Supplementary Material for “Combinatorial Partial Monitoring Game with Linear Feedback
and Its Application”.

A. Full proof for Theorems 4.1 and 4.2

If the reader will recall, we have the following problem-specific constants in the main text: the size of the global observer set
|o|, parameter L > 0 from the continuity assumption, error bound (3, = max ||(MJM,)~! Z‘gl MJ M, (vi — vo)l|2.
where the max is taken from vg, vy, V|5 € [0,1]™, and the maximum difference in the expected reward Ry =
MaXy, z.eX,vefo,1r [T(T1,V) —T(22,V)].

For technical reasons, we also defined ¢(v) = max(min(v, 1), 0) to adjust v to the nearest vector in [0, 1]", and 7(x, v) =
7(x,p(v)), Vv € R™\ [0,1]™ to preserve the Lipschitz continuity throughout R™.

To make our proof clearer, we define v(t) as the state of any variable v by the end of time step ¢. Our analysis is based on
the snapshot of all variables just before the statement ¢ <— ¢ + 1 (Line 14 and 30). One batch processing in exploration
phase is called one round, and then n, is increased by 1. Denote 27 as the estimated mean of outcomes after j rounds
of exploration. For example, at time ¢, the estimated mean of outcomes is #(t) and the exploration counter is n,(t), so
we have 2" (") = p(¢). And for time step ¢ + 1, the player will use the previous knowledge of U(t)togetz(t+1) =
argmax,c  7(x, U(t)) and 27 (¢ + 1) = argmax, ¢y (z(:41)} T(Z: P(1)).

In the following analysis, the frequency function is set to fx(¢) = Int 4+ 21In|X|. Note that by using fx(t), we can

construct the confidence interval %(t) to eliminate failures with high probability. Define N (t) = |X'|?¢, which will be
8L2p2
a2

frequently used in our analysis, then exp{—fx(t)} = N(¢)~!. Leta =
later.

, where a > 0 is a parameter to be tuned

The symbols used in the proof are listed in Table 1, and to facilitate the understanding of our proof, each lemma is briefly
summarized in Table 2. Below we give an outline of the complete proof, which consists of three main parts:

e First, we introduce some general insights, present the preliminaries, and prove basic properties of our model and the
Algorithm GCB, which is shared by the proofs of both distribution-independent and distribution-dependent regret
bounds. Next, we obtain the concentration property of the empirical mean of outcomes via Azuma-Hoeffding In-
equality (Fact A.2) in Lemma A.3. Lemma A.13 shows that our algorithm bounds the number of exploration rounds
by O(TQ/ 31og T'), which implies that our algorithm will not play exploration for too long. In Lemma A.14, we prove
that when the gap between the estimated optimal action & and the second optimal 2~ is large (i.e. the first condition
in Line 8), with low probability the estimated optimal action is sub-optimal. This means that our global confidence
bound will exclude sub-optimal actions effectively.

e In Section A.1, we prove the distribution-independent regret bound of O(T% log T') (Theorem 4.1 in the main text). In
Lemma A.15, we show that the gap between the estimated optimal action & and the real one x* decays exponentially
with the number of exploration rounds. Thus, the penalty in exploitation phase can be derived in Lemma A.16. Then,
we use Lemmas A.13 and A.16 to prove Theorem 4.1 in the main text. Hence the distribution-independent bound
O(T% log T) is achieved.

e In Section A.2, we prove the distribution-dependent bound of O(logT') related to the predetermined distribution

p, assuming that the optimal action z* is unique (Theorem 4.2 in the main text). First, we show in Lemma A.17
Int4+21n |X|
AZ

tion & being sub-optimal is low. Then, in Lemma A.18, we combine the results of Lemmas A.14 and A.17 and
show that with a low probability the algorithm exploits with a sub-optimal action. Thus, Lemma A.18 is enough to
bound the regret of exploitation. Next, we bound the regret of exploration by bounding the number of exploration
In ng In | X|

min

that, when the algorithm plays 2 ( ) rounds of exploration, the probability of the estimated optimal ac-

rounds to O ( ) in Lemma A.22. This is done by showing that whenever the algorithm has conducted

(C] lnt22271n|2¥|) rounds of exploration, with high probability it switches to exploitation (Lemma A.19), and then ag-

gregatingm};ultiple switches between exploration and exploitation in the proof of Lemma A.22. Finally, we combine
Lemmas A.18 and A.22 to prove Theorem 4.2 in the main text.

Fact A.1. The following probability laws will be used in the analysis.



Symbols in the main text H Definition

v(t) state any variable v by the end of time step ¢
v e [0,1]" outcomes of the environment
v e [0,1]" estimation of outcomes through inversion
v mean of outcomes
v empirical mean of outcomes
zeX action x in action set X’
r(z,v),7(z,v) €R reward function taking = and v, and expected reward function taking x and v
M, € Rm=X"n transformation matrix of action « where m, depends on x
y(t) € R™Me® feedback vector under the choice of x(t)
y vector that stacks feedbacks from different times
As, Amax, Amin reward gap of action x, of the maximum, of the (positive) minimum
ocCX global observer set of actions
L Lipschitz constant
Bo distribution-independent error bound from o
Rinax distribution-independent largest gap of expected reward
fx(t) frequency function
x* real optimal action
Z(t) estimated optimal action at time ¢
= (t) estimated second optimal action at time ¢
’ Symbols in the proof H Definition
Ny exploration counter
w(t), n(t) threshold functions
X Good yBad — y good action set, and bad action set
FGood " FBad event of choosing good action set, and bad action set
Lor, LGy event of occurring gap being larger than confidence interval and its complement
gExplore " glnExplore " cFinExplore 1 eyent of doing exploration, being in the middle of it, and being at its end
SExploit event of exploitation
5“@] , 5%% (t) eR reward gap of action z; and x;, and its estimated value at time ¢
Gx the event indicating the first occurrence of k rounds of exploration

Table 1. List of symbols in the proof.

