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Abstract

We study the combinatorial pure exploration (CPE) problem in the stochastic multi-armed
bandit setting, where a learner explores a set of arms with the objective of identifying
the optimal member of a decision class, which is a collection of subsets of arms with
certain combinatorial structures such as size- K subsets, matchings, spanning trees or paths,
etc. The CPE problem represents a rich class of pure exploration tasks which covers not
only many existing models but also novel cases where the object of interest has a non-
trivial combinatorial structure. In this paper, we provide a series of results for the general
CPE problem. We present general learning algorithms which work for all decision classes
that admit offline maximization oracles in both fixed confidence and fixed budget settings.
We prove problem-dependent upper bounds of our algorithms. Our analysis exploits the
combinatorial structures of the decision classes and introduces a new analytic tool. We also
establish a general problem-dependent lower bound for the CPE problem. Our results show
that the proposed algorithms achieve the optimal sample complexity (within logarithmic
factors) for many decision classes. In addition, applying our results back to the problems
of top-K arms identification and multiple bandit best arms identification, we recover the
best available upper bounds up to constant factors and partially resolve a conjecture on the
lower bounds.

1 Introduction

Multi-armed bandit (MAB) is a predominant model for characterizing the tradeoff between explo-
ration and exploitation in decision-making problems. Although this is an intrinsic tradeoff in many
tasks, some application domains prefer a dedicated exploration procedure in which the goal is to
identify an optimal object among a collection of candidates and the reward or loss incurred during
exploration is irrelevant. In light of these applications, the related learning problem, called pure ex-
ploration in MABS, has received much attention. Recent advances in pure exploration MABs have
found potential applications in many domains including crowdsourcing, communication network
and online advertising.

In many of these application domains, a recurring problem is to identify the optimal object with
certain combinatorial structure. For example, a crowdsourcing application may want to find the best
assignment from workers to tasks such that overall productivity of workers is maximized. A network
routing system during the initialization phase may try to build a spanning tree that minimizes the
delay of links, or attempts to identify the shortest path between two sites. An online advertising
system may be interested in finding the best matching between ads and display slots. The literature
of pure exploration MAB problems lacks a framework that encompasses these kinds of problems
where the object of interest has a non-trivial combinatorial structure. Our paper contributes such
a framework which accounts for general combinatorial structures, and develops a series of results,
including algorithms, upper bounds and lower bounds for the framework.

In this paper, we formulate the combinatorial pure exploration (CPE) problem for stochastic multi-
armed bandits. In the CPE problem, a learner has a fixed set of arms and each arm is associated with
an unknown reward distribution. The learner is also given a collection of sets of arms called decision
class, which corresponds to a collection of certain combinatorial structures. During the exploration
period, in each round the learner chooses an arm to play and observes a random reward sampled from
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the associated distribution. The objective is when the exploration period ends, the learner outputs a
member of the decision class that she believes to be optimal, in the sense that the sum of expected
rewards of all arms in the output set is maximized among all members in the decision class.

The CPE framework represents a rich class of pure exploration problems. The conventional pure ex-
ploration problem in MAB, whose objective is to find the single best arm, clearly fits into this frame-
work, in which the decision class is the collection of all singletons. This framework also naturally
encompasses several recent extensions, including the problem of finding the top K arms (henceforth
TopK) [18, 19, 8, 20, 31] and the multi-bandit problem of finding the best arms simultaneously
from several disjoint sets of arms (henceforth MB) [12, 8]. Further, this framework covers many
more interesting cases where the decision classes correspond to collections of non-trivial combina-
torial structures. For example, suppose that the arms represent the edges in a graph. Then a decision
class could be the set of all paths between two vertices, all spanning trees or all matchings of the
graph. And, in these cases, the objectives of CPE become identifying the optimal paths, spanning
trees and matchings through bandit explorations, respectively. To our knowledge, there are no results
available in the literature for these pure exploration tasks.

The CPE framework raises several interesting challenges to the design and analysis of pure explo-
ration algorithms. One challenge is that, instead of solving each type of CPE task in an ad-hoc way,
one requires a unified algorithm and analysis that support different decision classes. Another chal-
lenge stems from the combinatorial nature of CPE, namely that the optimal set may contain some
arms with very small expected rewards (e.g., it is possible that a maximum matching contains the
edge with the smallest weight); hence, arms cannot be eliminated simply based on their own re-
wards in the learning algorithm or ignored in the analysis. This differs from many existing approach
of pure exploration MABs. Therefore, the design and analysis of algorithms for CPE demands novel
techniques which take both rewards and combinatorial structures into account.

Our results. In this paper, we propose two novel learning algorithms for general CPE problem: one
for the fixed confidence setting and one for the fixed budget setting. Both algorithms support a wide
range of decision classes in a unified way. In the fixed confidence setting, we present Combinatorial
Lower-Upper Confidence Bound (CLUCB) algorithm. The CLUCB algorithm does not need to know
the definition of the decision class, as long as it has access to the decision class through a maximiza-
tion oracle. We upper bound the number of samples used by CLUCB. This sample complexity bound
depends on both the expected rewards and the structure of decision class. Our analysis relies on a
novel combinatorial construction called exchange class, which may be of independent interest for
other combinatorial optimization problems. Specializing our result to TOPK and MB, we recover
the best available sample complexity bounds [19, 13, 20] up to constant factors. While for other de-
cision classes in general, our result establishes the first sample complexity upper bound. We further
show that CLUCB can be easily extended to the fixed budget setting and PAC learning setting and
we provide related theoretical guarantees in the supplementary material.

Moreover, we establish a problem-dependent sample complexity lower bound for the CPE problem.
Our lower bound shows that the sample complexity of the proposed CLUCB algorithm is optimal
(to within logarithmic factors) for many decision classes, including TOPK, MB and the decision
classes derived from matroids (e.g., spanning tree). Therefore our upper and lower bounds provide
a nearly full characterization of the sample complexity of these CPE problems. For more general
decision classes, our results show that the upper and lower bounds are within a relatively benign
factor. To the best of our knowledge, there are no problem-dependent lower bounds known for pure
exploration MABs besides the case of identifying the single best arm [24, 1]. We also notice that
our result resolves the conjecture of Bubeck et al. [8] on the problem-dependent sample complexity
lower bounds of TOPK and MB problems, for the cases of Gaussian reward distributions.

In the fixed budget setting, we present a parameter-free algorithm called Combinatorial Successive
Accept Reject (CSAR) algorithm. We prove a probability of error bound of the CSAR algorithm. This
bound can be shown to be equivalent to the sample complexity bound of CLUCB within logarithmic
factors, although the two algorithms are based on quite different techniques. Our analysis of CSAR
re-uses exchange classes as tools. This suggests that exchange classes may be useful for analyzing
similar problems. In addition, when applying the algorithm to back TOPK and MB, our bound
recovers the best known result in the fixed budget setting due to Bubeck et al. [8] up to constant
factors.



2 Problem Formulation

In this section, we formally define the CPE problem. Suppose that there are n arms and the arms
are numbered 1,2, ..., n. Assume that each arm e € [n] is associated with a reward distribution

@e. Letw = (w(l),... ,w(n))T denote the vector of expected rewards, where each entry w(e) =
Ex~y, [X] denotes the expected reward of arm e. Following standard assumptions of stochastic
MABESs, we assume that all reward distributions have R-sub-Gaussian tails for some known constant
R > 0. Formally, if X is a random variable drawn from ¢, for some e € [n], then, for all t € R,
one has E[ exp(tX — tE[X])] < exp(R?t?/2). It is known that the family of R-sub-Gaussian tail
distributions encompasses all distributions that are supported on [0, R] as well as many unbounded
distributions such as Gaussian distributions with variance R2 (seee.g., [27, 28]).

We define a decision class M C 2[") as a collection of sets of arms. Let M, = arg max mem w(M)
denote the optimal member of the decision class M which maximizes the sum of expected rewards'.
A learner’s objective is to identify M, from M by playing the following game with the stochastic
environment. At the beginning of the game, the decision class M is revealed to the learner while
the reward distributions {¢.}cc[n) are unknown to her. Then, the learner plays the game over a
sequence of rounds; in each round ¢, she pulls an arm p; € [n] and observes a reward sampled
from the associated reward distribution ¢,,,. The game continues until certain stopping condition is
satisfied. After the game finishes, the learner need to output a set Out € M.

We consider two different stopping conditions of the game, which are known as fixed confidence
setting and fixed budget setting in the literature. In the fixed confidence setting, the learner can stop
the game at any round. She need to guarantee that Pr[Out = M,] > 1 — § for a given confidence
parameter 0. The learner’s performance is evaluated by her sample complexity, i.e., the number of
pulls used by the learner. In the fixed budget setting, the game stops after a fixed number 7’ of rounds,
where T is given before the game starts. The learner tries to minimize the probability of error, which
is formally Pr[Out # M.,], within T rounds. In this setting, her performance is measured by the
probability of error.

3 Algorithm, Exchange Class and Sample Complexity

In this section, we present Combinatorial Lower-Upper Confidence Bound (CLUCB) algorithm, a
learning algorithm for the CPE problem in the fixed confidence setting, and analyze its sample com-
plexity. En route to our sample complexity bound, we introduce the notions of exchange classes and
the widths of decision classes, which play an important role in the analysis and sample complexity
bound. Furthermore, the CLUCB algorithm can be extended to the fixed budget and PAC learning
settings, the discussion of which is included in the supplementary material (Appendix B).

Oracle. We allow the CLUCB algorithm to access a maximization oracle. A maximization oracle
takes a weight vector v € R™ as input and finds an optimal set from a given decision class M with
respect to the weight vector v. Formally, we call a function Oracle: R™ — M a maximization oracle
for M if, for all v € R™, we have Oracle(v) € argmax;c \, v(M). It is clear that a wide range
of decision classes admit such maximization oracles, including decision classes corresponding to
collections of matchings, paths or bases of matroids (see later for concrete examples). Besides the
access to the oracle, CLUCB does not need any additional knowledge of the decision class M.

Algorithm. Now we describe the details of CLUCB, as shown in Algorithm 1. During its execution,
the CLUCB algorithm maintains empirical mean @, (e) and confidence radius rad;(e) for each arm
e € [n] and each round ¢. The construction of confidence radius ensures that |w(e) — w(e)| <
rad,(e) holds with high probability for each arm e € [n] and each round ¢ > 0. CLUCB begins
with an initialization phase in which each arm is pulled once. Then, at round ¢ > n, CLUCB uses
the following procedure to choose an arm to play. First, CLUCB calls the oracle which finds the
set M; = Oracle(w;). The set M, is the “best” set with respect to the empirical means ;. Then,
CLUCB explores possible refinements of M;. In particular, CLUCB uses the confidence radius to
compute an adjusted expectation vector w; in the following way: for each arm e € My, w;(e) is
equal to to the lower confidence bound w;(e) = w;(e) —rads(e); and for each arm e ¢ My, w;(e) is
equal to the upper confidence bound w;(e) = w;(e) + rad;(e). Intuitively, the adjusted expectation
vector w; penalizes arms belonging to the current set M; and encourages exploring arms out of

'We define v(S) £ 3, 5 v(4) for any vector v € R™ and any set S C [n]. In addition, for convenience,
we will assume that M. is unique.



Algorithm 1 CLUCB: Combinatorial Lower-Upper Confidence Bound

Require: Confidence ¢ € (0, 1); Maximization oracle: Oracle(-) : R™ — M
Initialize: Play each arm e € [n] once. Initialize empirical means w,, and set T, (e) + 1 for all e.

1: fort =n,n+1,...do

2 My + Oracle(;)

3 Compute confidence radius rad:(e) for all e € [n] > rad,(e) is defined later in Theorem 1
4: fore=1,...,ndo

5 if e € M, then @ (e) < w:(e) — rad;(e)

6: else wt(e) — u’;t(e) + radt(e)

7 M, « Oracle(w;)

8: if ’I_I)t (Mt) = ’lI)t(Mt) then

9: Out + M,
10: return Out
11: pe < argmax,c iz, \ a,)u(m,\ a1, ) Tade(€) > break ties arbitrarily
12: Pull arm p; and observe the reward
13: Update empirical means w1 using the observed reward

14: Update number of pulls: Ty4+1(p:) < Ti(p:) + 1 and Ty41(e) < Ti(e) for all e # pe

M;. CLUCB then calls the oracle using the adjusted expectation vector w; as input to compute a
refined set M; = Oracle(w;). If w;(M;) = w(M;) then CLUCB stops and returns Out = M;.
Otherwise, CLUCB pulls the arm that belongs to the symmetric difference between M, and M; and
has the largest confidence radius (intuitively the largest uncertainty). This ends the ¢-th round of
CLUCB. We note that CLUCB generalizes and unifies the ideas of several different fixed confidence
algorithms dedicated to the TOPK and MB problems in the literature [19, 13, 20].

3.1 Sample complexity
Now we establish a problem-dependent sample complexity bound of the CLUCB algorithm. To for-
mally state our result, we need to introduce several notions.

Gap. We begin with defining a natural hardness measure of the CPE problem. For each arm e € [n],
we define its gap A, as

A — {w(M*> — MaxXpyeM:ee M ’LU(M) ife g M*7

1
’LU(M*) — MaXpreM:egM ’LU(M) ife e M,, (1)

where we adopt the convention that the maximum value of an empty set is —oo. We also define the
hardness H as the sum of inverse squared gaps

H= Y A2 @
e€[n]

We see that, for each arm e ¢ M,, the gap A, represents the sub-optimality of the best set that
includes arm e; and, for each arm e € M,, the gap A, is the sub-optimality of the best set that does
not include arm e. This naturally generalizes and unifies previous definitions of gaps [1, 12, 18, 8].

Exchange class and the width of a decision class. A notable challenge of our analysis stems from
the generality of CLUCB which, as we have seen, supports a wide range of decision classes M.
Indeed, previous algorithms for special cases including TOPK and MB require a separate analysis
for each individual type of problem. Such strategy is intractable for our setting and we need a unified
analysis for all decision classes. Our solution to this challenge is a novel combinatorial construction
called exchange class, which is used as a proxy for the structure of the decision class. Intuitively,
an exchange class B for a decision class M can be seen as a collection of “patches” (borrowing
concepts from source code management) such that, for any two different sets M, M’ € M, one can
transform M to M’ by applying a series of patches of BB; and each application of a patch yields a
valid member of M. These patches are later used by our analysis to build gadgets that interpolate
between different members of the decision class and serve to bridge key quantities. Furthermore, the
maximum patch size of B will play an important role in our sample complexity bound.

Now we formally define the exchange class. We begin with the definition of exchange sets, which
formalize the aforementioned “patches”. We define an exchange set b as an ordered pair of disjoint
sets b = (b4, b_) where by Nb_ = () and by, b_ C [n]. Then, we define operator & such that, for
any set M C [n] and any exchange set b = (b;,b_), we have M © b = M\b_ U b, . Similarly, we
also define operator © such that M ©b 2 M\b, Ub_.



We call a collection of exchange sets I3 an exchange class for M if B satisfies the following property.
For any M, M’ € M such that M # M’ and for any e € (M\M’'), there exists an exchange set
(b4,b_) € B which satisfies five constraints: (a) e € b_, (b) by C M'\M, (¢) b_ C M\M’, (d)
(M ®b) e Mand(e) (M'©b) € M.

