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Abstract—We consider the downlink of a cellular network lost and has to be retransmitted. In order to guarantee some
supporting data traffic in which each user is equipped with tre  |ink quality, 802.11 MAC introduces the RTS/CTS mechanism
same type of 802.11-like WLAN or WPAN interface, used 10 that prevents nodes in the neighborhood to interfere with an
relay packets to further users. We are interested in the degn - o . . .
guidelines for such networks and how much capacity improve- ongoing transmls_smn. The size of this echUS|_0n a_rea depen
ments can the additional relay layer bring. A first objectiveis to 0N the transmission power of RTS and CTS signaling packets.
provide a scheduling/relay strategy that maximizes the netork Many of the existing WLAN and WPAN technologies (e.g.
capacity. Using theoretical analysis, numerical evaluatin and 802.11, 802.15.4) are based on the design principles tescri
simulations, we find that, when the number of active users is 4j,6ve. |n this work we shall consider technologies usingehe

large, the capacity-achieving strategy divides the cell o two inciol Eurth Il nod I
areas: one closer to the base-station where the relay layes i prinCipies. Furthermore, we assume all N0aes possess sa

always saturated and some nodes receive traffic through both type of relay interface.

direct and relay links, and the further one where the relay is In this paper, we consider downlink data traffic only (uplink
never saturated and the direct traffic is almost nonexistentWe  traffic requires a different analysis; see e.g. [1]). The olavk

also show that it is approximately optimal to use fixed relayihk  y a¢ic has to be carried from the BS to the users, either using
lengths, and we derive this length. We show that the obtained . .. T

capacity is independent of the cell size (unlike in traditioal dir€Ct transmissions from the BS or relays capabilitiese Th
cellular networks). Based on our findings we propose simple, key component of the system is then the resource allocation
decentralized routing and scheduling protocols. We show tt in  strategy, which consists of a scheduling scheme sharing the
a fully saturated network our optimized protocol substantially BS resources, and a routing / scheduling scheme to exploit
improves performance over the protocols that use naive rela relay capabilities. Our goal is to design optimal schedylin

only or direct-only policies. .
y ! y polict and relay strategies.

I. INTRODUCTION
B. Related work

Augmenting a cellular network with relays is not a novel

Wireless cellular networks operate on expensive Iicensegncept_ Some of the first papers that proposed this kind
frequencies and their bandwidth is a scarce resource timitg; 5rchitecture are [2], [3], [4]. In [2], the authors suppos
by regulations. Recently there has been a lot of interest 4f,; mopile nodes cannot relay and introduce dedicategisela
increasing the capacity of cellular networks using an aeit#  \hich yse unlicensed frequencies in order to improve the
wireless physical layer that operates on an unlicensed fggacity. In [3], the authors assume mobile nodes themselve
quency band. New generations of mobile devices are alreagy,ose of WLAN interfaces, and provide a routing protocol
equipped with WLAN (wireless local-area network) or WPANp ¢ finds and maintains relay routes. In [4], [5], small net-
(wireless personal-area network) interfaces and the iuest, ks with 1-hop relays are considered.
thgt arises is whethgr one can use the available relay steuct Scheduling algorithms for relay networks are discussed in
to improve the service of cellular networks.. é%‘ [7]- In [6], the authors discuss several simple schizdyl

In this paper we consider such a scenario and assume Qlgfemes. More advanced scheduling techniques are caetider
mobile nodes and the base-station (BS) are equipped With(7] There, as opposed to the other related work, it is
an additional relay adapter. The BS can communicate withsgnnosed that the BS and the relays use the same frequency
mobile node using directlink (transmission over the cellular, band. Consequently, the BS transmits only to the nearest
high-power, expensive frequency) or relaying over one Qfqes and the others receive relay traffic only. Relaying fo

several mobile nodes usimglay links (over the unlicensed, \,yjink traffic is considered in [1] which discusses a similar
low-power frequency). A direct and a relay link use d'ﬁarer}outing problem.

frequencies, hence they can be used simultaneously by a nodgyat is common for all the proposed relay protocols is that

A typical relay technology we have in mind is 802.1%,,0 of them is based on the objective to maximize a certain

WLAN. The physical layer of 802.11 allows a source and gy ok wide performance criterion. Instead, they areetias
destination to adapt their communication rate. A souroectel on a simple local heuristic that considers relaying only for

an appropriate rate to transmit a packet depending on tke lip e nodes whose direct communication with the BS is of

qual@ty and the level _Of interference at the _rec_eiver. Iﬂih_k very low quality. That way one node will never receive traffic
quality degrades during the packet transmission, the pagkeg,,y, poth relay and direct links. Typically, closer nodes will
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during his stay at ENS. A. Proutiere is with KTH. links.

A. Cellular Networks with Relays



A large number of papers analyze the optimal resourteey offer a significant improvement in terms of capacity as
allocation schemes for multi-hop wireless networks (e8d. [ compared to the conventional direct transmissions and to a
[9], [10], [11]). The underlying optimization problem hasnaive, relay-only case when the direct traffic is scheduled
exponential complexity and the results cannot be direcydu only to the nodes nearest to the BS (this mimics [7] for two
for implementation purposes. A cellular network with redayfrequencies). This improvement is even larger when a lade-ra
can be regarded as a special case of a multi-hop wirel888AN is used instead of WLAN as a relay network.
network. We use its specific structure to simplify some of the
proposed models and algorithms for multi-hop networks. L

D. Organization of the Paper

C. Contributions In the following section, we precisely define the modeling

In thi ish t locati ¢ assumptions and the performance objectives. In Sectign Il

N thlst papegz Weh\.N'ﬁ ﬁq propose (rjesource at?lca lon SI "alfe characterize the resource allocation schemes maxignizin
gies that combine high efliciency and manageaple comp eXfe capacity of networks with relays under several simplify
Specifically we characterize resource allocation stratetjiat

imize th worlc v defined iahted tot Iing assumptions (ideal scheduling, no fading, large number
maximize he networicapacity defined as a weighted total ;¢ nodes). We first analyze 1D networks with fixed relay
throughput of a cell — refer to Section I.B for a precis

2 , | PreciSgn, lengths in Section 1lI-B, we extend the analysis to the
definition. We formulate this problem as an optlmlzatloease of variable relay link lengths in Section Ill-C, and
problem. '

Th timizati blem is difficult t e i | Win Section IlI-D we present a heuristic to generalize our
€ optimization problem IS difficut to Solve In general. el’indings to 2D networks. We propose a decentralized routing

Erst fgcustrc]m a ;)ne—ldlrr:etlj&on?tlhproblerg: we f|nd ?nr;é)lpghd scheduling protocol in Section IV and we evaluate its
ound on the optimal solution of the one-dimensional p eperformance in Section V.