Succinct interpretation of the results Dependence
Lemma A.3  Estimate of outcomes concentrates around the mean. Fact A.2
Lemma A.7  Difference of real and estimated gap is bounded.
Lemma A.8  Estimated error of outcomes is small compared to the confidence interval. Lemma A.3
Lemma A.13  The counter of exploration is bounded within O(T%/3 log T').
Lemma A.14  Finding a bad action to fail confidence interval occurs rarely. Lemma A.8
Lemma A.15 Incurring a large penalty for current optimal action is rare. Lemma A.3

Lemma A.16  The penalty in the exploitation phase is bounded.
Theorem 4.1  Distribution-independent bound: O(T%/3log T').

Lemmas A.14, A.15
Lemmas A.13, A.16

Lemma A.17 With enough exploration, finding a bad action is rare.
Lemma A.18 Finding a bad action and exploiting it become rare as time elapses.

Lemma A.19  With enough exploration, finding a good action but yet exploring becomes rare.
Lemma A.20  Once the algorithm performs enough exploration, it switches to exploitation.

Lemma A.22  Exploration rounds are bounded.
Theorem 4.2  Distribution-dependent bound: O(log T').

Lemma A.3
Lemmas A.14, A.17
Lemmas A.3, A.7, A.13
Lemmas A.17, A.19
Lemma A.20
Lemmas A.18, A.22

Table 2. List of lemmas and their dependencies in the proof.




o Law of Conditional Probability: Pr[A N B] =Pr[A| B] - Pr[B].

e Law of Total Probability: if {B,, : n = 1,2,---} is a set of disjoint events whose union is the entire sample space,
then
Pr[A] =) Pr[A A B,].

Fact A.2 (Azuma-Hoeffding Inequality in Euclidean Space (Theorem 1.8 of (Hayes, 2003))). Let X = (Xo, -, X,,) be
a very-weak martingale, which is defined for every i, B [X,; | X;—1] = X;_1, and it takes values in Euclidean Space, such
that for every i, X; € R%. Suppose Xo = 0, and fori =1,--- ,n, | X; — X;_1||2 < 1. Then, for every ¢ > 0,

c—1)2 2
Pr|Xolls > € < 2e1 5 < 2¢2e 5w, (1)

We can use the preceding fact to obtain the concentration property of outcomes during exploration.

Lemma A.3 (Concentration during exploration). After the exploration round i =1,2,--- ,j atty,ta,--- ,t; respectively,
we use the inverse to get v; = I(M,, ¥(t;)) = My, and their mean is o) = % J_1Vi. Then, ¥y > 0:
) 2 v%j
(i
Pr[lv -V 2] <2 exp{—55 ) )
Proof. For each i, let X; be the sequence sum satisfying X; = 22:1 "E—{'f, where E [”g{“} =0, and || ”5‘71' 5 < 1. So
X,— X, = ”g—‘? implies || X; — X;_1||2 < 1. And we know that v; is independent of the previous inverse v, - -+ , V;_1,
so it holds that
E[X; | Xia] = X1 =E[X; — X; 1 | X4 (3)
vV—v;
g [ro XH] @)
5
vV — {’z
=E =0. (%)
5]
Therefore, X = (X, -+, X,,) satisfies the definition of a very-weak martingale. Apply Fact A.2, and it will achieve the
€2 .
bound Ve > 0, Pr [[| X;||2 > €] < 2e%e” 2. Lety = eﬂj—f’, asv — V) = %"Xj, we will get:
: 72
v7>QI&Hu—M”mzy}<zﬁmp—ﬂﬁ} ©6)
O

Under a predetermined outcome distribution p with mean outcome vector v and * = argmax,cy 7(, V), in the main
text we define the gap:

A, =F(z*,v) — F(x,v), @)
Apax =max{A, : z € X'}, (3
Apin =min{A, : x € X, A, > 0}. 9)

Definition A.4 (Good actions / bad actions). Based on the distance to the optimal action, define good actions and bad
actions as:

xOood 2Lq Ve € X, A, =0} (10)
XBud &1y Vr € X, A, > 0}. (11)

Therefore, X = X6°°4 U X84 Moreover, x* € X9, (x* is unique if and only if | X9 = 1.)



Definition A.5 (Events of finding a good action / bad action). Define #(t) £ argmax,  7(z,&(t — 1)) as the current
optimal action at time t. Let F5%(t) be the event that fails to choose the optimal action at time t. Formally, F5%(t) and
its complement event are:

Fhed () £ {5(t) € APty (12)
Foood(t) £ {&(t) € X9} (13)

To build the connection with the exploration round j, we define the time-invariant event .7-"6?‘)‘1 as the event in which the
algorithm fails to choose the optimal action after j rounds of exploration:

Fia £ {30) € xbad} (14)

FGged & {55(3') e XG””d} , (15)

where $U) = argmax, . y 7(, o),

By definition, it is always true that .7733 (t-1)) = FBad(¢) and ]-"(n (t-1) = = FOood(¢),

Definition A.6 (Estimated gap and real gap). For any pair of action x;,x; € X, defined the gap of estimated reward
between x;, x; as

Sy (£) 2 Ty, D(t — 1)) —T(aj, D(t — 1)),

and the gap of real reward between them as

(1>

O; 2, = T(xs,v) = T(25,V).