Intuitively, constraints (b) and (c) resemble the concept of patches in the sense that by contains
only the “new” elements from M’ and b_ contains only the “old” elements of M; constraints (d)
and (e) allow one to transform M one step closer to M’ by applying a patch b € B to yield (M &
b) € M (and similarly for M’ & b). These transformations are the basic building blocks in our
analysis. Furthermore, as we will see later in our examples, for many decision classes, there are
exchange classes representing natural combinatorial structures, e.g., augmenting paths and cycles of
matchings.

In our analysis, the key quantity of exchange class is called width, which is defined as the size of the
largest exchange set as follows

idth(B) = by|+|b-]. 3
width(B) = | max_[he |+ o] ®

Let Exchange(M) denote the family of all possible exchange classes for M. We define the width
of a decision class M as the width of the thinnest exchange class

width(M) = min width(B). 4)
BeExchange(M)

Sample complexity. Our main result of this section is a problem-dependent sample complexity
bound of the CLUCB algorithm which show that, with high probability, CLUCB returns the optimal

set M, and uses at most O ( width(M)?H) samples.

Theorem 1. Givenany ¢ € (0,1), any decision class M C 2"l and any expected rewards w € R™.
Assume that the reward distribution @, for each arm e € [n] has mean w(e) with an R-sub-Gaussian

tail. Let M, = argmax ;¢ w(M) denote the optimal set. Set rad;(e) = R\/Q log (4?3) /Ti(e)
forallt > 0 and e € [n]. Then, with probability at least 1 — 6, the CLUCB algorithm (Algorithm 1)
returns the optimal set Out = M, and

T < O (R? width(M)*Hlog (nR*H/0)) (5)

where T denotes the number of samples used by Algorithm 1, H is defined in Eq. (2) and width(M)
is defined in Eq. (4).

3.2 Examples of decision classes

Now we investigate several concrete types of decision classes, which correspond to different CPE
tasks. We analyze the width of these decision classes and apply Theorem 1 to obtain the sample
complexity bounds. A detailed analysis and the constructions of exchange classes can be found in
the supplementary material (Appendix F). We begin with the problems of top-K arm identification
(TopPK) and multi-bandit best arms identification (MB).

Example 1 (ToPK and MB). For any K € [n], the problem of finding the top K arms with the
largest expected reward can be modeled by decision class Mropk () = {M C [n] | |M ‘ = K}.
Let A = {Ay,..., Ay} be a partition of [n]. The problem of identifying the best arms from each
group of arms Ay, ..., A, can be modeled by decision class Mgy = {M C [n] | Vi €
[m],|M N A;| = 1}. Note that maximization oracles for these two decision classes are trivially the
Sfunctions of returning the top k arms or the best arms of each group.

Then we have width(Mropk(r)) < 2 and width(Myga)) < 2 (see Fact 2 and 3 in the sup-
plementary material) and therefore the sample complexity of CLUCB for solving TOPK and MB is
O(H log(nH/ 5)) which matches previous results in the fixed confidence setting [19, 13, 20] up to
constant factors.

Next we consider the problem of identifying the maximum matching and the problem of finding
the shortest path (by negating the rewards), in a setting where arms correspond to edges. For these
problems, Theorem 1 establishes the first known sample complexity bound.



Example 2 (Matchings and Paths). Let G(V, E) be a graph with n edges and assume there is a one-
to-one mapping between edges E and arms [n]. Suppose that G is a bipartite graph. Let My ren(c)
correspond to the set of all matchings in G. Then we have width(Mwyxren(a)) < |V (In fact, we
construct an exchange class corresponding to the collection of augmenting cycles and augmenting
paths of G; see Fact 4).

Next suppose that G is a directed acyclic graph and let s,t € V be two vertices. Let Mpyy(G,s.1)
correspond to the set of all paths from s to t. Then we have width(Mpyru(c,s,t)) < |V (In fact,
we construct an exchange class corresponding to the collection of disjoint pairs of paths; see
Fact 5). Therefore the sample complexity bounds of CLUCB for decision classes Myjxrcn(c)y and

Mpxrn(c,s,t) are O(|V[*Hlog(nH/0)).

Last, we investigate the general problem of identifying the maximum-weight basis of a matroid.
Again, Theorem 1 is the first sample complexity upper bound for this type of pure exploration tasks.

Example 3 (Matroids). Let T = (E,ZI) be a finite matroid, where E is a set of size n (called
ground set) and T is a family of subsets of E (called independent sets) which satisfies the axioms of
matroids (see Footnote 3 in Appendix F). Assume that there is a one-to-one mapping between E and
[n]. Recall that a basis of matroid T is a maximal independent set. Let My ATROID(T') COTTEspond
to the set of all bases of T'. Then we have Width(MMATROID(T)) < 2 (derived from strong basis
exchange property of matroids; see Fact 1) and the sample complexity of CLUCB for Myiarrom (1)

is O(Hlog(nH/9)).

The last example Myarrom(7) 18 @ general type of decision class which encompasses many pure
exploration tasks including TOPK and MB as special cases, where TOPK corresponds to uniform
matroids of rank K and MB corresponds to partition matroids. It is easy to see that My, ATROID(T')
also covers the decision class that contains all spanning trees of a graph. On the other hand, it has
been established that matchings and paths cannot be formulated as matroids since they are matroid
intersections [26].

4 Lower Bound

In this section, we present a problem-dependent lower bound on the sample complexity of the CPE
problem. To state our results, we first define the notion of §-correct algorithm as follows. For any
d € (0,1), we call an algorithm A a §-correct algorithm if, for any expected reward w € R", the
probability of error of A is at most 6, i.e., Pr[M, # Out] < 4, where Out is the output of A.

We show that, for any decision class M and any expected rewards w, a d-correct algorithm A must
use at least 2 (Hlog(1/4)) samples in expectation.

Theorem 2. Fix any decision class M C 2" and any vector w € R™. Suppose that, for each
arm e € [n), the reward distribution ¢, is given by ¢. = N (w(e), 1), where we let N'(u,c?)
denote Gaussian distribution with mean y and variance . Then, for any § € (0,e~16/4) and any
d-correct algorithm A, we have

— 16 46
where T' denote the number of total samples used by algorithm A and H is defined in Eq. (2).

E[T] > -~ Hlog (1) , 6)

In Example 1 and Example 3, we have seen that the sample complexity of CLUCB is
O(Hlog(nH/J)) for pure exploration tasks including TOPK, MB and more generally the CPE
tasks with decision classes derived from matroids, i.e., Myiarrom(7) (including spanning trees).
Hence, our upper and lower bound show that the CLUCB algorithm achieves the optimal sample
complexity within logarithmic factors for these pure exploration tasks. In addition, we remark that
Theorem 2 resolves the conjecture of Bubeck et al. [8] that the lower bounds of sample complexity
of ToPK and MB problems are Q(H log(1/ 5)), for the cases of Gaussian reward distributions.

On the other hand, for general decision classes with non-constant widths, we see that there is a gap of
O(width(M)?) between the upper bound Eq. (5) and the lower bound Eq. (6). Notice that we have
width(M) < n for any decision class M and therefore the gap is relatively benign. Our lower bound
also suggests that the dependency on H of the sample complexity of CLUCB cannot be improved up
to logarithmic factors. Furthermore, we conjecture that the sample complexity lower bound might
inherently depend on the size of exchange sets. In the supplementary material (Appendix C.2), we



provide evidences on this conjecture which is a lower bound on the sample complexity of exploration
of the exchange sets.

5 Fixed Budget Algorithm

In this section, we present Combinatorial Successive Accept Reject (CSAR) algorithm, which is a
parameter-free learning algorithm for the CPE problem in the fixed budget setting. Then, we upper
bound the probability of error CSAR in terms of gaps and width(M).

Constrained oracle. The CSAR algorithm requires access to a constrained oracle, which is a func-
tion denoted as COracle : R™ x 2I" x 2[" — A U { L} and satisfies

1 ifMA,B = Q)a

where we define My g = {M € M| A C M,BN M = 0} as the collection of feasible sets
and L is a null symbol. Hence we see that COracle(v, A, B) returns an optimal set that includes all
elements of A while excluding all elements of B; and if there are no feasible sets, the constrained
oracle COracle(v, A, B) returns the null symbol L. In the supplementary material (Appendix G),
we show that constrained oracles are equivalent to maximization oracles up to a transformation on
the weight vector. In addition, similar to CLUCB, CSAR does not need any additional knowledge of
M other than accesses to a constrained oracle for M.

Algorithm. The idea of the CSAR algorithm is as follows. The CSAR algorithm divides the budget
of T" rounds into n phases. In the end of each phase, CSAR either accepts or rejects a single arm. If
an arm is accepted, then it is included into the final output. Conversely, if an arm is rejected, then it
is excluded from the final output. The arms that are neither accepted nor rejected are sampled for an
equal number of times in the next phase.

COracle(v, A, B) = {arg maxyre g, , V(M) if Ma g # 0 -

Now we describe the procedure of the CSAR algorithm for choosing an arm to accept/reject. Let
A, denote the set of accepted arms before phase ¢ and let B; denote the set of rejected arms before
phase t. We call an arm e to be active if e ¢ Ay U By. In the beginning of phase ¢, CSAR samples
each active arm for T, — T,_; times, where the definition of T} is given in Algorithm 2. Next,
CSAR calls the constrained oracle to compute an optimal set M, with respect to the empirical means
wy, accepted arms A; and rejected arms By, i.e., My = COracle(w;, A, By). It is clear that the
output of COracle(w;, A, By) is independent from the input w;(e) for any e € A; U By. Then, for
each active arm e, CSAR estimates the “empirical gap” of e in the following way. If e € M, then
CSAR computes an optimal set Mt . that does not include e, i.e., Mt e = COracle(wy, Af, B, U
{e}). Conversely, if e ¢ M, then CSAR computes an optimal Mt . which includes e, i.e., Mt e =
COracle(w;, A;U{e}, B;). Then, the empirical gap of ¢ is calculated as @, (M )—; (M; .. ). Finally,
CSAR chooses the arm p; which has the largest empirical gap. If p; € M; then p; is accepted,
otherwise p; is rejected. The pseudo-code CSAR is shown in Algorithm 2. We note that CSAR can
be considered as a generalization of the ideas of the two versions of SAR algorithm due to Bubeck
et al. [8], which are designed specifically for the TOPK and MB problems respectively.

5.1 Probability of error

In the following theorem, we bound the probability of error of the CSAR algorithm.

Theorem 3. Given any T > n, any decision class M C 2" and any expected rewards w €
R™. Assume that the reward distribution @, for each arm e € [n| has mean w(e) with an R-sub-
Gaussian tail. Let Ay, ..., A, be a permutation of Ay,..., A, (defined in Eq. (1)) such that

Ay < oo An). Define Hy e maX;e|p, zA . Then, the CSAR algorithm uses at most T'
samples and outputs a solution Out € M U {J_} such that

T
Pr[Out # M,] < n*exp <— = ( - n) > , (8)
18 R?log(n) width(M)?H,

where log(n) 2 321" i~1, M, = argmax ;. v w(M) and width(M) is defined in Eq. (4).
One can verify that Hy is equivalent to H up to a logarithmic factor: Hy < H < log(2n)Hs (see
[1]). Therefore, by setting the probability of error (the RHS of Eq. (8)) to a constant, one can see
that CSAR requires a budget of T = O(width(M)?H) samples. This is equivalent to the sample
complexity bound of CLUCB up to logarithmic factors. In addition, applying Theorem 3 back to
TopPK and MB, our bound matches the previous fixed budget algorithm due to Bubeck et al. [8].

7



Algorithm 2 CSAR: Combinatorial Successive Accept Reject

Require: Budget: 7" > 0; Constrained oracle: COracle : R™ x 2l ol s MU {L}.
1: Define log(n) £ 37, 1

i=1 71

2: Ty (—0,A1 < @,B1 %@
3: fort=1,...,ndo

. 2 T—n
o T Lég(n)(n—m)w L
5: Pull each arm e € [n]\(A: U By) for Ty — Ty times
6: Update the empirical means 1w, for each arm e € [n]\(A; U By) >setwy(e) =0, Ve € Ay U By
7.
8
9

M; + COI‘&Cle(’lI}t, At, Bt)
if M; = 1 then
: fail: set Out < _L and return Out
10: for each e € [n]\(A; U B;) do

11: if e € M; then J\;[me + COracle(w;, A+, B: U {e})

12: else M; . < COracle(;, A; U {e}, B:)

13: Pt 4 ATEMAX ¢\ (4,UB,) Ot (Me) — ¢ (M) > define w: (L) = —oo; break ties arbitrarily
14: if p; € M, then

15: Aty1 +— At U{ps}, Bey1 < By

16: else

17: At+1 — At, Bt+1 +— B: U {pt}

18: Out «+ An+1
19: return Out

6 Related Work

The multi-armed bandit problem has been extensively studied in both stochastic and adversarial
settings [22, 3, 2]. We refer readers to [5] for a survey on recent advances. Many work in MABs focus
on minimizing the cumulative regret, which is an objective known to be fundamentally different
from the objective of pure exploration MABs [6]. Among these work, a recent line of research
considers a generalized setting called combinatorial bandits in which a set of arms (satisfying certain
combinatorial constraints) are played on each round [9, 17, 25, 7, 10, 14, 23, 21]. Note that the
objective of these work is to minimize the cumulative regret, which differs from ours.

In the literature of pure exploration MABSs, the classical problem of identifying the single best arm
has been well-studied in both fixed confidence and fixed budget settings [24, 11, 6, 1, 13, 15, 16].
A flurry of recent work extend this classical problem to TOPK and MB problems and obtain algo-
rithms with upper bounds [18, 12, 13, 19, 8, 20, 31] and worst-case lower bounds of ToPK [19, 31].
Our framework encompasses these two problems as special cases and covers a much larger class of
combinatorial pure exploration problems, which have not been addressed in current literature. Ap-
plying our results back to TOPK and M B, our upper bounds match best available problem-dependent
bounds up to constant factors [13, 19, 8] in both fixed confidence and fixed budget settings; and our
lower bound is the first proven problem-dependent lower bound for these two problems, which are
conjectured earlier by Bubeck et al. [8].

7 Conclusion

In this paper, we proposed a general framework called combinatorial pure exploration (CPE) that
can handle pure exploration tasks for many complex bandit problems with combinatorial constraints,
and have potential applications in various domains. We have shown a number of results for the
framework, including two novel learning algorithms, their related upper bounds and a novel lower
bound. The proposed algorithms support a wide range of decision classes in a unifying way and our
analysis introduced a novel tool called exchange class, which may be of independent interest. Our
upper and lower bounds characterize the complexity of the CPE problem: the sample complexity of
our algorithm is optimal (up to a logarithmic factor) for the decision classes derived from matroids
(including ToPK and MB), while for general decision classes, our upper and lower bounds are
within a relatively benign factor.
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Organization

This supplementary material is organized as follows. First, we provide the deferred proofs of The-
orem 1 (Appendix A). Then, we present two simple extensions of CLUCB: one to the fixed budget
setting and one to the PAC learning setting; and provide related analysis (Appendix B). Next, we
provide the deferred proof of our lower bound (Theorem 2) in Appendix C. In Appendix D, we
provide the deferred proof of Theorem 3. We also analyze the uniform allocation algorithm as a
simple benchmark in Appendix E. Afterwards, we provide the deferred discussion and construc-
tions of example decision classes and exchange classes in Appendix F. In Appendix G, we prove
the equivalence between the constrained oracles and maximization oracles. Finally, we present some
preliminary experimental results in Appendix H.

