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Abstract

Robust tensor CP decomposition involves decomposing a tensor into low rank and sparse components.
We propose a novel non-convex iterative algorithm with guaranteed recovery. It alternates between low-
rank CP decomposition through gradient ascent (a variant of the tensor power method), and hard
thresholding of the residual. We prove convergence to the globally optimal solution under natural inco-
herence conditions on the low rank component, and bounded level of sparse perturbations. We compare
our method with natural baselines, viz., which apply robust matrix PCA either to the flattened tensor,
or to the matrix slices of the tensor. Our method can provably handle a far greater level of perturbation
when the sparse tensor is block-structured. Thus, we establish that tensor methods can tolerate a higher
level of gross corruptions compared to matrix methods.

1 Introduction

In this paper, we develop a robust tensor decomposition method, which recovers a low rank tensor subject
to gross corruptions. Given an input tensor T'= L* 4+ S*, we aim to recover both L* and S*, where L* is a
low rank tensor and S™* is a sparse tensor

T=L"+8, L'=) ofu®udu (1)
=1

and T, L*, S* € R"*™*"  The above form of L* is known as the Candecomp/Parafac or the CP-form. We
assume that L* is a rank-r orthogonal tensor, i.e., (u;,u;) = 1 if ¢ = j and 0 otherwise. The above problem
arises in numerous applications such as image and video denoising ﬂﬂ], multi-task learning, and robust
learning of latent variable models (LVMs) with grossly-corrupted moments, for details see Section

The matrix version of (), viz., decomposing a matrix into sparse and low rank matrices, is known as
robust principal component analysis (PCA). It has been studied extensively ﬂa, g, 14, @] Both convex ﬂa, ]
as well as non-convex ﬂﬂ] methods have been proposed with provable recovery.

One can attempt to solve the robust tensor problem in () using matrix methods. In other words, robust
matrix PCA can be applied either to each matrix slice of the tensor, or to the matrix obtained by flattening
the tensor. However, such matrix methods ignore the tensor algebraic constraints or the CP rank constraints,
which differ from the matrix rank constraints. There are however a number of challenges to incorporating
the tensor CP rank constraints. Enforcing a given tensor rank is NP-hard ﬂﬂ], unlike the matrix case, where
low rank projections can be computed efficiently. Moreover, finding the best convex relaxation of the tensor
CP rank is also NP-hard ﬂﬂ], unlike the matrix case, where the convex relaxation of the rank, viz., the
nuclear norm, can be computed efficiently.
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1.1 Summary of Results

Proposed method:  We propose a non-convex iterative method, termed RTD, that maintains low rank
and sparse estimates ﬁ, S , which are alternately updated. The low rank estimate Lis updated through the
eigenvector computation of T — S , and the sparse estimate is updated through (hard) thresholding of the
residual 7 — L.

Tensor Eigenvector Computation: = Computing eigenvectors of T — S is challenging as the tensor can
have arbitrary “noise” added to an orthogonal tensor and hence the techniques of [2] do not apply as they
only guarantee an approximation to the eigenvectors up to the “noise” level. Results similar to the shifted
power method of [19] should apply for our problem, but their results hold in an arbitrarily small centered
at the true eigenvectors, and the size of the ball is typically not well-defined. In this work, we provide a
simple variant of the tensor power method based on gradient ascent of a regularized variational form of the
eigenvalue problem of a tensor. We show that our method converges to the true eigenvectors at a linear rate
when initialized within a reasonably small ball around eigenvectors. See Theorem [2 for details.

Guaranteed recovery:  As a main result, we prove convergence to the global optimum {L*, S*} for RTD
under an incoherence assumption on L*, and a bounded sparsity level for S*. These conditions are similar
to the conditions required for the success of matrix robust PCA. We also prove fast linear convergence rate
for RTD, i.e. we obtain an additive e-approximation in O(log(1/¢)) iterations.

Superiority over matrix robust PCA: We compare our RTD method with matrix robust PCA, carried
out either on matrix slices of the tensor, or on the flattened tensor. We prove our RTD method is superior
and can handle higher sparsity levels in the noise tensor S*, when it is block structured. Intuitively, each
block of noise represents correlated noise which persists for a subset of slices in the tensor. For example, in a
video if there is an occlusion then the occlusion remains fixed in a small number of frames. In the scenario of
moment-based estimation, S* represents gross corruptions of the moments of some multivariate distribution,
and we can assume that it occurs over a small subset of variables.

We prove that our tensor methods can handle a much higher level of block sparse perturbations, when
the overlap between the blocks is controlled (e.g. random block sparsity). For example, for a rank-1 tensor,
our method can handle O(n'"/12) corrupted entries per fiber of the tensor (i.e. row/column of a slice of the
tensor). In contrast, matrix robust PCA methods only allows for O(n) corrupted entries, and this bound is
tight [22]. We prove that even better gains are obtained for RTD when the rank r of L* increases, and we
provide precise results in this paper. Thus, our RTD achieves best of both the worlds: better accuracy and
faster running times.

We conduct extensive simulations to empirically validate the performance of our method and compare it
to various matrix robust PCA methods. Our synthetic experiments show that our tensor method is 2-3 times
more accurate, and about 8-14 times faster, compared to matrix decomposition methods. On the real-world
Curtain dataset, for the activity detection, our tensor method obtains better recovery with a 10% speedup.

Overview of techniques: At a high level, the proposed method RTD is a tensor analogue of the non-
convex matrix robust PCA method in [22]. However, both the algorithm (RTD) and the analysis of RTD is
significantly challenging due to two key reasons: a) there can be significantly more structure in the tensor
problem that needs to be exploited carefully using structure in the noise,b) unlike matrices, tensors can have
an exponential number of eigenvectors [7].

We would like to stress that we need to establish convergence to the globally optimal solution {L*,S*},
and not just to a local optimum, despite the non-convexity of the decomposition problem. Intuitively, if we
are in the basin of attraction of the global optimum, it is natural to expect that the estimates {ﬁ, S } under
RTD are progressively refined, and get closer to the true solution {L*,S*}. However, characterizing this
basin, and the conditions needed to ensure we “land” in this basin is non-trivial and novel.

As mentioned above, our method alternates between finding low rank estimate L on the residual T — S
and viceversa. The main steps in our proof are as follows: (i) For updating the low rank estimate, we
propose a modified tensor power method, and prove that it converges to one of the eigenvectors of T'— S. In
addition, the recovered eigenvectors are “close” to the components of L*. (i) When the sparse estimate S
is updated through hard thresholding, we prove that the support of S is contained within that of S*. (i)
We make strict progress in each epoch, where L and S are alternately updated.



In order to prove the first part, we establish that the proposed method performs gradient ascent on a
regularized variational form of the eigenvector problem. We then establish that the regularized objective
satisfies local strong convexity and smoothness. We also establish that by having a polynomial number
of initializations, we can recover vectors that are “reasonably” close to eigenvectors of T' — S. Using the
above two facts, we establish a linear convergence to the true eigenvectors of T — S, which are close to the
components of L*.

For step (i) and (%), we show that using an intuitive block structure in the noise, we can bound the
affect of noise on the eigenvectors of the true low-rank tensor L* and show that the proposed iterative scheme
refines the estimates of L* and converge to L* at a linear rate.

