantly
smaller time than that required by the existing state-of-the-art algorithm (St-NcRPCA [NUNST14]). To
this end, we use synthetic data as well as video datasets where the goal is to perform foreground-background

separation [CLMWTI].

We implemented our algorithm in MATLAB and the results for the synthetic data set were obtained by
averaging over 20 runs. We obtained a matlab implementation of St-NcRPCA from the authors
of [NUNST14]. Note that if the sampling probability is p = 1, then our method is similar to St-NcRPCA;
the key difference being how rank is selected in each stage.

Parameters. The algorithm has three main parameters: 1) threshold A, 2) incoherence p and 3) sampling
probability p (E[|2|]] = p- mn). In the experiments on synthetic data we observed that keeping A ~
|| M = S®||, /v/n speeds up the recovery while for background extraction keeping A ~ u||M — S®|, /n
gives a better quality output. The value of p for real world data sets was figured out using cross validation
while for the synthetic data the same value was used as used in data generation. The sampling probability
for the synthetic data could be kept as low as 2r logz(n) /m while for the real world data set we got good
results for p = 0.05. Also, rather than splitting samples, we use entire set of observed entries to perform our
updates (see Algorithm [T]).

Synthetic data. We generate M = L* 4+ 5* of two sizes, where L* = UV T € R2000x2000 (57,4 R5000x5000) jg
a random rank-5 (and rank-10 respectively) matrix with incoherence ~ 1. S* is generated by considering a

uniformly random subset of size H§ *

in [ﬁ, ﬁ] This is the same setup as used in [CLMWTI].

from [m] x [n] where every entry is i.i.d. from the uniform distribution
0

Figure [l (a) plots recovery error (||L — L*||r) vs computational time for our PG-RMC method (with
different sampling probabilities) as well as the St-NcRPCA algorithm. Note that even for very small values
of sampling p, we can achieve same recovery error using significantly small values. For example, our method
with p = 0.1 achieve 0.01 error (||L — L*||r) in =~ 2.5s while St-NcRPCA method requires ~ 10s to achieve
the same accuracy. Note that we do not compare against the convex relaxation based methods like IALM
from [CLMWT1], as [NUNST14] shows that St-NcRPCA is significantly faster than TALM and several other

convex relaxation solvers.

Figure[dl (b) plots time required to achieve different recovery errors (||L — L*|| ) as the sampling probability
p increases. As expected, we observe a linear increase in the run-time with p. Interestingly, for very small

values of p, we observe an increase in running time. In this regime, w becomes very large (as p

11
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Figure 2: PG-RMC on Shopping video. (a): a video frame (b): an extracted background frame (c): time vs
error for different sampling probabilities; PG-RMC takes 38.7s while St-NcRMC takes 204.4s. PG-RMC
on Restaurant video. (d): a video frame (e): an extracted background frame (f): time vs error for different
sampling probabilities; PG-RMC takes 7.9s while St-NcRMC takes 27.8s

doesn’t satisfy the sampling requirements). Hence, increase in the number of iterations (T ~ log

IPo (M)]l2 )
pe
dominates the decrease in per iteration time complexity.

Figure [l (c), (d) plots computation time required by our method (PG-RMC , Algorithm [I]) versus rank
and incoherence, respectively. As expected, as these two problem parameters increase, our method requires
more time. Note that our run-time dependence on rank seems to be linear, while our existing results require
O(r3) time. This hints at the possibility of further improving the computational complexity analysis of our
algorithm.

We also study phase transition for different values of sampling probability p. Figure Bl (a) in Appendix 5.4
show a phase transition phenomenon where beyond p > .06 the probability of recovery is almost 1 while
below it, it is almost 0.

Foreground-background separation. We also applied our technique to the problem of foreground-
background separation. We use the usual method of stacking up the vectorized video frames to construct
a matrix. The background, being static, will form the low rank component while the foreground can be
considered to be the noise.

We applied our PG-RMC method (with varying p) to several videos. Figure[2 (a), (d) shows one frame
each from two videos (a shopping center video, a restaurant video). Figure 2 (b), (d) shows the extracted
background from the two videos by using our method (PG-RMC , Algorithm[I]) with probability of sampling
p = 0.05. Figure 2 (c), (f) compares objective function value for different p values. Clearly, PG-RMC can
recover the true background with p as small as 0.05. We also observe an order of magnitude speedup (= 5x)
over St-NcRPCA [NUNS*14]. We present results on the video Escalator in Appendix [5.4.

Conclusion. In this work, we studied the Robust Matrix Completion problem. For this problem, we
provide exact recovery of the low-rank matrix L* using nearly optimal number of observations as well as
nearly optimal fraction of corruptions in the observed entries. Our RMC result is based on a simple and
efficient PGD algorithm that has nearly linear time complexity as well. Our result improves state-of-the-art
for the related Matrix Completion as well as Robust PCA problem. For Robust PCA, we provide first nearly
linear time algorithm under standard assumptions.