A Analysis of cLucB (Theorem 1)

In this section, we analyze the sample complexity of CLUCB and prove Theorem 1.

Notations. Fix some decision class M C 2[7] and fix some expected reward vector w € R"™. Recall
that M, = argmax,;c,, w(M) is the optimal set. Since we assume that M, is unique, one can
verify that, for every e € [n], the gap defined in Eq. (1) is positive, i.e., A, > 0.

We will also need some additional notations for our analysis. For any set a C [n], let x, € {0,1}"
denote the incidence vector of set a C [n], i.e., xo(e) = 1 if and only if e € a. For an exchange
set b = (by,b_), we define x, = Xb, — Xp_ as the incidence vector of b. We notice that x;, €
{-1,0,1}".

For each round ¢, we define vector rad, = (rad.(1),... ,radt(n))T and recall that w; € R" is the
empirical mean rewards of arms up to round ¢.

Let u € R™ and v € R” be two vectors. Let (u,v) denote the inner product of w and v. We

define wov £ (u(1) - v(1),...,u(n) - v(n))T as the element-wise product of u and v. For any
s € R, we also define u® £ (u(1)%,...,u(n)*)7 as the element-wise exponentiation of u. We let
lul = (Ju(1)],...,|u(n) |)T denote the element-wise absolute value of w.

Finally, let us recall that for any exchange class b = (b4, b_) and any set M C [n], we have defined
M@b:M\b_ Ub+ andM@b:M\b+Ub_

A.1 Preparatory Lemmas

Let us begin with a simple lemma that characterizes the incidence vectors of exchange sets.
Lemma 1. Let M; C [n] be a set. Let b = (by.,b_) be an exchange set such that b_ C M, and
by N My = 0. Define My = M & b. Then, we have

Xny T Xo = X,
In addition, we have M1 = Mo © b.

Proof. Recall that My = M;\b_ U b, and by Nb_ = (). Therefore we see that M\ M; = by and
Mi\Ms = b_. We can decompose X 57, as X s, = Xan\M, T Xar,na, - Hence, we have
X, T Xo = Xan\M, T Xarnn, T Xo, — Xo_

= XnMy T XM\ M,

= XM,
Using the definition of operator &, one can verify that My = My © b. [
The next lemma serves as a basic tool derived from exchange classes, which allows us to interpo-
late between different members of a decision class M. Moreover, it characterizes the relationship

between gaps and exchange sets. In Figure 1, we illustrate the intuitions of the interpolations char-
acterized in Lemma 2.
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Figure 1: Ilustration of Lemma 2: (a) A Venn diagram for the relationships among M, M’ b_
and b, . Note that e € b_ U b,.. (b) An illustration for the relationships among M, M’, M & b and
M’ ©b. Werecall that M & b = M\b_ Uby and M’ ©b = M'\by Ub_. We use dotted line to
represent an application of Lemma 2 between two sets.

Lemma 2 (Interpolation Lemma). Ler M C 2] and let B be an exchange class for M. Then, for
any two different members M, M' of M and any e € (M\M')U (M'\ M), there exists an exchange
setb = (by,b_) € B which satisfies five constraints: (a) e € (by Ub_), (b) b— C (M\M'), (c)
by € (M\M), (d) (M ®b) € Mand(e) (M'©b) € M. Moreover, if M' = M., then we have
(w, xp) = Ae, where A, is the gap defined in Eq. (1).

Proof. We decompose our proof into two cases.
Case (1): e € M\M'.
By the definition of exchange class, we know that there exists b = (b, b_) € B which satisfies that

ecb_,b_ C(M\M'), by C (M\M), (M &b) € Mand (M ©b) € M. Therefore the five
constraints are satisfied.

Next, if M' = M,, we see that e ¢ M,. Let us consider the set M; = argmaxge pq. ces W(S5).
Note that, by the definition of gaps (Eq. (1)), one has w(M,) — w(M;) = A.. Now we define
My = M, ©b. Note that we already have M, ©b € M. By combining this with the fact that e € M),
we see that w(Mp) < maxsem: ees w(S) = w(My). Therefore, we obtain that w(M.,.)—w(Mp) >
w(M,)—w(M7) = A.. Notice that the left-hand side of the former inequality can be rewritten using
Lemma 1 as follows

w(M,) —w(Mo) = <w>XM*> - <w>XMO> = <w7XM* - XM0> = (w,x3) -
Therefore, we obtain (w, x;) > Ae.

Case 2): e € M\ M.

Using the definition of exchange class, we see that there exists ¢ = (c¢y,c_) € Bsuchthate € c_,
c. C(M\M),cy C(M\M"),(M'®c)e Mand (M &c) € M.
We construct b = (b4, b_) by setting by = c_ and b_ = c,.. Notice that, by the construction of

b,wehave M @b = M ©cand M’ ©b = M’ @ c. Therefore, it is clear that b satisfies the five
constraints of the lemma.

Now, suppose that M’ = M,. In this case, we have e € M,. Consider the set M3 =
argmaxge aq. g5 W(S). By definition of A, we see that w(M.) — w(M3) = A.. Now we define
My = M, © b and notice that My € M. By combining with the fact that e ¢ M, we obtain that
w(Ms) < maxgem: egs = w(Msz). Hence, we have w(M,) — w(Mz) > w(M,) —w(Ms) = A..
Similar to Case (1), applying Lemma 1 again, we have
(w.x) = w(M.) — w(M) > A..
O

Next we state two basic lemmas that help us to convert set-theoretical arguments to linear algebraic
arguments.

Lemma 3. Let M, M' C [n] be two sets. Let rad; be an n-dimensional vector with nonnegative
entries. Then, we have

ee(M\z\I/}}%((M'\M) rady(e) = ||radt ° [xarr = XM|Hoo'

11



Proof: NOtiCG that XM/ - XM = X]v[/\]v[ - XM\M/. In addltlon, SinCG (M/\M) N (M\M/) == @,
we have X 1\ © X\ pv = Oy Also notice that X1\ p — Xan v € {—1,0, 1}". Therefore, we
have
‘XM’\M - XM\]W’| = (XM’\M - XM\M’)2
= X?W’\M + X?\J\JVI’ = 2X M © X\
= Xmn\m t Xanmr
= X(M\M)U(M\M')>

where the third equation follows from the fact that x /\ p, € {0,1}" and x 31\ ps € {0,1}". The
lemma follows immediately from the fact that rad;(e) > 0 and Xy pryu(aary € {0,137, O

Lemma4. Ler a,b,c € R" be three vectors. Then, we have (a,bo c) = (a o b, c).

Proof. We have

n n

(a,boc) = Za(i) (b(i)e(i)) = (ali)b(i))e(i) = (aob,c).

=1

The next lemma characterizes the property of w; which is defined in the CLUCB algorithm.
Lemma 5. Let M;, w; and rad, be defined in Algorithm 1 and Theorem 1. Let M' € M be an
arbitrary member of decision class. We have

ﬁ)t(M/) — W (M) = <ﬂ)taXM’ - XMt> = <'u_7t;XM/ - XM,,> + <I'adt7 X — XJVIt|> .

Proof. We begin with proving the first part. It is easy to verify that w; = w; +rad; o (1, —2xyy, )-
Then, we have

W, +rad; o (L, — 2Xaz,)s X — Xar,)

<I‘adt, 2XJV[t) o (X — XMt)> 9)
(rady, x5y — XMf — 2Xr, © Xarr + 2X3s, )
(rady, X3 — Xar, — 2Xas, © X + 2X0s,)  (10)
(

+

(we, Xpr — XM,,>

rad, (X — X]V[t)2>
+ (rady, [xar — X |) 5 (1D
where Eq. (9) follows from Lemma 4; Eq. (10) holds since x,, € {0,1}" and x,,, € {0,1}" and

therefore x ;= X3, and Xy, = X3,,: and Eq. (11) follows since X, — x5, € {—1,0,1}™.
4 O

A.2 Confidence Intervals

First, we recall a standard concentration inequality of sub-Gaussian random variables.

Lemma 6 (Hoeffding’s inequality). Let Xi,...,X,, be n independent random variables such
that, for each i € [n|, random variable X; — E[X,] is R-sub-Gaussian distributed, i.e., ¥t €
R, Elexp(tX; — tE[X;])] < exp(R?*t%/2). Let X = 137" | X; denote the average of these
random variables. Then, for any A > 0, we have

2
Pr [‘X — IE[XH > )\} < 2exp <—;22) .
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Proof. For all i € [n], we define v; = X; — E[X;]. We also define S = Y  v; and e = n).
Therefore, for any ¢ > 0, we have

PI‘[S > 6} _ PI‘[tS > td (2) E[exp(tS)] _ E[GXP(Z?:l tv’i)]

—  exp(te) exp(te)
(2 H;L:1 E[exp(tvi)] < H?:l exp <R2t2/2) _ exp(nR2t2/2 _ te)
exp(te) - exp(te) ’
where (a) follows from Markov’s inequality and (b) holds since vy, ..., v, are independent. Now

minimizing over ¢t > 0, we get

Pr[S > ¢ < %I;g exp(nR?*t? /2 — te) = exp(—€*/2nR?) = exp(—n\?/2R?).

Similarly, one can show that Pr[S < —¢] < exp(—n)?/2R?). Hence, the lemma follows from a
union bound. O

Next, for all £ > 0, we define random event &; as follows

& ={vieml |w() -0 <rad(i)}. (12)

We notice that random event &; characterizes the event that the confidence bounds of all arms are
valid at round ¢.

If the confidence bounds are valid, we can generalize Eq. (12) to inner products as follows.

Lemma 7. Given anyt > 0, assume that event & as defined in Eq. (12) occurs. Then, for any vector
a € R, we have

| (w,a) — (wy,a) | < (rady, |al) .

Proof. Suppose that & occurs. Then, we have

|<w,a>—<ﬁ:t,a>‘:’<w—wt,a>|

= Z (w(@) — wy(i))a(i)

i=1

<2 [w@) = )]laG)]

<) “rady(i) - |a(i)] (13)
i=1
= (rady,al),

where Eq. (13) follows the definition of event &; in Eq. (12) and the assumption that it occurs. [

Next, we construct the high probability confidence intervals for the fixed confidence setting.

Lemma 8. Suppose that the reward distribution . is a R-sub-Gaussian distribution for all e € [n].
And if, for allt > 0 and all e € [n), the confidence radius rad(e) is given by

2log (*52)

rads(e) = R T

where Ty (e) is the number of samples of arm e up to round t. Then, we have

ﬁft] >1-4.

t=1

Pr
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Proof. Fix any ¢t > 0 and e € [n]. Note that ¢, is a R-sub-Gaussian tail distribution with mean w(e)
and w; (e) is the empirical mean of ¢, from T}(e) samples. Then, we have

21lo 4’”3 2]og (4t
|y (e) —w(e)| > L ZPr |w,(e) (e)] > R L,Tt(e) =s
(14
< Z 0 (15)
Bt 2nt3
0
= 2nt2’
where Eq. (14) follows from the fact that 1 < T}(e) < ¢t — 1 and Eq. (15) follows from Hoeffding S
inequality (Lemma 6). By a union bound over all e € [n], we see that Pr[¢;] > 1 — 5%, Using a

union bound again over all £ > 0, we have

Pr lﬂa] >1-) Pr[=&]
t=1 t=1
> 6
>1-— Z@

t=1

2
™

=1—-—0>1-4.
12—

A.3 Main Lemmas

Now we state our key technical lemmas. In these lemmas, we shall use Lemma 2 to construct gadgets
that interpolate between different members of a decision class. The first lemma shows that, if the
confidence intervals are valid, then CLUCB always returns the correct answer when it stops.

Lemma 9. Given any t > n, assume that event & (defined in Eq. (12)) occurs. Then, if Algorithm 1
terminates at round t, we have M; = M.,.

Proof. Suppose that M; # M,. By the assumption that M, is the unique optimal set, we have
w(M,) > w(My). Rewriting this inequality, we obtain that (w, x5, ) > (w, Xy, )-

Let B be an exchange class for M. Applying Lemma 2 by setting M = M; and M’ = M., we see
that there exists b = (by,b_) € B such that (M; @ b) € M and (w, x;) > 0.

Now define M = M; @ b. Recall that M; = argmax ;. w:(M) and therefore w;(M;) >
w¢(M]). Hence, we have

Wy (My) — e (My) > by (M) — by (M)

= < X, — XMt> + (rady, |xa — X, |) (16)
2 <w Xmy — XMt> a7
= (w, x,) > (18)

where Eq. (16) follows from Lemma 5; and Eq. (17) follows the assumption that event &; occurs and
Lemma 7.

Therefore Eq. (18) shows that w, (M) > w;(M,). However, this contradicts to the stopping condi-
tion of CLUCB: w(M}) = w:(M;) and the assumption that the algorithm terminates onround t. [J

The next lemma shows that if the confidence interval of an arm is sufficiently small, then this arm
will not be played by the algorithm. In the proof, we construct a number of gadgets using Lemma 2.
We illustrate the relationships among the gadgets in Figure 2.
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(a) Gadgets M and M, @ b for Case (1) (b) Gadget M, @ b for Case (2)

Figure 2: An illustration of the relationship among the gadgets used the proof of Lemma 10; We use
dotted line to represent an application of Lemma 2 between two sets.

Lemma 10. Given anyt > 0 and suppose that event &; (defined in Eq. (12)) occurs. For any e € [n],
ifrad(e) < 3“/%161(/\4)’ then, arm e will not be pulled on round t, i.e., py # e.

Proof. We prove by contradiction. Therefore we shall assume the opposite that p; = e in the rest of
the proof.

First let us fix an exchange class B € arg ming cpychange(m) Width(B'). Note that width(B) =
width(M). By Lemma 2, there exists an exchange set ¢ = (¢4,c_) € Bsuchthate € (c; Uc_),
c_ C (Mt\Mt), Ct - (Mt\Mt), (Mt () C) € M and (Mt S) C) e M.

Now, we decompose our proof into two cases.
Case(1): (e M. Ne€ccy)V(eg M, Ne€c ).

First we construct a gadget M| = M, © ¢ and recall that M| € M. By the definitions of © and @,
we see that M; = M, @ c.

We claim that M, # M,. The assumption of Case (1) means that either (a) e € M, and e € ¢, ; or
(b) e ¢ M, and e € c_ holds. Suppose that e € M, and e € c,. Then, we see that e ¢ M/ and
hence M, # M.. On the other hand, if e ¢ M, and e € c_, then e € M, which also means that
M] # M.,. Therefore we have M| # M, in either cases.

Next, we apply Lemma 2 by setting M = M, and M’ = M,. We see that there exists an exchange
setb € B such that, e € (b4 Ub_), (M} ®b) € M and (w,x,) > A, > 0. We will also use M ®b
as a gadget.