(Section 111-B), with several simplifying assumptions @ik
link lengths, no fading, large number of users). We show that

this upper bound corresponds to the optimal strategy when th [Il. MODELS AND OBJECTIVES
traffic is equally spread across the cell.

We next turn to a two-dimensional case, and we consi
the same simplifying assumptions as previously (fixed li
lengths, no fading, large number of users). With an adcﬁlﬂionp
approximation on the scheduling constraints (SectiorD)II-

we are able to find an upper bound on the optimal solution Bgers with active flows. Without loss of generality, we assum

the problem in a 2D scenario. no two users are at the exactly same location. We will comside
From the above optimization problem and the structure 8bth 1D linear or 2D cells

the solutions we obtain two important protocol design ihtsg

We consider the downlink of a single cell whose transmis-
bn resources (power and bandwidth) are shared by a fixed
opulation of data flows. Each flow is characterized by the
osition of the corresponding user. Denote Mythe set of
locations in the cell, and byv" C C the set of locations of

« We show that the upper bound on the capacity remaingariable _ ___ Explanation
constantindependent of the cell size, which is in contragt”(*) fraction of time BS servers location
. . ] (s, d) fraction of time the node at locatios relays to
with cellular network; with no relay where the capacity the node at location
decreases exponentiall Cylz PHY rate at which BS serves location
y
« The optimal schedulingMaxRelay illustrated in Fig- t(z) =1/Cy(x) the time needed to send a unit of data to location

xT

ure 1) divides a _ceII into two regions. The first regions=—py BFIV Tate of a relay ik of TengiiD;
around the BS, is such that the relay channel is fullys, 2y = C;(z)r(z) | average rate at which BS serves location
saturated. Nodes in this region may receive traffith | ¢-(s,d) = C»(d — | average rate at which the node at locatien
from relays and directly from the BS, which contrasts®)7-(5:4) relays to the node at locatiof

. ; ) cell throughput
with previously PrOPOSEd relay pl’OtOCOl_S (71, [3], [3], [4] @ fraction of cell throughput received at locatioh
In the other region, the relay channel is never saturated, T
and there is no direct traffic to users. p(x) = pp(x) total traffic destined to the user at locatien
Inspired by the key characteristics of the optimal resource TABLE |
sharing strategy obtained in the simplified scenario, we de- LIST OF VARIABLES USED IN THE MODELS

sign simple decentralized scheduling and routing schemes
that perform very well in more realistic network conditions
(channels with fading, finite number of nodes). We first werif
numerically that it is indeed almost optimal in the oneA Radio Resources
dimensional problem to use links of fixed length, and we"
conjecture that this fixed link length corresponds to the oneWe next describe the two types of radio resources that can
that maximizes transport capacity (Section I1I-C), bothtie be used to serve the various data flows (recall that they use
1D and the 2D cases. We use these finding to build a routidljferent frequencies and can be used simultaneously).
algorithm. 1) Direct Transmissions from the BSVe assume that the
Although our scheduling and routing schemes are in no w86 transmits at full power and serves only one user at a time.
optimal, we show that in a uniformly loaded, saturated nekwoThe service rate of a user at locationf scheduled by the BS



is denoted byCy; (). This rate is a function of the SINR at thelocated atr € N. We define the cell capacity or throughput
receiver and can be well-approximated by Shannon formulay p = 3" ./ p().

The goal of the network operator is typically to maximize
), (1) the revenue of its network [15]. With the revenue in mind, the
Ny operator assigns different priority to users at differectltions
where |z| is the distance from location to the BS,PBS is to strike the right balance between the total traffic trattedi

the BS’s transmission powes?S is the attenuation exponentand the perceived network quality for users at differentioc
and N, is the white noise power. This assumption is quithons (faimess). We assume each user is guaranteed afracti
realistic (up to a multiplicative factor) for example in thase ©f throughputp(z) that is a function of its distance to the
of CDMA 1Ev-Do or UMTS/HSDPA systems. We assumdase station. Functiop(z) is defined by the operator. This is
there is a direct uplink channel, used for signaling (scliegu l0ng the lines of HDR design [16], which assigns different
acknowledgments, etc.). In order to simplify the expositioe weights to users with different data rates (and the dataisate

will denote with¢(z) = 1/Cy(z) the time needed to send aProportional to the distance from the base station).
unit of data to locationc. We target an allocation of resources maximizing the total

2) Relay Capabilities: The relay channel considered ishroughput, such that each user at distance ist guaranteed
based on the design principles of 802.11 MAC/PHY (neverth@-fractionp(z) of total throughput. In other words, we want
less, our model is valid for most of other WLAN and WPAN© SOIVe:
physical layers that are designed on the same principles). | max p, S.t. Vz, p(z) = pp(x).

supports variable transmission rates. If a signal, code®fo e gojytion,* of the above optimization problem is referred
given rate, is received at an SINR below the correspond@gas thecapacityof the system. Playing with the throughput

threshold, the packet is lost. fractions p(z) allows to tune the trade-off between fairness

In order to control the interference at the receivers, wg,q efficiency. For example, uniforp(z) (p(z) = 1 for all
use the idea of the RTS/CTS signaling. A node willing tg) corresponds to max-min fairness, whereas hayifig =

transmit & packet first sends an RTS message, the receivgp 1 | ) leads to more efficient but less fair strategy.
answers by sending a CTS message. This procedure ensurg§e will also make the following assumption op(z)
that no other node will start transmitting in an area arouned tthroughout the paper:

transmitter and the receiver. For simplicity, we assumé tha Assumption 1:Functionp(z) is non-increasing irz|.

this area consis_ts of all positiqns at a distance less 1ih"’mThis assumption means that we provision less traffic for
from the transmitter or the receiver. We denotelljd) the set yiciont nodes, as serving them costs more, which is peyfectl

of links that are disabled by the RTS/CTS procediméiated oasonable in a uniformly loaded cellular system (c.f. J16]
by the transmitter and the receiver of link