12



Our sample complexity depends on €, the desired accuracy in L*. We believe that the arguments used by
[INT5], we should be able to remove the e dependence as well and leave it for future work. Moreover, improv-
ing dependence of sample complexity on r (from r? to 7) also represents an important direction. Finally, sim-
ilar to foreground background separation, we would like to explore more applications of RMC/RPCA.
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5 Appendix

We divide this section into five parts. In the first part we prove some common lemmas. In the second part

we give the convergence guarantee for PG-RMC . In the third part we give another algorithm which has a
2 *

sample complexity of O(utr3n log® nlog @) and prove its convergence guarantees. In the fourth part we

prove a generalized form of lemma [l In the fifth part we present some additional experiments.

For the sake of convenience in the following proofs, we will define some notation here.

We define p = % and we consider the following equivalent update step for Lt+1) in the analysis:

L+ .— pk(M(t)) M® —1*+ g
H:=E® + BG E® = g* — 5®
3 _ 1 Poy..
SO =HT (MO -LO) G = 3 I——5)D
S _ 3 2yn D]
D:=L® —L*+35® _ g = oo
T
The singular values of L* are denoted by o7, ..., 0} where |o5| > ... > |o}| and we will let Ay, ..., A, denote

*
T

the singular values of M®) where [\;| > ... > |\,

5.1 Common Lemmas

We will begin by restating some lemmas from previous work that we will use in our proofs.

First, we restate Weyl’s perturbation lemma from [Bha97], a key tool in our analysis:
Lemma 6. Suppose B= A+ E € R™*"™ matriz. Let A\1,--- , A\ and 01, -+ , 01 be the singular values of B
and A respectively such that \y > --- > A\ and 01 > -+ > 0. Then:

Ai —oi < [|Elly Vi€ [K].

This lemma establishes a bound on the spectral norm of a sparse matrix.
Lemma 7. Let S € R™*™ be a sparse matriz with row and column sparsity p. Then,

151y < pmax{m,n} |5l

Proof. For any pair of unit vectors v and v, we have:

2 2

C+uj

Ta, _ Z G < Z N
v Su= vluJSZJ_ |S1]|< 92 )

1<i<m,1<j<n 1<i<m,1<j<n

1
<3 Doowd D Sul+ Y W Y 1Syl | < pmax{m,n} |||,
1<i<m  1<j<n 1<j<n 1<i<m
Lemma now follows by using ||S||l2 = maxy y,|juf,=1,|v[la=1 uT Sv. O

Now, we define a 0-mean random matrix with small higher moments values.
Definition 1 (Definition 7, [IN15]). H is a random matriz of size m x n with each of its entries drawn

independently satisfying the following moment conditions:
k
E[hij] =0, |hi| <1, Ellhyl"] < g

— max{m,n}’

fori,j € [n] and 2 < k < 2logn.
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We now restate two useful lemmas from [JN15]:
Lemma 8 (Lemma 12, 13 of [IN15]). We have the following two claims:

o Suppose H satisfies Definition[D. Then, w.p. > 1—1/n'0%1°€2 we have: |H|, < 3y/a.

o Let A be a m xn matriz with n > m. Suppose Q@ C [m] X [n] is obtained by sampling each element with
probability p € [ L 0.5}. Then, the following matriz H satisfies Defintion [

o 1
0= S Rl <A pP“(A)) |

Lemma 9 (Lemma 13, [JNI5]). Let A € R™™ be a symmetric matric with eigenvalues oy, -+ ,0, where
lo1| = -+ > |on|. Let B= A+ C be a perturbation of A satisfying |C|l, < % and let Pi(B) = UAUT by
the rank-k projection of B. Then, A~1 exists and we have:

1. |[A= AUATUT A|, < lok] +5|C]ly,
2. |[AUA—*UTA||, <4 (%)_a+2 vVa = 2.

We now provide a lemma that bounds || - ||sc norm of an incoherent matrix with its operator norm.
Lemma 10. Let A € R™*™ be a rank r, p-incoherent matriz. Then for any C € R™"*™  we have:

2
wer
lACAll. < F lacal,

Proof. Let A = UXVT. Then, ACA = UUTACAVVT. The lemma now follows by using definition of
incoherence with the fact that |[UTACAU|2 < ||ACA]|2. O

We now present a lemma that shows improvement in the error ||L — L*||o by using gradient descent on
LW,
Lemma 11. Let L*, Q, S* satisfy Assumptions 1,2,3 respectively. Also, let the following hold for the t-th
inner-iteration of any stage q:

L= E0 < 2 (o + (3)7 o)

m

23— 30| <% (op0+ ()" 1)

m
o0

3. Supp(S®) € Supp(S*)
where z > —3 and o}, and o}, are the k and (k +1)" singular values of L*. Also, let Ey = S® — 5% and

E; = (I — %) (L(t) — L+ 8O — §*) be the error terms defined also in [@). Then, the following holds

wp >1— n—(lO-i—loga) .