Lemma A.7 (Bound of the gap). For any pair of action x;, x; € X, we establish the inequality over time t as:

105,05 (t) = Oy ;| < 2Ll — D(t — 1) 2. (16)
Proof.

(00,2, (8) = G, | =|(F(i, (8 = 1)) = F(ai,0)) = (P, 0(t = 1)) = T(a,v))] (17
<[r(wi, 0(t = 1)) =Tz, v)| + [F(2;, 0(t = 1)) =Tz, V)| (18)
<Lllv—o(t =12+ Lllv =&t — 1|2 (19)
=2L|v —o(t = 1)]2. (20)
O

Lemma A.8 (Small error in estimation). Given time t, for fx(t) =Int + 21In|X|, a = 8L:f a ,and a > 0,

o 2¢2 _ 43212

Vy >0, Pr l||1/—v(t—1)||2 >y {tx—()) |X|2N(t)1 reanll (21)




Proof. As the time of exploration equals to the counter ny (t — 1) and (¢t — 1) = 2" =) we have:

Pr| v -t~ D)2 > 7 n“{;‘“)l)] 22)

«— afx(t)
=D Pr|y—pt D)y >y T A gt —1) = (23)
= ne(t—1)

:§:m|w_9mM27. W}@
J

A ng(t—1)= j] (24)

<> Pr|lly—oP) >y (25)

af»«_(t)]

t—1 Fo®) :

< g 2e? exp { — (7‘ X > J {Lemma A.3} (26)
- Yafx(t)

< E 2e? exp {—)2(} (27

<y 22N (1) 2% . (28)

8L282 e
Asa = < and a > 0, the probability is:

a2

afx(t)

P g N7
g no(t — 1)

v =t =12 =7y

] <22(t—1)-N(t) 22 < ——N(t)'" . (29)

O

Definition A.9 (Events of exploration or exploitation). In Algorithm GCB, for any time t, we can define three events,
namely the beginning of exploration EEP'"(t), in the process of exploration EMEP (t) and exploitation EE"!(t). They
are mutually exclusive, and EEPI7¢ () \y EMEplore () y EEPIOI (1) s always true. Formally, it is:

gEwlore (1) & Lstate(t) = begin_exploration} (30)
glnExplore(t) A {Stdt@(t) = in,explomtion} G
gEXPlvi'(t) £ {state(t) = exploitation} . (32)

Definition A.10 (Events related to confidence interval). In Line 8 of Algorithm GCB, we can define the event for the first
condition where the gap of estimated optimal action and other actions is larger than confidence interval as Lo (t) at time
t, ie.,

cma)—{we»c\{f<t>},5@<t>,x<t>> ;“{;{”1)} (3)
And its complement event is:
&(t){axeX\{ﬂt)},S@(t),x(t)s M} (34)

Remark 1. In Algorithm GCB, we know that the first condition of Line 8 is true, if and only if Loy(t) =

{Vm e X\ {z(¥)}, Si(t)ym(t) > nif(f Etl))} occurs. Thus, we use the equivalent event in the following proof to make

it clearer.



8L?B2

Definition A.11. For simplicity, suppose o = =, constant a > 0 and 6 > 0, then we can define two threshold
functions:
n(t) =t5 fx (1) (35)
« t
p(t) =(1 + fa)? Z;“ ( ) (36)

Note that 1)(t) and u(t) are values, not random variables.

3
Proposition A.12. [ft > Ty = %ﬁ, then u(t) < n(t). (It can be verified by the definition.)

Lemma A.13 (Exploration Ceiling). Let o > 8L:f 2 anda > 0. For any time t, if the exploration counter ny (t—1) > n(t),
the algorithm will play exploitation surely, i.e.,
Pr [ERP7(t) | no(t — 1) > n(t)] = 0. (37)

Proof. If n,(t — 1) > n(t), then Line 8 of Algorithm GCB will be true because of its second condition. According to the
algorithm, it will not go to exploration phase, so we know that

Pr [EBP0(4) | ng(t — 1) > n(t)] =0, (38)
which restricts n, (¢ — 1) to no larger than |n(¢)] 4+ 1 at any time ¢. O
Lemma A.14 (Low failure probability of the confidence interval). Let fx(t) = lnt+21n |X|, o > SL;ﬂ : and0 < a < %

For any time t, the probability that both choosing bad action and the gap is larger than confidence interval satisfies:

2
Pr[Lor(t) A FP()] < %N(t)—? (39)
Proof. The definition of F5%4(¢) = {#(¢) € AB*} implies Iz* € X \ {#(¢)}. Their gap is
O (o), (1) =T(2(1), D(t = 1)) = T(a", D(t — 1)) (40)
<F(z@),0(t—1)) =7z, 0t — 1)) +7(z*,v) — F(Z(t),v) {Definition of z*} 41)
<[F(&(t), o(t — 1)) =7 (2(@), v)| + [F(2", v) = 7(z", D(t — 1))] 42)
<L v - b(t— 1)l (43)
Thus, we can write the probability as:
Pr[Lcr(t) A FP(1)] (44)
b [ € X\ {30 Ban s > 1] IO oy (45)
- s Oz (t),x = n(,(t — 1)
_AA afx(t) Bad
P afr(t)
<Pr |0z(1),0+ = m (47)
<Pr |l — oDy > na{t"(t)l)] (48)
< 262_N £yl Lemma A.8 with 7 = — 49
<P )= {Lemma A.8 wi T=57 49)
2¢? 9 1
_|X|2N(t) : {O<a§%} (50)



