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Abstract

Isogenies of elliptic curves over finite fields have been well-studied, in
part because there are several cryptographic applications. Using Vélu’s
formula, isogenies can be constructed explicitly given their kernel. Vélu’s
formula applies to elliptic curves given by a Weierstrass equation. In this
paper we show how to similarly construct isogenies on Edwards curves and
Huff curves. Edwards and Huff curves are new normal forms for elliptic
curves, different than the traditional Weierstrass form.

1 Introduction

Isogenies are the structure preserving mappings between elliptic curves. As such,
isogenies are an important mathematical object. Isogenies are also present in
many different areas of elliptic curve cryptography. They have been used to
analyze the complexity of the elliptic curve discrete logarithm [20], are used
in the SEA point counting algorithm [13],[17], [29] and have been proposed as
a mathematical primitive in the construction of cryptographic one-way func-
tions such as hashes [8] and pseudo-random number generators [9]. Isogenies
also play key roles in determining the endomorphism ring of an elliptic curve
[4],[23], computing modular and Hilbert class polynomials [7], [31], and in the
construction of new public key cryptosystems [26],[30],[32].

Traditionally, elliptic curves have been specified by Weierstrass equations.
However, this is merely one possible way to describe an elliptic curve. There are
alternate models of elliptic curves which have been proposed for use in cryptog-
raphy. Edwards curves, and to a lesser extent Huff curves, have been proposed
as such alternative models. Expressing an elliptic curve with these models can
lead to more efficient and secure arithmetic. The more efficient arithmetic comes
from simpler point addition formulas which require less expensive operations like
multiplication and division. These curves can also lead to improved security be-
cause the point addition formulas can be implemented with fewer special cases,
reducing information leakage through side channels.
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In an abstract sense, isogenies of elliptic curves are no different if the curve
is specified with a Weierstrass equation, Edwards or Huff form. After all, these
forms are all birationally equivalent (with the caveat that this may be over
some extension of the field of definition.) However, in a computational sense,
the model for the curve is important. We have explicit formulas for isogenies,
derived from Vélu’s formulas [33]. However, these formulas are tied to the Weier-
strass equation of the curve. This paper presents explicit formulas for isogenies
for Edwards and Huff curves. This is convenient as it allows one to compute
isogenies directly on these alternate models, without converting back to Weier-
strass form. However, this is also interesting from a computational perspective.
Vélu’s formulas are based on point addition formulas, and as these alternate
models have more efficient addition formulas one may ask if the isogeny formu-
las for these models are also more efficient. For previous work on computing
isogenies efficiently for Weierstrass curves see [5], [6], [10]. The only work on
isogenies directly on Edwards curves we found in the literature is a recent ar-
ticle by Ahmadi and Granger where they find the number of isogeny classes of
Edwards curve over a finite field [1].

This paper is organized as follows. In section 2 we review basic facts about
elliptic curves, including isogenies and Vélu’s formula. Section 3 covers Edwards
curves and Huff curves. In sections 4 and 5, we present the analogue of Vélu’s
formula for Edwards and Huff curves respectively. We take a brief look at the
computational cost of computing our formulas in section 6. Finally, we conclude
in section 7 with directions for future study.

2 Elliptic Curves

2.1 Elliptic Curves

For the remainder of this paper, let K be a field with characteristic # 2. An
elliptic curve E is a smooth complete projective curve of genus one with a given
rational point. The curve can be written in Weierstrass form

FE: y2 + a1y + asy = 2% + ay2? + asx + ag,

with the a; € K. If the characteristic of K is also not 3, then E can also be
written in short Weierstrass form,

E:y? =2 +ax+b.

For a curve in Weierstrass form, the given rational point is the point at infinity,
denoted co. The condition that E be smooth means that there is no point of
E(K) where the partial derivatives simultaneously vanish.

The points of F with coordinates in K can be made into an abelian group
under a suitable addition law. The addition law is given by rational functions.
The identity element is the point co, and the inverse of a point (x,y) # oo is

(z,—y — a1z — ag).