Now, we define vectors d = X, — Xaz,» d1 = Xz — Xz, and d2 = Xagrgp — Xag,- By the
definition of M/ and Lemma 1, we see thatd; =d — x,anddy = d; + x, = d — X. + X

Then, we claim that |[rad; o (d — x,.)| <
standard set-algebraic manipulations. We obtain

ﬁél(lﬂ' To prove this claim, we first appeal to
MA\M] = M\(M; © c)
= M\(M;\cy Uc_)
= M\ (M;\cy) N (M\c—)
= (M; Ney) U (MA\M;) N (Mi\c-)
= (M\M;) N (Mi\c-) (19)
C M\M, (20)

where Eq. (19) follows from c; C Mt\Mt and therefore ¢y N M; = (). Similarly, we can derive
M\ M, as follows

M{\M; = (M; © ¢)\M; = (Mi\cy Uc_)\M;

= ((My\cx)\M;) U (c-\M,)
= M\c \M, 21
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C M\ M;, (22)

where Eq. (21) follows from c_ C Mt\Mt and hence~c_ \Mt~ = (). By combining Eq. (20) and
Eq. (22), we see that ((M;\M])U(M{\M;)) C ((M;\M;)U(M;\M)). Then, applying Lemma 3,
we obtain

Irad, o (d —x.)|l.o = |[rads o (xar; —xa,)

‘ o0

rady (i)

< max _ rady(7)
1€ (M \M¢)U(M\ M)

= rad(e) (23)

< Be
3 width(B)’

where Eq. (23) follows from the assumption that p; = e.

max
i€ (M \M)O(MI\ M)

(24)

Next we claim that ||rad; o x|/, < &~ Recall that, by the definition of ¢, we have ;. C

Ae
3 width
(M\M;,) and c_ C (M;\M,). Hence ¢4 Uc_ C (M,\M,) U (M;\M,). Since x, € {—1,0,1}",
we see that

|lrad; o x|, =  max rad(7)
1€cyUc—
<  max _ rad(7)
i€ (M \M)U(M\ M)
A,
= rad < —. 25
radi(e) < 3 qnE) (2)
From Eq. (25), we derive
(rady, |x.|) = <radt7xg> (26)
= <radt © Xe» Xc> (27)
< lrady o x|l [Ixcll4 (28)
A,
—_— 2
A,
< == 30
S50 (30)

where Eq. (26) hold since x. € {—1,0,1}"; Eq. (27) follows form Lemma 4; Eq. (28) follows from
Holder’s inequality; Eq. (29) follows from Eq. (25); and Eq. (30) holds since ||x.||; = |c4|+]c—| <
width(B) where the inequality is due to ¢ € B .

Next, we claim that d o x, = [x,|- Recall that x, = x., — x._ and d = X7, — Xp, =
Xt — Xar\i1,- We also notice that ¢ © (M\M,) and c_ C (M;\My). This implies that
cy N (MA\M,;) = 0and c_ N (M;\M;) = (. Therefore, we have
dox.= (Xsr,\m, — Xanroar,) © (Xey, — Xe_)
= Xar\M, © Xey T Xara1, © Xeo = X\, © Xeo — X \a1, © Xey
= X1\ M, © Xey T Xa\a1, © Xeo
=Xe, T X = IXel-

where the second equality holds since ¢, N (M;\M;) = 0 and c_ N (M;\M,) = 0; and the last
equality holds since ¢, Nc_ = ).

Now, we bound quantity (rady, |dz|) — (rady, |d|) as follows
(rady,|ds|) — (rady, |d|) = (rady,|ds| — |d|) = (rad;,d; — d*) (31)
= (rady, (d — x. + x3)* — d°)
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<radtaxb + Xc - 2Xb °Xc¢ — 2d o Xe + 2do Xb>
= (rad;,x; — X; +2x 0 (d—X,)) (32)
= (rad, [x,|) — (rady, [x.[) — 2 (rad:, x;, o (d — Xx.))
= (rad, [x,|) — (rady, [x.[) — 2 (rad; o (d — x.), Xs) (33)
> (rady, [x,|) — (rady, [x.[) — 2[[rad: o (d — xo)llo IXall, (34
2A,
> (rady, [x,]) — (rady, [x.|) — m“?@”l (35)
2A,
> <radta |Xb|> - <radta |Xc|> - (36)

3 )
where Eq. (31) holds since d € {—1,0,1}" and d» € {—1,0,1}"; Eq. (32) follows from the claim
that d o x. = |x.| = x% Eq. (33) and Eq. (34) follow from Lemma 4 and Hélder’s inequality;
Eq. (35) follows from Eq. (24); and Eq. (36) holds since b € Band || x, |/, = |b4|+[b—| < width(B).
Applying Lemma 5 by setting M’ = M, we have
(wy,d) + (rady, |d]) = (@, X1, — X, ) + (rady, IX 51, — X, |)

¢ (M) — 1wy (M)

t(M © D) — wy(My) (37)

v
S

Il
S Sz

Ot X Mwb — XM,,> + <I‘adt, IXns7e6 — XMt|>
= (wy,ds) + (rady, |ds])
= (W, d) — (Wi, X.) + (Wi, Xp) + (rady, [da]) (38)

where Eq. (37) follows from the fact that Ibt(]\;[t) = max e m We(M); and Eq. (38) follows from
the fact that d2 = d — x, + X;- Rearranging the above inequality, we obtain

(@i, x:) = (@1, xp) + (rady, |daf) — (rad, |d])

—~

2A,
2 (e, %) + (rady, [xyl) — (rady, x[) — =3 (39)
2A,
> <'LU, Xb> - <radt7 |XC|> - 3 (40)
A, 2A.
- — = 41
= (w, xp) — Ae 20, (42)

where Eq. (39) uses Eq. (36); Eq. (40) follows from the assumption that event &, occurs and
Lemma 7; and Eq. (41) holds due to Eq. (30).

We have shown that (w0, x.) > 0. Now we can bound w; (M) as follows

w (M) = <1T7t,XMg> = (W, Xps, + Xe) = (Wi, Xar, ) + (Wi, Xe) > (Wi, Xpg,) = We(My).

However, the definition of M; ensures that w;(M;) = maxpreaq we(M), which implies that
wy(My) > wy(M]). This is a contradiction, and therefore we have p; # e for this case.

Case(2: (ee M, Ne€c_)V(eEg M. Ne€cy).

First, we claim that M, =%+ M,. Suppose that e € M, and e € c_. Then, we see that ¢ & Mt, which
implies that M, # M. On the other hand, suppose that e ¢ M, and e € cy, thene € M, which
also implies that M, # M,. Therefore we have M, = M, in either cases.

Hence, by Lemma 2, there exists an exchange set b = (by,b_) € Bsuchthate € (b Ub_),b_ C
(M\M,), by € (M\M;) and (M; @ b) € M. Lemma 2 also indicates that (w, x;) > A, > 0.
We will use Mt @ b as a gadget for this case. Note that the exchange set b defined here is different
from the exchange set b used in Case (1).

Next, we define vectors d = X7, — X, and di = X 7,4, — Xz, - Notice that Lemma 1 gives that
d1 - d + Xb' ) )
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Then, we apply Lemma 3 by setting M = M; and M’ = M;. This shows that

A
|rad; o d|| max rad. (i) = rad(e) <

— 43
i:( M\ My )U( M\ M,) 3 width(B) “3)

where the last inequality follows from the assumption that rad;(e) < 3w+tfh(5).
Now, we bound quantity (@, d1) + (rady, |d1|) — (@, d> — (rad,, |d|) as follows
(Wi, dy) + (rady, [di]) — (@, d) — (rady, |d]) = (rady, |d:| —[d])
rad;, d; — > (44)

Xp) +
@i, Xp) +

Xp) + <radt,2do Xy + Xb> (45)

Xb) +

Wy, rad;, x;) + 2 (rad; o d, x;)
(46)
> (w,x;) + 2 (rad; od, x;) (47)
> (w, x;) — 2|rad; o dl|  [[x, |l (48)
> x0) — 25 “9)
> 0, (50

where Eq. (44) follows from the fact that dy € {—1,0,1}" and d € {—1,0,1}"; Eq. (45) holds
since d; = d + x;; Eq. (46) follows from Lemma 4; Eq. (47) follows from the assumption that &
occurs and Lemma 7; Eq. (48) follows from Holder’s inequality; Eq. (49) is due to Eq. (43); and
Eq. (50) follows from (w, x;) > A, > 0.

Therefore, we have proven that
(W, d) + (rady, |d|) < (wy,dy) + (rady, |dy]) . 5D
However, we have

(W, d) + (rady, |d|) = < v Xx1, — XM,> + <radt, |X1\7[t - XMt|>

= wt(M) Wy (M) (52)
> Wy (Mg ® b) — wy (M) (53)
= Oty X 57,06 Xar,) + (rady, X 51,00 — Xar,|)

= (wy, dq) + (rady, |d1]), (54)

where Eq. (52) follows from Lemma 5; and Eq. (53) follows from the fact that wt(Mt) =
max ream We(M). This contradicts to Eq. (51) and therefore p; # e. O

A.4 Proof of Theorem 1

Theorem 1 is now a straightforward corollary of Lemma 9 and Lemma 10. For the reader’s conve-
nience, we first restate Theorem 1 in the following.

Theorem 1. Given any & € (0,1), any decision class M C 2" and any expected rewards w € R™.
Assume that the reward distribution . for each arm e € [n| has mean w(e) with an R-sub-Gaussian

tail. Let M, = argmax ;¢ rq w(M) denote the optimal set. Set rad;(e) = R\/Q log (4’?3) /Ti(e)

forallt > 0 and e € [n]. Then, with probability at least 1 — 0, the CLUCB algorithm (Algorithm 1)
returns the optimal set Out = M, and

T < O (R? width(M)*Hlog (nR*H/0)) (5)

where T denotes the number of samples used by Algorithm 1, H is defined in Eq. (2) and width(M)
is defined in Eq. (4).

Proof. Lemma 8 indicates that the event £ £ N2, & occurs with probability at least 1 — §. In the
rest of the proof, we shall assume that this event holds.
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By Lemma 9 and the assumption on £, we see that Out = M,,. Next, we focus on bounding the total
number 7' of samples.

Fix any arm e € [n]. Let T'(¢) denote the total number of pull of arm e € [n]. Let ¢, be the last
round which arm e is pulled, which means that p;, = e. It is easy to see that T;_(e) = T'(e) — 1. By

Lemma 10, we see that rad;_(e) > ﬁﬁ(M)' Using the definition of rad,,, we have

A, 21log (4nt2/4) < 2log (4nT3/4)

——° <R 55
Swidth(M) = T -1 = () -1 (55)
By solving Eq. (55) for T'(e), we obtain
18 width(M)?R?
T(e) < A(2 ) log(4nT?/68) + 1. (56)
Now we define FI = max { width(M)?R?H, 1}. In the rest of the proof, we show that
T < 499H log (4nf1/5) +2n. (57)

Notice that the theorem follows immediately from Eq. (57).

Ifn > %T, then we see that 7' < 2n and therefore Eq. (57) holds immediately. Next we assume that
n < 1T. Since T > n, we can write

T = CHlog (4nﬁ/5) + n, for some C > 0. (58)

If C' < 499, then it is clear that Eq. (57) holds. Suppose, on the contrary, that C' > 499. Notice that
T =) e T(e). By summing up Eq. (56) for all e € [n], we have

: 2 p2

AQ
e€(n] €
< n + 18H log(4nT? /6)
= n + 18H log(4n/6) + 54H log(T)
< n+ 18H log(4n/8) + 54H log (2CH log (4nH/5)) (59)
— 0+ 18H log(4n /) + 54H log (2C) + 54H log(H) + 54H log log (4nﬁ /5)
< n+ 18Hlog(4nH/§) + 54H log (2C) log(4nH/8) + 54H log(4nH /) + 54H log(4nH /6)
(60)
= n 4+ (126 + 541log(2C))H log(4nH /)
< n+ CHlog(4nH/5) (61)
=T, (62)

where Eq. (59) follows from Eq. (58) and the assumption that n < %T; Eq. (60) follows from the

fact that H > 1 and § < 1; Eq. (61) follows since 126 + 54 log(2C) < C for all C' > 499; and
Eq. (62) is due to Eq. (58). Now we see that Eq. (62) is a contradiction. Therefore we obtain that
C < 499 and we have proved Eq. (57).

O

B Extensions of cLUCB

CLUCB is a general and flexible learning algorithm for the CPE problem. In this section, we present
two extensions to CLUCB that allow it to work in the fixed budget setting and PAC learning setting.
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B.1 Fixed Budget Setting

We can extend the CLUCB algorithm to the fixed budget setting using two simple modifications:
(1) requiring CLUCB to terminate after 7" rounds; and (2) using a different construction of confi-
dence intervals. The first modification ensures that CLUCB uses at most 1" samples, which meets
the requirement of the fixed budget setting. And the second modification bounds the probability that
the confidence intervals are valid for all arms in 7" rounds. The following theorem shows that the

probability of error of the modified CLUCB is bounded by O (T n exp (W)) .

Theorem 4. Use the same notations as in Theorem 1. Given I’ > n and parameter o > 0, set the
confidence radius rad;(e¢) = R ﬁ for all arms e € [n] and all t > 0. Run CLUCB algorithm

for at most T rounds. Then, for 0 < o < $(T — n) (R? width(M)QH)fl, we have

Pr [Out # M,]| < 2Tnexp (—a/2). (63)

In particular, the right-hand side of Eq. (63) equals to O (Tn exp (W)) when parameter
a = O(TH™! width(M)~2).

Theorem 4 shows that the modified CLUCB algorithm in the fixed budget setting requires the knowl-
edge of quantity H in order to achieve the optimal performance. However H is usually unknown.
Therefore, although its probability of error guarantee matches the parameter-free CSAR algorithm
up to logarithmic factors, this modified algorithm is considered weaker than CSAR. Nevertheless,
Theorem 4 shows that CLUCB can solve CPE in both fixed confidence and fixed budget settings and
more importantly this theorem provides additional insights on the behavior CLUCB.

B.2 PAC Learning

Now we consider a setting where the learner is only required to report an approximately optimal set
of arms. More specifically, we consider the notion of (¢, §)-PAC algorithm. Formally, an algorithm
A is called an (e, §)-PAC algorithm if its output Out € M satisfies Pr [w(M,) —w(Out) > €| < 4.

We show that a simple modification on the CLUCB algorithm gives an (¢, ¢)-PAC algorithm, with
guarantees similar to Theorem 1. In fact, the only modification needed is to change the stopping
condition from w;(M;) = wi(M;) to wi(M;) — wi(M;) < € on line 11 of Algorithm 1. We let
CLUCB-PAC denote the modified algorithm. In the following theorem, we show that CLUCB-PAC is
indeed an (¢, §)-PAC algorithm and has a sample complexity similar to CLUCB.

Theorem 5. Use the same notations as in Theorem 1. Fix § € (0,1) and € > 0. Then, with probabil-
ity at least 1 — 0, the output Out € M of CLUCB-PAC satisfies w(M,) — w(Out) < e. In addition,
the number of samples 'T' used by the algorithm satisfies

) . [ width(M)? K? R? . [ width(M)? K?
TSO R Z mln{Ag, 6 log T Zmln T,ET 3 (64)
e€[n] e€[n]
where K = maxyse pm | M| is the size of the largest member of decision class.

We see that if ¢ = 0, the sample complexity Eq. (64) of CLUCB-PAC equals to that of CLUCB.
Moreover, the sample complexity of CLUCB-PAC decreases when ¢ increases.