A.1. Distribution-independent bound

Lemma A.15. Foranye > 0,Yj = 1,2,--- |t — 1, when the algorithm has played n,(t — 1) = j rounds’ exploitation at
time t, the probability of incurring penalty € satisfies

S22
. je€
Pr[Azs =€ A ng(t—1) = j] §2eQeXp{—8Lﬂg}. (51)
Proof. Ay is the real gap of reward between ™ and & (t):

Ag(t) =0z 3(1) (52)

<O at) + Oa(t).ax (2) {Definition of #(t)}  (53)

by i) — a5 (1) (54)

<[F(a*,v) —=7r(z", o(t — 1)) + [7(&(t),v) —7(2(t), o(t — 1))] (55)

<2L|v — D(t — 1)||z = 2L|jy — o D), (56)

When n, (t — 1) = j, we can conclude that the probability of incurring a large penalty is:

Pr [A@(t) >e A ny(t— 1) = j} <Pr [2.[/”1/ — ﬁ(n”(t_l))ng >e A ny(t— 1) = ]} (57)
< _ @, > &
<Pr by~ #Vlly > 57| (58)
2 j-é
<2¢” exp {W} . {Lemma A.3} (59)
O

In Algorithm GCB, we know that the exploitation is penalized with respect to the regret only if it chooses a bad action and
exploits it simultaneously, i.e., F2%(¢) and EEP (1) are both satisfied. When the algorithm chooses exploitation at time
t, the regret at that time will be E [Ag ) - T [FB2(t) A EBPPI(R)]].

Lemma A.16 (Penalty of exploitation). Ve > 0, Algorithm GCB with fx(t) = Int + 2In |X|, o = SL;fi, 0<a< %
and n(t) = t3 fx(t), the penalty in the exploitation phase at time t will be in expectation:
E [Asqy - L[FPt) A EFPM1)]] < €+ Appax - EN(t)_2+262 exp 1)< (60)
Z(t) > max ‘XIQ SLQBg .
Proof. Ve > 0, the expectation satisfies:
E [Agz - L[FP(E) A EFPON ()] (61)
—E [Aa?(t) |J—_-Bad(t) A 5Exploit(t)] . Pr []_-Bad(t) A 8Exploit(t)] (62)
=E [As) | Doy <€ A FPRUE) A EPPONE)] - Pr[Azey <e A FP) A EPPPN ()]
+E [As) | Doy =€ A FPUE) A EPPON@)] - Pr [Azy > € A FP(t) A ERPON(1)] (63)
<e-Pr[Azp <e A FPR(t) A EPPON)] 4+ Amax - Pr[Azy =€ A FP(t) A EPOPN()] (64)
<€+ Amax - Pr[Agy > € A FP(E) A EPPON()]. (65)

By definition, exploration event EEPOU(t) = { L/ (t) V n,(t) > n(t)} happens when no other action is in the gap L (t)
or the counter n,(t) > n(t). And we know that n,(¢) is no larger than |7(t)] + 1, because it is a hard constraint implied



by Lemma A.13. Therefore, the probability in the second term is the joint of these two events:

Pr[Asuy > € A FBY(1) A EBPO1 ()] (66)
=Pr[Azu) =€ A FPUE) A (Lor(t) V ng(t—1) > n(t))] (67)
=Pr [Asy =€ A FP(t) A Lep(t) A no(t—1) < n(t)]

+Pr[Azy =€ A FPUE) A ng(t—1) >n(t)] (68)
<Pr[FP(t) A Lor(t)] +Pr[Aspy > € A FPE) A n(t—1) = [n(t)] +1] (69)

E;,ZN() 2 4 902 exp{_g(z)z'ﬁg}, {Lemma A.14 and A.15} (70)

Therefore, we have
Bad Exploit 2¢? _2 2 n(t) - €
E [Agz - T[FP(E) A EPPYH)]] < €4 Amax - (WN(t) +2e exp{— 81772 }) (71)
O

Theorem 4.1 (in the main text): (Distribution-independent bound). Let fx(t) = Int + 2In|X|, and o = 24L%32. The
distribution-independent regret bound of Algorithm GCB is:

2 2 4 2
R(T) <Rupaxlo| - T3(InT + 21n | X|) + gLﬁgTs + R <|0 + e) . (72)

Proof. From the algorithm, we know that it either plays actions in the exploration phase or in the exploitation phase. The
exploration phase will take time || to finish, and its penalty is > . A,. And the penalty of playing exploitation is Az
at each time step ¢.

xreo

= > AEng(T)+ Y E[Azq -L[FP(t) A 500 1)]]. (73)

Vx€o t=1

From Lemma A.13, we can infer that if the exploration counter n, () > n(t) = 3/2® it will no longer play exploration.
Therefore, the expected number of rounds of exploration satisfies I [n, (T)] < T3 fx(T) + 1, so the regret for exploration
is

ST AER(T)]< Y A, (Tan )+1). (74)

VxEo Vxeo

Let e = 4LB3,¢~ %, then n(t) = t3 fx(t) and gé?;z = 2fx(t). Therefore, we can apply Lemma A.16 to get the regret of
exploitation part:

T
Z]E [Am(t []_-Bad( ) A gExploit(t)]] (75)
t=1
T

2e n(t) - €
SZ[E"‘AmaX' <X|2N() 2+262€Xp{_ 8(L)2IB2 }):| (76)
t=1 o
r 2e?
<M [4Lﬂgt‘3 + Ao - ( Tp e ) N(t )‘2} (77)
P |
8 2¢? 1
g BGT +Amax : <|X|2 +2 > W (78)
Therefore, we will have
4 2
RT)< S A,-T%- (T +2In|X]) + L,BgTs + (Z A, + |;|4 X) . (79
Vx€o Vx€o



As A, and A, is bounded by Ry, under any distribution, we conclude that:

8 4e?
R(T) < Ruyax|o| - T3 - (InT + 21 |X]) + 5L@,T% + Ruinax <|0| + X|4> (80)

A.2. Distribution-dependent Bound

Under a predetermined outcome distribution p, the minimum gap between optimal action and sub-optimal action is A ;y,.