1 N 1\* "
181+ Ball, < 155 (okes + (3) o) (1)

Proof. Note from Lemma [8]

1 _ 1 ,PQq,t (t) * Q) a*
BE3_B(I—T) (L —L*+8§ —S),

with 8 = % HIL® — L* + §® — §*||, satisfies definition [II
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We now bound the spectral norm of E; + E3 as follows:
1
AP

(¢2) 1 " 1\? N
= 500 \Tkett T3] Ok ) T

() S(t) o«
1By + Bslly < |Bully + 8+ || 2Bs|| < pn|[5© -5

+ 36V,

60u%r [n . 1\*
m \/%VEQ%H\*@

where ((1) follows from Lemma[flandB ({z2) follows by our assumptions on p, HL(t) - L* HOO, and Hg(t) e

o0
(¢3) follows from our assumption on p. O

In the following lemma, we prove that the value of the threshold computed using oy (M®) = oy, (L*+E; +E3),
where Ey, F3 are defined in (@), closely tracks the threshold that we would have gotten had we had access
to the true eigenvalues of L*, o}.
Lemma 12. Let L*, Q, S* satisfy Assumptions 1,2,8 respectively. Also, let the following hold for the t-th
inner-iteration of any stage q:

Ll = 2O < 2 (o740 + (3)7 o)

m

2. ||5* - 50| <8 (o1, + (3)707)

3. Supp(S®M) C Supp(S*)
where z > =3 and o}, and o}, are the k and (k + 1) singular values of L*. Also, let Ey = S — §* and
Es = (I — % (L(t) —L*+ 80— §*) be the error terms defined also in ([@). Then, the following holds
Vz> —3 w.p >1—n (10+loga).

7 . 1 z+1 . 1 z+1 9 . 1 z+1 .
3 <0k+1 + <§> Uk) < (Akﬂ + (5) A | < AL <§) ok | (15)
where Ay, := o,(MY) = o (L* + Ey + E3) and E1, E3 are defined in (G)).

Proof. Using Weyl’s inequality (Lemma ), we have: : [\, — 0| < ||E1 + Esll2 and [Aey1 — of | < [|[E1 +
Es||l2 We now proceed to prove the lemma as follows:
z+1
<P =il +(3)  Pe-ail,

1 z+1 1 z+1
Ak+1+ <§> Ak — Opyr — <§> o, 5
1 z+1 (C) 1 i} 1 z . 1 z+1
1B+ Bl <1+(5) ) < g (ot (3) o) (1+(5) ,
1 1 z+1
<3t (2) )

where (¢) follows from Lemma [Tl and the last inequality follows from the assumption that z > —3. O

1

IN

AN

Next, we show that the projected gradient descent update (B leads to a better estimate of L*, i.e., we bound
| L3 — L*||o. Under the assumptions of the below given Lemma, the proof follows arguments similar to
INUNS™14] with additional challenge arises due to more involved error terms E;, Fj.

Our proof proceeds by first symmetrizing our matrices by rectangular dilation. We first begin by noting
some properties of symmetrized matrices used in the proof of the following lemma.
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Remark 1. Let A be a m x n dimensional matric with singular value decomposition ULV . We denote its

0 AT
A 0 } Then:

symmetrized version be Ag = [

1. The singular value decomposition of A is given by A = UsS U, where

gl 2l

V2 U U 0 =X
[0 Pr(AT)
2. Por (As) = [Pk(A) 0
T A\i T AV AT
3. We have A% = [ 0 (AAT)J A2 — (AAT)JA 0
4. We have
—; VeIVt 0
jrrT _ ) ..
UX,7U, = [ 0 UZJUT] when j s even
; 0 Ve’
—jrrT _ ) ..
UX,J7U, = {UE_JVT 0 } when j s odd

Proof of Lemma
LUFY =Py, (L + Hy)

Let I = m +n. Let Ap,---,\ be the eigenvalues of M{” = L* + H, with [A| > [Xo| -+ > |A|. Let

U1, Usg, - ,u; be the corresponding eigenvectors of Ms(t)

|Hs||y, we have: [Agp| > %'

. Using Lemma [0] along with the assumption on

Let UAV be the eigen vector decomposition of L+, Let U,A U, to be the eigen vector decomposition of
LYY Then, using Remark [ we have V i € [2K):

H
X3
As [Agg| > ng and ||H,||, < o}, we can apply the Taylor’s series expansion to get the following expression
for wu;:
1 > ‘
w=y Z( > Lius.
§=0

That is,

t
LD Z)\uu Z)\_ Z (%) Liusu LY (i) ,

0<s,t<oo ¢

= Y Z/\;“”“)H;L;uiujL:H;: S HILIUA; CHHOUT LY.