1.2 Applications

In addition to the standard applications of robust tensor decomposition to video denoising |17], we propose
two applications in probabilistic learning.

Learning latent variable models using grossly corrupted moments: Using tensor decomposition
for learning LVMs has been intensely studied in the last few years, e.g. [1, 12, [18]. The idea is to learn the
models through CP decomposition of higher order moment tensors.While the above works assume access
to empirical moments, we can extend the framework to that of robust estimation, where the moments
are subject to gross corruptions. In this case, gross corruptions on the moments can occur either due to
adversarial manipulations or systematic bias in estimating moments of some subset of variables.

Multi-task learning of linear Bayesian networks: Let z(;) ~ N (0,3(;)). The samples for the i
Bayesian network are generated as z(;; = Uh;) + 2(;), and E[x(i):cg)] = Udiag(w(i))UT + (), where h;
is the hidden variable for the i*" network. If the Bayesian networks are related, we can share parameters
among them. In the above framework, we share parameters U, which map the hidden variables to observed
ones. Assuming that all the covariances X(;) are sparse, when they are stacked together, they form a sparse
tensor. Similarly U diag(w(;))U T stacked constitutes a low rank tensor. Thus, we can consider the samples

jointly, and learn the parameters by performing robust tensor decomposition.

1.3 Related Work

Robust matrix decomposition: In the matrix setting, the above problem of decomposition into sparse
and low rank parts is popularly known as robust PCA, and has been studied in a number of works ([8],]6]).
The popular method is based on convex relaxation, where the low rank penalty is replaced by nuclear norm
and the sparsity is replaced by the 1 norm. However, this technique is not applicable in the tensor setting,
when we consider the CP rank. There is no convex surrogate available for the CP rank.

Recently a non convex method for robust PCA is proposed in [22]. It involves alternating steps of PCA
and thresholding of the residual. Our proposed tensor method can be seen as a tensor analogue of the method
in [22]. However, the analysis is very different, since the optimization landscape for tensor decomposition
differs significantly from that of the matrix.

Convex Robust Tucker decomposition: Previous works which employ convex surrogates for tensor
problems employ a different notion of rank, known as the Tucker rank or the multi-rank, e.g. [10,12, 16, [20,
25]. However, the notion of a multi-rank is based on ranks of the matricization or flattening of the tensor,
and thus, this method does not exploit the tensor algebraic constraints. The problem of robust tensor PCA
is specifically tackled in [11,[13]. In |11], convex and non-convex methods are proposed based on Tucker rank,
but there are no guarantees on if it yields the original tensors L* and S* in (Il). In [13], they prove success
under restricted eigenvalue conditions. However, these conditions are opaque and it is not clear regarding
the level of sparsity that can be handled.

Sum of squares:  Barak et al [5] recently consider CP-tensor completion using algorithms based on the
sum of squares hierarchy. However, these algorithms are expensive. In contrast, in this paper, we consider
simple iterative methods based on the power method that are efficient and scalable for large datasets. It is
however unclear if the sum of squares algorithm improves the result for the block sparse model considered
here.



Algorithm 1 (E, §) = RTD (T, 4,r, 3): Tensor Robust PCA
1: Input: Tensor T € R™ ™*™ convergence criterion §, target rank r, thresholding scale parameter 3.
P;(A) denote estimated rank-I approximation of tensor A, and let o;(A) denote the estimated [** largest
eigenvalue using Procedure [l HT¢(A) denotes hard-thresholding, i.e. H¢(A))ijw = Aijr if |Aijr] > ¢
and 0 otherwise.
Set initial threshold ¢y < Boy(T) and estimates S0 = H, (T — L().
for Stage l =1tor do
for t =0 to 7 = 10log (nB||T — S(O)H2 /6) do
LD = p(T — M),
SUH) = 4 (T — LUHD).
Ger1=B(0141 (T =STY) 4 (3)" ou(T — SE+D)).
If BoHl(L(Hl)) < %, then return L™, S(7) else reset S(® = S(7)
Return: L = L), S =580

Robust tensor decomposition: Shah et al [23] consider robust tensor decomposition method using
a randomized convex relaxation formulation. Under their random sparsity model, their algorithm provides
guaranteed recovery as long as the number of non-zeros per fibre is O(y/n). This is in contrast to our method

which potentially tolerates upto O(n'7/12) non-zero sparse corruptions per fibre.

2 Proposed Algorithm

Notations: Let [n] := {1,2,...,n}, and ||v]| denote the ¢ norm of vector v. For a matrix or a tensor M,
|[M|| refers to spectral norm and ||M||o refers to maximum absolute entry.

Tensor preliminaries: A real third order tensor T' € R™*™*" is a three-way array. The different
dimensions of the tensor are referred to as modes. In addition, fibers are higher order analogues of matrix
rows and columns. A fiber is obtained by fixing all but one of the indices of the tensor. For example, for a
third order tensor T' € R™*™*" the mode-1 fiber is given by T'(:, j,[). Similarly, slices are obtained by fixing
all but two of the indices of the tensor. For example, for the third order tensor T', the slices along third
mode are given by T'(:,:,1). A flattening of tensor T along mode k is a matrix M whose columns correspond
to mode-k fibres of T'.
We view a tensor T' € R"*"™*"™ as a multilinear form. In particular, for vectors u,v,w € R™, let

T(Iv,w):= Y vwT(:j1) €R", (2)
JAeln]

which is a multilinear combination of the tensor mode-1 fibers. Similarly T'(u,v,w) € R is a multilinear
combination of the tensor entries.
A tensor T' € R"*"*X™ has a CP rank at most r if it can be written as the sum of r rank-1 tensors as

T=Y oju@u@u, u R Jul =1, (3)
i€[r]

where notation ® represents the outer product. We sometimes abbreviate ¢ ® a ® a as a®3. Without loss of
*, ®3 ®3

generality, o > 0, since —ofu’” = o) (—u;)
RTD method: We propose non-convex algorithm RTD for robust tensor decomposition, described in
Algorithm [II The algorithm proceeds in stages, | = 1,...,r, where r is the target rank of the low rank
estimate. In [** stage, we consider alternating steps of low rank projection P;(-) and hard thresholding of the
residual, H(-). For computing P;(L), that denotes the I leading eigenpairs of L, we execute gradient ascent

on a function f(v) = L(v,v,v) — A|v||* with multiple restarts and deflation (see Procedure []).



Procedure 1 {L;, (i}, Aj)jemt = Pi(T): GradAscent (Gradient Ascent method)

1: Input: Symmetric tensor T € R™"*"™*" target rank [, exact rank r, N; number of initializations or
restarts, N number of power iterations for each initialization. Let T < T.
2: for j=1,...,r do

3 fori=1,...,N; do

4 0 ~ N (0, I,). Compute top singular vector u of Tj(I, I,6). Initialize vEl) — u. Let A =Tj(u, u, u).
5 repeat

6: Uftﬂ) «— T;(I, v(t )/||T (I,v; ® )H {Run power method to land in spectral ball}

. )\Z(t+1) Tj( Z(t+1)7 v§t+1), v§t+1))

8 until t = Ny

9 Pick the best: reset i <— argmax;c(y,) T} (Uftﬂ), Ul(tﬂ), vgtﬂ)) and \; = )\Etﬂ) and v; = vgtﬂ).
10: Deflate: Tj — Tj — AU ® v D ;.
11: for j=1,...,r do
12:  repeat
13: Gradient Ascent iteration: v{""" + v{") + veEs Vel (T(I, v$, i) — )\|\vj(.t)|\2v](t)).