It follows that:

Lemma A.17 (Condition of choosing optimal action). Suppose we have played exploration round j, at time t. If b > 1,
22

Vji>b- SAL2 ?" fx(t), Algorithm GCB will choose the optimal action with high probability:

Vi>h- 8L o' P Bad 62 8
J =z Afnln fa(t), r[}—(j)} W. (81)
Proof. According to the definition, F, F) only occurs only if one sub-optimal action has the largest estimated reward.

Pr [ffﬂ (82)
<Pr [be € B w9 ¢ x0ood 7z 50)) < F(zb, pU) )} (83)
<Pr [Exb € B Jz9 ¢ 10008 (19 p )y < F(ab, ﬁ(j))} (84)
< Y pr [?(xg, )~ (b, 5D) < } {Union bound} (85)

Ib eXBad

.TQEXGOOd

— — ~ () Amin —/ b — b ~(F) Amin
< Z Pr |7(29,v) = F(a9,0VY) > —— | + Pr |F(a”,v) = F(2”,pV)) < ———— (86)
Ib EXBad 2 2
IQEXGOOd
— — ~(7) Amin ) Amin
< Z Pr |[F(z9,v) — F(z?,0Y))| > =221 4 Pr |[F(2®, v) — 7F(2b, 0V))] > =22 (87)
IbEXBad 2 2
IQGXGOOd
~ (4 Amin
< ) 2P {LHV — o9y > 2} (88)
IbGXBad
zgeXGood
Thus, by Lemma A.3, it is
Amm
Pr [fggd} < Y o {Lny — oD > =g (89)
:EbEXB“d,I'qEXGDUd
J min
< D aden{-3 52} (90)
:EbEXBﬂd7w9€XGmd
] min
§462|XBad\ . |XGood| exp{— LQBQ} 91)
2 2 ] min Bad Good| __
<e?|] exp{—smz} (%) + 260 = 2]} (92)
Therefore, if j > b - 8L ﬂ" fx(t), b > 1, we can conclude:
2|X|2 o2
Pr |7 < 93
O = TN@E T N &5



8L%32

Lemma A.18 (Exploit the Optimal Action). Let o > L 0<a< -Landd > 3. For any time t > Ty, the

a2 V3
probability of FB(t) and playing exploitation in Algorithm GCB is:
Pr [£RP1 (1) A FP(t)] <3e*N(t) 2. (94)

Proof. If t > Tp, and EFPPU (1) = { Lo (t) V ny(t — 1) > n(t)}, we can write the probability of exploitation as:

Pr [£F9 (1) A FP()] 95)
=Pr [EBPOU(t) A FBY(E) A ny(t—1) >n(t)] + Pr [EFPPN ) A FB4) A ng(t — 1) < n(t)] (96)
<Pr [FP(t) A no(t—1) >nt)] +Pr [Lor(t) A FP) A ng(t—1) < n(t)] (97)
<Pr [FP(t) A no(t—1) > n(t)] +Pr [Lor(t) A FP(t)] (98)
<Pr [FP(t) A no(t—1) >nt)] + E{e'zzv(t)? {Lemma A.14}

99)

Since we know that n,(t — 1) > n(t), 0 < a < % and 6 > 1, then

(1+46a)> 8L?B2fx(t) 8L B2 fx(t)
ne(t —1) > n(t) > p(t) = T A% >3- AT .
By Lemma A.17, the following inequality holds:
Pr [FP(t) A no(t—1) > n(t)] (100)
t—1
< > Pr[FP(t) A ng(t—1) =] (101)
J=n(t)
t
- Y pr [f(‘ifj(t_l)) A ng(t—1) = j} (102)
J=n(t)
t—1
<Y Pr {f(‘j.gd] (103)
Jj=n(t)
t—1 62
<) Ok {Lemma A.17 with b = 3} (104)
J=n(t)
<e*N(t)72 (105)
Therefore, we can get:
. . 2 2
Pr [£E0i () A FB()] < 2N (1) 72 + ﬁN(t)’Q < 362N ()2 (106)

O

Lemma A.19 (The exploration probability will drop). Suppose the instance has unique optimal action under distribution

292
p ie, |X9% = 1. Let o > 8La2’8", 0<a< % For any time t > Ty, whenn,(t — 1) > p(t) = (1 + Ga)Q%@ where

6 > \/3, and the probability of F¢°!(t) and exploration happening simultaneously is:

2
Pr [EEPlre(t) A FOol(£) A my(t —1) > p(t)] < %N(t)*? (107)

Proof. By definition, the event that exploration happens at time ¢ is P17 (¢) = {£Z,(t) A n, < n(t)}. Whent > Ty,
it is true that n(t) > u(t).