2.2 Isomorphisms and isogenies

We recall a few basic facts about isogenies. For a more complete reference, see
[28] or [34]. An isogeny is a nonconstant rational homomorphism (defined over
K) from the curve E to another elliptic curve. Clearly if ¢ is an isogeny, then it
must preserve the group identity. Conversely, it is known that any nonconstant
rational map ¢ from E to another elliptic curve which preserves the group
identity must be an isogeny. We will need this fact later on in sections 4 and
5. If the kernel of a (separable) isogeny ¢ is finite and has order I, then ¢ is
known as an [-isogeny, and [ is the degree of the isogeny. Any [-isogeny with
[ composite can be decomposed into a composition of prime degree isogenies,
hence for the purposes of this paper we will assume that [ is prime.

Two elliptic curves are isomorphic if and only if they have the same j-
invariant. The j-invariant of the curve y? = 23 + ax + b is

4a3

= 1728— %
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If two elliptic curves in Weierstrass form are isomorphic, there is a change of
variables from one curve to the other of the form

(z,y) = (Wz + r, v’y + u’sz + ).

2.3 Vélu’s formulae

For simplicity, we’ll assume the characteristic of K # 2,3. Let F : y? = 23 +
ax+b be an elliptic curve. In [33], Vélu showed how to find an isogeny explicitly,
given its kernel. Let ¢ be an odd prime. Let F' be a subgroup of E of order /,
which we desire to be the kernel of our isogeny.

We define ¢ in the following way. For P = (zp,yp) € F, let

$(P)=|zp+ Y. (@rig—z@hur+ Y, (WriQ—vQ)
QeF—{oc} QEF—{oo}

The points of F' cause some difficulty, as zo, and y~, don’t make sense. To get
around this, we could use projective coordinates. We omit the details, because
the basic idea is clear. For any point P € F, we set ¢(P) = co. It is easy to
see that ¢ is invariant under translation by elements of F', and that the kernel
of ¢ is F'. Using the group law on the curve, we also see that ¢ can be written
in terms of rational functions.

To compute ¢, first remove the point co from F. Notice that if a point P
is in F, then necessarily its inverse is also in F. Partition F into two sets I’
and F'~ such that F = FT UF~, and P € FT iff -P € F~. For each point
P ¢ F7, define the following quantities

g% = 32% +a, g% = —2yp,

vp = 2gp, up = (9p)°,



v = E vp, w = E up + Tpup.

PeF+ PeF+
Then the ¢-isogeny ¢ : E — E’ is given by

vp up 2upy y—yp — gp9h
¢(z,y) = <” D AL ) Dl e R '

_ _ 2
PcF+ PeF+ Tp (& —p)

The equation for the image curve is E' : y? = 2® + (a — 5v)z + (b — Tw).
D. Kohel also showed how the isogeny 1 can be written in terms of its kernel
polynomial [23]. The kernel polynomial is defined as

D(x) = H (x —xq) = -2 4 ang*:S — nge—4 +....

QEF—{oc}
N(z) N(z)\’

where N(z) is related to D(x) by

N(z)
D(z)

2 D'(z) 3 D'(z) /

={lr—o0—(32°+a) D) —2(z° +ax+0b) (D(z)) .
The polynomial N(x) has degree . We can also determine the equation of the
image E'. Set v = a(f{ — 1) + 3(02 — 203) and w = 3ac + 2b(£ — 1) + 5(c3 —
3002 + 303). Then the isogenous curve is E' : y? = 23 + (a — 5v)x + (b — Tw).

More generally, neither Vélu’s paper nor Kohel’s requires that ! be odd
or prime, nor E be given by a simplified Weierstrass equation, although the
equations are easier in this case.

3 Edwards and Huff curves

3.1 Edwards curves

In 2007, H. Edwards introduced a new model for elliptic curves [12]. After a
simple change of variables, these Edwards curves can be written in the form

Eq:2? +y? =1+ dz?y?,
with d # 1. Twisted Edwards curves are a generalization of Edwards curves,
proposed in [2]. These twisted curves are given by the equation
Eua: az? +y? =1+ da?y?,

where a and d # 1 are distinct, non-zero elements of K . Edwards curves are
simply twisted Edwards curves with a = 1. The addition law for points on F, 4
is given by:

(x1,y1) + (22,y2) = ( Ty + Toy1  Y1Y2 — az1L2 >
, ’ 1+ dzizoyiys’ 1 — deizoyiys



If a is a square and d is not a square in K, then the addition law is complete.
This means that the addition formula is valid for all points, with no exceptions.
The addition law for Weierstrass curves is not complete, which is one of the ad-
vantages of Edwards curves. A complete addition law provides some resistance
to side-channel attacks. The addition law can also be implemented efficiently,
which is important for cryptography [3].