14:  until convergence (linear rate, refer Lemma [3]).
~ _(t+1) o (t+1)  (t+1) (t+1)
15 Setuy=v; ", N =T(v; o ) A
16: return Estimated top [ out of all the top r eigenpairs (u;,\;j) ey, and low rank estimate L; =
Qi) Aty @ Uj © Uj.

Computational complexity: In RTD, at the I*" stage, the [-eigenpairs are computed using Procedure[I],
whose complexity is O(n3IN1N3). The hard thresholding operation H (T — L#+1)) requires O(n?) time. We

have O (1og ("”T” )) iterations for each stage of the RTD algorithm and there are r stages. By Theorem [2]

it suffices to have Ny = O (n'*¢) and N, = O (1), and where O(-) represents O(-) up to polylogarithmic
factors and c is a small constant. Hence, the overall computational complexity of RTD is 0 (n4+cr2).

3 Theoretical Guarantees

In this section, we provide guarantees for the RTD proposed in the previous section for RTD in (0I). Even
though we consider a symmetric L* and S* in (), we can extend the results to asymmetric tensors, by
embedding them into symmetric tensors, on lines of [24].

In general, it is impossible to have a unique recovery of low-rank and sparse components. Instead, we
assume the following conditions to guarantee uniqueness:

(L) L* is a rank-r orthogonal tensor in (), i.e., (u;, u;) = d; ;, where §; ; = 1iff i = j and 0 o.w. L* is
p-incoherent, i.e., |[uillo < 5 and of >0, V1 <i <.

The above conditions of having an incoherent low rank tensor L* are similar to the conditions for robust
matrix PCA. For tensors, the assumption of an orthogonal decomposition is limiting, since there exist tensors
whose CP decomposition is non-orthogonal [2]. We later discuss how our analysis can be extended to non-
orthogonal tensors. We now list the conditions for sparse tensor S*.

The tensor S* is block sparse, where each block has at most d non-zero entries along any fibre and the
number of blocks is B. Let ¥ be the support tensor that has the same sparsity pattern as S*, but with
unit entries, i.e. W;;, =11iff. 57, #0foralli,j k€ [n]. We now make assumptions on sparsity pattern
of ¥. Let 1 be the maximum fraction of overlap between any two block fibres v; and ;. In other words,
max;; (i, ;) < nd. (S) Let d be the sparsity level along any fibre of a block and let B be the number of



blocks. We require

B
U= © s @, [Willo < d, i) =0 or 1

B Vi e [B], j € [n], (4)
d= O(n/ru3)2/3, B = O(min(nQ/?’Tl/?’, n~15)). (5)

We assume a block sparsity model for S* above. Under this model, the support tensor ¥ which encodes
sparsity pattern, has rank B, but not the sparse tensor S* since the entries are allowed to be arbitrary. We
also note that we set d to be n?/3 for ease of exposition and show one concrete example where our method
significantly outperforms matrix robust PCA methods.

As discussed in the introduction, it may be advantageous to consider tensor methods for robust decom-
position only when sparsity across the different matrix slices are aligned/structured in some manner, and a
block sparse model is a natural structure to consider. We later demonstrate the precise nature of superiority
of tensor methods under block sparse perturbations.

For the above mentioned sparsity structure, we set 8 = 4u3r/n%/? in our algorithm. Under the above
conditions, our proposed algorithm RTD establishes convergence to the globally optimal solution.
Theorem 1 (Convergence to global optimum for RTD). Let L*,S* satisfy (L) and (S), and f = 41‘1‘3—3/7;.
The outputs L (and its parameters G; and 5\1) and S of Algorithm [ satisfy w.h.p.:

i — wil| o < 6/prn' 2o,

—ail <6, vieln,

HZ —r7|| <6 18-S <6/,

and supp§ C supp S*.

Comparison with matrix methods: We now compare with the matrix methods for recovering the
sparse and low rank tensor components in ([I). Robust matrix PCA can be performed either on all the
matrix slices of the input tensor M; :=T'(I,1,¢;), for i € [n], or on the flattened tensor T (see the definition
in Section ). We can either use convex relaxation methods [6, &, [15] or non-convex methods [22] for robust
matrix PCA.

Recall that n measures the fraction of overlapping entries between any two different block fibres, i.e.
max;.; (i, ;) < nd, where 1; are the fibres of the block components of tensor ¥ in (#]) which encodes the
sparsity pattern of S* with 0-1 entries. A short proof is given in Appendix [B.1}

Corollary 1 (Superiority of tensor methods). The proposed tensor method RTD can handle perturbations S*
at a higher sparsity level compared to performing matriz robust PCA on either matriz slices or the flattened
tensor using guaranteed methods in [18, |122] when the (normalized) overlap between different blocks satisfies

n=0(r/n)*?.

Simplifications under random block sparsity: = We now obtain transparent results for a random block
sparsity model, where the components v; in () for the support tensor ¥ are drawn uniformly among all d-

sparse vectors. In this case, the incoherence 1 simplifies as 7 whp O(£) when d > /n and 7 QR0 (1/4/n),
o.w. Thus, the condition on B in (B)) simplifies as B = O(min(n?/?r/3 (n/d)'*)) when d > \/n and
B = O(min(n?/3r1/3,n%7)) o.w. Recall that as before, we require sparsity level of a fibre in any block as
d = O(n/ru?)?/3. For simplicity, we assume that p = O(1) for the remaining section.

We now explicitly compute the sparsity level of S* allowed by our method and compare it to the level
allowed by matrix based robust PCA.
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Figure 1: (a) Error comparison of different methods with deterministic sparsity, rank 5, varying d. (b) Error
comparison of different methods with deterministic sparsity, rank 25, varying d. (c) Error comparison of different
methods with block sparsity, rank 5, varying d. (d) Error comparison of different methods with block sparsity, rank
25, varying d. Error = ||L* — L||z/||L*||r. The curve labeled ‘T-RPCA-W(slice)’ refers to considering recovered low
rank part from a random slice of the tensor 7' by using matrix non-convex RPCA method as the whiten matrix,
‘T-RPCA-W (true)’ is using true second order moment in whitening, ‘M-RPCA (slice)’ treats each slice of the input
tensor as a non-convex matrix-RPCA(M-RPCA) problem, ‘M-RPCA (flat)’ reshapes the tensor along one mode and
treat the resultant as a matrix RPCA problem. All four sub-figures share same curve descriptions.
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Figure 2: (a) Running time comparison of different methods with deterministic sparsity, rank 5, varying d. (b)
Running time comparison of different methods with deterministic sparsity, rank 25, varying d. (c) Running time
comparison of different methods with block sparsity, rank 5, varying d. (d) Running time comparison of different
methods with block sparsity, rank 25, varying d. Curve descriptions are same as in Figure 1.