We assume that relay nodes transmit at full power (denoted
by PRELAY)  pRELAY i5 agsumed to be identical for all nodes.
The choice of full power has been extensively justified in the ldentifying an optimal resource allocation proves extrgme
literature on rate-adaptive, multi-hop networks, see g}, difficult in general and we start by introducing a set of
[13], [14]. simplifying assumptions:

For a given link we need to choose coding ratg as a  Assumption 2:We assume a fluid queuing model. Also, we
function of link lengthl. Packet retransmissions are expensivéssume that the cell is uniformly and heavily loaded: thew i
and it is important to choose a sufficiently low rate to avoiteceiver/relay in each small square of sixe. Each receiver

PBS —aBs
Cy(z) = Wilogy(1 + Lol CJ

IIl. OPTIMAL RESOURCESALLOCATIONS

packet errors. We will choose has an unlimited download demand and it is being served with
PRELAY o aratep(x)Ax. We fL_lrther assume tha!_x is sufficie_ntly small

Co (1) = Wy log, (1 + — > 7 ) that we can approximate our model with the continuous model.
Ny + kPRELAY Do In practice, we can assume thatz is sufficiently small

wherek is a margin factor guaranteeing low packet error rat¥/nen the data rate€’.(y) and Cq(y) are do not vary sig-
This factor is an approximation that quantifies the maximufificantly fory € (z,z + Ax), for all valuesz of interest.
interference generated by other active relay nodes sudh ttanon-uniform traffic can be modelled through the function
the packet error rate on the link considered remains nédgigi p(x).

We assume it is predefined by a given WLAN’s rate adaptationThe optimal allocation obtained from the simplified model,
protocol (e.gk = 3). using Assumption 2, gives us an upper bound on the capacity.

As illustrated later in Section IV, it also provides imparta
insights on how to design optimal resource sharing strasegi
B. Performance objectives in real systems (accounting for fading, stochastic queuing
The users perceive performance through the long-term rggnamics and cells with a finite number of relays).
at which their flow is served. In the following, we denote by
p(z) the long-term rate of a flow whose corresponding user js Scheduling and Relay Policies

1set(1) includes link! itself and all the links that share a common node We now provide a _mOdel to describe how radio resources
with link 1. can be shared by active users.



1) Scheduling BS resource§the BS shares its power in  To summarize characterizing the resource sharing strategy
time between active users. We denotefy) the proportion maximizing the weighted system throughput is equivalent to
of time the BS serves a user at positiore N. For example, solving the following linear program:
in the Proportional Fair Scheduler of the CDMA 1Ev-DO

standard;(«) is inversely proportional to the feasible rate at max p (7)
positionz, Cy(x). A feasible scheduling policy is such that:  s.t. Z T(x) <1, (8)
TEN
<1. 3 .
PILCE D S O ©
jeg
2) Relay policies:In the following we denote by C A2 a < + _ d).V 10
set of possible relay links (those whose rate is larger tbames pp(@) < Pala) ; or(s) zd: ¢r(@,d), Yz, (10)
minimum). TQ descri_be a relay.pgllicy, we first d_efine the notio da(x) = Ca(2)7(2), (1)
of transmission profile. A profilg is a set of simultaneously .
active relay links:j = {(s1,d1),...,(sp,dp)}. Profile j is br(s,d)=Crlld—s)) > 7)), (12)
feasible if and only if the distance between any pair of nodes JE€T:(s,d)€]
(either(sm, dn), (Sm, $n) OF (dm, dy,) forall m # n) is greater  over 7(x) > 0,7,.(j) > 0, Vz, j. (13)

than D (recall thatD is the size of RTS/CTS region, de}cmethen one considers the relay constraints based on the notion

in Section Il). Denote by7 the set of all possible profiles.of cliaues. the above proaram is modified replacing constrai
A relay policy consists of activating the links from profile ques, Ve prog P 9
(9) by (5), and writingg, (s, d) = C,.(|d — s|)7(s, d) in (12).

J € J for transmission a proportion of time. (7). The relay ™, stated in Assumption 2, in this section we consider
constraint then reads: . C
heavily loaded cells and we can replgcgby [ in the problem

S () <1 4 (@
jed 3) Existing scheduling and relay policie®Ve will compare

. o . ... our proposed strategies to two other existing strategies. T
A simple example of profile in a 1D cell is a set of equidista prop 9 9 9

links j — {(iD+ i Dy, iD + 2iD,)ien} where D, is the link r}}rst reference strategy is thdirect policy for which no

. . X . .~ relaying is allowed [18] £.(s,d) = 0 for all s,d). The
length andD is the minimal distance between interfering links . ) . .
Unfortunately the number of possible profiles explod second one is the relay-only policy (which we shall call siyor

%Iay policy), mimicking policy from [7]. It assumes that only

vv_hgn the ngmbgr of aguve USETS grows, and it then _becorqﬁg nodes that do not have any relay in their neighborhood
difficult to identify optimal relay policies. Instead, in pu are directly served by the BSr(d) — 0 if there exists

theoretical analysis we will use the notion of cliques, sge e& (s,d) € L).
[9], [17].

Definition 1: A clique is amaximalset of links such that
two links from this set are not allowed to transmit simultan
ously. Here maximal means that a link can not be added t
cligue without breaking the previous property.

Denote a clique by and the set of all cliques b@. Let
7-(s,d), ((s,d) € L) be the proportion of time node sends
relay traffic for noded, 7.(s,d) = Zje]:is.,d)ej (7). As
demonstrated in [9], any feasible relay policy (e.g. poliost B. 1D Cell with Fixed Relay-link Sizes

satisfies (4)) has to satisfy the following set of constsaint ] . ’
Consider first the case where the distances between sources
Y m(sd) <1, VQeQ. (5) and destinations of relay links are fixed and all equaDia
(s,d)€Q The rate of these links i€, = C,.(D,.) (recall that there are

We will first derive an optimal relay policy satisfying users everywhere). In Section III-C, we will show that relay

constraints (5). We will then prove that this optimal poIicftrateg'es with fixed, but well chosen, relay link size amacat

corresponds to an actual policy, i.e., that it also satisfiggt'mal' We also assume that users at distanee D;. from

constraints (4). the BS may receive relay traffic from the B&hus, close to

Let us definepq(x) = Cq(z)7(x) to be the rate of traffic the BS, the rel_ay !'nl.(.S'ZeS can be sma_ller ”ﬁ*?)' . .
directly sent from the BS to the user at position and The constraint limiting the BS transmissions is given by:
or(s,d) = C.(|d—s|)7(s, d) to be the rate of traffic sent from R
the user at position to the user at positiod. Finally denote /0 7(z)dz < 1.
by ¢(z) the rate at which a user at positienis served. Then
a feasible scheduling/relay policy has to satisfy the feilg D
flow conservation constraint:

In the rest of the section, we derive the optimal resource
sharing strategy in various scenarios. We first considecdlse
f the linear, one-dimensional cell where users are loceted
CTO‘?R], and where the BS is located@twith fixed and variable
link sizes (Sections IlI-B and III-C respectively). Later will
extend the analysis to two-dimensional cells (SectiorDIlI-
Notations are summarized in Table I.