On one hand, if n,(t — 1) > n(t), then by Lemma A.13, we know that

Pr [EBPO(1) A ng(t —1) > n(t)] (108)
=Pr [EPP°(t) | ny (t — 1) > n(t)] - Pr[n, (t — 1) > n(t)] (109)
—0. (110)

On the other hand, for u(t) < n,(t — 1) < n(t), whether to play exploration only depends on the event L, (t). If
Foood(t) = {&(t) € X9} and with the assumption that | X! = 1, we know that X9 1 (X \ {2(t)}) = @. So the
gap at time ¢ is, Vo € X'\ {&(¢)},

5£(t),x(t) - Sa:*,ac(t) 251*,1 - |(§x*,x(t) - 51*,x| (111)
>Apin — |5xx(t) — Op* g {Ain is the minimum gap} (112)
>Amin — 2L - ||[v = D(t — 1)||2. {Lemma A.7} (113)

And we also know that if n,(t — 1) > u(t) = (1 + 9@)2%“),

min

an (t) < Amin

114
ne(t—1) — 1+ 0a’ (114)
thus we can get
Pr [EFP0(t) A FOOUt) A p(t) < ng(t—1) < n(t)] (115)
=Pr |3z € X\ {&(1)},5: x() - o -
= 0,2 (t) <4/~ R (t) A p(t) <nglt—1) <n(t) (116)
<Pr | Apin 2L [ = (0 = Dl <20 A ) < ot - 1) Sn(t)] (117
i ~ Arnin
<Pr |Amin —2L - |lv —D(t — 1)||2 < A p(t) <ng(t—1) <n(t) (118)
i 1+0a
[ (g (t— fa
=Pr |2L- v — oy > e Bmin A plt) Sno(t—1) < n(t)] (119)
[ - (ng (t— Oa
=Pr |20 [ - pre =y > o g dmin A () S ng(t—1) < n(t)] (120)
n(t) - 0
= 42 Pr|2L - [jv — o D), > T g Dmin A no(t = 1) =j] (121)
j=p@) "
n(t) - o) Oa
< P ' -V > ———Anin o\l — =J
7{2 r |20 ||lv =DV s > 1+0aA A ng(t—1) ]] (122)
j=p@) =
n(t) - o) Oa
< P 2L - -V > — min | -
< Z r v =Yy > 1+0aA ] (123)
j=p@) =
Leta> 302 0 <a< L. Forj= pult), - ,n(t) and u(t) = (1 + 0a)> 22 recall Lemma A.3, then we have:
> ==, < 75- Forj = pu(t), -+, n(t) and p a)® =33 =, recall Lemma A.3, then we have:
; 1 fa
_ 5@ > . .
Pr |:||V vy > 5T 1+9aAmm} (124)
2 (60’)2A12nin J
<2e exp{— (1 +00) 31257 {Lemma A.3} (125)

<2e? exp {—07fx (1)} {7 > p)} (126)
<22N(t)~7". (127)



Therefore, we have:

Pr [EFP0(t) A FOU ) A ng(t—1) > p(t)] (128)
—Pr [E5P0(1) A FOOU(1) A g (t—1) > n(t)]
+ Pr[EFPoe(g) A FOU ) A p(t) < ng(t—1) < n(t)) (129)
n(t) )
<0+ > 2*N(t)™’ (130)
J=nu(t)
<22t - N(t)™" (131)
262 1-92
<pN O (132)
2¢ Ny {Let 6 > V/3) (133)
s ' -
O

When the instance has a unique optimal action #* under distribution p, the following lemmata ensures that exploration will
not continue endlessly, thus it will switch to exploitation gradually. For simplicity, we consider the case that the exploration
round has already reached p(7") at given time 7.

Lemma A.20 (Switch to exploitation gradually). Suppose the instance has a unique optimal action x* under distribution
p. Given time T, if for nme i < T the exploration rounds n,(i) = u(T) has already been satisfied, where u(T) =

(1+0a)? aﬁ)“(T) 0<a < .0 > /3. Then Vt, max{i + 1, Ty} <t < T, the probability of playing exploration is:

Pr [EFP7(t) A n, (i) = p(T)] < 4e’N(t)~>. (134)
Proof. As n, (i) = u(T), we know that
ne (1) = u(T) =ns(t — 1) > ny (i) = w(T), (135)

which implies that the event n, (i) = p(7') is the subset of the event n, (¢t — 1) > u(T).

Pr [EBP (1) A ng(i) = p(T)] (136)
<Pr [EF9%(t) A n,(t—1) > u(T)] (137)
=Pr [EBPlo () A FOU L) A m,(t—1) > u(T)]

+Pr [gFP0(t) A FPE) A ny(t—1) > p(T)] (138)
<Pr [EPPlre(t) A FOUE) A ng(t—1) > pu(T)] (139)
+Pr [FP(t) A no(t—1) > p(T)]. (140)

From Lemma A.19, the first part is

Pr [gBe(t) A FOU ) A ng(t—1) > pu(T)] (141)
<Pr [EBwlre(t) A FOUt) A ng(t—1) > pu(t)] (142)
2¢? 9
S\XIQ -N(t)72 (143)

For the second part, as 0 < a < f and 6 > /3, we can get

2 f;( ) > (14 6a)? ag() (1 ZfQ)Q . 8L2§fo(t) . 8L2§fo(t).

min min min min

u(T) = (1+ba)

\%

(144)



Thus, by using Lemma A.17, it is

Pr[FP(t) A ng(t—1) > u(T)] (145)
t—1
= Y Pr[FR() A ng(t—1) =] (146)
J=m(T)
t—1
-3 P {]—‘F,j‘f(tfl)) A ng(t —1) :j} (147)
j*#(T)
Z Pr |8 A malt—1) = j] (148)
J=n(T)
t—1
Bad
<Y P {J-"(j)} (149)
J=m(T)
2¢2
<t - . i =
<t IN(D? {Lemma A.17 with b = 3} (150)
<2e?N(t)72. (151)

Therefore, we can get

Pr [EBPO(1) A ng(i) = p(T)] < WN 24 2e2N"2 < 4e? N2 (152)

For counter n,, the following definition characterizes its first occurrence to be k.
Definition A.21. Given k, for any t, we define the event that n,(t) = k and n,(t — 1) = k — 1 as Gi(t), i.e

Gr(t) ={ns(t) =k A n,(t —1) =k —1}.