There are several PAC learning algorithms dedicated for the TOPK problem in the literature with

different guarantees [19, 31, 13]. Zhou et al. [31] proposed an (¢, d)- PAC algorithm for the TOPK

problem with a problem-independent sample complexity bound of O( 4 M) If we ig-

nore logarithmic factors, then the sample complexny bound of CLUCB- PAC for the TOPK problem
is better than theirs since - () min{A_?, K?¢~?} < nK?¢2. On the other hand, the algorithms

We notice that the deﬁnmon of Zhou et al. [31] allow an (€', §)-PAC algorithm to produce an output with
average sub-optimality of ¢’. This is equivalent to our definition of (e, 6)-PAC algorithm with e = K¢’ for the
ToPK problem. In this paper, we translate their guarantees to our definition of PAC algorithm.
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of Kalyanakrishnan et al. [19], Gabillon et al. [13] and Kaufmann and Kalyanakrishnan [20] guar-
antee to find K arms such that each of them is better than the K-th optimal arm within a factor of
€ with probability 1 — 4. Unless ¢ = 0, their guarantee is different from ours which concerns the
optimality of the sum of K arms.

B.3 Proof of Extension Results

B.3.1 Fixed Budget Setting (Theorem 4)

In this part, we analyze the probability of error of the modified CLUCB algorithm in the fixed budget
setting and prove Theorem 4. First, we prove a lemma which characterizes the confidence intervals
constructed in Theorem 4.

Lemma 11. Fix parameter o > 0 and the number of rounds T > 0. Assume that the reward
distribution . is a R-sub-Gaussian distribution for all e € [n]. Let the confidence radius rad.(e)

of arm e € [n] and round t > 0 be rads(e) = R, / =% . Then, we have

Ti(e)
T
Pr [m ft
t=1

where & is the random event defined in Eq. (12).

>1—2nTexp(—a/2),

Proof. Forany t > 0 and e € [n], using Hoeffding’s inequality, we have
Pr [|w.(e) — w(e)| > rads(e)] < 2exp(—a/2).

By a union bound over all arms e € [n], we see that Pr[§;] > 1—2n exp(—a/2). The lemma follows
immediately by using union bound again over all round ¢ € [T7]. O

Theorem 4 can be obtained from the key lemmas (Lemma 9 and Lemma 10) and Lemma 11.

Proof of Theorem 4. Define random event £ = ﬂf:l &:. By Lemma 11, we see that Pr[¢] > 1 —
2nT exp(—a/2). In the rest of the proof, we assume that £ happens.

Let T denote the round that the algorithm stops. We claim that the algorithm stops before the budget
is exhausted, i.e., 7™ < T'. If the claim is true, then the algorithm stops since it meets the stopping
condition on round T*. Hence by (Mp-) = tw;(Mrp.) and Out = Myp-. By assumption on ¢ and
Lemma 9, we know that My« = M,. Therefore the theorem follows immediately from this claim
and the bound of Pr[¢].

Next, we show that this claim is true. Let T'(¢) denote the total number of pulls of arm e € [n].
Let ¢, be the last round that arm e is pulled. Hence T;_(e) = T, — 1. By Lemma 10, we see that
rad, (e) > ﬁthw). Now plugging in the definition of rad;, (e), we have

A
— <
Swidth(g) = 2de(¢)
« «
~ R\ =TT
Hence we have - 52
S L LIy 6

By summing up Eq. (65) for all e € [n], we have

5= T.<a-9R’width(B)* [ Y AZ? | +n<T,
e€n]

e€n]

-1
where we have used the assumption that o < (T — n) - <R2 width(B)? (Zee[n} A*2>) .

e
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B.3.2 PAC Learning (Theorem 5)

First, we prove a (¢, §)-PAC counterpart of Lemma 9.

Lemma 12. [f CLUCB-PAC stops on round t and suppose that event & occurs. Then, we have
w(M,) —w(Out) <e.

Proof. By definition, we know that Out = M;. Notice that the stopping condition of CLUCB-PAC
ensures that w;(M;) — wy(M;) < e. Therefore, we have

€ > wy(My) — wy (M)
> Wy (M) — we(My) (66)
= <'U_1t> XM, — XM,,> + <radt, X, — XM,,|> (67)
> (W, Xar, — X,) (68)

where Eq. (66) follows from the definition that w, (Mt) = max e m Wi (M); Eq. (67) follows from
Lemma 5; Eq. (68) follows from the assumption that &; occurs and Lemma 7. O

The next lemma generalizes Lemma 10. It shows that on event &; each arm e € [n] will not be played

on round ¢ if rad;(e) < max {ﬁﬁ(M)’ 5% }

Lemma 13. Let K = maxprea | M| For any arm e € [n] and any round t > n after initialization,
ifrads(e) < max {W, 57 ( and random event § occurs, then arm e will not be played on

round t, i.e., p; # e.

Proof. Ifrad;(e) < ﬁﬁ(M)’ then we can apply Lemma 10 which immediately gives that p; # e.

Hence, we only need to prove the case that <rads(e) < 5%.

Ae
Zwidth(M)
Now suppose that p; = e. By the choice of p;, we know that for each i € (Mt\Mt) U (Mt\Mt), we
have rad, (i) < rad;(e) < 5%. By summing up this inequality for all i € (M;\M;) U (M,\M,), we
have

€ > > rad, () (69)
i€ (M \ My)U(M¢\ M)
= <radt7 |X1Wt — X1, |> ) (70)

where Eq. (69) follows from the fact that | (M, \ M, ) U (M, \M,)| < |M,|+|M,| < 2K; and Eq. (70)
uses the fact that x5/, 7, o\ M) = Xz, — Xz, |-

Then, we have

Wy (My) — by (M) = <'U_)t7X1\71t - XMt> + <radt, X7, — XMt|> (71)
< (@1, Xa1, = Xaa,) T € (72)
= ﬁ)t(]\7[t) - wt(Mt) +e€
<€ (73)

Wherft Eq. (71) follows from Lemma 5; Eq. (72) uses Eq. (70); and Eq. (73) follows from w, (M) >
wy (My).

Therefore, we see that @, (M;) — w;(M,;) < e. By the stopping condition of CLUCB-PAC, the
algorithm must terminate on round ¢, before playing any arms. This contradicts to the assumption
that p; = e. O

Using Lemma 13 and Lemma 12, we are ready to prove Theorem 5.
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Proof of Theorem 5. Similar to the proof of Theorem 1, we appeal to Lemma 8, which shows that
the event ¢ £ ﬂfi 1 & occurs with probability at least 1 — §. We shall assume that £ occurs in the
rest of the proof.

By the assumption of £ and Lemma 12, we know that w(M,.) — w(Out) < e. Therefore, we only
remain to bound the number of samples 7.

Consider an arbitrary arm e € [n]. Let T'(e) denote the total number of pulls of arm e € [n]. Let ¢,
be the last round in which arm e is pulled, i.e., p;, = e. Hence T;_(e¢) = T'(e) — 1. By Lemma 13,

we see that rad,,_ (e) > max{#;h(g), 5% - Then, by the construction of rady, (e), we have

A € 2log (4nt2/9) 2log (4nT3/4)
_Se € | p [208NE/0)  p [2R08RN1T/0) 74
max { Swidth(B)" 2K | = R 74)
Solving Eq. (74) for T'(e), we obtain
. 18 width(B)? 16K?
T(e) < R? mln{ A2 (B) a2 }10g(4nT3/6) + 1. (75)

Notice that T" = . (1 T'(e). Hence the theorem follows by summing up Eq. (75) for all e € [n]
and solving for T.. O

C Proof of Lower Bound (Theorem 2)

In this section, we prove the problem-dependent lower bound of the general CPE problem (Theo-
rem 2). In addition, we provide evidence on the conjecture that the sample complexity should hinge
on the size of exchange sets (Theorem 6), which is relevant for decision classes with non-constant
widths.

Notations. In this section, we will use the notion of “next-to-optimal set” defined as follows. Fix a
decision class M C 2"l and an expected reward vector w € R”. Let M, = arg max ;¢ v w(M)
denote the optimal set. Then, for any e € [n], we define the next-to-optimal set associated with e as
follows

M. = argmaxyre pm:ee M w(M) ife ¢ M.,
e — .
argmax e vp.egn W(M) if e € M.

We note that, by definition of A, in Eq. (1), we have w(M,) — w(M,) = A..

(76)

C.1 Proof of Theorem 2

For reader’s convenience, we restate Theorem 2 in the following.

Theorem 2. Fix any decision class M C 2™ and any vector w € R". Suppose that, for each
arm e € [n], the reward distribution o, is given by ¢, = N(w(e), 1), where we let N'(p, %)
denote Gaussian distribution with mean y and variance 2. Then, for any § € (0,e=16/4) and any
d-correct algorithm A, we have

1 1

where T' denote the number of total samples used by algorithm A and H is defined in Eq. (2).

Before stating our proof, we first introduce two technical lemmas. The first lemma is the well-known
Kolmogrov’s inequality.

Lemma 14. (Kolmogrov’s inequality [29, Corollary 7.66]) Let Z1,.. ., Z,, be independent zero-
mean random variables with Var|Zy] < +oc for all k € [n]. Then, for any A > 0,

1 n
Pr Lr<n§§n|5k| > )\] < le\/ar[ZkL

where S, = X1+ ... + Xg.
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The second technical lemma shows that the joint likelihood of Gaussian distributions on a sequence
of variables does not change much when the mean of the distribution shifts by a sufficiently small
value.

Lemma 15. Fix some d € R and 0 € (0,1). Define t = 15 log(1/6). Given any integer T < 4t
and any sequence s1, . .., st. Let X1, ..., X1 be T real numbers which satisfy the following

Zsl < \/tlog(1/0). (77)

Then, we have

I—TIN(X|sl—|—d 1) > g
iy N Xz‘szv ) -
where we let N (2|1, 0%) = ( (I “) ) denote the probability density function of normal

distribution with mean and variance o*

Proof. We define v; = X; — s; forall ¢ € [T]. Then, we have

T 2
N(X;|s; +d,1) Xi— s —d)" + (X; — 5)?
H N(X;lsi, 1) Hexp( 2

T
Td?
= exp (— de) exp (—2> . (78)
We now bound each term on the right-hand side of Eq. (78) as follows
T T
exp (— de) > exp (— Zvi . d|>
i=1 i=1
> exp( Vilog(1/0) d) (79)
1
= exp (—2 1og(1/0)) =9'/2, (80)

where Eq. (79) follows from Eq. (77); and Eq. (80) follows from the fact ¢ < ; d2 log(1/6). Next we
have

Td?
exp (—2> > exp (—2td?) (81)
1 1/2
=oxp|—3 log(1/6) | =672, (82)
where Eq. (81) follows from 7' < 4t and Eq. (82) follows from the definition of ¢. The lemma
follows immediate by combining Eq. (78), Eq. (80) and Eq. (82). ]

Proof of Theorem 2. Fix § > 0, w = (w(1),... ,w(n))T and a J-correct algorithm A. For each
e € [n], assume that the reward distribution is given by ¢. = N (w(e),1). For any e € [n], let T
denote the number of trials of arm e used by algorithm A. In the rest of the proof, we will show that
for any e € [n], the number of trials of arm e is lower-bounded by

E[T.] > log(1/46). (83)

- 16A2

Notice that the theorem follows immediately by summing up Eq. (83) for all e € [n].
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Now fix an arm e € [n]. We define § = 46 and ¢ = 16A2 log(1/6). We prove Eq. (83) by contra-
diction. Therefore we assume the opposite that E[T¢.] < t* in the rest of the proof.

Step (1): An alternative hypothesis. We consider two hypothesis Hy and H;. Under hypothesis
Hy, all reward distributions are same with our assumption in the theorem as follows
Hy: o =N(w(l),1) foralll € [n].
On the other hand, under hypothesis H;, we change the means of reward distributions such that
Hi o — {N(w(e) —2A.,1) ifee M,
C N (wle) +2A.,1) ife g M,

For [ € {0,1}, we use E; and Pr; to denote the expectation and probability, respectively, under the
hypothesis H;.

and ¢o; = N(w(l),1) foralll # e.

Now we claim that M., is no longer the optimal set under hypothesis H;. Let M, denote the next-to-
optimal set defined Eq. (76). By definition of A, in Eq. (1), we know that w(M,) — w(M,) = A..
Let w( and w; be expected reward vectors under Hy and H; respectively. We have
wy (M) — w1 (M) = w(My) — w(M,) — 2A,
=-A,<0.
This means that under H, the set M, is not the optimal set.

Step (2): Three random events. Let X1, ..., X7, denote the sequence of reward outcomes of arm
e. Now we define three random events A, B and C as follows

t
ZXt —t-wle)| <
i=1

1<t<4t*

A={T, <4tl}, B={Out= M.} and C = { max

te log(1/9)} ,

where Out is the output of algorithm A.

Now we bound the probability of these events under hypothesis Hy. First, we show that Prg[.A] >
3/4. This can be proven by Markov’s inequality as follows.

N Eo[Te) :
T < =< =-.
Pro[Te > 4t] 4t 4t 4

We now show that Prg[C] > 3/4. Notice that {Xt — } =1, is a sequence of zero-mean

independent random variables under Hy. Define K; = Z ie1 Xt Then by Kolmogorov’s inequality
(Lemma 14), we have

Bo[(Kar; — dw(e)t;)’]
—t- >\t c
Prg értlgi(t: K —t-w(e)| > /txlog(1/0)| < #Tog(1/0)

(a) 4t% (b 1

" flog(1/0) " 4
where (a) follows from the fact that the variance of ¢ equals to 1 and therefore Eo[(K 4 —
dw(e)tr)?] = 4t*; and (b) follows since < e~16. 4

Since the probability of error of algorithm A is at most § < e~16/4 < 1/4, we have Pro[B] > 3/4.
Define random event S = A N B N C. Then, by union bound, we have Pry[S] > 1/4.

Step (3): The loss of likelihood. Now, we claim that, under the assumption that Ey[T,] < ¢, one has
Pri[B] > 4. Let W be the history of the sampling process until the algorithm stops (including the
sequence of arms chosen at each time and the sequence of observed outcomes). Define the likelihood
function L; as

Li(w) = p(W = w),
where p; is the probability density function under hypothesis ;.

Now assume that the event S occurred. We will bound the likelihood ratio L1 (W)/Lo(W') under
this assumption. Since H; and H| only differs on the reward distribution of arm e, we have

(Xiwi(e), 1)
HNXM 0’ (&)
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By definition of H; and Hy, we see that wq(e) = wy(e) £ 2A, (where the sign depends on whether
e € M,). Therefore, when event S occurs, it easy to verify that we can apply Lemma 15 (by setting
d =wi(e) —wo(e) = £2A., T = T, and s; = wy(e) for all 7). Hence, by Lemma 15 and Eq. (84),
we have

Li(W)

>0=49
Lo(W) —

holds if event S occurs.