The additive identity on E, 4 is the point (0, 1), and the inverse of the point
(z,y) is (—z,y). Note that the curve E; always has a subgroup of order 4,
namely {(0,1),(0,-1),(1,0), and (—1,0)}.

We can perform a birational transformation from F, 4 to change its equation
to a curve in Weierstrass form. The map

sends the curve E, 4 to the curve
E:y? =2%+2(a+d)z® + (a — d)*x.

Two points of order 4 on F are (a — d, +2v/a(a — d)), while (0,0) has order 2.
The inverse transformation is the map

ot (x,y) — (Qx x_(“_d))

Yy w+(a—d)

3.2 Huff’s curves

Joye, Tibouchi, and Vergnaud re-introduced the Huff model for elliptic curves
in [21]. The model was used by Huff in 1948 to solve a certain diophantine
equation [19]. The authors of [21] showed how the addition law makes Huff
curves resistant to side-channel attacks, which is important in cryptographic
settings. They also showed how to compute pairings on Huff curves. The
equation for a curve given in Huff’s model is

azx(y? — 1) = by(2® — 1).
Wu and Feng in [16] generalized this form to curves given by
Hup:x(ay® — 1) = y(ba® — 1),

with ab(a — b) # 0, which includes the previous model as a special case. The
inverse of a point P = (x,y) is —P = (—x, —y), with the additive identity being
(0,0). There are three points at infinity, and in projective coordinates these are
(I :0:0),0:1¢:0)and(a : b : 0). These points at infinity are also
the three points of order two on the curve. Addition (for points which are not
these points at infinity) is given by

(1 +22)(L+ayiy2) (Y1 +y2)(1+brixo) )
14+ bz122)(1 —ayry2)’ (1 — bzyz2) (1 + ayry2) )

(x1,91) + (v2,92) = ((



There is also a simple birational transformation from a curve in Huff form to a
curve in Weierstrass form [19]. The map is

bxr—ay b—a
y—z 'y—ua

(,y) = (

with the equation of the curve in Weierstrass form y? = 2® + (a + b)z? + abx.
The inverse transformation is given by

r+a z+b
(x7y)%< ) )'
Yy Y

4 Isogenies on Edwards curves

4.1 Isomorphisms

We begin by examining isomorphisms between Edwards curves. For some u # 0,
consider the map I, (z,y) = (z/u,y) from the twisted Edwards curve E, 4. The
image lies on the curve E, 2, ,24, and it is easy to see this is an isomorphism.
We also consider the map I(z,y) = (z,1/y), which takes a point on E, 4 to a
point on E4,. We now look for isomorphisms beyond these obvious ones.

Suppose V¥ is an isomorphism from Ey to some other Edwards curve Ej;. Let
¢ be the birational transformation from the curve E; to a Weierstrass curve
E :y? = 23 4+ 2(1 + d)2? + (1 — d)%z and similarly let ¢ be the birational
transformation from E; to a Weierstrass curve E. Then it follows that E and E
are isomorphic. From section 2.2, it is easy to check that the only isomorphisms
between curves of the form y? = 2% + Ax? + Bz have as a map

I'(z,y) = (Wz + r,u’y),

for some u # 0. The easiest case is when r = 0. Composing the maps I’ o ¢ we
have a map from E4 to y? = 2% + 2(1 + d)u?2? + (1 — d)?u*x. This needs to be
the same as E : y2 = 23 + 2(1 4+ d)22 + (1 — d)2z, from which we see that we
require

(1+d)u?=1+d,
(1—d)*ut = (1 -d)%

Solving for d in the first equation, and substituting this into the second equation
yields that u = 41, or u?> = 1/d. When u = +1 we get the identity or the
negation map and d=d. When v? =1 /d, then d=1 /d and the isomorphism
is Iy yq (zy) = (£v/dz,1/y) which maps E; to Ei /4. Note that we define
Il/\/g(jzl,O) = (£1,0).

In the case r # 0, then it can be checked that we must have 72 +2(1 + d)r +
(1—d)?=0,s07=—1—d=++/d We then have the equations

2(1+d) = (—(d + 1) £ 6Vd)u?,



(1—d)? = (8d F 4(d + 1)Vd)u™.

