PATTERN RECOGNITION
ano MACHINE LEARNING

CHAPTER 8: GRAPHICAL MODELS




Bayesian Networks

Directed Acyclic Graph (DAG)
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Bayesian Networks

= p(x1)p(x2)p(x3)p(Tsa|T1, T2, 23)
P(% |$1, le’s)p(ill'ﬁ |33'4)P($7|$4, $5)

General Factorization

p(x) = | | p(zxlpay,)
k=1




Bayesian Curve Fitting (1)

Polynomial

M
ylz, w) =Y w;az’
j=0




Bayesian Curve Fitting (2)




Bayesian Curve Fitting (3)

Input variables and explicit hyperparameters

N
p(t,w|x,a,02) = p(w|a) H p(tn|w, :r:n,orQ).

n=1




Bayesian Curve Fitting—Learning

Condition on data
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p(w|t) o< p(w
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Bayesian Curve Fitting—Prediction

Predictive distribution: p(t|z,x,t, a, 0%) /p(’t:t,w|§c‘,x, o, o) dw

g
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where

p(t,t
.
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t,w|T,x,a,0%) =

p(tn|Tn, w,o ]p(w|af)p(t z,w,0°)




Generative Models

Causal process for generating images

Object Position Orientation

Image




Discrete Variables (1)

General joint distribution: K2 — 1 parameters

X1 X9 K
(O)——()  »eaxlw =T [Juir

k=11=1

Independent joint distribution: 2( K — 1) parameters

X1 X2 K K
O O pxr,xalp) = [T wdie T ws
k=1 =1




Discrete Variables (2)

General joint distribution over M variables:
KM — 1 parameters

M-node Markov chain: K—1 + (M- 1)K(K—-1)
parameters




Discrete Variables: Bayesian Parameters (1)

H1 H2 Har

O O
00— —C'

{Km :u’m}) (Kl |-Iu’1) -u’l H ]{m|}im 1s nu’m) [Zsu’m)

m=2




Discrete Variables: Bayesian Parameters (2)

H1 K Shared prior

M
p ({Km-} 1 su’l'.' nu’) =P (xl |au'1 ) p {:nu’l) H p (K-m-|xm.—1 9 .\U*) P (.Iu')

m=2




Parameterized Conditional Distributions

If x1,..., x5 are discrete,
K-state variables,

p(y = 1]z1,...,xp) in
general has O(KY)
parameters.

The parameterized form

M
p(y =1lz1,...,20m) =0 (’wo + Z’wzﬂ?z) = G(WTX)
i=1
requires only M + 1 parameters




Linear-Gaussian Models

Directed Graph
p(z;|pa;) =N (x?; Z W T +bi,vi)

Each node is Gaussian, the mean
is a linear function of the parents.

Vector-valued Gaussian Nodes

p(xi|pa;) = N (Xi Z W;;x; + by, 2@)

JEPa;




Conditional Independence

a is independent of b given c

p(alb, ) = p(alc)

Equivalently p(a,blc) = p(alb,c)p(db|c)
= plaje)p(ble)

Notation a1 blc




Conditional Independence: Example 1

c p(a, b, c) = plalc)p(ble)p(c)
p(a,b) =Y plale)p(ble)p(c)

all bl




Conditional Independence: Example 1

p(a,b,c)
p(c)
= p(ale)p(blc)

p(a,,b|c) —

allblc




Conditional Independence: Example 2

O—O0—O

p(a,b,c) = p(a)p(cla)p(blc)

p(a,b) = p(a) Y _ p(cla)p(ble) = p(a)p(bla)

all bl




Conditional Independence: Example 2

a() c b

p(a, b|C) —




Conditional Independence: Example 3

p(a,b,c) = p(a)p(b)p(cla, b)

Note: this is the opposite of Example 1, with c unobserved.




Conditional Independence: Example 3

a,blc) = p(a, b, c)
p(a,blc) o0
_ p(a)p(b)p(c|a,b)
p(c)
all b]c

Note: this is the opposite of Example 1, with c observed.




“Am | out of fuel?”

p(G=1B=1,F=1) = 0.8
p(G=1B=1,F=0) = 0.2
p(G=1B=0,F=1) = 0.2
p(G=1B=0,F=0) = 0.1
p(B=1) = 0.9
p(F=1) = 09
and hence

p(F=0) = 0.1

B = Battery (0=flat, 1=fully charged)
F' = Fuel Tank (O=empty, 1=Ffull)
G = Fuel Gauge Reading

(O=empty, 1=full)




“Am | out of fuel?”

p(G =0|F = 0)p(F = 0)
p(G =0)

p(F =0|G =0)

2

0.257

Probability of an empty tank increased by observing G = 0.




“Am | out of fuel?”

G

p(G=0|B=0,F=0)p(F=0)
> re{o,1y PG =0[B =0, F)p(F)
0.111

p(F=0/G=0,B=0)

2

Probability of an empty tank reduced by observing B = 0.
This referred to as “explaining away”.