(14)

Here the cliques are easy to identify: for @l x < R —
— D,, the set of linksQ(z) = {(s,s + D,)|s € [z,z +

2t is reasonable to assume that the BS can also use a (ch&apinterface
Z Or(s, @) + da(x) = ¢(z) + Z ¢r(z,d). (6) for transmission (the results can easily be generalizeth@ocase when this
si(s,z)€L d:(z,d)eL is not true.



D + D,]} is a clique, and there are no other cliques in the Theorem 1:Under Assumptions 1, 2 and 3, and assuming
systeni. Intuitively, Q(z) is a clique because adding a link tdfixed size relay link of sizeD,., the MaxRelay scheme gives
the left or to the right would not interfere with all the linksan upper bound on the solution of (7). Moreover, the bound
from Q(z). Hence the constraints relative to the cliques aie tight if p(z) = 1 for all z.
given by: Proof. Denote byp* the cell throughpup compatible with

2+ DD, constraints (14)-(16). It is straightforward to prove tliae

/ T(u)du <1, Vre€[0,R—D-D,]. (15) schedules™ and 7} achieving this maximum are such that

z the constraints (14) and (16) are saturated. Then we have:
wheré 7.(u) = 7.([u — D,]*,u). The flow conservation 1 = p* Jo p(@)t(@) dz+C, [ t(@) (7 (x4 Dy) — 77 () da.
constraints are: Definet(xz) = 0 if z < 0. Now assuming* is known, 7% is

the solution of the following linear program:

pp(I) < Cd(x)T('r) + CT(TT(I) - TT(I + Dr)l{mﬂ-D,‘gR})'

(16) LP1: max fOR 7(x)(t(x) — t(x — D,.)) dx
To simplify the notation, we define(z) = 0 = 7,.(z) for s.t. f;JrDH)T Tr(u)du < 1,
all z <0 andz > R. Cy(1r(z) — 7 (x + D)) < p*p(z),
We now define a scheduling/relay scheme that will be 7-(x) > 0,Vz, 7.(x) =0,forz > R.
shown to solve (7). The idea of this scheme is that the (21)

weighted cell throughput is strongly limited by users at the Assume first that we know the optimal relay schemiéx)
cell boundaries, and hence these users should be servedasyall = > X,.. Then consider the following linear program:
relays only. Formally this scheme is defined as follows.
The MaxRelay scheméissume that the cell capacipf
is known and defineX,. by: s.t.

LP2: max fOXT 7 (x)(t(x) — t(x — D,)) dx

f;+D+DT 7 (u) du < 1, (22)
DD, T (z) = 77 (x), for x > X,.

X, =inf(z : vy > I,/ 7.(u)du < 1),  (17) |f the solution of LP2 satisfies the constraints of LP1, then i

Y will also be the solution of LP1. Denote by(z) the Lagrange

where 7/(z) = g_* S0 P(@ + iDy)aiip.<g). Variable multiplier associated with the first constraint, forc [0, X.].

/(z) may be interpreted as the proportion of time the us¥/e now identify the term in front of,.(z) in the Langrangian

at locationz should receive relay traffic (from relay the usepf LP2, t(z) — t(z — D) — f:lax(m—D—DT,O) Alu)du (we

located atz — D,) destined for itself and all its downstreamwrite ¢(z) = 0,2 < 0). This term must be null whem, is

relay users at locations +iD,, i > 0 (as if there were no the solution of LP2. Since the functiaffz) — t(z — D,) is

direct traffic). The MaxRelay scheme is defined by: increasing inx we deduce thad(z) > 0.
, i From KKT optimality conditions we conclude that for all
*(z) = { 7 (@), To>Xe  18) z<xX,, JEHPTP 4 () du = 1, which further implies that:
m@e+ D+ D), o< X, 7(x) = 7. (x+ D+ D,) for all z < X,. The obtained solution
0, if 2> X,, satisfies constraints of LP1 (due to the assumptionzhat >
(x) = t2)(p* + Co(rF(x + D + D,) — 75 (x))), p(x + D + D,)), so it must be the solution of LP1. Hence
if < X,. we have proved that LP1 is equivalent to the following linear

(19) program.

Intuitively, (18) means that the relay traffic is carriedviard R
for z < X, and (19) corresponds to (16) for a saturated node. LP3: max Jo m(@)(t(z) — t(x — Dy)) dz

See Figure 1 for illustration. st. 7r(x) =7 (x+ D+ D’“)’Va’f Xr,

To complete the definition, the scheme should be such that Cr(rr(2) — (2 + D)) < p*pl(a),

it uses all the resources of the BS: () 2 0,Yz, 7(z) = 0,forz > R'(23)

R . . . L
. _ Now one can easily verify that the solution of LP3 satisfies
/0 7 (@)dz = 1. (0) v(2) = () for all @ > X,.