Corollary 2 (Superiority of tensor methods under random sparsity). Let Drrp be the number of non-zeros
in S* (|S*|lo) allowed by RTD under the analysis of Theorem [l and let Datrix be the allowed ||S*||o using
the standard matriz robust PCA analysis. Also, let S* be sampled from the random block sparse model.
Then, the following holds:

Q (n1/6r4/3) , for r < n925, (6)

Dnatrix 9] (n5/12r1/3> , 0. W. (7)

Drrp

Unstructured sparse perturbations S*:  If we do not assume block sparsity in (S), but instead assume
unstructured sparsity at level D, i.e. the number of non zeros along any fibre of S* is at most D, then the

matrix methods are superior. In this case, for success of RTD, we require that D = O (%) which is worse
than the requirement of matrix methods D = O(#) Our analysis suggests that if there is no structure
in sparse patterns, then matrix methods are superior. This is possibly due to the fact that finding a low
rank tensor decomposition requires more stringent conditions on the noise level. Meanwhile, when there is
no block structure, the tensor algebraic constraints do not add significantly new information. However, in
the experiments, we find that our tensor method RTD is superior to matrix methods even in this case, in
terms of both accuracy and running times.

3.1 Analysis of Procedure [

Our proof of Theorem [ depends critically on an assumption that Procedure [I] indeed obtains the top-r
eigen-pairs. We now concretely prove this claim. Let L be a symmetric tensor which is a perturbed version
of an orthogonal tensor L*, L = L* + E € R™™™,  L* =57, oru®®, where of > o...0F > 0 and
{u1,ug,...,u,} form an orthonormal basis.



Recall that N7 is the number of initializations to seed the power method, N5 is the number of power
iterations, and § is the convergence criterion. For any ¢ € (0,1), and [ < r, assume the following

||l < O(of /v/n), N1y = O(n'*“log(1/€)),
Nz > Q(log (k) + loglog (o, /[ E1)),

where ¢ is a small constant. We now state the main result for recovery of components of L* when Procedure[I]
is applied to L.

Theorem 2 (Gradient Ascent method). Let L = L* + E be as defined above with ||E|| < O(oy/Vn).
Then, applying Procedure 1l with deflations on L with target rank | < r, yields | eigen-pairs of L given by
(A, 11), (A2, @2), ..., (A, 4y), up to arbitrary small error § > 0 and with probability at least 1 — &. Moreover,
there exists a permutation ™ on [l] such that: Vj € [I],

lori) — il S O(E] +9),
[y — @il < OB/ o7 ;) + 0)-

While [2, Thm. 5.1] considers power method, here we consider the power method followed by a gradient
ascent procedure. With both methods, we obtain outputs (A;,@;) which are “close” to the original eigen-
pairs of (¢, u;) of L*. However, the crucial difference is that Procedure [ outputs (\;, ;) correspond to
specific eigen-pairs of input tensor L, while the outputs of the usual power method have no such property
and only guarantees accuracy upto O(||F||2) error. We critically require the eigen property of the outputs
in order to guarantee contraction of error in RTD between alternating steps of low rank decomposition and
thresholding.

The analysis of Procedure [Tl has two phases. In the first phase, we prove that with N initializations and
Ny power iterations, we get close to true eigenpairs of L*, i.e. (o], u;) for i € [I]. After this, in the second
phase, we prove convergence to eigenpairs of L.

The proof for the first phase is on lines of proof in [2], but with improved requirement on error tensor
E in (). This is due to the use of SVD initializations rather than random initializations to seed the power
method, and its analysis is given in [3].

Proof of the second phase follows using two observations: a) Procedure[llis just a simple gradient ascent
of the following program: f(v) = L(v,v,v) — 3\||v]|3, b) with-in a small distance to the eigenvectors of L,
f(v) is strongly concave and as well as strongly smooth with appropriate parameters. See below lemma for a
detailed proof of the above claim. Hence, using our initialization guarantee from the phase-one, Procedure[I]
converges to a ¢ approximation to eigen-pair of L in time O(log(1/6)) and hence, Theorem [2 holds.

Lemma 3. Let f(v) = L(v,v,v) — SA[v||3. Then, f is o} (1 %) strongly concave and o (1 + 3(13‘—7 )
strongly smooth at all points (v, A) s.t. ||[v— ;| < \1/% and |\  for some 1 < i < r. Procedure[l
converges to an eigenvector ofL at a linear rate.
Proof. Consider the gradient and Hessian of f w.r.t. v:
Vf =3L(I,v,v) = 3A|[v]?v, ()
H =6L(I,1,v) — 6 v’ — 3A||v||L. (9)

We first note that the stationary points of f indeed correspond to eigenvectors of L with cigenvalues Aljv[|2.

100

Moreover, when |\ — o] < = and [l —u;]| < we have:

\/_7
o o
v v
Recall that L = L* + E, where L* is an orthogonal tensor and ||E||2 < o¥/+/n. Hence, there exists one

eigenvector in each of the above mentioned set, i.e., set of (v, A) s.t. |\ — o] < 1\0/'% and ||v — u;] < \1/—%.

[H — (=307 1|2 <

Hence, the standard gradient ascent procedure on f would lead to convergence to an eigenvector of L. m
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(a) (b) (c)

Figure 3: Foreground filtering or activity detection in the Curtain video dataset. (a): Original image frame.
(b): Foreground filtered (sparse part estimated) using tensor method; time taken is 5.1s. (c): Foreground
filtered (sparse part estimated) using matrix method; time taken is 5.7s.

Extending to non-orthogonal low rank tensors: In (L), we assume that the low rank tensor L*
in () is orthogonal. We can also extend to non-orthogonal tensors L*, whose components u; are linearly
independent. Here, there exists an invertible transformation W known as whitening that orthogonalizes the
tensors [2]. We can incorporate whitening in Procedure [ to find low rank tensor decomposition, within the
iterations of RTD.

4 Experiments

We now present an empirical study of our method. The goal of this study is three-fold: a) establish that
our method indeed recovers the low-rank and sparse parts correctly, without significant parameter tuning,
b) demonstrate that whitening during low rank decomposition gives computational advantages, c) show that
our tensor methods are superior to matrix based RPCA methods in practice.

Our pseudo-code (Algorithm [I) prescribes the threshold ¢ in Step 5, which depends on the knowledge of
the singular values of the low rank component L*. Instead, in the experiments, we set the threshold at the
(t + 1) step of I'™* stage as ¢ = poyy1(T — SV)/n3/2. We found that the above thresholding, in the tensor
case as well, provides exact recovery while speeding up the computation significantly.