0<s,t<o0 i=1 0<s,t<o0
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Subtracting L on both sides and taking operator norm, we get:

e — | = ool - =] Y mnua Tt -
> 0<s,t<co o

<|pvaAvn-n + Y |EnvaAL U L (16)

1<s+t<oo o

We separately bound the first and the second term of RHS. The first term can be bounded as follows:
(€1) 0 vt
* —177T 7% * * * *
|L:UATUS L - L] < HL [UEIVT 0 L;— L . (17)
* — * * ( ) M r * CS) /1’ r

<|lLvswTrr - Ll = |LTUATUTLT - Ly < T (Jokia | 45 1H ). (18)

where (1) follows Remark [l (¢2) from Lemma [I0 and (¢3) follows from Claim 1 of Lemma [0

We now bound second term of RHS of (I6) which we again split in two parts. We first bound the terms
with s +t > logn:

9 —(s+t—1)
“HijUSAg(S+t+1)USTL:Ht AR (—)

HHSL U A+ T L m

%
—(s+t—1) 2 —(s+t—1—logn)
2 (C2)  4u*r 1
< — < Z
<4, (11, 2 2T, (2) , (19)
where ((1) follows from the second claim of Lemma [ and noting that ||H,||, = |H||, and ((2) follows from

assumption on || H ||, and using the fact that s +t > logn.

Summing up over all terms with s + ¢ > logn, we get from [[9 and [I&

2
1 * ner * ST * —(s 1 Tr=*
- < Nan (Joia| +201H]) + 3 HHSLSUSAS( NARLAR 2% 3 JRC)
0<s+t<logn
Now, for terms corresponding to 1 < s+t < logn, we have:
HH;L:USA;(S““)UST al = max el HELIUMA; CHIOUT Lt Hle,,
oo q€[m+n],g2€[m+n] | 1!

< ( max _||el HU? ) [PRUARA SRRl ( max ||el H'U?|| )
q1€[m+n] 2 \ g2€[m+n] 2

() (G2) 4p? st st

Sl ﬂvs+t‘ )USTLz SQ 4/14 TUs-l-t (%) < 4/14 TU (l) , (21)
m 2 m o m 2

where ((1) follows from assumption on H in the lemma statement, ({2) follows from Claim 2 of Lemma
)

It now remains to bound the terms, max HeT HIU? H2 Note from Remark[l1 that U} = \/i_ [V* v *} .
q1 €[m+n] 2 \U* -U
Now, we have the following cases for H?:
T\ 3 T T\L3!
HI = (H H) 0 s | when siseven HJ = 0 B H (HH ) when s is odd
0 (HHT)? H(HTH)™> 0

In these two cases, we have:
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sYs ﬁ

HTH)?V* (HTH)?Vv*
HsU* = 1 l(
ss \/5

V2 |(HET)RUr —(HHT)PU*

U — 1 HT (HHT)L%J U* _HT (HHT)L%J U*

| S|

This leads to the following 4 cases for n[1ax | He;rl HU; ||2:
q1€[m+n

for s even max e;r, (H—'—H)§ 1% max e;'—/ (HHT)§ U*
a'€[n] 2 q'€lm] L
forsodd e [eg ™ (TS 0| e e (171 P
q/E[’ﬂ] 2 q/e[m] 9

we get the bound on these terms in Lemma Also, note from the Remark 112 that }
|27 = L

1)

oo

Now, summing up I over all 1 < s+t < logn and combining with B0l we get the required result. [

In the next lemma, we show that with the threshold chosen in the algorithm, we show an improvement in
the estimation of S* by S(t+1),

Proof of Lemma We first prove the first claim of the lemma. Consider an index pair (i,j) ¢

Supp(S*).
2ur [, 1\* .\ ©) 16u%r 1\* 1\°
S\t lg) o) = —— (Mt lg) M) (Mt {5)] M
where (¢1) follows from the second assumption. Hence, we do not threshold any entry that is not corrupted
by S*.

t
‘Mij S

Now, we prove the second claim of the lemma. Consider an index entry (i,j) € S’upp(§ *). Here, we consider
two cases:

1. The entry (i,5) € Supp(S®): Here the entry (i, j) is thresholded. We know that LZ(-;) —|—§i(;) =1Ly —|—§Z’;
from which we get

o) x| _ |7 (t)
SO 5zl =Ly - Ll

< [l 2]

oo

2. The entry (i,7) ¢ Supp(S™®): Here the entry (i, §) is not thresholded. We know that

¢ from which we get

* O (t)
Li+55 — Lij | <

O* * (t)
Si; Li; — Lj;

<¢+
(€2) 36u%r [, 1\° ., 2ur [, 1\* ,
= T Tt \g) ) T (Tt g)
8u’r [, 1\* ,
e () )
pir

where ((2) follows from the second assumption along with the assumption about n = £-=.