T
To prove the optimality of this scheme, we make the Finally we need to show that the MaxRelay scheme can
following assumption: ' actually be realized fop(x) = 1, since constraints relative

Assumption 3:Function w(z) = t(|z|) — t(jz| — D») is to t.he cligues pro_vlgle an upper bound on _the feasible ra.te
. L region. However, it is easy to see that a simple symmetric
increasing injz. schedule, where nodds + D, far apart are scheduled at the
It can be verified by simple calculations af(xz) that the ’ " P

assumption omw(z) is exact when the distance to the BS is noj’l"’lme time (see the example in Section lll-Al) can implement

. MaxRelay scheme, which concludes the proof. O
too small (say less than 100m under usual radio propagatio e illustrate the MaxRel h o Fi 1] di
models); the MaxRelay scheme proves to be almost optimal ¢ flustrate the Maxikelay scheme n Figure 1. Immedi-

even in absence of this assumption. ately, we have: . :
Corollary 1: In the MaxRelay policy there exist two re-

3A proof of this statement in a more general form is given in beanl. gions: The first one is far < ‘.XT’ and in this region the relay
4where [u — D;]* = max(u — Dy, 0) PHY is fully saturated (all cliques are saturated fox X,.,
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Fig. 1. Examples of optimal scheduling/relay schemes fadfiknk lengths D, = 30m, D = 100m). We consider 1D cell of 1km and different throughput
fractionsp(z) = 1 (left) andp(z) = 1/(0.1 4+ z) (right). The achieved goodput density 48 = 12.2kbps/m. Solid vertical line denoteX,.. Average relay
traffic is averaged over each cliqie, z + D + D,], and it is saturated foz < X,. Periodic peaks of direct traffic correspond to the periodarease in
relay traffic and it occurs at everfp + D,. = 130m, as predicted by MaxRelay scheme (19).

that isf;+D+DT 7-(u) du = 1), and some nodes in the region Lemma 1:The only cliques that exist in this networks are
receive both direct and relay traffic. The second region 3(z) = {(s,d) € [0,R]?|s < z+ D,d > 2,0 < d —s <
beyondX,. Forz > X, the relay PHY is never saturated (naDM4X}, for all x € [0, R — D).
clique is saturated far > X,., that isf;”DJrDr Tr(u)du < 1) Proof: We first have to show thap(z) is a clique, that
and there is no need for direct traffic as it is expensive. Fhisis, that every two links inQ(x) block each other and that no
true regardless of the spatial throughput fracin), although other such link can be added. It is easy to see that for any
p(z) does influence the values &f, and 7, (z). two links (s1,d1), (s2,d2) € Q(x) we have thatmin(s; —
Note finally that the cell capacity* is jointly defined with da2,s2 — dy) < D. Furthermore, we need to verify that if a
the MaxRelay scheme. It can be easily computed solving (17jk (s1,d;) does not belong t@)(x) then it is not blocked
(20). by all links from Q(z). If s1 < di < « then link (s1,d1)
is not blocked by(x + D, d),d > = + D, nor the other way
around. Ifx + D < s; < d; then link (s,z),s < z is not
blocked by(s1,d;), nor the other way around.
Next we relax the restriction on fixed link lengths. We allow Finally, we have to show that there exists no other@e
each node to relay over multiple nodes, and we assume tlgggr) for all , which is a clique. Letr = min{d|(s,d) €
the rate of each relay link depends on its length, as expiain@'}_ Then,z + D > max{s| (s,d) € Q'} because otherwise
in Section 11-A2. Our goal is to derive the optimal schedglinthe two links would not interfere. But the set of poirits d)
strategy and, in particular, the optimal relay routingtetg®.  that satisfy constraint§ > z,s <z + D,s < d < s+ D, is
We will proceed as in Section IlI-B. First, we will identify aexactly Q(x) henceQ’ C Q(z). O
region |0, X,] in which all cliques are saturated and show that With the above setting, based on numerical and simulations
in the remaining areaX,., k] no cliques are saturated. Thenesults, we conjecture the following.
we will show that a relay routing using links of a certain fixed Conjecture 1:Under Assumptions 1, 2 and 3, there ex-
length is close to optimal. We will also specify this optimajsts a distance to the base-station. > 0 such that
length. Jisayeo@ T(s:d)ddds = 1 for all = < X,. Furthermore,
We cannot theoretically prove the results in this sectiafp node afterX, + D receives direct traffic.
due to the high complexity of the problem. Instead, we The first part of the conjecture has been verified by simu-
demonstrate them using numerical simulations. We cakeulaitions. One example is depicted in Figure 2 (a). The second
the optimal solution by solving the discrete version of #ine part of the conjecture follows immediately. Consider nodes
program (7)-(13) for 200 equidistant nodes and for difféeren, , ~ X, + D,y < z. Both nodes do not belong to any
values of network radiUR, the exclusion area radius and saturated C"que. Hence’(ﬁd(x) > (0 we can redirect some of
throughput fractiorp(z). We then compare this optimal resulihe direct traffic toy instead, and forward it from to z using
with our proposed heuristic (see Figure 2), and verify th@lay, since it is not saturated. That way we gain some of the
results presented in this subsection. BS transmission time, which contradicts with optimality.
Before presenting the results, we first need to describe theconjecture 2: Consider the model under Assumptions 1, 2
cliques in the variable link length setting. Let us denotéhwi gnd 3. LetD, = argmax;[ - C.(l), wherel - C,.(l) is the

DMAX the maximum allowed relay link length. transport capacity of a link of length as defined in [19]

C. 1D Cell with Variable Relay Link Lengths and Rates



(D, always exists because of the way(l) is chosen). It is o« R ‘\‘\/°
approximately optimal for all < X, to use as a relay node ,‘\70 4 ] \\
s = min(d — D,,0). The optimal relay link length for all B ,/ P ' p.BS L
d > D, is thus D,, and is independent of the location of iD"=.:1 ;‘P(i‘”) | e X S ,D ,‘
noded. T R "‘-, / '
Again, this conjecture is based on a heuristic verified by ‘./'5?\””" \ " D+D O\‘
simulations. Although we were not able to formally prove it, Nz YT

we provide below some intuitive explanations to justify it. _ , o
. .. . . Fig. 3. Anillustration of the schedule: the white circle dess nodesc <
Using a similar transformation as oP1, we can rewrite (p 4 p,)\/3 where we activate one link at a time and the shaded circle
the optimization problem (7)-(13) as denotes node$D + D,)v3 < = < D + D, from which we activate two

more links, in addition to a link being activated in the innehnite circle (as

L defined in (29)).