Synthetic datasets:  The low-rank part L* = Zie[k] /\iul®3 is generated from a factor matrix U € R"**
whose entries are i.i.d. samples from N(0,1). For deterministic sparsity setting, supp(S*) is generated by
setting each entry of [n] x [n] x [n] to be non-zeros with probability d/n and each non-zero value S, is drawn
ii.d. from the uniform distribution over [r/(2n%/2),r/n3/2]. For block sparsity setting, we randomly select
B numbers of [n] x [1] vectors v;,4 = 1...B in which each entry is chosen to be non-zero with probability d/n.
The value of non-zero entry is assigned similar to the one in deterministic sparsity case. Each of this vector
will form a subtensor(v$*) and those subtensors form the whole S. For increasing incoherence of L*, we
randomly zero-out rows of U and then re-normalize them. For the CP-decomposition, we use the alternating
least squares (ALS) method available in the tensor toolbox [4]. Note that we use the ALS procedure in
practice since we found that empirically, ALS performs quite well and is convenient to use. For whitening,
we use two different whitening matrices: a) the true second order moment from the true low-rank part, b)
the recovered low rank part from a random slice of the tensor T' by using matrix non-convex RPCA method.
We compare our RTD with matrix non-convex RPCA in two ways: a) treat each slice of the input tensor as
a matrix RPCA problem, b) reshape the tensor along one mode and treat the resultant as a matrix RPCA
problem.

We vary sparsity of S* and rank of L* for RTD with a fixed tensor size. We investigate performance of our
method, both with and without whitening, and compare with the state-of-the-art matrix non-convex RPCA
algorithm. Our results for synthetic datasets is averaged over 5 runs. In Figure [Il we report relative error
(|IL*=L||r/||L*||r) by each of the methods allowing maximum number of iterations up to 100. Comparing (a)
and (b) in Figure[Il we can see that with block sparsity, RTD is better than matrix based non-convex RPCA
method when d is less than 20. If we use whitening, the advantage of RTD is more significant. But when
rank becomes higher, the whitening method is not helpful. In Figure 2] we illustrate the computational time



of each methods. We can see that whitening simplifies the problem and give us computational advantage.
Besides, the running time for the one using tensor method is similar to the one using matrix method when
we reshape the tensor as one matrix. Doing matrix slices increases the running time.

Real-world dataset: To demonstrate the advantage of our method, we apply our method to activity
detection or foreground filtering [21l]. The goal of this task is to detect activities from a video coverage, which
is a set of image frames that form a tensor. In our robust decomposition framework, the moving objects
correspond sparse (foreground) perturbations which we wish to filter out. The static ambient background is
of lesser interest since nothing changes.

We selected one of datasets, namely the Curtain video dataset wherein a person walks in and out of the
room between the frame numbers 23731 and 23963. We compare our tensor method with the state-of-the-art
matrix method in [22] on the set of 233 frames where the activity happens. In our tensor method, we preserve
the multi-modal nature of videos and consider the set of image frames without vectorizing them. For the
matrix method, we follow the setup of [22] by reshaping each image frame into a vector and stacking them
together. We set the convergence criterion to 10™3 and run both the methods. Our tensor method yields a
10% speedup and obtains a better visual recovery for the same convergence accuracy as shown in Figure [3]

5 Conclusion

We proposed a non-convex alternating method for decomposing a tensor into low rank and sparse parts.
We established convergence to the globally optimal solution under natural conditions such as incoherence
of the low rank part and bounded sparsity levels for the sparse part. We prove that our proposed tensor
method can handle perturbations at a much higher sparsity level compared to robust matrix methods. Our
simulations show superior performance of our tensor method, both in terms of accuracy and computational
time. Some future directions are analyzing: (1) our method with whitening (2) the setting where grossly
corrupted samples arrive in streaming manner.
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A Bounds for block sparse tensors

One of the main bounds to control is the spectral norm of the sparse perturbation tensor S. The success of

the power iterations and the improvement in accuracy of recovery over iterative steps of RTD requires this
bound.

Lemma 4 (Spectral norm bounds for block sparse tensors). Let M € R™*™*" gsatisfy the block sparsity
assumption (S). Then
1M ]2 = O(d"?| M o). (10)

Proof. Let ¥ € R™ "™ be a tensor that encodes the sparsity of M ie. W;;, = 1iff S7,, # 0 for all
i,7,k € [n]. We have that

([ M| = rﬁﬂ%ﬁXI M; j ku(@)u(j)u(k)

7,k

= max Mljk\yljku() (])u(k)
wlul=1 £

< Iﬁfﬁxlz| ijqjljku() () (k)|

<Ml lﬂfwﬁXlZI i, g k(D) u(G)uk)] = [|M o[ W,

where the last inequality is from Perron Frobenius theorem for non-negative tensors [9]. Note that U is
non-negative by definition. Now we bound ||¥]| on lines of |3, Lemma 4]. Recall that Vi € [B], j € [n],

B
U= Zwi @Y @i, ||willo < d, ¥i(j) =0 or 1.

By definition ||[¢;||2 = v/d. Define normalized vectors t; := v;/||1b||. We have

B
v :dl'5z1/;i®1/;i®1/;i

i=1
Define matrix ) := [1/;1|1/;2, . ..1/;3]. Note that 9/ T¢) € RE*B is a matrix with unit diagonal entries and
absolute values of off-diagonal entries bounded by 7, by assumption. From Gershgorin Disk Theorem, every
subset of L columns in % has singular values within 1+ o(1), where L < % Moreover, from Gershgorin Disk

Theorem, ||¢)|| < /T + B7.

For any unit vector u, let S be the set of L indices that are largest in 1/)Tu By the argument above
we know ||(¢g)Tul < ||1/;5|\Hu|\ <1+ o(1). In particular, the smallest entry in ¢ u is at most 2/v/I. By

construction of S this implies for all ¢ not in S, | u| is at most 2/v/L. Now we can write the £3 norm of
V' u as

I Tulld =" [ ul® + > i uf®

€S iZS
< b ul? + /VE)TY |0 ulf?
€S iZS

<1+2y7|[¢)? <1+ 2Byt

Here the first inequality uses that every entry outside S is small, and last inequality uses the bound argued
on ||(¥bs) Tul|, the spectral norm bound is assumed on Age. Since B = O(n~'?), we have the result. |

Another important bound required is co-norm of certain contractions of the (normalized) sparse tensor
and its powers, which we denote by M below. We use a loose bound based on spectral norm and we require
[[M|| < 1/y/n. However, this constraint will also be needed for the power iterations to succeed and is not an
additional requirement. Thus, the loose bound below will suffice for our results to hold.
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Lemma 5 (Infinity norm bounds). Let M € R™ ™" satisfy the block sparsity assumption (S). Let u,v

satisfy the assumption |[ul|so, |V]|ooc < 7. Then, we have

2
1. HM(uuvul)Hoo S %HMHOO? where k := i\/ﬁu

2. M (u,v, DPlloo < mpl|M|loo| M= for p > 1.

K M
8. o IIM(u, I, 1)Pvloo < Z2[| M| - TL5 when M| < 1//n.

Proof. We have from norm conversion

A

1M (u, v, Dlloo < [lutlloo - [1v]loo max [|M (1, 1, ;)] (11)

M2 2
£ B&|| M|, (12)

IN

where ¢; norm (i.e. sum of absolute values of entries) of a slice M(I,I,e;) is Bd?, since the number of
non-zero entries in one block in a slice is d?.
Let Z = M(u,I,I) € R Now, |M(u,I,I)Pv|c = |[|ZP0]|0c = ||ZP 'al|ec where a = Zv. Now,

_ _ _ —1 _ _
12°~ allo = m;tXlefZ” tal <1277 H2llallz < 1215 Nlallz < IMIP~Hallalleo < mpllM]|oo[[M [P~

M
Hence, 3,5 [[[M(u, I, DJPvlloo < fpal| Moo - To77 n

B Proof of Theorem [l

Lemma 6. Let L*, S* be symmetric and satisfy the assumptions of Theorem/[d and let S be the t™ iterate
of the I'" stage of Algorithm . Let oF,...,0% be the eigenvalues of L*, such that of > --- > o > 0 and
A1, A be the eigenvalues of T — S such that \y > -+- > A\, > 0. Recall that E® := §* — §®), Suppose
further that

3 " t—1
1D < 855 (o7 + ()7 07, and

2. supp E® C supp S*.