Then, define 1g as the indicator variable of event S, i.e., 1g = 1 if and only if S occurs and otherwise
1g¢ = 0. Then, we have
Ly(W)
Lo(W)

lg > 4d1g

holds regardless the occurrence of event S. Therefore, we can obtain

Prl[B] Z Prl[S] = ]El[].g]
Li(W)
e {LU(W) IS]
> 40Eo[15]

Now we have proven that, if Eo[T,] < t*, then Pri[B] > 4. This means that, if Eo[T.] < ¢,
algorithm A will choose M, as the output with probability at least §, under hypothesis H;. However,
under H;, we have shown that M, is not the optimal set since wq(M,) > w1 (M., ). Therefore,
algorithm A has a probability of error at least § under H;. This contradicts to the assumption that

algorithm A is a d-correct algorithm. Hence, we must have Eq[T.] > ¢7 = 155z log(1/46). O

C.2 Exchange Set Size Dependent Lower Bound

As a supplement to our main lower bound (Theorem 2), we show that, for any arm e € [n], there
exists an exchange set b = (b4, b_) which contains e such that a d-correct algorithm must spend

Q((\bJr\ + |b- |)2 / Ag) samples on exploring the arms belonging to b, U b_. Hence, on average,

each arm ¢ € b, U b_ must be sampled for Q((|b| + |b_|)A;2) times. This is asymptotically
stronger than the result of Theorem 2 when the size of corresponding exchange set |by| + [b—_] is
non-constant. This result is formalized in the following theorem.

Theorem 6. Fix any M C 2" and any vector w € R™. Suppose that, for each arm e € [n],
the reward distribution ¢, is given by . = N(w(e),1), where N'(u,0?) denotes a Gaussian
distribution with mean i and variance . Fix any § € (0,e~'6/4) and any 6-correct algorithm A.

Then, for any e € [n), there exists an exchange set b = (by.,b_), such that e € by Ub_ and

by|+[b_])?
E| Y T z('*'&%log(l/%),

i€ b+ ub_
where T; is the number of samples of arm i.

The proof is quite similar to that of Theorem 2 except that they use different constructions of alter-
native hypothesis and consequently this introduces some difference on the details of computations.

Proof. Fix 6 > 0, w = (w(1),..., w(n))T and a d-correct algorithm A. For each i € [n], assume
that the reward distribution is given by ¢; = N(w(7), 1). For any i € [n], let T; denote the number
of trials of arm ¢ used by algorithm A.

Step (0): Setup. Fix an arm e € [n]. As the first step, we construct the exchange set b = (b4, b_)
claimed in the theorem. Let M, denote the next-to-optimal set as defined in Eq. (76). By definition
of A, in Eq. (1), we know that w(M,) — w(M,) = A.. We construct the exchange set b = (by,b_)
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where by = M, \M, and b_ = M_.\M,. It is easy to check that M, ® b = M, and (w, x,;) =
A > 0.

We have now constructed the exchange set. We define 7, = Zieb, Tiand T, = 27 by T;. Now
we claim that

b A|2 log(1/46) and (b) E[T;,] > [ log(1/45). (85)

@ E[T, ] > | T

It is easy to check that theorem follows immediately from claims (a) and (b). In the rest of the proof,
we focus on claim (a); the claim (b) can be proven using an almost identical argument.

Now we define § = 40 and t; = ‘II’G’AE log(1/6). We prove claim (a) by contradiction, that is to

assume the opposite that E[T}, | <t} .

Step (1): An alternative hypothesis. We define two hypotheses Hy and H;. Under hypothesis Hy,
the reward distribution

Hy: o =N(w(l),1) foralll € [n].

Under hypothesis H;, the mean reward of each arm is given by

H11@¢={N(w()+ |1> ?fl:Ebﬂ
N(w(i), 1) ifi €b_.

Similar to the proof of Theorem 2, we let wg and w; denote the expected reward vectors under Hy
and H; respectively. One can verify that wy (M) — w1 (M,.) = —A. < 0. This means that under
Hjy, the set M, is not the optimal set.

Step (2): Three random events. First we consider the complete sequence of sampling process by
algorithm A. Formally, let W = {(I1, X1), ..., (I, X ')} be the sequence of all trials by algorithm

A, where I; denotes the arm played in i-th trlal and X, be the reward outcome of i-th trial. Then,
consider the subsequence W; of W which consists of all the trials of arms in b_. Specifically, we
write W = {(I1,X1),...,(In, ,Xr, )} such that W, is a subsequence of W and I; € b_ for all

i.

Now we define three random events A, B and C as follows

A={T,_ <4t; }, B={Out= M.} and C = { max

b 10g(1/9)} ,

where Out is the output of algorithm A. We now bound the probability of each event. First, by
Markov’s inequality, we have

EolTy ] ti 1
ProlT, >4t 1 < = = -
rolTh >4ty | < ar a4

Next, using Kolmogrov’s inequality (Lemma 14), we obtain

i M ?
]<Eo[(zu PO <I>>]

t5log(1/6) tzlog(1/0)

@) 4ty (2 1
tr log(1/6) ~ 4’

where (a) follows from the fact that all reward distributions have unit variance; and (b) follows since
6 < e 16

Z Zw([) >

max
1<t<4ty

Since A is a d-correct algorithm and § < 1/4, we have Pro[B] > 3/4. Therefore, we have that the
random event S = AN B N C occurs with probability at least 1/4 under H.
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Step (3): The loss of likelihood. Similar to the proof of Theorem 2, we let L; denote the likelihood
function under hypothesis H; for [ € {0,1}. Since the difference of H, and H; only lies in the
reward distributions of arms belonging to b_, we have

H X |’UJ1 )a 1)
N X |U)0 , ),
where X; and I; is as defined in Step (2). Assume that S occurs. Since for all i € [Tp_], we have

wy(L;) —wo(I;) = IQbAfI , we can apply Lemma 15 here (by setting d = |b |) Therefore, on event S,
we have

~

1(W)
Lo(W)

> 0.

The rest of the proof is identical to Step (3) in the proof of Theorem 2, and one can show that
Pr1[B] > § under the assumption that E[T; | < ¢ . This means the probability of error of algo-
rithm A is at least 0. This contradicts to the assumption of A. Therefore we have E[T, | > t}
which proves claim (a) in Eq. (85). L]

D Analysis of CSAR (Theorem 3)

Notations. Let w & R" be the vector of the expected rewards of arms. Let M, =
arg max ;e s wW(M) be the optimal set. Let T' be the budget of samples. We will also use the
following additional notations in the rest of this section. Let M C [n] be a set, we denote
—M to be the complement of M. Let A(y),...,A(,) be a permutation of Ay,..., A, such that
Agy <o Ay. Let Ay, ..., Ay and By, ..., By, be the two sequences of sets which are de-
fined in Algorithm 2. We will also continue to use the notations of incidence vectors of sets and
exchange sets, which are defined in Appendix A.

D.1 Confidence Intervals

First we establish the confidence bounds used for the analysis of CSAR.

Lemma 16. Given a phase t € [n], we define random event 1; as follows

. . , A
7= {Vz e [M\(A UBY) @) — w(i)| < 3w1(dt}:(+/1\)4)} . (86)
Then, we have
n T _ n)
P >1—n? - - ( ) . 87
' LQ Tt] B e ( 18 R?log(n) width(M)2H, 7

Proof. Fix some ¢ € [n] and fix some active arm i € [n]\(A; U By) of phase ¢.

Notice that the arm ¢ has been pulled for T, times during the first ¢ phases. Therefore, by Hoeffding’s
inequality (Lemma 6), we have

Pr ||w, (i) — w(i)| > Bty <2exp| - TtA%n_t—H) (88)
) ~ 3width(M) | — 18 R2 width(M)? | °

By plugging the definition of 7T}, the quantity 7; A2 (n—t+1) O the right-hand side of Eq. (88) can be
further bounded by

~ T—-n

TAZ 1) > — tn—

t (n t+1) - log(n)(n _ t+ 1) (n t+1)
T—-n
" log(n)Hy’
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where the last inequality follows from the definition of Hy = max;¢, ZA(:)2 By plugging the last
inequality into Eq. (88), we have

. . An—tt1) (T —n)
Pr (6 — w0 2 gt < 2w (‘mmagm) width(M)QHg)' )

Now using Eq. (89) and a union bound for all ¢ € [n] and all ¢ € [n]\(A; U By), we have

|
n n -
t:ﬂl Tt] 21-2) (n—t+1Dexp <_ 18 R?log(n) Width(M)2H2>

t=1

>1-—n2ex ( (T —n) )
= p ~ .
18 R%log(n) width(M)2H,

Pr

O

Readers may notice that the right-hand side of Eq. (87) equals to the probability of error of CSAR
claimed in Theorem 3. Indeed, we will show that the CSAR algorithm will not make any mistakes if
the random event ();,_; 7 occurs.

The following lemma builds the confidence bound of inner products.

Lemma 17. Fix a phase t € [n], suppose that random event T, occurs. For any vector a € R",
suppose that supp(a) N (A; U B;) = 0, where supp(a) = {i | a(i) # 0} is the support of vector a.
Then, we have A

_ (n—t+1)

—(w,a)| < ——) )
(@50,0) — (w.a)| < ;LD al)

Proof. Suppose that 74 occurs. Then, similar to the proof of Lemma 7, we have

(@1, @) = (w,a)| = [(w; — w, a)|

Il
—~
g

S
—
~.
=
I
£
A~
=
=
=
)
=
=
=

(90)

IN
—
g

o~
=
~.
=
|
g
=
=
=
S—
)
—
o~
=

i€[n]\(AtUB:)

S [(@(0) — w(i))a(d)|

i€[n]\(A+UB)

Yo @) —w(@)fa(d)]

1€[n]\(A:UBy)

A
s LA RV N 0] oy
3 width(M) i€[n]\(AUBy)

IN

IN

Am—t41)
= s el
3 width(M)

where Eq. (90) follows from the assumption that a is supported on [n]\(A; U B;); Eq. (91) follows
from the definition of 7; (Eq. (86)). O

D.2 Main Lemmas

We begin with a technical lemma which characterizes several useful properties of A; and B;.

Lemma 18. Fix a phase t € [n|. Suppose that Ay C M, and By N M, = (. Let M be a set such
that Ay C M and By M = (. Let a and b be two sets satisfying that a € M\M,, b C M,\M and
aNb=10. Then, we have

Ay C (M\aUb) and BN (M\aUb)=0 and (aUb)N(A:UBy;)=10.
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Proof. We prove the first part as follows
AN (M\aUb) = (AN (M\a)) U (A ND)

= AN (M\a) 92)
= (4, N M)\a

= A\a 93)
= A, (94)

where Eq. (92) holds since we have A;Nb C A, N (M \M) C M N (M \M) = 0; Eq. (93) follows
from A; C M; and Eq. (94) follows from a C M\ M, and A; C M, which imply that a N A; = (.
Notice that Eq. (94) is equivalent to A; C (M\a U b).

Then, we proceed to prove the second part in the following

B,N(M\aUb) = (B, N (M\a)) U (B, Nb)

_ BN (M\a) (95)
= (Bt N M)\a
=M\a =10, (96)

where Eq. (95) follows from the fact that By Nb C B, N (M, \M) C -M,. N (M, \M) = (; and
Eq. (96) follows from the fact that B; N M = ().

Last, we prove the third part. By combining the assumptions that A; C M, and A; C M, we see
that A; C M N M.. Also note that a C M\ M, and b C M, \M, we have

(anA)U®NA) C (M\M)N(MNM))U(MAM)N(MNM,))=0. (97
Similarly, we have B, C —M N —M,. Hence, we derive
(anB)U (BN By) C((M\M,)N(—MN-M)U((MAM)N(-MN-M))=0. (98)
By combining Eq. (97) and Eq. (98), we obtain
(aUb)N(A;UBy) =(anNA)U(BNA)U(anNBy) U(bN By) = 0.
O

The next lemma provides an important insight on the correctness of CSAR. Informally speaking,
suppose that the algorithm does not make an error before phase ¢. Then, we show that, suppose arm
e has a gap A, larger than the “reference” gap A(,,_; 1) of phase ¢, then arm e must be correctly
classified by M;, i.e., e € M; if and only if e € M,.

Lemma 19. Fix any phase t > 0. Suppose that event T, occurs. Also assume that Ay C M, and
By M, = 0. Let e € [n]\(A; U By) be an active arm. Suppose that Ay_p, 11y < A. Then, we
have e € (M, N M) U (—M, N —M).

Proof. Fix an exchange class B € arg ming ¢pychange(r) Width(B'). Suppose that e ¢ (M. N
M) U (=M, N —M;). This is equivalent to the following

e € (M, N—=M;)U (=M, N M). 99)
Eq. (99) can be further rewritten as
From this assumption, it is easy to see that M; # M,. Therefore we can apply Lemma 2. Then we

know that there exists b = (by,b_) € Bsuchthate € b_ Uby, b C M\M,, by C M, \M,,
M; ®be Mand (w, x;) > A, > 0.

Using Lemma 18, we see that (M, ®b)N B, = 0, Ay C (M;®b) and (b1 Ub_)N(A,UB;) = 0. Now
recall the definition M; € argmax ;e v a,c ar,5,nnm—p Wi (M) and also recall that M; © b € M.
Therefore, we obtain that

we(My) > we(M; @ ). (100)
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On the other hand, we have
Wy (M ® b) = (We, Xps, + Xp) (101)
= (W, Xpy,) + (@1, Xp)

Am—ts1)

Fwidth(M) X114 (102)

> <u_Jt7XMt> + <w7Xb> -

> (@1, X, ) + (W, Xp) — Wli(/\/l) x4y

A,
= (@ Xar,) + (Wi x0) = 5 (103)
2
> (W4, Xn1,) + gAe (104)
> (W, Xar,) = We(My), (105)

where Eq. (101) follows from Lemma 1; Eq. (102) follows from Lemma 17 and the fact that (b, U
b_) N (A U By) = 0; Eq. (103) holds since b € B which implies that ||x,||, = [b4| + |[b—] <
width(B) = width(M); and Eq. (104) and Eq. (105) hold since we have shown that (w, x;)
A, > 0.

This means that w,(M; & b) > w(M). This contradicts to Eq. (100). Therefore we have e €
(M, N M) U (=M, N —M,). O

V1

The next lemma takes a step further. It shows that if A, > A(,_;4,) for some arm e, then the
empirical gap of arm e, wy(M;) — uit(J\th’e), is greater than %A(n_t+1).

Lemma 20. Fix any phase t > 0. Suppose that event T, occurs. Also assume that Ay C M, and
BN M, = 0. Let e € [n]\(A; U By) be an active arm such that Ay 11y < Ac. Then, we have

~ 2
Wy (My) — we(Mye) > gA(t—n+1)~

Proof. By Lemma 19, we see that
e € (M, N M) U (=M, N—DM). (106)

We claim that e € (Mt’e\M*) U (M*\]\th,e) and therefore M, # J\th,e. Recall the definition of J\Z/tye,
which ensures that e € Mt@ if and only if e ¢ M;. By Eq. (106), we see that either e € (M, N M;)
ore € (=M, N —M,;). First let us assume that e € M, N M;. Then, by definition of Mt,e, we see
that e & Z\Zm. Therefore e € M*\Mt,e. On the other hand, suppose that e € - M, N = M;. Then,
we see that e € Mt’e. This means that e € J\th,e\M*.

Hence we can apply Lemma 2. Then we obtain that there exists b = (by,b_) € B such that
e c b+ U b_, b+ g M*\Mt,en b_ g Mt7e\M*, Mt,e D be M and <’U), Xb> Z Ae.