P4 :
R d
fax /0 /dngx 7r(s, dJw(d, s)ds dd (24) We next show that despite of these discrepancies, fixed-

length routing with the optimaD,. has a comparable perfor-
s.t. / (s, d)ddds <1, (25)  mance to the optimal routing. This is illustrated in FigureR,
(e d)eQ(=) © where we compare the achieved traffic dengitf the optimal
(Vz < R)/ Cr(z — s)1-(s,)ds — routing (found by solvind P4) and the routing with fixed link
z—Dy lengthsD,. for different cell radiiR. We see that the error is

x+D e .
" N less than10%. Furthermore, we verified numerically that the
_/I Cr(d = )7 (@, d)dd < p"p(),(26) 36 results hold for different traffic density functigns).
w(d, s) = Cp.(d — 5)(t(d) — t(s)), (27) We verify them for typical parameters for WLAN and WPAN
7 (s,d) > 0. (28) physical layers (numeriqal _details are given in Section V).
Finally, the constraints in linear prograinP4 are formed

Due to the complex constraints, it is not easy to guess whEn9 cliques which represent an upper bound on the actual

the solution of this problem is. However, we can see that fgprf_orm_ance. On the cont_rary, _the per_formance of fixedtieng
the weight associated to linfs, d) in objective function (24) outing is exact, as explained in Section I1I-B.
is w(d,s) = Cr(d — s)(t(d) — t(s)), and we shall “prefer”
links with higher weight. D. 2D Networks

Let s(d) = argmax,w(d,s), be the relay node with the Finally, we consider the case where the cell is a disk of
highest weight with respect to node Whend >> (d — s(d)), radius R. Again, we first restrict the analysis to the case of
we havew(d,s) ~ C.(d — s)t'(d)(d — s), and we have fixed relay link sizes, and we discuss variable link lengtbeca
d— s(d) ~ D,. However, even whet is of the same order asat the end of the section. As in 1D case, we assume a very
d—s(d), we verify numerically thaty(d, s(d)) ~ w(d,d—D,). large number of users and each user can count on finding a
One can interpret the weights(d,s) as a ratio of time relay in any direction at any distance within the cell’'s area
t(d) —t(s) gained on transmitting one bit using the direct link Even with the assumption of fixed link length, deriving
to s instead of transmitting it tal, over the timel /C,.(d —s) the cell capacity is extremely difficult (for example, it pes
needed to relay one bit fromto d. Furthermore, our approx- difficult even to identify cliques). We simplify the problem
imation says that one needs to maximize— s)C,(d — s) by the following approximation: we assume only links whose
which is the rate times the distance. As already mentiomésl, tlink destinations are on circles of radii+ k(D + D), k € N
is exactly the transport capacity as defined in [19], alttougnay be active at the same time. We next count the maximum
in [19] it occurs in a different framework (here, it is a resulnumbern,(z) of links that can be simultaneously activated on
of a performance ratio between the two physical layers). the circle of radiusz. The idea behind the approximation is

Finally, we verify our heuristic numerically. We solvel0 map each circle to a node in the 1D case, and to calculate

problemLP4 using linear programming and we compare th#'€ capacity using the results from Section Ill-B.
optimal routing with our routing heuristic. The results are WWhenz is large enough,(x) can be well-approximated
illustrated in Figure 2. In Figure 2 (b), we see that fior: X, b)/2 Lz”é‘F’(x)J wher2e the anglep(z) is characterized by
the optimal routing corresponds well to our heuristic. FoP~ = 2~ + (¢ — Dr)” = 2z(x — Dy) cos p(z). We can show
X, <d < X, + D the optimal link lengths become shorterthat this approximation is tight when > (D + Dy)/V/3
This is because the cliqu@(X,) is the last saturated clique,(for © = (D + Dy)/+/3, using the approximation we can
as explained in Proposition 1. Hence for eveng Q(X,), have 3 simultaneous relay links with receivers at distance
it is sufficient to relay data to some node which does nét from the BS). Now whenz < (D + DT)/_\/§, one can
belong to any saturated clique, that is any ndde X, + D. easily prove that if there is one active relay link with reegi
Therefore, link lengths for these nodes tend to be smalter t2t distancex from the BS, one may add two relay links
D,. Finally, ford > X, + D, relay PHY is not saturated anyWith receivers at distancg(z) from the BS, wherey(z) =
more hence many routing strategies are possible (including D + D,.)? + 22 — /3z(D + D,.). All this is illustrated in
fixed link lengthsD,.). igure 3.
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Fig. 2. (a) The optimal traffic distribution (direct vs. rgJafor variable link lengths. Relay traffic represents th&altoelay traffic arriving at nodel. The
rest is as in Figure 1. (b) The optimal relay link lengths asrecfion of destination node position. The dashed line mEgrethe optimal routing according to
our heuristic. The vertical lines denafé, and X, + D. (c) Relative error opp* achieved with fixed routing as compared to the optimal rgufor different
traffic densityp(z).

It is then reasonable to consider the following approximasers located at distanae+ D, from the BS,i > 0, using
tion for n.(x): relays only, 7, (z) = &t X isoP(® + iDr)larip, <Ry
Further defineX,. as in (i?}). The 2D MaxRelay scheme is

1, if < (D+ D,)/V3, . )
ne() = 27 /o(z)] +2, if DT/%)T <z <(D+D), now defined by (18) and:

27 /() |, if x> (D+ D,). .

(27 /()] D). 0 e
It is important to include the two additional activations of 7" (z) = § (x)(Cr(ne(z + D + Dy)r(z + D + D)
nodes in order to densify the schedule around the baserstati +o*p(z) — ne(z)rr(2))), if 2 <X,

as this is the most congested area in the relay traffic. Note _ _ . (35)
that in order to make things tractable we make the additionalYnder the approximate scheduling constraints (32) -(38) an

approximation that the two additional activations of nodes the assumption that all links are of the constant length, ave c
circle y(z) are associated with, (y(z)) and not withr,.(z).  NOW _show tha_t the_2D MaxReIgy scheme is capacity optimal.
Now assume that- is defined so that(z)dz may be This is formalized in the foIIovymg theorem: .
interpreted as the proportion of time the BS is serving all Theorem 2:Under Assumptions 1, 2 and 3, and assuming
users on the ring between distaneeand z + dz. Similarly, fixed-size relay links of size),, the 2D MaxRelay scheme,
define 7. so thatr,(z)dz represents the proportion of timedefined by (18) and (35), gives an upper bound to the solution
users located on the ring between distancesdz +dz from 0 the optimization problem (30)-(34).
the BS simultaneously receive relay traffic. Note that dyrin 1he proof of the theorem is analogous to that of Theorem
this time the BS serves, (z) users. 1. Consequently, we see that the Corollary 1 holds in 2D case
Finally define the throughput fractignso thatp(z)dz is the as well.
proportion of traffic received by nodes at distances between Finally, we discuss the variable link length case. Since our
andz + dz (note that it does not imply that the throughpuProblem has circular a symmetric structure, we can assume
fraction is circular symmetric). that all nodes on a circle will use links of identical length.
Given the above assumptions, we can find the cell capacfigain, we can construct a similar mapping as in the previous
by solving the following maximization problem (instead ofase to map the 2D case to the 1D case. Repeating the