The above two cases prove the second statement of the lemma. ([
Lemma 13. The number of iteration T in the inner loop of Algorithm[dl and Algorithm [3 satisfy:

T > 10log (Tn*p?ro} /€)
10+log c)

wp >1—n( Here o3 is the highest singular value of L*, r is it’s rank and u is it’s incoherence.
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Proof. We have the bound since

%PQ (M - §<0>)

- HL + (I - %) ((89=57)=17) + (s -50)

where (1) follows from Lemma [T O

We will now prove Lemma [Tl

Proof of Lemmal[ll Recall the definitions of £y = (§* — §(t)> , By = (L(t) —L*), B3 = (I — %) (Ey — Eq)
and 8 = 2\/%||E2 — E|| .- Recall that H := E; + E3 From Lemma [§ we have that %Eg satisfies Def-

inition I This implies that the matrix % (E1 + E3) satisfies the conditions of Lemma Now, we have
V1 <a < [logn] and Vi € [n]:

T\ @
1 1
el zH)|zH U*
(Gm) Gm) ) ]
©) 20 [ PT 2a r r n 2a
< B T Bl +clogn ) iy — <y — (pnl|Eill +2¢, )~ (Bl + 1Bzl ) logn
B m m p

where (¢) follows from the application of Lemma along with the incoherence assumption on U*. The
other statements of the lemma can be proved in a similar manner by invocations of the different claims of
Lemma 0

JestmTyw|, = 5

Proof of Lemma [Bt We know that:

* * AkqflﬂLl
My S ok, I Hy Akt Zog, = Hly, A, 2 —5—
Combining the three inequalities, we get:

> 07;,,1“ -3 ||H||2
a = 2

Ok

Applying Lemma [IT], we get the first claim of the lemma.

Similar to the first claim, we have:

Akg_1+1
>‘kq+1 > U;q-i-l - ||H||27 >‘kq71+1 < Ul:q,l-f-l + ||H||27 >‘kq+1 < %

Again, combining the three inequalities, we get:

) Ty 1 T3IH,
U]Cq+1 — 2

Another application of Lemma [I1] gives the second claim. (I
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Algorithm 2 L = R-RMC(Q,Pq(M),e,r,n): Non-convex Robust Matrix Completion

1: Input: Observed entries Q, Matrix Po(M) € R™*" convergence criterion e, target rank r, thresholding
parameter 7

T + 10log 27 Pa (W0l

Partition  into rT" subsets {Qg: : ¢ € [r],t € [T']} uniformly at random
LO =0, MO « « G Pa(M), ¢ « Igro1(Pa(M))
g+« 0
while 7441 (M) > 5= do
g+ qg+1
for Iteration t =0to ¢t =1 do
S® = He(Pq,, (M — LY)) /*Projection onto set of sparse matrices*/
M® =L® — ISgZTtIfPqut(L(t) + 5O — M) /*Gradient Descent Update*/
LY = P (M®) /*Projected Gradient Descent step*/
Set threshold ¢ < 7 (0q+1 (M®) + (%)t Uq(M(t)))
13:  end for
e SO = S [O) — [TH) pp(0) — pp(7)
15: end while
16: Return: L(T+1

/*Number of inner iterations™/

—
e

_ =
N =

5.2 Algorithm R-RMC

Proof of Theorem 2t From Lemma [I3] we know that T' > 1og(3#27::0f ).

Consider the stage ¢ reached at the termination of the algorithm. We know from Lemma [I4] that:
T 8u? * T & 8 o*
L. HE( )Hoo < S (Uqul +(3) Uq) = l:nr a+1 T Ton
T * 212 * NI _« 2 o*
2. HL( - L 00 < A:nr (Uq+l + (5) Uq) < lvtnr q+1 + lOn

Combining this with Lemmas [l and [[T] we get:

" 1 N me
0'q+1(M) qu_’_l—m <0q+1+W) (22)
When the while loop terminates, nog41 (M(T)) < 3, which from 22 implies that o}, ; < ML;% So we
have:
* (T) * 2:“ €
1L =LY = |27 - L <
o oo 10n = 2n
O

As in the case of the proof of Theorem [I} the following lemma shows that we simultaneously make progress
in both the estimation of L* and S* by L®) and S® respectively. Similar to Lemma A we make use of
Lemmas Bl and 2] to show how improvement in estimation of one of the quantities affects the other and the

other five terms, ||H|,, max e,(HTH) V*| , max e,(HHT) U*|| , max |e/ HT (HHT) U~ and
¢'€[n] 2 gem Il 2’ genl 7

m?x] e;H(HTH)J V*|| are analyzed the same way:

q'€[m 2

23



Lemma 14. Let L*, Q, §~* and S® satisfy Assumptions 1,2,3 respectively. Then, in the t iteration of the
g™ stage of Algorithm[@, S and LD satisfy:

Sur [, ! .
ooS m O'q+1+ 5 O'q s

Supp (g(t)) C Supp (g*) , and

2ur [, 1\t .
- < m Og+1 + 5 Oq |-

with probability > 1 — ((¢q — 1)T +t — 1)n~ (1041082 where T is the number of iterations in the inner loop.

jgo-

-

Proof. We prove the lemma by induction on both ¢ and ¢.