Then, for some constant ¢ € [0, 1), we have
1\’ 1\ 1\’
(1—c¢) <0l*+1 + (5) oZ‘) < (Az+1 + (§> )\l> <(1+¢) (U;‘H + (§> al*> . (13)
Proof. Note that T — S®) = L* + E® . Now,

8u3T’yt
* 3/2 3/2
|/\l+1 — 0y 1| <8 HE(t) ) < 8d / HE(t)H00 < 3 d / R

3/2 . * 3/2
M1 = of | < 8pPr () /% 5,. Similarly, [\ - of| < 8u’r (1) " a0
d\ 32 1\ ¢
< 8u’r (E) Y1+ (5)
d\3/?
< 16p3r <—> Yt
n

1 t
§C<(’7“*(5> )

2/3
where the last inequality follows from the bound d < ( m) for some constant ¢’. |

where v 1= (UZ‘H + (%)Fl Ul*). That is,

So we have:
1\’ . 0,
|<)\l+1 + (§> Az) - (Uzﬂ + (§> Uz)
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Lemma 7. Assume the notation of Lemmal@. Also, let L), S be the t™ iterates of ™" stage of Algorithm[l
and LU+ SO+ be the (t+ 1) iterates of the same stage. Also, recall that E® := §* — S®) qnd Et+Y .=
S* — St+1)

Suppose further that

* t—1 *
1 B0 < 35 (070 + (3)' 07, and
2. supp E® C supp S*.

3. |E®|, < CoL where C < 1/2 is a sufficiently small constant.

\/E’
3 t
. prr oo, Ly .
”U””‘L”w§2$ﬁ<ﬁ“+(5>”>

Then, we have:
Proof. Let L+ = Zézl )\iugtﬂ) be the eigen decomposition obtained using the tensor power method on
(T—5M) at the (t+1)"" step of the I'" stage. Also, recall that T—S5®) = L*+ E® where L* = "_ oju$®.
Define E® := §* — §()_ Define E' := E® (u{"™ I,1). Let ||[E®||; == e.

Consider the eigenvalue equation (T — S(t))(uz(-tﬂ) ) 1y =\ (t+1).

L*(u(.tJrl) (t+1) ) + E® (u(.t+1) utty I = )\iu(.Hl)

? ’L

<

o} < (t+1) Uj>2 u; + E® (ugtﬂ), ugtﬂ), I = )\iugtﬂ)

Jj=1

Jj=1
Ei p r oF 2
t+1 i/ (t+1
e () | T ()
p>1 N7 j=1""
Now,
||L(t+1) —L*||s < Z )\i(ugt+1))®3 _ Z o3|+ Z oiu ®
€[] i oo i=l+1 o
t+1
<3 e — ||+ iju@w
i€l =Il+1
For a fixed 4, using A; < of + € [2] and using Lemma [TT], we obtain
‘)\i(uz(t+1))® ®3H < H o +€)(u (t+1)) Uzﬁul@sH
t+1)) — o3 ‘ +ell(u (t+1))®3H
<o} (u(.t+1))®3 - ui®3H +e H u(.t+1))®3H

t+1 t+1 t+1

< o7 Blul™ —uiflollusll% + 3lud™ — w2 uilloo + [[ud = i3]
t+1

+ el (u{) 23|

t+1 (t+1
< 707 ™™ — gl ool % + €l @) 13,
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Now,

T 2 K
A = ) e 3 T ) B
R j=Lp=1""
ai /. 1), \? oi /(1) \?
<=5 () |+ ()
3 [e’) ]7571 1

ST ) () ] | S F ) (5

p>1

For the first term, we have

* 2 * 2
H(l -t <U§t+l)aui> Juil| < (1 S (1 - (i> )) l[willso < (1 - (1 - =
i oo o; +e oy g
p Cuoj
<
- Ufnl/2 T oin

where we substitute for € in the last step.
For the second term, we have

o/ (t+1) 2 ol e\’ e\ u
- L Us ) Ui < — Us <92 — L
Z A < P ) J> J = O,;k — ¢ 0';* ” lHoo = U; nl/2’

J#

o0
which is a lower order term.
Next,

*

Z%<u§t+l)vui>2 (f—:)pul < Zf\—{ (f_:)pm SZZ—Z

2

p=>1 o |IPZ1 p>1
_oi By
=N VR T B sy

2 Rl ||E(t)HOO

<
- (1 — C) )\1\/5
from Lemma[5 and the assumption on spectral norm of ||[E®||5, where

Bd*
v

Rt =

For the remaining terms, we have

p>1 ¢

p,J7#i o > oo

which is a lower order term.
Combining the above and recalling € < o}, Vi € [[]

o

(t+1)

i 7

<_8 8 Kl

= (1=C)Nivn

1B oo

Also, from Lemma[I]
N — 07| < 8| EW|2 < 8e

16

()

oo

* i\ P i\ P * 7
XS ) (5) W] sES ) [S(E) ] =5 E(E
J#

oo

o0



Thus, from the above two equations, we obtain the bound for the parameters (eigenvectors and eigenvalues)

of the low-rank tensor

t+1 . C
uE D uZH and |\; — 0]l We combine the individual parameter recovery
o0

bounds as:

1 1 1
EZA (N3 N oru 2| < 7o lul Y = waloo 12 + el (ul )]

i€l] oo

224 mtu r

< o B (14)

and the other term
r 3
®3 R
Z ||0ruz ”OO S O'l*+1 n1 5
i=l+1
Combining bound in ([[4) with the above, we have

3
. rpd (224 1
20— £ 20 (2l B+ o7 ) < HIEO

)
where the last inequality comes from the fact that Tﬁ‘i ol < % and the assumption that C' < 1/2,

and we can choose B and d s.t.
44873 1
W/ﬁ?t < g
This is possible from assumption (S). |
The following lemma bounds the support of E¢*+Y and ||[E¢+))| ,, using an assumption on || L+ —

L*|| so-

Lemma 8. Assume the notation of Lemma[7 Suppose

t—1
||L(t+1) — Lo €257 37 (0’1+1 + (5) 0’l> )

Then, we have:

1. supp E4+D) C supp S*.