(7)-(13)) same type of analysis as in Section IlI-C, we can verify that
the choice of the fixed link length maximizing the transport
max p (30) capacity is approximately optimal in this case as well.
R This result also provides an intuitive justification why we
S't'/o T(z)dz <1, (31)  can assumeD independent ofz. Since a region between
min(R,(z+D+D,.)) [0, X,.] has a fully saturated relay traffic, it is likely to expect
/ Tr(u)du <1, (Vz €[0,R]) (32) that the sameD and D, will be optimal throughout this
® saturated region. Formal verification of this assumptiolefis
pp(x) < 7(2)Ca(x) + Cp (7 (2)ne (@) for future work.
—7o(x + Dy)ne(x 4+ Dp)lgpyp,<ry), (Yz € [0, R])
(33) IV. ROUTING AND SCHEDULING PROTOCOLS

over (r(z),z € [0, ), (m+(2), x € [0, R]). (34) In this section we propose a routing and scheduling al-
The 2D MaxRelay schemés in 1D cells, we define by gorithms that are derived as heuristics from the results of
7/(x) as the proportion of time:.(z) users at distance previous sections and related works (e.g. [11], [7]). These

T

should receive relay traffic so as to handle all the traffic @igorithms exploit the benefits that were analyzed in the
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Fig. 4. (a) Relay routing algorithmV, are the connected node¥;, remain to be connected andl. are established links. (b) The optimal scheduling and
routing scheme for an example of a random topology. We censi® cell of radius of 0.5km. We assumpér) = 1 everywhere. The lines represent the
relay traffic (the bolder the line is, the higher is the traffithe circles represent the direct traffic, and the radirespond to the intensities. The traffic to

the disconnected subtrees has to be supplied directly., Atsme of the direct traffic is needed to the areas where thg neterface is congested.

previous sections, and they are simple and can be implechenide variability of the link quality is handled by the schedgl
in a distributed manner. algorithm.
As discussed in Section IlI-A, an optimal scheduler maxi-
mizes the weighted system throughput subject to conss$raint
(3)-(5)-(6). A way to solve this problem is to implement backg, Scheduling Subproblem
pressure algorithms [11]. However, these algorithms have a
high complexity since the number of possible links (relay Once the routing algorithm provides us with the set of
source-destination pairs) is high. optimal links L., we use a decentralized scheduling algorithm
In order to reduce the complexity, we divide the problefi@sed on the back-pressure principle (as in [11], [7])rictst]
into a routing and a scheduling subproblem. The routirR)) the set of linksC.. We assume that the tinte=0,1,... is
subproblem chooses which relay links shall be used, and fgtted. LetQ;(j, ¢) be the number of packets queued at node
scheduling subproblem solves the above optimization prabl ¢ for node; in slot¢. Node:i = 0 represents the BS.
constrained on previously selected routes. The scheduling algorithm shares the resources of the BS
and of the relay nodes. In each stothe BS sends a packet
to the destination that maximizes
A. Routing Subproblem

The routing algorithm is based on the results of Sec- arfg%aXQO(jv )Ca(j; ).
tion II-C and it is described in Figure 4 (a). Denote g

the set of nodes already connected, My = N\ V. the set 14 share the relay resources, we use a simple, greedy
of nodes to be connected and Ly the set of chosen links. gchequler that belongs to a class wiaximal scheduling
The next nodel we connect is chosen so as to maximize thgqorithms [20]. The transmission profile used at a give slo

function C;.(|d — s|)|d — | to any of the already connectedg 'y, jilt jteratively. We start with the following two sets kiriks

nodess € N, whereCT(_|d - s|). is the average rate of link (£(0), L4 (0)) = (Le, ). At stepk, we first identifies a link
(d,s) over a longer period of time. The candidate source §§,ch that:

labeleds(d). If |d — s(d)| > DMAX, where DMAX is the

maximum allowed rellay link size, it means thqt natieoes I = argmax Qi(j,1)Cy((i, §), 1),

not receive relay traffic. Nevertheless, it is putAfy as other (.5 eL(k)

nodes may connect to it. The routing tree is finally defined by

L. upon the completion of the above algorithm. The algorithiand then we letC,(k + 1) = L, (k) U {i} and L(k + 1) =
is illustrated in Figure 4 (b). It can easily be implementeci L(k)\ I(l), wherel(l) is the set of links that interfere with
distributed manner. Link weights are based on the avera@ecluding!). We repeat the process until(k) is empty set,
link quality (as it is usually the case), rather than on theay for example at step = k;. The transmission profile to
instantaneous link rates to avoid frequent route osalteti be used is finallyC, (ky).
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C. Discussion of a node density of 250 nodes per knWe supply a random

Our algorithm is similar in spirit to the scheduling algbrit ~ raffic to each node in proportion fe(x). In order to keep the
in [7]. Itis simpler, suboptimal and can easily be impleneent network stable we stop injecting any traffic whenever any of
in a distributed manner (e.g. each node sets a back-off tiniaf dueues reaches over a threshold. We run the algorithm
proportional to theQ; (j, t)C,.((4, ), t); see for example [21]). until the average normalized goodpptz)/p(x) to all thg
One could envisage more sophisticated scheduling algosith "0des approaches the same vajueNe assume that fading
we let the design and analysis of such algorithms for theréur P POth direct and relay links is Rayleigh. We implement the
work. Also, note that both the relay and the BS schedulifféct policy using back-pressure [11] and we implement the
algorithms are opportunistic in sense that they exploit tgl@y-only policy using our routing and scheduling algumit
information about the quality of channels. and disabling all direct links (this mimics [7] where onlyen