Base Case: ¢g=1and t =0
We begin by first proving an upper bound on ||L*|| . We do this as follows:

r
* ok *
E OpUikVjk
k=1

where the last inequality follows from Cauchy-Schwartz and the incoherence of U*. This directly proves
the third claim of the lemma for the base case. We also note that due to the thresholding step and the
incoherence assumption on L*, we have:

* i
|L3;] =

T T M2T
* ok % * * ok *
< E |0kuikvjk| <o E ‘uikvjk‘ < o 0y
k=1 k=1

L |BO| < %5 (03 + 201)

2. Supp (g(t)) = Supp (g*) .
So the base case of induction is satisfied.

Induction over t
We first prove the inductive step over ¢ (for a fixed ¢). By inductive hypothesis we assume that:

a) [EO||., <22 (logal+ (3) " o)
b) Supp (g(t)) C Supp (g*)
o) 27 = L0l < 222 (log ] + (3) 7 ey

with probability 1 — ((¢ — 1)T +t — 1)n~(10+loga),

Then by Lemma 2] we have:

2
|0 =17 < B (log pl + 2011, + 80) (23)

o0

From Lemma [Il we have:
€ 1 (, N, @ 1 [, N,
. + 8Balogn < 700 | Ta+1 + 3 o, | +8Balogn < =0 | Tat1 + 3 o, | (24)

where (1) follows from our assumptions on p and our inductive hypothesis on HE(t)HOO and (¢2) follows
from our assumption on p and by noticing that [[D]| < HE(t)HOO + HL* - L(t)Hoo. Recall that D =
L® — ¥ 4 80 — g+,

v<pn HE(t)
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From Lemma [Tk
1 1\
I, < 5 i+ (3) o (25)

with probability > 1 —n (10+log @) - Fyrom Equations 25] 24] and 23] we have:
2ur 1\’
[* [ t+1 * *
H -z )Hoo = m <0q+1+ (5) UQ>

which by union bound holds with probability > 1 — ((¢ — 1)T 4 t)n~ (19418 %) Hence, using Lemma B and
we have:

LB < 222 (o, + (3) 03)

q
2. Supp (g(t“)) C Supp (g*)

which also holds with probability > 1 — ((¢ — 1)T + t)n~(19+1°8®) " This concludes the proof for induction
over t.

Induction Over Stages q
We now prove the induction over g. Suppose the hypothesis holds for stage q. At the end of stage ¢, we
have:

LD, < 8 (o + (3) T og) < M 4 5

q m
2. Supp (g(T)) C Supp (§*)

with probability > 1 — (¢T — 1)n~(10+loga),

From Lemmas [Bl and 1] we get:

1 me
T * *
o (M) =] < 181 = 555 (0302 + T ) )

with probability 1—n~(10F18®)  We know that nog41 (M®) > = which with 26limplies that Oii1 > Tomer

nﬁzr '
2ur [, 1\ N 2ur [, me
oo m | 7ot + 2 % | = m \Jet + 20u2rn

2M2T * U*+1 2/1’2T *
< <0q+1 +—=) < (20741)

IN

HL(T-‘f-l) —L*

2

By union bound this holds with probability > 1 — ¢T'n~(10+loga),

Now, from [[2] and [B] we have through a similar series of arguments as above:

8p’r (o
HE(TH)HOOS - (2%“) (27)

which holds with probability > 1 — gT'n~(10+loga), O
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5.3 Proof of a generalized form of Lemma [

Lemma 15. Suppose H = Hy + Ho and H € R™*"™ where Hy satisfies Definition [ (Definition 7 from
[IN15]) and Hs is a matriz with column and row sparsity p. Let U be a matriz with rows denoted as
Ul,. .., Uy and let V be a matriz with rows denoted as vi,...,v,. Let e, be the g wector from standard
basis. Let 7 = max{max |lu;||, max||v;||}. Then, for 0 < a <logn:

i€[m] i€[n]

T (T ) 2a
HTH V’ H HH UH H 1
rebslen (70" V e el s
max | HT (HHT) vl . ma (e H (HH) )"V, < (ol el + clogm)®+ i
qE|n 2 qE

with probability n~—2108 14,

Proof. Similar to [JN15], we will prove the statement for ¢ = 1 and it can be proved for ¢ € [n] by taking a
union bound over all ¢q. For the sake of brevity, we will prove only the inequality:

max
q€[n]

eqT (H"H) VH (pn || Hal| o, + clogn)®*t

The rest of the lemma follows by applying similar arguments to the appropriate quantities.