3, N t o,
2 |ECH | < T25E (07 + (3) 07 ), and
Proof. We first prove the first conclusion. Recall that,
S(t-i—l) — HC(T _ L(t—i—l)) — HC(L* _ L(t+l) + S:k)7

where ( = 4ng/2 (>\1+1 + ( ) )\l) is as defined in Algorithm[and A1,--- , A\, are the eigenvalues of T — St

such that Ay > (1
IfS*bc_()thenE D — 1

! (L* L(tJrl)
ij

abe abe

Lo _p0|s ). The first part of the lemma now follows by

abe abe

2 (¢1)
using the assumption that |L(t+) — L*]|,, < 2% (JZ*H + (%)tal*) < 4n3/2 ()\l+1 + (%)t )\l) = (, where
(¢1) follows from Lemma
We now prove the second conclusion. We consider the following two cases:

_ ) <

abe abe | —

| <L

abe abc abc

2:3/7; (Uz+1 + (%) 0y )

’T be — L Hl)’ > (: Here, S + ) — Sre + L. — Lgtbtl). Hence, |S( +1)

2 v £ < G T his case, 157 = 0 am [+ L2, — EG77] < G, So we have, |47 =
[S%e] < C+ ‘Labc Lgbtl) < 7# (Ul+1 + ( )t al*). The last inequality above follows from Lemma [6]
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This proves the lemma. |

Theorem 9. Let L*,S* be symmetric and satisfy (L) and (S), and B = 4 “3/’;. The outputs L (and its
parameters 4; and \;) and S of Algorithm [ satisfy w.h.p.:

) o
it — gl < [Ai — 0| <6, Vi€ ln]
1 oo ILL2TTL1/2U;§1in ) X3 7 9 b

N s .
F§5, IS —S*||oo < —, and supp S C supp S™.
n

HL_L 3/2°

Proof. Recall that in the I*! stage, the update L(**Y is given by: Lt+1) = P(T — S®) and S*+1 is given
by: S+ = H(T — LU+Y). Also, recall that E®) := §* — () and E¢HY .= §* — §U+1),

We prove the lemma by induction on both ! and t. For the base case (I = 1 and ¢t = —1), we first
note that the first inequality on ||L(0) — L*||o is trivially satisfied. Due to the thresholding step (step 3 in
Algorithm [T]) and the incoherence assumption on L*, we have:

8usr

1B < 2

(054 207), and
supp E© C supp S*.

So the base case of induction is satisfied.
We first do the inductive step over ¢ (for a fixed r). By inductive hypothesis we assume that: a)

|E®|o < 37 (Ul*+1 + (%)t_l Uj‘), b) supp E® C supp S*. Then by Lemma [1, we have:

n3/2
. 2ur [, ',
ILEFD — 17| o < 3z (UZH + (5) 01) :
Lemma B now tells us that

* t *
1. [ECD|| < n3/2 (Uz+1 +(3) o; ), and
2. supp EHD C supp 5*.
This finishes the induction over t. Note that we show a stronger bound than necessary on || E¢*Y ||
We now do the induction over [. Suppose the hypothesis holds for stage I. Let T denote the number of
iterations in each stage. We first obtain a lower bound on T'. Since

3
|75, =121, = ||BO||, = ot = 21 EO o0 > Sa,

we see that T" > 10log (3u3rai*/5). So, at the end of stage r, we have:

3 *
L |JEM| s < Z;;—j;” (07+1 + (%)Tgl*) < mn?;«/vzm + win, and
2. supp E(T) C supp S*.
Recall, ‘UTH (T - S(T)) - a;‘+1| < HE H2 <4 4 (pBr ‘O’ +1‘ +4). We will now consider two cases:

1. Algorithm[I] terminates: This means that o,y 1 (T — 8T ) o 3/2 which then implies that o}, ; <
. So we have:

-~ 23 " 6
* _ T * * *
IZ = L*||oo = | L) — L*||o < 32 (Ur-i-l + (5) UT> Tk

This proves the statement about L and its parameters (eigenvalues and eigenvectors). A similar
argument proves the claim on ||S — S*||oo. The claim on supp S follows since supp E(*) C supp S*.

[
6u3r
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2. Algorithm [l continues to stage (r + 1): This means that 80,1 (L(T)) > % which then implies

2n3/2
Sudr [, 0" N
||E(T)||oo S TL3/2 (O'TJrl + <§> g,

that o7, > %. So we have:

< S8udr [, 1)

=z \ 0 10pu3rn3/2
8plr [, 80711

= n3/2 ( T
S8udr ,

< n3/2 (Ul+2 + 2Ul—i-l)

Similarly for ||L™) — L*|| .
This finishes the proof. |

B.1 Short proof of Corollary [1]

The state of art guarantees for robust matrix PCA requires that the overall sparsity along any row or column
of the input matrix be D = O(-Z5) (when the input matrix is R™"*™).

ru2
Under (S), the total sparsity along any row or column of M; is given by D := dB. Now, Theorem [[l holds
when the sparsity condition in (B is satisfied. That is, RTD succeeds when
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Hence, RTD can handle larger amount of corruption than the matrix methods and the gain becomes more
significant for smaller 7.

B.2 Some auxiliary lemmas

We recall Theorem 5.1 from [2]. Let € = 8| E® ||y where E(*) := §* — §(),

Lemma 10. Let L(t+1) = Zle )\iuz(-tﬂ) be the eigen decomposition obtained using Algorithm[d on (T —S®).
Then,

1. If ||u§t+1) — u;l|2 < ==, then dist(ugtﬂ),ui) < =
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Proof. 1. Let z L w and ||z||2 = 1.
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Then using Theorem 5.1 from [2], we obtain the result. Next, since (uEHl), ui)? —l—dist(uz(-ﬂ_l)7 u;)? =1,
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we have (u(tﬂ),ui}? >1- (Uf ) .
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2. Note that k
u§t+1) = Z <ugt+l), w‘> uj + dist(uz(-tﬂ)v U)z
j=1

where z L U such that ||z||2 = 1. Using ||u§t+l)||2
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= 1 and the Pythagoras theorem, we get
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Using part 1 of Lemma [0} we get Z#i <u ,uj> < (%) .

3. We have

u§t+1) = <ul(-t+1), ui> u; + dist(u(tﬂ), u;)z
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4. This follows from Theorem 5.1 from [2], i.e., Vi, ||A\;| — |o}]] <e.
]

Lemma 11. Leta = bte. 1 where a,b are any 2 vectors and € > 0. Then, ||[a®? — 093] < [|a—b]|oo-||b]|%, +
O(€?).

Proof. We have .
1a®% = b%%|og = [|(b+ € 1)®% = b%% o

Let (i, 4, k) be the maximum element. Therefore,
ﬁ
[(b+e1)®3 — %3 = (bi + €)(bj + €) (b + €) — bbb
= e(bibj + bjbg + bib;) + €2 (b; + bj + bi) + €

With b; < ¢ Vi for some ¢ > 0 and € = ||a — b||oo, we have [|a®® — b®3|| < 3ec? + O(€?) [ ]

C Symmetric embedding of an asymmetric tensor

We use the symmetric embedding sym(L) of a tensor L as defined in Section 2.3 of [24]. We focus on third
order tensors which have low CP-rank. We have three properties to derive that is relevant to us:

1. Symmetry: From Lemma 2.2 of [24] we see that sym(L) for any tensor is symmetric.

2. CP-Rank: From Equation 6.5 of [24] we see that CP-rank(sym(L)) < 6.CP-rank(L). Since this is a
constant, we see that the symmetric embedding is also a low-rank tensor.