Lemma A.22 (Exploration Numbers). Let i(T) = (14 0a)? %5 % (T) ,0<a<

there is a unique optimal action, i.e.,

and 0 > /3. 3. If under distribution p,
<T)is:

f

2 To
In(T+1)+ 1+ Pr[870(1)]. (153)
t=1

4e
E [, (1)) < 1) + (s

Proof. Note that it takes |o| time steps to play exploration and then to increase n, by 1. EFNEXPlre () g the event that the
algorithm finishes one round of exploration and updates n,, at time ¢. Then, we have EFinExplore(3) — gExplore( 5| 4 1)

andVt =1,2,---, |o| — 1, Pr [gFinExplore ()] = 0, meaning that the event never happens for t < |o|. By definition, we can
get:
T T T—|o|+1
E [na (T)] — Z Pr [gFmExplore(t)} — Z Pr [gFmExplore(t)} — Z Pr [gExplore(t)]. (154)
t=1 t=|o]| t=1

Because the accumulation of exploration rounds is n,(T'), therefore its expected number can be:

T—|o|+1
Ene(T)) = Y Pr[E5%(t)] (155)
t=1
T—|o|+1 T—|o|+1
Z Pr [EFP () A n, (T) < w(T)] + Z Pr [EFP () A n, (T) > w(T)]. (156)
t=1 t=1



The following inequality ensures that the first part is not large:

T—|o|+1
> Pr[ERPOR(t) A ng(T) < u(T)] (157)
T—t|j+1
> Prng(T) < u(T)] - Pr [E%9°%(t) | ng(T) < pu(T)] (158)
T—|o|+1
<Pr[ng(T) < p(T)]- > Pr[e¥0%(t) | ny(T) < u(T)] (159)
t=1
<Pr[ng(T) < p(T)] - Y Pr[EFMEP= (1) | 0y (T) < pu(T)] (160)
=Pr [ne(T) < (T)] - E [ne(T) | no(T) < u(T)] (161)
<Pr[n,(T) < p(T)] - (7). (162)

We know the counter n,, could only increase by 1 at a time. For this reason, if the value of n, (T') exceeds p(7T') at time
T, this event must happen within ¢ = u(T),--- ,T. Thus, the occurrence of u(T") is equivalent to the union of events

{V?:H(T) Gu(r) (z)} By definition, each event G,,(7) (i), Vi = u(T),---, T, is mutually exclusive. Therefore, we have

{ne(T) > w(T)} = {\/z u(T) G (i )} and the second part is:

T—|o|+1
> Pr[ERP(t) A ng(T) > u(T)] (163)
t=1
T—|o|+1 T
= > PriE¥m) A |\ Gun() (164)
=1 L i=p(T)
T—|o|+1 [T
= > Pr| \/ (%) A Gur(D)) (165)
=1 Li=n(T)
T—|o|+1 T
< YYD Pr[ERPR() A Gy (i)] {Union bound}  (166)
t=1 i=p(T)
T T—|ol+1
< DY Pr[ERP() A Gy (i)] (167)
i=p(T) t=1
T i T T—l|o|+1
< D0 Y Pr[ERP) A Gy ()] + D> D> Pr[EFP() A Gy (i)]. (168)

i=p(T) t=1 i=p(T) t=it+l



Now we will prove that the first term is in O(u(7)):

Z ZPr gExplore A g ()]

i=u(T) t=1

(0)] - Pr[EPPOR(t) | Gury (4)]

Il
™

i Ms.
o
=
=

i=p(T) t=1
T A
= > Pr(Gun (] Y Pr[E¥(t) | G (0)]
i=n(T) t=1
T i+lo]—1 '
= > Pr(Gun®]- Y Pr[€ME) | G ()]
i=n(T) t=1
T
= > Pr(Guny®] E[noli+ o] = 1) | Guer (0]
i=p(T)
T
< Y Pr[Gumy(@)] - E [ns(6) + 1| Gur) (8)] {no(i+ ol = 1) < no(i) +1}
i=p(T)
<Pr[ne(T) > u(T)] - (u(T)+ 1), {Mutually exclusive}

Since G,y (1) = {ne (i) = u(T) A ng(i —1) = u(T) — 1}, we can write the second term as:

T T—l|o|+1

Z Z Pr gExplore )/\ gu(T)(Z)]

i=p(T) t=i+l

T To T T—l|o|+1
< Z ZPr 5Explore A gu(T)( )] + Z Z Pr [gExplore(t) A gu(T) (’L)}
i=p(T) 1t i=p(T) t=max{i+1,To+1}

T—|o|+1

< Z ZPr 5Explore A G (T)( )] + Z Z Pr [gExplore(t) A ng(i) :N(Tﬂ

i=p(T) 1t i=p(T) t=max{i+1,To+1}
T T T—|o|+1
3N B A Gl Y S N
t=14i=p(T) i=p(T) t=max{i+1,To+1}

t=1 i=p(T)