Let w : [2a] — {1,2} be a function used to index a single term in the expansion of (H T H)®. We express the
term as follows:

Z HHw(2z 1) Hw(2i)

w =1

We will now fix one such term w and then bound the length of the following random vector:

Vw =€ H w(2i— 1)Hw(2z))v

Let o be used to denote a tuple (7,j) of integers used to index entries in a matrix. Let T'(i) be used to
denote the parity function computed on 4, i.e, 0 if ¢ is divisible by 2 and 1 otherwise. This function indicates
if the matrix in the expansion is transposed or not. We now introduce B( k1) P E {1,2}, ¢ € {0,1} and

A](Dl j)» P € {1,2} which are defined as follows:

Al gy =001 (0p1 + Op2 Ly (i j)e Supp(H2)})
BZZ)y(kJ) = (0,105,1 + 04,006,1) (9p,1 + Op 2L { (k1) eSupp(H2)})

where §; ; = 1 if ¢ = j and 0 otherwise. We will subsequently write the random vector v, in terms of the
individual entries of the matrices. The role of B( 06D and Ai’i 7 is to ensure consistency in the terms used

to describe v,,. We will use h; o to refer to (Hz)a.

With this notation in hand, we are ready to describe v,,.
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Z Aw 1)‘Bw(22 Bw(Qa) T(2a) hw(l),al . hw(2a),a2ava2a(2)

Q2a—-1%2qa
a1,...,02q

a1(1):1

We now write the squared length of v, as follows:

w(l) pw(2 w(2a 2a
X, = S AW pe@)TQ) | peEa Ty

a1 02 X2q—1%2qa

a1(1)=1,a(1)=1
Aw(l 2) T(2) B‘*’(za) (2a)h

quQ T T, 0, w(l),af *°° hw(2a)7al2a <Uo‘2a (2)> ’Uo‘l2a(2)>

We can see from the above equations that the entries used to represent v,, are defined with respect to paths
in a bipartite graph. In the following, we introduce notations to represent entire paths rather than just
individual edges:

Let a == (a1, ...,q9,) and

C Aw 1)Bw 2), T(2) Bw(Qa) T(2a)h

[e3Re?) Q2q—-1Q2q w(l),o1 +* - hw(2a),a2a

Now, we can write:

X, = Z Calor <Ua2a(2)7 Ua’%(2)>
a,a’
a1 ()= (1)=1

Calculating the &*" moment expansion of X,, for some number k, we obtain:
E[Xf] = Z E[Cal ce <a2k <U0¢§a(2)’ Uaga(2)> cee <’l}a3271(2),’va§§(2)>] (28)

We now show how to bound the above moment effectively. Notice that the moment is defined with respect
to a collection of 2k paths. We denote this collection by A = (al,..., a%). For each such collection, we
define a partition I'(A) of the index set {(s,1) : s € [2k],l € [2a]} where (s,1) and (s',1") are in the same
equivalence class if w(l) = w(l’) = 1 and af = ;. Additionally, each (s, 1) such that w(l) = 2 is in a separate
equivalence class.

We bound the expression in (28] by partitioning all possible collections of 2k paths based on the partitions
defined by them in the above manner. We then proceed to bound the contribution of any one specific path
to ([28) following a particular partition T', the number of paths satisfying that particular partition and finally,
the total number of partitions. Since, H; is a matrix with 0 mean, any equivalence class containing an index
(s,1) such that w(l) = 1 contains at least two elements.

We proceed to bound (28] by taking absolute values:

E[X}] < Z Ell¢ar] - - ICazr[[(vay, 2): Vaz, @) - - - (04251 (9), Vgt (2)) ] (29)

al,... a2k

We now fix one particular partition and bound the contribution to ([2Z9) of all collections of paths A that
correspond to a valid partition I'.

We construct from T" a directed multigraph G. The equivalence classes of ' form the vertex set of G, V(G).
There are 4 kinds of edges in G where each type is indexed by a tuple (p,q) where p € {1,2}, ¢ € {0,1}.
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We denote the edge sets corresponding to these 4 edge types by E(; o), £(1,1), E(2,0) and E(3 1) respectively.
An edge of type (p,q) exists from equivalence class v to equivalence class o if there exists (s,1) € y1 and
(s',I') € vasuch that I’ =1+1,s=5, w(s)=pand T(') =

The summation in can be written as follows:

EllGat|. - a2t (Vo 2y Vs )|

(Vo 212 Vo, )] -

a—1 2k 2a
: (HA:;“ I w7 )2 | (T o] )

s=11=1

2a—
<HA 1)HBazl;Lf1+);T(l+l)> H % H | Hz || o

YeEVI(G)  vEVR(G)

2 HHsz2 HAw(l 2ﬁ1 w(l4+1),T(14+1)
ozl,af+1

=1

where (¢1) follows from the moment conditions on H;. Vi(G) and V,(G) are the vertices in the graph
corresponding to tuples (4, j) such that w(j) = 1 and w(j) = 2 respectively and wy = |V1(G)], we = |Va(G)|.