The major benefit of separating the routing from th&eduency is available). _ _
scheduling subproblem is that the set of candidate linkeén t 1 he densities of the direct and the relay traffic for a uniform
scheduling subproblem is significantly reduced. The numb@pd non-uniformp(x) are shown in Figure 6 (a) and (b).
of links is given by the routing protocol i©(N) (instead DistanceX,. is denoted with a solid vertical line. We see that

of O(N?) without routing constraints), and the schedulin&”e ratio of the two traffic is very close to the predictionagiv
protocol converges much faster. in Figure 1. For the distances smaller thap the direct traffic
Note that the algorithm proposed in this section is by n'é primarily used to rei_nforce the relay traff_|c. Vertlcalttiml_
means the optimal algorithm for any distribution of userd arJ"€S denote the locations where the maximum of the direct
traffic. In particular, the route construction is obliviosthe traffic correlates with a drop in relay traffic, similarly as i
traffic demand, as it is assumed that the cell is saturaterd:eheF,'gu_rfa 1. For the distances larger th"m the dlre<_:t trafﬁc
users demanding traffic are everywhere). The algorithm is Significantly drops. Note that the majority of the directfia
illustration how we can use the findings from Section 111 t&ONSiSts of the traffic needed to support the disconnectééso
simplify the protocol design and reduce the complexity. As wANd subtrees (those that have no direct relay connectidreto t
show in the following section, even such a simple algorithfaSe station as illustrated in Figure 4 (b)). The remainirepd
improves the performance of a saturated cell, as opposeto HigffiC iS used to support the relay traffic, and it is signifit

conventional direct-only and relay-only approaches. §esif smgller than the gpodput, as predicted i.n Section IIl.
a more robust algorithm is left for future work. Figure 6 (c) depicts the average density of queued packets.
We see that due to the back-pressure nature of scheduling the

gueue sizes strictly decrease with the distance from the-bas
station. Furthermore, queuing information is convenieansed
In this section we evaluate the capacity of a single cdlly BS scheduler to discover where the direct traffic should
network with relays, using the optimal policy derived in theeinforce the relay traffic to keep the queue density curve
previous sections, and we compare its performance with ttiecreasing.
direct and relay policies (defined in Section 111-A3). Figure 5 (b) depicts the cell’'s capacity as a function of
We consider two cases of relay networks. One is WLAMNEell size and the routing and scheduling policy and Figure 5
relay and we take typical 802.11 parameters (transmissif@) gives a relative performance of our policy over the relay
power 100mW, maximum rate54Mbps). The other one is only one in WLAN and WPAN cases. We see that, although a
WPAN relay and we take next generation 804.15.4a paranpractical routing and scheduling policies are far from ioyati
ters (transmission powdmW, maximum rate27Mbps). We (due to suboptimal scheduling and some nodes not being
assume the BS transmits @0W and its maximal rate is connected through relays), they still significantly impedhe
10Mbps. capacity offered by the direct policy and by the relay-only
We first look at the optimal resource allocation, as given ipolicy (that uses only a single frequency). In particular,the
Section I11-D. This leads to an upper bound of the capacity thcase of WLAN and WPAN relay networks the performance
would be achieved in a system with no fading, a large numbesin be almost doubled by using our distributed routing and
of nodes and that operates a perfect scheduling protoctd Necheduling policy as oppose to both the direct and the relay-
that it coincides with the one from [18] when only direct fiaf only policies. Although our policy is not directly compatab
is used. In Figure 5 (a) we see that the capacity with the diragith [6], [7] (they use a single frequency for both relays
policy decreases exponentially (as explained in [18]),neae and direct links), we demonstrate that the policy we propose
it stays constant with the optimal and relay policies. Due feerforms significantly better than a naive implementatién o
high complexity of stochastic simulations presented beh®v the existing single-channel policies on WLAN/WPAN relays.
cannot verify the scaling result using our distributed pcots. We also note that there is a discrepancy between the results
Nevertheless, this suggests that relaying can bring sigmifi obtained by the model (Figure 5(a)) and by the simulations
performance improvements to a cellular network, provided g&Figure 5(b)). This is due to the node density used in the sim-
efficient relay protocol. ulations. Although simulating 250 nodes per square kil@met
Next, we analyze the performance of the distributed routing at the limit of what we can simulate, it is still far from a
and scheduling algorithm presented in Section IV. To thaaturated network (e.g. a city center of an average town has
end we implement a discrete event simulator that execuges thuch higher density).
algorithm. We draw a random network of a given radius and Small node density limits the amount of spatial reuse in the

V. NUMERICAL RESULTS
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Fig. 5. (a) Capacities of the optimal, relay and direct peidor the case of WLAN and WPAN relay interfaces. (b) The imaxn throughput random networks
with node density 0250 nodes/knd compared to the capacity (for the direct policy the two ciles). (c) Ratio of the capacity achieved by the optimaliraut
over the capacity achieved by the relay routing for WLAN an@AM interfaces, for the simulated scenarigs () = 1, p2(x) = const x 1/(0.1 + x).

(a) (b) (c)
10° ‘ ‘ 10° ‘ ‘ ‘ 10
— Direct . — Direct ——R=0.6km
N - - -Relay \ - - -Relay \ - - R=0.7km
— \ - — Disconnected — ! N - — Disconnected —.10° ---R=0.8km
N_\g 10° VT Goodput N§ 10 FORT Goodput N§
[%2] 1% v \ VAR B
Q o v fooNN 2 5
g g 510
= = oo 2
210" 210} N 32
g g - § 10°
3 3 g
£ £ ' g
g 10° g 10° N 3. s
= = A 10
| LI
N
N v
1071 L L L L L L 1071 L L L L L \ L 102 L L L Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6 0 0.2 0.4 0.6 0.8
Distance [km] Distance [km] Distance [km]

Fig. 6. (a) Average density of total traffic to nodes at a gidistance from the base-station, for WLAR, = 0.6km andp;(z) = 1. (b) The same for
WLAN, R = 0.6km andpz(z) = const x 1/(0.1 + z). (c) Average density of queued packets at nodes at a givéandes from the base-station, for
p1(z) = 1. We divide the x axis into bins of 20m (disjoint rings) and i@age over all nodes that fall into the bins. In (a) and (b) Eieconnectedraffic is
the total traffic using a direct link to the nodes that canres telays since they are disconnected. Vertical solid peesent the approximat¥,.. Vertical
dotted line represent the peaks of the direct traffic that@pmately correspond to the lows of the relay traffic.

system. The model from Section Ill predicts fully saturatedound on a maximum number of relay hops (e.g. due to delay
network, hence the optimal spatial reuse. If a possibildy f constraints) and possible inefficiencies of a real scheduole
spatial reuse decreases, the total capacity drops shaplythe cell capacity. We also intend to evaluate our algorithm o
observed in Figure 5(b). lightly loaded cells.
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