< ipr [EExplore(t)] + ﬁ /T ldi
T X iy @
o 4e?
<D Pr[ERT(D)] + g T,
t=1

Therefore, we can get

2

E [ (T)] <p(T) +1+ o

To
TSP [£E ().
t=1

(169)

(170)

(171)

(172)

(173)

(174)

(175)

(176)

77

(178)

{Lemma A.20}

(179)

<ZPr ghxplore () \/ G (i) / / t72.dt-di {Mutually exclusive}
|X| i=p(T) Jt=1i

(180)

(181)

(182)

(183)



Theorem 4.2 (in the main text): (Distribution-dependent bound). For Algorithm GCB, let fx(t) = Int + 21n|X]|,
« = 24L2B2. If the instance has a unique optimal action under outcome distribution p and mean outcome vector v,
the distribution-dependent regret bound of Algorithm GCB is:

<> A, {%LQBQ (InT +2In |X]) +

z€o min

3e? 9411333
1nT+1}+Amax~< ° B>,

|X|4 + AS

min

4e?
|X\4 (184)

where ), co Az Amax and Ay, are problem-specific constants under the distribution p.

Proof. If we penalize each time the algorithm plays a sub-optimal action by A, ., then the regret function is composed
of exploration and exploitation:

T) <Y Ar - Elng(T)] + Amax Z]E T [EBPot () A FB(¢)]] (185)
TECT
T
<> A, Eng(T)] + Amax - Y Pr [E590 (1) A FP4(1)]. (186)
rET t=1

Suppose it has unique optimal action | X9°°¢| = 1, from Lemma A.22 the expected rounds of exploration are:

4¢?
E [no(T)] < (14 0a)? f;( ) 41+ W1n (T +1) ZPr [gExplore 1) (187)

The regret of exploitation phase can be inferred from Lemma A.18 that:

T
Amax - Y Pr[FP() A £5001(1)] (188)
t=1
I 3e2 o
Bad Exploit
<Apax ( > NOE + 3 Pr[FPd() A ghle (t)]) (189)
t=To+1 t=1
32 1
Exploit
<Amax - <|X4 Z 7 *ZPF [Explet (t)]> (190)
t=To+1 =
Exploit
<Amax * <|X4 ZPr [€ xploit( ) (191)
Since fort = 1,2, - -- , Ty, we perform either exploration or exploitation, the regret is no worse than A, - Tg, that is:
To )
doA, Z Pr [E59(1)] + Ao - Y Pr [EFPU(1)] < Ao - Ty (192)
rEo t=1
Thus, for fx(t) =Int +21n |X], o > sL” ﬁ" ,0<a< fand9> V3,
(1+ 6a)’a 4e? 3e
) < ;A { AT ~(InT +21In |X|) + 0 InT + 1} + Amax - (|X4 + T0> (193)
where Ty = M.
Leta = %, 0 =+3,and a = 24L2ﬁ§. As a conclusion, we will get:
96152 4e? 3¢z 9411333
R(T) < ;Aw . { AZ -(InT+2In|X|) + |X\4 InT + 1} + Apax - <|X|4 + Af’nln ) . (194)

O



B. An Example of )M, and Global Observer Set Construction for 1 < s < N in the
Crowdsourcing Application

In this section, we provide an example of constructing the stacked matrix M, and the global observer set in the crowd-
sourcing application when we require 1 < s < N, where s is the number of matched worker-task pairs used for reporting
the feedback. Recall that the feedback for a matching is the simple summation of these s matched worker-task pairs. This
implies that for each matching x, the transformation matrix My contains a single row with exactly s 1s and all other entries
are 0, and My - x = s.

As an illustration, consider the case that both N and M are divisible by s + 1. Then we can construct a full-rank square
matrix M, such that, after rearranging the columns of M, it is a block diagonal matrix with each block B being an
(s+1)-by-(s+1) square matrix with 0 in the diagonal entries and 1 as off-diagonal entries. The following is an illustration
of such a matrix for the caseof s +1 =N =M = 3.

011000000
101000000
110000000
000011000
000101000
000110000
000000011
000000T1 01
(0000001 10|

It is clear that this M, is full column rank. To recover the N M actions (matchings) corresponding to the N M rows, we
map each block B to a matching that matches s + 1 workers to s + 1 tasks such that these matchings share no common
edges. This can be done in the following way.

We partition N workers into N/(s+ 1) groups of size s+ 1 each, and partition M tasks into M /(s+ 1) groups of size s+ 1
each. Taking any group W of s + 1 workers and any group U of s + 1 tasks, we can find s + 1 non-overlapping matchings
between W and U by rotation: in the j-th matching, the i-th worker is matched with the (¢ +j mod s+ 1)-th task. Since
we have N M /(s + 1)? worker-task group pairs, and each group pair generates s + 1 non-overlapping matchings, in total
we have NM/(s+ 1) non-overlapping matchings, and we map these matches to the N M/ (s + 1) blocks in the rearranged
matrix M,. The above construction implies that we can find N M actions to form a global observer set, in which each
action is a matching of s + 1 workers to s + 1 tasks, and each matching returns an aggregate performance feedback of s
worker-task pairs in the matching. Thus the assumption on the existence of the global observer set holds and the set can be
constructed easily.

The error bound (3, for the above constructed M, is more complicated to analyze, but by our empirical evaluation using
Matlab, we believe that it is also a low-degree polynomial in N and M.
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