3. Incoherece: Theorem 4.7 of [24] says that if w1, ue and uz are unit modal singular vectors of T', then
the vector & = 37 /2[uy; up; us) is a unit eigenvector of sym(T). Without loss of generality, assume
that T is of size ny X no X nzg with ny < ns < ng. In this case, we have

~ 14
[l 0o < W (15)
and
- i
][ < (16)

(n1 —|— no —|— n3)1/2

for i = cu for some constant ¢ to be calculated. Equating the right hand sides of Equations (I5)
and (I0), we obtain ¢ = [(n1 + nz + n3)/(3n1)]'/2. When O(n;) = O(ns) = O(n3), we see that the
eigenvectors @ of sym(T) as specified above have the incoherence-preserving property.
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D Proof of Theorem

Let L be a symmetric tensor which is a perturbed version of an orthogonal tensor L*, L=L"+E¢€
Rmwxmxm LY =3 e oru®?, where o > 0% ...0% > 0 and {u1,uz,...,u,} form an orthonormal basis.

The analysis proceeds iteratively. First, we prove convergence to eigenpair of E, which is close to top
eigenpair (03, u;) of L*. We then argue that the same holds on the deflated tensor, when the perturbation
E satisfies (). from This finishes the proof of Theorem 21

To prove convergence for the first stage, i.e. convergence to eigenpair of Z, which is close to top eigenpair
(o7,u1) of L*, we analyze two phases of the shifted power iteration. In the first phase, we prove that with
N; initializations and Ny power iterations, we get close to true top eigenpair of L*, i.e. (o, u1). After this,
in the second phase, we prove convergence to an eigenpair of L.

The proof of the second phase is outlined in the main text. Here, we now provide proof for the first
phase.

D.1 Analysis of first phase of shifted power iteration

In this section, we prove that the output of shifted power method is close to original eigenpairs of the
(unperturbed) orthogonal tensor, i.e. Theorem 2lholds, except for the property that the output corresponds
to the eigenpairs of the perturbed tensor. We adapt the proof of tensor power iteration from [2] but here,
since we consider the shifted power method, we need to modify it. We adopt the notation of |2] in this
section.

Recall the update rule used in the shifted power method. Let 6, = Ele 0; 1v; € R* be the unit vector
at time ¢. Then

Kk
Orpr =Y Oier1vi = (T(1,6:,6,) + ) /|[(T(I,6:,6,) + aby)].

In this subsection, we assume that T has the form

k
[=Y AP+ E (17)
i=1
where {v1,v2,...,v;} is an orthonormal basis, and, without loss of generality,
5\1|91,t| = max /N\Z|911t| > 0.
1€ k]
Also, define 3 3 3 3 }
Amin = min{; : 7 € [k], A; > 0},  Amax := max{\; : ¢ € [k]}.
We assume the error F is a symmetric tensor such that, for some constant p > 1,
|E(, u,u)|| <& VYue Sk (18)
|E(Iu,u)|| <&/p, Yue S st (uv)?>1—(36/M)> (19)
In the next two propositions (Propositions [D.1land [D.2)) and Lemmas [D.1l we analyze the power method

iterations using T at some arbitrary iterate 6, using only the property (I8) of E. But throughout, the
quantity € can be replaced by é/p if 8, satisfies (8] v1)? > 1 — (3¢/A;)? as per property (I9).

Define r

927’ S\ 0 T

R, = ( L ) ) ’ Tir = =% et )
1_91,7' /\z|91‘r|
’ . (20)
1 € Amax

Y=l ———— 0= ——, K= —

min;q 7,7 | M6, M\

for 7 € {t,t + 1}.
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Proposition D.1.

. Rt K 2 R%
> >1-— — = ,
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Proposition D.2.
2 ey (21)
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)\1\91 ¢ A1 |0 L+

Ot(l 91 t)1/2 '

>
_ / T K ,
1_%+<5t+%§f”)3t Rg+6t+ 5o

Ry >= Ry -

Proof. Let 041 :=T(I,0;,0;) + by, 50 Oy 1 = 041 /|01 Since b; 411 = T(v;, 01, 0:) = T(vs, 0, 0¢) + by +
E(v;,0,,0;), we have § ~
i1 = )\ieit + E(vi,0:,0:) + b vi, i € [K].

By definition, we have 6; ; = 6,/ v;. Using the triangle inequality and the fact ||E(v;, 0y, 60;)| < €, we have

Oivir = N02, = e+ i = 101l - (Nil6ie] = €/10id] + ) (23)
and
Bii1] < N2, + &+ abip < 1014l - (Nl6ial +/1014] + ) (24)
for all ¢ € [k]. Combining [23) and (24) gives
T4l = 5\19”“ = 5\19:1’“1 >3, 1_6t+;\131’t =72, 1_5t+;\19“ >y 1_5t:_;\131’t )
, AilOigva]  Ail0igal T 14 5 92 + ;\ig‘m T 14 (/\i//\1)5t7”i,t S\i(;i,t T+ K0T+ ;\i‘gm

Moreover, by the triangle inequality and Holder’s inequality,

nv. 21/2: n - | | o\ 1/2
Z[el,ﬂrl] Z (Alez,t + E(v;, 04, 6;) + Oéoz,t)

=2 =2

n_ 1/2 n 1/2 k 1/2
< <Z )\?Git) + (Z E(Uz‘,et,@t)2) + (Z 0429%)
i=2 ) '
n 1/2 k 1/2
< mij |9”|(Z 9%) +E+ (oﬁzezt)

=2
= 1t /2. max)\ |60;| +€/(1— 7)1/2—1-04). (25)

Combining 23)) and (28] gives

0100 101,041 o 0l Mil61 ] = E/1614] +
(1—-6%,,.0)"/2 (Z’L [6; t+1]2)1/2 T Q=02 )Y? maxis Al +€/(1-63)2 +

In terms of Riy1, Ry, v¢, and 51&, this reads

s — 0 + —>\1\9 T . — 0+ —A 0r7]
= 1-67 , 1/2 a(l—0y,)1/2 Y a(1-67 )1/
(1_'716)( ) + 0t +W T—y+ 5t+T Ry
= 6t+>\\9 ] > 6t+>‘|91r|
—v a1-62 )12\ T & al_6i)”
Tt (&e + ) R
where the last inequality follows from Proposition [D.1l [
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Lemma D.1. Fiz any p > 1. Assume

058, < min{ 2(1 +1211p2)7 1111/-;/;}
and vy > 2(1 + 2kp?)d;.
1. Ifrf)t < 2p%, then 141 > |Ti7t|(1 + yzl)
Proof. By 1) from Proposition [D.2]
-0+ 2 2|Ti7t|.11 L= 6+ 55— (142

Jt .
1+Ii(§t’l”i2)t+5\l%i,t -Vt 1+2Iip25t+5\l%i’t 2

2
Tig41l 2> Ty

where the last inequality is seen as follows: Let

£=2 L S
1+ 2kp20; + 0.

14 (9—46)Y/
Then, we have v +7; — 2+ & > 0. The positive root is %. Since 7; > 0, we have (9 — 4€)Y/2 > 1,
so we assume { < 2 for the inequality to hold, i.e., 72— — 75— < (1 + 2Kp%)d;. |
101+ it
The rest of the proof is along the similar lines of [2], except that we use SVD initialization instead of
random initialization. The proof of SVD initialization is given in [3].
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