Define M, , £ M, . @ b. Using Lemma 18, we have 4, C M, B; N M, =0and (by Ub_)N
(At @] Bt) = Q) Since Mt/7€ € M and by definition wt(Mt) = MaXpre M, A, CM,B,NM=0 ’lI}t(M),
we have

wi(My) > (M ). (107)

Hence, we have

wy(My) — @ (Mye) > (M) — ©p(Mye)
= wt(Mt,e @b) — wy(Mye)
_ < Be, X, . + Xb> - <wt’XMt,e> (108)
= (W¢, Xp)
> (10, x4) — okt (109)

- m ||XbH1



€

> _ e 110
A,
> (w, x3) — 3 (111)
2 2
> A > A0 i), 112
Z gRe Z ZRMn-t+1) (112)

where Eq. (108) follows from Lemma 1; Eq. (109) follows from Lemma 17, the assumption on
event 73 and the fact (by U b_) N (A; U B;) = 0; Eq. (110) follows from the assumption that
Ae > A(n—t+1)s Eq. (111) holds since b € B and therefore ||x;||, < width(M); and Eq. (112)
follows from the fact that (w, x;) > A. O

The next lemma shows that, during phase ¢, if A, < A(,,_;11) for some arm e, then the empirical
gap of arm e is smaller than 1A (,_;11).
Lemma 21. Fix any phase t > 0. Suppose that event T, occurs. Also assume that Ay C M, and

B:NM, = (. Suppose an active arm e € [n]\(A;UBy) satisfies that e € (M,.N—M;)U(=M,.NM,).
Then, we have

wt(Mt) - wt(Mt,e) < A(n7t+1)~

W =

Proof. Fix an exchange class B € arg ming cpychange(r) Width(B').

The assumption that e € (M, N—M;) U (M, N M;) can be rewritten as e € (M, \ M) U (M \M,).
This shows that M; # M,, hence Lemma 2 applies here. Therefore we know that there exists
b= (by,b_) € Bsuchthate € (by Ub_), by C MM, b C M\M,., M; ®b € M and
(w,xp) > Ae > 0.

Define M/, £ M, @ b. We claim that
Wi (Mye) > wi (M ). (113)

From the definition of M; . in Algorithm 2, we only need to show that (a): e € (M{ \M;) U
(M \Mj ) and (b): A; € M, and B; N M] , = (). First we prove (a). Notice that b, Nb_ = ) and
b_ C M;,. Hence we see that Mt/,e\Mt = (Mi\b—Uby)\M; = by and M \M; , = M;\(M;\b_ U
by) = b_. In addition, we have that e € (b_ Uby) = (M{ \M;) U (M;\M] ), therefore we see
that (a) holds. Next, we notice that (b) follows directly from Lemma 18 by setting M = M;. Hence
we have shown that Eq. (113) holds.

Hence, we have

Wy (My) — wy(My,e) < wy(My) — wy (M)

= (@, Xpr,) — (We, Xar, + Xo) (114)
= - <u_]t7Xb>
A(n—t-‘,—l)
< _ _—nmtl)
Aln—tt1) An—t+41)
- < —- 11
< Swiamm Xelh = ——5— (116)

where Eq. (114) follows from Lemma 1; Eq. (115) follows from Lemma 17, the assumption on 7 and
(b4 Ub_)N(A;UB;) = 0 (by Lemma 18); and Eq. (116) follows from the fact ||, ||, < width(M)
(since b € B) and that (w, x;) > A, > 0. O

D.3 Proof of Theorem 3

Using these technical lemmas, we are now ready to prove Theorem 3. For reader’s convenience, we
first restate Theorem 3 as follows.
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Theorem 3. Given any T > n, any decision class M C 21" and any expected rewards w €
R™. Assume that the reward distribution @, for each arm e € [n] has mean w(e) with an R-sub-
Gaussian tail. Let Ay, ..., A,y be a permutation of Ay, ..., A, (defined in Eq. (1)) such that

Agy < ..o A(ny. Define Hy = maX;e ] ZA(:)Z Then, the CSAR algorithm uses at most T
samples and outputs a solution Out € M U { L} such that

r[Out # M,] <n exp< 18R%log(n) width(M)2H, )’ v

where log(n) £ 321" i~1, M, = argmax ;. v w(M) and width(M) is defined in Eq. (4).
Proof. First, we show that the algorithm takes at most 7" samples. It is easy to see that exactly one

arm is pulled for Tl times, one arm is pulled for TQ times, ..., and one arm is pulled for Tn times.
Therefore, the total number of samples used by the algorithm is bounded by

2053 (G )

T -
= et )1og( n)+n="T.

By Lemma 16, we know that the event 7 £ ﬂthl 7; occurs with probability at least 1 —
n?exp (— —(I'=n)

18 R2log(n) width(M)2Hs
gorithm outputs M,.. We will assume that event 7 occurs in the rest of the proof.

). Therefore, we only need to prove that, under event 7, the al-

We prove by induction. Fix a phase ¢ € [t]. Suppose that the algorithm does not make any error
before phase t, i.e., Ay € M, and B; N M, = (). We show that the algorithm does not err at phase t.

At the beginning of phase ¢, there are exactly ¢ — 1 inactive arms |A; U B;| = t — 1. Therefore there
must exists an active arm e; € [n]\(A; U B;) such that A., > A(,_1). Hence, by Lemma 20, we
have

2
wi(My) — wy(Mye,) > gA(n—t-&-l)' (117)

Notice that the algorithm makes an error in phase ¢ if and only if it accepts an arm p; € M, or
rejects an arm p; € M,. On the other hand, by design, arm p; is accepted when p; € M, and is
rejected when p; & M;. Therefore, we see that the algorithm makes an error in phase ¢ if and only
lfpt S (M* N "Mt) @] (“M* n Mt)

Suppose that p; € (M, N —M;) U (=M, N M,). Now appeal to Lemma 21, we see that
- 1
Wy (My) — we(Myp,) < gA(n—t+1)' (118)
By combining Eq. (117) and Eq. (118), we see that
~ 1 2
W (My) — wi (M p,) < §A(n—t+1) < gA(n—t-H) < Wy (M) — wi(Mye,). (119)

However Eq. (119) is contradictory to the definition of p; = arg MaX,c )\ (4,uB,) V(M) —

wy(M;,.). Therefore we have proven that p; ¢ (M, N —~M;) U (=M. N M,). This means that the
algorithm does not err at phase ¢, or equivalently A; 1 C M, and B;.1 N M, = (. By induction,
we have proven that the algorithm does not err at any phase ¢ € [n].

Hence we have A,,11 C M, and B,,;1 C =M, in the final phase. Notice that |A,, ;1| + |Bp+1| =n
and A, 11 N By11 = 0. This means that A,, 1 = M, and B,,;1 = —M,. Therefore the algorithm
outputs Out = A, 11 = M, after phase n. O

E Analysis of the Uniform Allocation Algorithm

In this section, we analyze the performance of a simple benchmark strategy UNI which plays each
arm for a equal number of times and then calls a maximization oracle using the empirical means of
arms as input. The pseudo-code of the UNI algorithm is listed in Algorithm 3.
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Algorithm 3 UNI: Uniform Allocation

Require: Budget: 7" > 0; Maximization oracle: Oracle : R" — M.
1: Pull each arm e € [n] for |T'/n] times.

2:  Compute the empirical means w € R™ of each arm.

3: Out <« Oracle(w)

4: return: Out

The next theorem upper bounds the probability of error of UNI.

Theorem 7. Given any T > n, any decision class M C 2!") and any expected rewards w € R™.
Assume that the reward distribution . for each arm e € [n] has mean w(e) with an R-sub-Gaussian
tail. Also assume without loss of generality that ' is a multiple of n. Define A1y = min;cp,) A; and

H; = nA(_S Then, the output Out of the UNI algorithm satisfies

T
Pr[Out # M,] < 2nexp (— 3R Width(M)zHg) , (120)

where M, = arg max ;¢ o w(M).

From Theorem 7, we see that the UNI algorithm could be significantly worse than CLUCB and CSAR,
since it is clear that H3 > H > H, and potentially one has H3 > H > H, for a large number of
arms with heterogeneous gaps.

Now we prove Theorem 7. The proof is straightforward using tools of exchange classes.

Proof. Define A (1) = min;e,) A;. Define random event £ as follows

¢ = {w €nl, [w(i) —w(@)] < ?wvi?t(}ll)(/\/t)}'

Notice that each arm is sampled for | Z | times. Therefore, using Hoeffding’s inequality (Lemma 6)

and union bound, we can bound Pr[ﬂ as follows. Fix any ¢ € [n], by Hoeffding’s inequality, we

have A2
. . A(1) T )
' ['w(l) w2 3width(/\/l)} =2er ( 18R*n width(M)?

Then, using a union bound, we obtain

TA?I)
~18nR2 width(M)2 |

Pr [ﬂ >1—2nexp (

In addition, using an argument very similar to Lemma 17, one can show that, on event ¢, for any
vector a € R", it holds that

Aq)

| (w,a) - (w,a)| < 3width(M) lal; -

(121)

Now we claim that, on the event £, we have Out = M,. Note that theorem follows immediately
from the claim. Next, we prove this claim.

Suppose that, on the contrary, Out # M.,. In this case, let us write M = Out. We also fix B €
arg Ming: e pxchange(m) Width(B). Notice that by definition width(B) = width(M).

Since M # M., we see that there exists e € (M\M.) U (M,.\M). Now, by Lemma 2, we obtain
that there exists b = (b4,b_) € Bsuchthate € by Ub_,b_ C M\M,,by C M\M,Mobe M
and (w, x;,) > A.. Also notice that A, > A(yy. Therefore (w, x;,) > Aq).

Consider M’ £ M & b. We have
w(M'") — (M) = (B, x ) — (B, Xar)
= (W, x;) (122)
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Ag
) €

SV 12
> A, - AW (124)
Z 2 3
2
=380 >0, (125)

where Eq. (122) follows from Lemma 1; Eq. (123) follows from Eq. (121); and Eq. (124) follows
from the fact that b € 55 and hence ||x;||; = |b+| + |b—| < width(B) = width(M).

Hence, we have shown that @w(M') > @(M). However this contradicts to the fact that w(M) =
max s, e m W(My) (by the definition of maximization oracle). Hence, by contradiction, we have
proven that Out = M., O

F Exchange Classes for Example Decision Classes

In this section, we give formal constructions of the decision classes discussed in Example 1, 2 and 3.
Further, we bound the width of exchange classes for different examples. These bounds are proven us-
ing concrete constructions of exchange classes (Fact 1 through 5). The constructed exchange classes
embody natural combinatorial structures. We illustrate the constructed exchange classes in Figure 3.

00-0:0 G

~

(a) An exchange set from Buarrom(n) (TOPK:

Fact 2; each cylinder represents an arm).
(b) An exchange set from Byiarrom(n) (Spanning
trees: Fact 1; each edge corresponds to an arm).

s -,0+0 - t
o—Q- *O0—0O
+ O_-;O—_;O/"'(

(d) An exchange set from Bp,yy () (Paths: Fact 5;
each edge corresponds to an arm).

(c) An exchange set from Byiarcn(q) (Matchings:
Fact 4; each edge corresponds to an arm)

Figure 3: Examples of exchange sets belonging to the exchange classes Byiarrom(n) (0ne for TOPK
and one for spanning tree), Byiarcn(e) and Bpari(q): green-solid elements constitute the set b,
red-dotted elements constitute the set b_ and an example exchange set is given by b = (by,b_).
In Figure 3a, we use TOPK as a specific instance of matroid decision class. In Figure 3b, we use
spanning tree as a specific instance of matroid decision class.

Notation. We need one extra notation. Let o : E — [n] be a bijection from some set F with n
elements to [n]. Let A C F be an arbitrary set, we define o(A) = {o(a) | a € A}. Conversely, for
all M C [n], we define 0 =1 (M) £ {07 1(e) | e € M}.

Fact 1 Matroid). Let T' = (E,T) be an arbitrary matroid, where E is the ground set of n elements
and T is the family of subsets of E called in the independent sets which satisfy the axioms of matroids
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3. Let o: E — [n] be a bijection from E to [n]. Let My atroip(T) COTTespond to the collection of all
bases of matroid T and formally we define

Mutarrom(ry = {M C [n] | o~ (M) is a basis of T}. (126)
Define the exchange class
Byarrom(n) = {({i}, {5}) | Vi € [n], j € [n]}. (127)

Then we have Byiarrow(n) € Exchange(Myiarrom(r))- In addition, we have width(Byarrom(n)) =
2, which implies that width(Myarrom (1)) < 2.

To prove Fact 1, we first recall a well-known result from matroid theory which is referred as the
strong basis exchange property.

Lemma 22 (Strong basis exchange [26]). Let A be the set of all bases of a matroid T = (E,T). Let
A1, Ay € A be two bases. Then for all x € A1\ As, there exists y € A3\ Ay such that A1\{z} U
{y} € Aand A\{y} U{z} € A

Using Lemma 22, we are ready to prove Fact 1.

Proof of Fact 1. Fix a matroid T = (E,Z) where |E| = n and fix the bijection o: E — [n]. Let
Mumarro(7) be defined as in Eq. (126) and let Byjarrom(n) be defined as in Eq. (127). Let A denote
the set of all bases of T'. By definition, we have My rrom(ry = {0(A) | A € A}.

Now we show that Byjarrom(n) 18 an exchange class for Myjarrom (). Let M, M " be two different
elements of Myixrrom(7)- By definition, we see that 0~ (M) and o' (M) are two bases of 7.
Consider any e € M\M'. Let x = 0~ !(e). We see that z € o~ (M)\o~1(M").

By Lemma 22, we see that there exists y € o~ 1(M’)\o~* (M) such that
o *(M)\{z}u{y}e A and o '(M)\{y}U{z}ec A (128)

Now we define exchange set b = (by,b_) where by = {o(y)} and b_ = {o(x)}. By Eq. (128) and
the fact that o is a bijection, we see that M @ b € Myiarom(ry and M' © b € Myarrom()- We
also have b € Byarrom(n)- Due to the fact that M, M " and e are chosen arbitrarily, we have verified
that Byarrom(n) 18 an exchange class for Myarrom (1) -

To conclude, we observe that width(Byiarrom(n)) = 2- O

Now we show that TOPK and MB are special cases of the family of decision classes of derived from
bases of matroids. This enable us to apply Fact 1 to construct exchange classes and bound the widths
of these decision classes. We also note that one may use a more direct way to construct the exchange
classes for these two problems without appealing to matroids.

Fact 2 (ToPK). Forall K € [n], let Mropk(xy = {M C [n] | M| = K} be the collection of all
subsets of size K. Then we have Byixrrom(n) € Exchange(Mropk (k) and width(Mropk (i) < 2.

Proof. Let UK = ([n], Zx) where I is given by

I ={M C [n] | [M| < K}

Recall that U is a matroid (in particular, a uniform matroid of rank K) [26]. We know that a subset
M of [n] is basis of U if and only if [M| = K. Therefore, we have Mropk (1) = MMarroin (UK)-
Then we can conclude immediately by using Fact 1. 0

Fact 3 (MB). For any partition A = {A1, ..., Ay} of [n], we define
Mats(a) = {M Cn]|Vie[m] |MnNAl= 1}.