D-separation

» A, B, and (' are non-intersecting subsets of nodes in a
directed graph.
* A path from A to B is blocked if it contains a node such that
either
a) the arrows on the path meet either head-to-tail or tail-
to-tail at the node, and the node is in the set C, or
b) the arrows meet head-to-head at the node, and
neither the node, nor any of its descendants, are in the
set C.
e If all paths from A to B are blocked, A is said to be d-
separated from B by C.
* If Ais d-separated from B by (|, the joint distribution over
all variables in the graph satisfies A 1. B | C.




D-separation: Example

all b|c

all b|f




D-separation: |.I.D. Data




Directed Graphs as Distribution Filters

IY; N
- W ~




The Markov Blanket

p(X1,...,Xp)

/p(xl, coy X)) dx;
HP(Xk|Pak)
k

| T ptexelpas) ax
k

Factors independent of x; cancel
between humerator and denominator.




Cligues and Maximal Cliques

Maximal Clique




Joint Distribution

p(x) = 7 [T velxe)
C

where ¢ (X ) is the potential over clique C and
z=_]vetxo)
x C

is the normalization coefficient; note: M K-state variables — K" terms in Z.

Energies and the Boltzmann distribution

Vo (xco) = exp{—E(xc)}




Illustration: Image De-Noising (1)

Original Image Noisy Image




lllustration: Image De-Noising (2)




Illustration: Image De-Noising (3)

Noisy Image Restored Image (ICM)




lllustration: Image De-Noising (4)

Restored Image (ICM) Restored Image (Graph cuts)




Converting Directed to Undirected Graphs (1)

X1 X2 ITN-1 TN

p(x) = p(x1)p(z2|21) p(w3]z2) - - plan|rn-1)

I

p(x) = 7 P1,2(x1,22) Y2,3(T2,23) - YN_1,N(TN-1,ZN)

Iy Zo IN -1 TN




Converting Directed to Undirected Graphs (2)

Additional links

T 3 T T3

T4 X4

p(x) = p(z1)p(z2)p(xs3)p(Ts|T1, T2, T3)

1
= quA(xl,xg,xg)le(SUQ,$3,$4)¢C(xlax2=$4)




Directed vs. Undirected Graphs (1)




Directed vs. Undirected Graphs (2)
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Inference in Graphical Models

T T X

_ N 1y — PW2)P(2)
p(y)—;p(m )p(z) p(z|y) o00)




Inference on a Chain

L1 Lo IN—-1 TN

p(x) = 27#1,2(331, x2)Y2 3(x2,23) - UN_1 N(TN-1,ZN)

D BEPIPIRD LS

Tn—1Tnitl




Inference on a Chain

o




Inference on a Chain

pa(@n—1)  pa(Tn) pp(@n)  pg(@ni1)

=
e
5
||
]
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—1,n(33n—1a -’L'n) |:Z "t :|

Ln—2

— Z @bn—l,n(xn—lamn)”a(mn—l)'

Ln—1

pp(Tn) = Z Un,n+1(Tny Tng1) {Z }

Tn41 Tn42

- Z wn,n+1(ﬂ:na$n+1)ﬂﬁ(mn+1)'
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Inference on a Chain

po(Tn—1) tro(Tn)

pe(Tn)

15(Tni1)




Inference on a Chain

To compute local marginals:

* Compute and store all forward messages, o (xy).
* Compute and store all backward messages, us(x,,).
* Compute Z at any node x,,

* Compute

p(xn) = %Moz (n)ps(xn)

for all variables required.




Trees

Undirected Tree Directed Tree Polytree




Factor Graphs

T )] T3

fa fb fc fd
p(x) = fa(x1,22) fo(x1, 22) fe(22, 23) fa(x3)

p(x) = HfS(Xs)




Factor Graphs from Directed Graphs

J
p(x) = p(z1)p(z2)  f(z1,22,23) = fa(z1) = p(1)
p(xs|z1, x2) p(@1)p(z2)p(s|a1, 22) folzs) = p(a2)

fc(xla X2, 553) — p($3|$17 33‘2)




Factor Graphs from Undirected Graphs

T x x To T x
/ L
Jo
3 3 3
W(x1, 22, T3) f(x1, 22, x3) fa(x1, 22, 23) fo (22, 23)

— w(xl,xg,ﬂjg) = w(iﬂl,ﬁl’}Q,fB?,)




The Sum-Product Algorithm (1)

Objective:
i. to obtain an efficient, exact inference
algorithm for finding marginals;

ii. insituations where several marginals are

required, to allow computations to be shared
efficiently.