We first consider an equivalence class ; such that there exists an index (s,1) € y3 and I = 1. We form a
spanning tree 77 of all the nodes reachable from ~; with ; as root. We then remove the nodes V(71) from
the graph G and repeat this procedure until we obtain a set of [ trees T1,...,T; with roots 1, ..., such

that U V(G;) = V(G). This happens because every node is reachable from some equivalence class which
=1
contains an index of the form (s,1). Also, each of these trees T;, Vi € [I] is disjoint in their vertex sets.

Given this decomposition, we can factorize the above product as follows:

H w
Bixt) < oL 1T o I B,

J=lag,..,ay; {7 }EE@1,0)(Ty)
1,1 2,0 2,1
I B, | | I B2, G
{vv'}eEH, 1) (Ty) {v V' }EE@2,0)(Ty) {77 }EE@2, 1 (Ty)

For a single connected component, we can compute the summation bottom up from the leaves. First, notice
that:

ZBgt.yla/—pn ZBgt.?a/—pn
ZBa.yaz_n ZBOL.YO(/_

Where the first two follow from the sparsity of Hy. Every node in the tree T; with the exception of the root
has a single incoming edge. For the root, v, we have:

ZAZE” < pn for w(l) =2 ZAZE” =nforw(l)=1

a1 a1

From the above two observations, we have:
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w 1) 1,0 1,1 2,0
Z Az I B2, II BY., II B
7777 vj {7V }eE1,0)(T5) {7 }eE@1,1)(T) {7V }EE@2,0)(T5)
B2 1 (pn)’wg anl j

a’yoz ’ —
{7V }EE@2,1)(T;)

where wy ; represents the number of vertices in the j*" component which contain tuples (i,;) such that
w(j) =k for k € {1,2}.

Plugging the above in ([B0) gives us

2k w2
T H.
Bxkr) < Tzl

LR (pn) T ein s s = o2 | Hy |12 (pn)

Let a; and ag be defined as |[{i: w(i) = 1}| and |{é : w(i) = 2}| respectively (Note that we = 2ask). Sum-
ming up over all possible partitions (there are (2a;k)2%* of them), we get our final bound on E {Xﬁ} as
728 (pn || Ha|| o )?*2* (201 k) > *.

log

Now, we bound the probability that X, is too large. Choosing k = [a—ln—‘ and applying the &** moment

Markov inequality, we obtain:

k
a a 1
HX ‘> (clogn)* 7% (pn ||Hs| ,)? 2 [ ] ( (clogn)?* 7% (pn || Ho|| )2a2)

kal 2ka1
clogn

—2log g

Taking a union bound over all the 2 possible w, over values of a from 1 to logn and over the n values of g,
we get the required result. O

5.4 Additional Experimental Results

We detail some additional experiments performed with Algorithm [l in this section. The experiments were
performed on synthetic data and real world data sets.

Synthetic data. We generate a random matrix M € R2000%2000 jp the same way as described in Section

[l In these experiments our aim is to analyze the behavior of the algorithm in extremal cases. We consider
two of such cases : 1) sampling probability is very low (Figure 3 (a)), 2) number of corruptions is very large
(Figure [3 (b)). In the first case, we see that the we get a reasonably good probability of recovery (~ 0.8)
even with very low sampling probability (0.07). In the second case, we observe that the time taken to recover
seems almost independent of the number of corruptions as long as they are below a certain threshold. In our
experiments we saw that on increasing the p to 0.2 the probability of recovery went to 0. To compute the
probability of recovery we ran the experiment 20 times and counted the number of successful runs.

Foreground-background separation. We present results for one more real world data set in this section.
We applied our PG-RMC method (with varying p) to the Escalator video. Figure [ (a) shows one frame
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- qz; -©-p = 0.08 ‘
g > -o-p = 0.1
9 3 p=0.18
(O]
o5 =05
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Time(s) Time(s)
(a) (b)
Fioure 3: We rin the PG-RMC(C alcorithm with extremal values of samnline nrohahilitv and fraction of

probability of
large number

--p = 0.01
-©-p =0.05

p=01
~<-St-NcRPCA
20 40 60
Time(s)

(c)
Figure 4: PG-RMC on Escalator video. (a): a video frame (b): an extracted background frame (c): time
vs error for different sampling probabilities; PG-RMC takes 7.3s while St-NcRMC takes 52.9s

from the video. Figure @ (b) shows the extracted background from the video by using our method (PG-
RMC , Algorithm [I]) with probability of sampling p = 0.05. Figure @ (c¢) compares objective function value
for different p values.
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