Then we have Byixrrom(n) € Exchange(Mropk (i)) and width(Myga)) < 2.

3 The three axioms of matroid are (1) § € Z and T # {0}; (2) Every subsets of an independent set
are independent (heredity property); (3) For all A, B € Z such that |B| = |A| + 1 there exists an element
e € B\ A such that AU {e} € T (augmentation property). We refer interested readers to [26] for a general
introduction to the matroid theory.
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Proof. Let P4 = ([n],Z4) where Z4 is given by
Za={MC[n]|Vie[m] |[MnA|<1}.
It can be shown that P4 is a matroid (known as partition matroid [26]) and each basis M of P4

satisfies [M N A;| = 1 for all i € [m]. Therefore we have Myg(4) = Mumarrom(p,4)- Then the
conclusion follows immediately from Fact 1. O

Fact 4 (Matching). Let G(V, E) be a bipartite graph with n edges. Let o: E — [n] be a bijection.
Let A be the set of all valid matchings in G. We define Myiaren(a) as follows

MMATCH(G) = {O’(A) ‘ Ae A}

Define the exchange class
Bumaren(a) = {(0(c+), o(c_)) | Jc € CUP, the edges of c alternate between c., c_ },

where C is the set of all cycles in G and P is the set of all paths in G. Then we have
Buyaren(e) € Exchange(Myiaren(a)). In addition, we have width(Byiaren(q)) < |V|, which im-
plies that Width(MMATROID(T)) S |V|.

To prove Fact 4, we recall a classical result on graph matching which characterizes the properties of
augmenting cycles and augmenting paths [4].

Lemma 23. Let G(V, E) be a bipartite graph. Let M and M’ be two different matchings of G.
Then the induced graph G’ from the symmetric difference (M\M')U(M'\ M) consists of connected
components that are one of the following

e An even cycle whose edges alternate between M and M'.

e A simple path whose edges alternate between M and M.

Proof of Fact 4. Fix a bipartite graph G(V,E) and a bijection 0: E — [n]. Let M, M’ €
Mumarcu(e) be two different elements of Myjxrcn(e) and consider an arbitrary e € M\ M . On
a high level perspective, we construct an exchange class which contains all augmenting cycles and
paths of G. We know that the symmetric difference between M and M’ can be decomposed into a
collection of disjoint augmenting cycles and paths. And e must be on one of the augmenting cycle
or path. Then, since “applying” this augmenting cycle/path on M will yield another valid matching
which does not contains e. We see that this meets the requirements of an exchange class. In the rest
of the proof, we carry out the technical details of this argument.

Define A = 0~ !1(M) and A’ = 0= 1(M’). Leta = 0~ 1(e). Then A, A" are two matchings of G. Let
G’ be the induced graph from the symmetric difference (A\A") U (A’\ A). Let C be the connected
component of G’ which contains the edge a. Therefore, by Lemma 23, we see that C' is either an
even cycle or a simple path with edges alternating between A and A’. Let C', contains the edges
of C that belongs to A"\ A. Similarly, let C_ contains the edges of C' that belongs to A\ A’. Define
by =0(Cy)andb_ = o(C_).Letb = (by,b_) be an exchange set.

Since b corresponds to either an augmenting path or an augmenting cycle, we see thatb € Byiarcn(a)-
Since a € C_, we obtain that e € b_. In addition, note that C, C A"\ Aand C_ C A\ A’. Therefore
we have by C M'\M and b_ C M\M'.

Since C is an A-augmenting path/cycle, therefore it immediately holds that A\C_ U C} is a valid
matching. Therefore, we have M\b_ U by € Myjuren(e)- Similarly, one can show that M"\b, U
b_ € Mwarcn(c)- Hence we have shown that Byaren () is an exchange class for Myguren(qy. U

Fact 5 (Path). Let G(V, E) be a directed acyclic graph with n edges. Let s,t € V be two different
vertices. Let o: E — [n] be a bijection. Let A(s,t) be the set of all valid paths from s to t in G. We
define Mpyry(G,s,t) as follows

MPATH(G,s,t) = {0'<A) | Ae A(s,t)}.
Define exchange class
Bpsru(a) = {(c7 (p), 071 (q)) | p, q are the arcs of two disjoint paths of G with same endpoints}.

Then, we have Bpyy(cy € Exchange(Mparn(a,s,t) ). In addition, we have width(Bpam(a)) < [V
and therefore width(Mpuru(a,s,0)) < V.

37



Proof. Fix a directed acyclic graph G(V, E') and a bijection o: E — [n]. Fix two vertices s,t € V.

We prove that Bp,y () is an exchange class for Mpyry(a,s,¢)- Let M, M € Mpyy(a,s,4) be two
different sets. Then o~ (M), o~ 1(M’) are two sets of arcs corresponding to two different paths
from s to t. Let P = (v1,...,vn,), P’ = (v],...,v;,) denote the two paths, respectively. Notice

that s = v; = v} and t = v,,, = v},,. We also denote E(P) = o~ *(M) and E(P') = o~ (M’).

Fix some ¢ € M\ M’ and define a = o~ *(e). Suppose that a is an arc from u to v. Since a is on
path P, there exists ¢ such that v; = w and v;11 = v. Now we define j; = arg maxjgi’vjep/j and
J2 = argmings,y , epr J- Notice that j; and j5 are well-defined since P and P’ intersects on at
least two vertices (s and t). Let vj = vj, and v}, = v;, be the corresponding indices in P’. Then,
we see that Q1 = (vj,,vj, 11, - -,v5,) and Q2 = (v}, , V), 41, -, V},) are two different paths from
vj, to vj,. Denote the sets of arcs of Q1 and Q)2 as E(Q1) and E(Q2).

Letb = (by,b_), where by = 0(E(Q2)),b— = o(E(Q1)). We see that b € Bpuy(c). It is clear that
a € E(Q1), E(Q1) C E(P)\E(P') and E(Q2) C E(P")\E(P). Therefore e € b_, b_ C M\ M’
and by C M'\M.

Now it is easy to check that E(P;)\E(Q1) U E(Q2) equals the set of arcs of path
(V15 3V Vh 15+ v+ s Uy 1 Ujis - - - » Uny ) (recall that v, = vy and v, = v} ). This means
that E(P1)\E(Q1) U E(Q2) € A(s,t) and therefore M\b_ U by € Mpyy(g,s,t)- Using a sim-
ilar argument, one can show that M'\b; U b_ € Mparu(a,s,r) and hence we have verified that
BPATH(G) € EXChange(MPATH(G,s,t))- O

G Equivalence Between Constrained Oracles and Maximization Oracles

In this section, we present a general method to implement constrained oracles using maximization
oracles. The idea of the reduction is simple: one can impose the negative constrains B by setting
the corresponding weights to be sufficiently small; and one can impose the positive constrains A by
setting the corresponding weights to be sufficiently large. The reduction method is shown in Algo-
rithm 4. The correctness of the reduction is proven in Lemma 24. Furthermore, it is trivial to reduce
from maximization oracles to constrained oracles. Therefore, Lemma 24 shows that maximization
oracles are equivalent to constrained oracles up to a transformation on the weight vector.

Algorithm 4 COracle(w, A, B)

Require: w € R", A C [n], B C [n]; Maximization oracle Oracle : R" — M
1: Ly « [Jw],

2: fori=1,...,ndo
3 if i € A then

4: w1 (2) — 3L
5: else
6.

7

8

9

w1 (i) < w(t)
Ly + [Jwa,
fori=1,...,ndo
if : € B then
10: wQ(Z) < —3L2
11: else
12: w2 (1) < wi(7)
13: M < Oracle(ws)
14: if BN M = (and A C M then

15: OQut=M
16: else
17: Out= 1

18: return: Out

Lemma 24. Given M C 2l w e R*, A C [n] and B C [n], suppose that AN B = (). Then
the output Out of Algorithm 4 satisfies Out € argmax,sc g ac i pry—p W(M) where we use
the convention that the arg max of an empty set is L. Therefore Algorithm 4 is a valid constrained
oracle.
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Proof. Let w; and wy be defined as in Algoritm 4. Let M = Oracle(ws). Let Ma g = {M €
M | AC M,BnN M = 0} be the subset of M which satisfies the constraints. If M 4 5 = (), then
it is clear M cannot satisfy both of the constraints A C M and B N M = (). Therefore Algorithm 4
returns L in this case.

In the rest of the proof, we assume that M 4 p # (. Since M A,B 1s non-empty, we can fix an
arbitrary My € M4 p, which will be used later in the proof. We will also frequently use the fact
that, for all v € R™ and all S C [n], we have

= l[vlly <o(8) < lvl]; - (129)

First we claim that B N M = (). Suppose that B N M # 0. Then there exists i € B N M and we fix
such an 7. Then we have

wa (M) = wy(M\{i}) + ws(7)

< wa(M\B) + wa(4) (130)
= w1 (M\B) + wa(i) (131)
< Ly —3Ly = —2Ls, (132)
where Eq. (130) follows from the fact that we(j) = —Lo < 0 for all j € B\{i}; Eq. (131)

holds since w; and w2 coincide on all entries of M\ B; and Eq. (132) follows from the definition
Ly = ||lw1]|; and Eq. (129).

On the other hand, observing that B N My = (), we can bound w (M) as follows
wa(My) = wi(My) > —Ls.

Therefore we see that wa(Mg) > wa(M). However, this contradicts to the definition of M since
M € argmax ;¢ wa(M'). Therefore our claim B N M = () is true. By this claim and since w»
and w; coincide on entries of [n]\ B, we have

Next we claim that A C M. Suppose that A € M. Then we have
wo (M) = wi (M) =wi (M NA)+w (M\A)

= 3|M N A|L; + w(M\A) (134)
< (3|A| =3)L1 + Ly (135)
= (3|A] = 2) Ly, (136)

where Eq. (134) follows from the definition of w;; and Eq. (135) follows from the assumption that
A ¢ M and therefore [M N A| < |A| — 1.

On the other hand, using the fact that A C M (since My € M4 ), we have

wa(Mo) = wy(Mg) = wy(A) + wi (My\A) (137)
= 3‘A|L1 + ’w(Mo\A) (138)
> 3|A|Ly — Ly (139)
= (3|A| = 1)L, (140)

where Eq. (137) follows from the fact that My N B = () and A C My; Eq. (138) follows from
the definition of w1, which ensures that w; and w coincide on M\ A; and Eq. (139) follows from
Eq. (129).

Therefore, by combining Eq. (136) and Eq. (140), we see that wo(My) > weo(M). Again this
contradicts to the definition of M, which proves the claim that A C M.

Now we see that A C M and BN M = (), which means that M € M A,B- Therefore, we remain
to verify that w(M) = maxyyea, 5 w(M'). Suppose that there exists M; € M, p such that
w(My) > w(M). Notice that BN M; = and A C M;, we have

Similarly, one can show that we (M) = w(M)+3|A|L; —w(A). By combining with the assumption
that w(My) > w(M) we see that we(M7) > wo(M), which contradicts to the definition of M.
Hence we have verified that w(M) = maxnrea , 5 w(M'). O
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H Preliminary Experiments: Identifying the Minimum Spanning Tree

In this section, we present some preliminary experimental results of our algorithms CLUCB and
CSAR. We conduct experiments on a real-world dataset with decision classes corresponding to col-
lections of spanning trees. We compare our algorithms with the uniform allocation benchmark UNI
discussed in Appendix E. The experiment results show that the proposed algorithms are considerably
more sample efficient than the UNI algorithm, which agrees with our theoretical analysis.
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Figure 6: Empirical probability of error of CSAR and UNI with respect to budget size T'.

Setup. Our task is to identify the optimal routing tree from a networking system which has the lowest
expected latency in an exploration procedure, where one can obtain noisy measurements of latencies
between different nodes. We model this problem as a CPE problem where the arms correspond to
edges and the decision class corresponds to the set of spanning trees (which is a special case of
matroids, as we have discussed in Example 3). We use a real-world dataset called RocketFuel [30],
which contains several ISP networks with routing information such as average latencies between
nodes pairs. We select three medium-sized ISP networks with numbers of edges ranging from 161
to 328. For each network, we model the latency X (e) of edge e as the sum of the given average
latency I(e) and an additive random noise N (0, 1). Then we model the reward of edge e as the
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negative latency — X (e) and therefore the expected reward of e is given by w(e) = —I(e). Notice
that we now need to find the spanning tree that maximizes the expected reward, which is exactly an
instance of CPE.

Since the ground-truth of expected reward w is known, we can compute the ground-truth of the
optimal set M, and the hardness measures H. Furthermore, in order to investigate the relationship
between H and sample complexity empirically, we generate a number of instances with different H
by adjusting the expected reward of each arm e € M, with a same additive quantity ¢y while not
changing the optimality of M,. By definition of H, we see that H decreases when ¢ increases.

Recall that the sampling process of CSAR is divided into n phases and, in the end of each phase, the
algorithm either accepts or rejects an arm. In practice, for some decision classes, there may exists a
phase t < n such that there is only a unique set of arms which satisfies all constraints of phase , i.e.
M4, B,| = 1 (see Section 5 for the definitions of A;, B; and M 4, p,). By the design of CSAR,
one can see that this unique element of M 4, g, will be the output of algorithm. In this case, the
remaining budget for phases ¢ + 1,...,n are wasted in the sense that they do not affect the output.
Therefore, in our experiment, we modify CSAR to utilize these remaining budget in this case by
using the following heuristic. If [M 4, p,| = 1 for some ¢t < n, we stop the algorithm and then
re-run the algorithm using the remaining budget. During re-running the algorithm, the algorithm
computes the empirical means of arms by using all samples including the samples from all previous
runs of the algorithm. This process continues until the the algorithm terminates normally or the
remaining budget is less than 30% of the original budget.

Evaluation method. We use the following evaluation procedure to compare the sample efficiency
among CLUCB, CSAR and UNI. Since CSAR and UNI are both learning algorithms in the fixed
budget setting, the comparison among them is straightforward: for each given budget, we run both
algorithms with this budget independently for 1000 times and compare their empirical probability
of errors (the fraction of runs where a tested algorithm fails to report the ground-truth optimal set
M.,). On the other hand, we use the following procedure to compare CLUCB with other fixed budget
algorithms. For each instance of ISP network, we run CLUCB independently for 1000 times. Suppose
that the ¢-th run of CLUCB uses T; samples, we also run UNI and CSAR with budget 7;. Then
we compare the empirical probability of errors of the tested algorithms after the 1000 runs are
completed. In this way, we see that the compared algorithms use an equal number of samples in
each run, which allows us to compare their sample efficiency. Finally, we set § = 0.3 for CLUCB
throughout the experiments.

Experimental results. We test all competing algorithms using the aforementioned evaluation
method. The experimental results are shown in Figure 4, Figure 5 and Figure 6. From the results
(Figure 4 and Figure 6), we see that both CLUCB and CSAR are consistently more sample efficient
than UNI by a large margin, i.e., they incur a smaller empirical probability of error than UNI when
using a same number of samples. This matches our theoretical analyses of these algorithms. We
also see that the probability of error of CLUCB is always smaller than the guarantee 6 = 0.3 (Fig-
ure 4) and the sample complexity of CLUCB is approximately linear in H (Figure 5), which agrees
with our theory that the sample complexity bound for the spanning tree decision class is O(H) (see
Example 3).
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