Key idea: Distributive Law

ab + ac = a(b+ c)




The Sum-Product Algorithm (2)

Fe(z, Xs)




The Sum-Product Algorithm (3)

Fs(anS)

piz) = ]

s€ne(x)

> Fy(a, XS)]

Xs




The Sum-Product Algorithm (4)

Fy(z, X)) = fs(z,z1,...,200)G1 (1, Xs1) - .. Gar (zar, Xsar)




The Sum-Product Algorithm (5)

G (T, Xsm)
H‘fs—:-:r(x} — Z"-Zfs(:r-.:fla---vmﬂ-f) ]: [Z G-m(xmexs-m)]
T RN | m EHE[f:—, :]'II".l.'I' Xsm

SED DI DY ACK NIV B | [T O

T T nr mene( fi)\x




The Sum-Product Algorithm (6)

_ Z H Fi(zm, Xmi)

Xem lene(zm )\ fs

— H Hfi—xm, (:Em)

IEHELTm }\I'lf.':

Mz, —*f




The Sum-Product Algorithm (7)

Initialization




The Sum-Product Algorithm (8)

To compute local marginals:
* Pick an arbitrary node as root

 Compute and propagate messages from the leaf
nodes to the root, storing received messages at
every node.

 Compute and propagate messages from the root to
the leaf nodes, storing received messages at every
node.

 Compute the product of received messages at each
node for which the marginal is required, and
normalize if necessary.




Sum-Product: Example (1)

O—a—CO—a—-C0
M

O P(x) = fa(z1,22) fo (22, 23) fe(22, 24)

L4




Sum-Product: Example (2)

. lu'331—>fa(x1) = 1
T Poozs(T2) = Y fal1,22)

() s =

1
T4 Pf,—as(T2) = ch(wz»ﬂﬁz;)
T4

Pz, (T2) = fhfo—ms(T2)bf, —zo (T2)
ﬂfb—>$3(333) — Zfb($23x3)ux2—>fb($2)

2




Sum-Product: Example (3)

O—a—0O—a—0

l

u333_>ffJ (:ES) — 1
ff,—zs(T2) = Z fo(w2,x3)
3

() @) = Hpen(@gm(e

&4 Pramar (1) = Y fal@1,82) oy — ., (22)
o
Pzo—f(T2) = flfo—wo(T2)hfy—zs (T2)

Hfe—xs (113'4) — Z fc(xQ’ x4)u$2—>fc (332)

T2




Sum-Product: Example (4)

O—a—CO—8—0)

Jb

.fc f:;('{EQ) — ,'Lfaﬁ'x2 (xz)ﬂfbﬁﬁ?g(xQ)pfcﬁxQ (:BQ)

O = Zfa(xl,:vz) [Z fb($2a$3)]

Ty ch 372 334
— ZZZfG 33‘1,33‘2 fb 3323333)fc(3323334)

i Irs 4

= > > > x)
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The Max-Sum Algorithm (1)

Objective: an efficient algorithm for finding
i. the value x™# that maximises p(x);
ii. thevalue of p(x™max).

In general, maximum marginals # joint maximum.

y=20 0.3 0.4
y=1 0.3 0.0

argmax p(x,y) = 1 argmax p(x) =0

X T




The Max-Sum Algorithm (2)

Maximizing over a chain (max-product)

X ) IN-1 TN

= max p(X) = max... max p(x)
X I L AL

max )

p(x

ot

= —max---max (Y 2(T1,z2) - Un_1,N(TN_1,ZTN)]
Z I R
1

— — max {max |:'L.'i-‘]_g{;f£'1f x2) { -max¥n_1. N(TN_1, J:N}} . H
LT T3 ' TN ' ,




The Max-Sum Algorithm (3)

Generalizes to tree-structured factor graph

m}?,xp(x) = max H max fs(xn, Xs)
fs€Ene(xy,)

maximizing as close to the leaf nodes as possible




The Max-Sum Algorithm (4)

Max-Product = Max-Sum

For numerical reasons, use
In (maxp(x)) = max In p(x).

Again, use distributive law

max(a + b,a + ¢) = a + max(b, ¢).




The Max-Sum Algorithm (5)

Initialization (leaf nodes)

ﬂméf(x) =0 /'Lf—w(x) = In f(z)
Recursion
pf_(x) = Il117115;1;&: [ln flr,xy,...,xar) + Z Pz, —f(Tm }}
""" e mene( fs)\x

¢(x) = argmax {ln flr,z1,....20) + Z ,U:cm—-f{lfm):|

M = [ £ AT

pe—j(x) = Z pf—a(T

lene(x)\ f




The Max-Sum Algorithm (6)

Termination (root node)

prtt = m3X|: Z ﬂfs—>:c($):|

pmax argma}c[ Z pf. —q()

Back-track, for all nodes 2 with [ factor nodes
to the root ({=0)

x| = (i)




The Max-Sum Algorithm (7)

Example: Markov chain

-0 D




The Junction Tree Algorithm

* Exact inference on general graphs.

* Works by turning the initial graph into a
junction tree and then running a sum-
product-like algorithm.

* Intractable on graphs with large cliques.




Loopy Belief Propagation

* Sum-Product on general graphs.

* |nitial unit messages passed across all links,
after which messages are passed around
until convergence (not guaranteed!).

* Approximate but tractable for large graphs.
e Sometime works well, sometimes not at all.