This system can be solved for v and (Z, but is more complicated than the above
case with » = 0. The solution shows that there are other non-trivial isomor-
phisms. Composing the above maps, it turns out these isomorphisms are of the
form

(v+ry+y—r (y+r—1+dy+y—r+1—d
(z,y) = | = , _ -,
—uy(y+1) T(y+r+l-dy+y-r—1+d
where v = u?(1 — d).
We note that [1] also includes discusses explicit Edwards isomorphisms. The
number of Edwards curve isomorphism classes over finite fields has been studied
in [14], [15], [25].

4.2 Edwards 2-isogenies

We saw in section 3.1 there are birational maps from Edwards curves to Weier-
strass curves. An intuitive method to find explicit isogenies for Edwards curves
would be to use these maps, combined with Vélu’s formula. We show how to
do this for 2-isogenies.

Let ¢1 be the transformation from the Edwards curve E; to a Weierstrass
curve Fp given in (1). Let ¢ be an I-isogeny from E; to the curve Fs, given
by Vélu’s formula. The image under an isogeny computed by Vélu’s formula is
not likely to be in the form

y? =2 +2(1 + d)2® + (1 — d)?x,

for some cf, SO we cannot use qﬁl_l to map this image curve to an Edwards curve.
The birational transformation which does work is described in [3]. Let P be a
point of order 2 on the image curve E’. Write P = (r, s2). Then the change
of variables (x,y) — (z — ra,y2) maps P to (0,0), and the new curve has its
equation of the form y? = 23 + ax? + bx. Let Q = (r1, s1) be a point of order
4 on this curve, and let d = 1 — 473 /s2. Then in fact, we actually have that

a=254p and b= r?. The map

1-d

1— 6257 T+
takes us to the Edwards curve
2?4y =1+ dry?

If we compose the three maps ¢1, ¢2, and ¢3, we get an explicit [-isogeny 1 from
Ed to Ed/.



Theorem 1 Let E; be an Edwards curve, v = 1 —d, and ¢ = \/—1. Then

there are 2-isogenies from the curve E4 given by the maps ¥y, 9, and 13 below.
The first is

(yFLy*£1

— Day, 29—~

Y1z, y) ((7 F 1wy, CESEET

. 2
The image of ¥y is the curve Ej: 2® +y* = 1+ d'z*y?, with d = (%) .

The second is

. ) 2
The image of 12 is the curve Ej, with d = (%) .

Finally, we have

- 1l —dy? dFVdVdy?+1
wg(x,y)%(ﬁ(\/gﬂm); - ’di\/&\/ﬁgﬂq:l)’

2
g . 7 VdE1
with image curve E;, where d = (\/am) .

Proof For ! =2, the kernel of a 2-isogeny is the set {(0,1), (0, —1)}. We prove
the theorem by explicitly finding the maps ¢1, ¢2, and ¢3 as described above.
The map ¢1 : Eq — F7 was already given in (1). Using Vélu’s formula, we find
a 2-isogeny ¢ : B4 — FEo

P2, y) — (”32 Rl ) i U d)2) |

T 2
The equation for Fs is the curve
Ey:y? =2 +2(1 +d)a? — 4(1 — d)*x — 8(1 + d)(1 — d)*.

The points (£2(1 — d),0), and (—2(1 + d),0) each have order 2. For the first
map we use the linear transformation (z,y) — (z —2(1 — d), y). This maps the
curve Fs to the curve

Es:y? =2 —4(d — 2)2% + 16(1 — d)=.

(1 —d) = r}, we easily find that the

_ _ _ 9l1+d
As a = —4(d 2)*214

. 2
z-coordinate of a point of order 4 is ry = 4+, and d = (:’/—g) . Then the map

@3 is as explained above the statement of Theorem 1, with these values of r; and
d. Composing the maps and simplifying the equations leads to the formula for
11 shown in the theorem. We omit the algebraic details. The other 2-isogenies
are similarly obtained by using the other two points of order 2, (—2(1 — d),0)



and (—2(1 +d),0). O

Ahmadi and Granger independently obtained equivalent formulas for 2-
isogenies [1]. We remark that the 2-isogenies in Theorem 1 may not be defined
over the same field as Ey is. This is the case when d,d — 1, or 1 — d is not a
square in K. A simple argument shows that we cannot do any better.

Let 1 be a 2-isogeny on E;. Then necessarily, we must have ¢ (0,£1) =
(0,1) and 9(+1,0) = (0,—1). It is easy to use the addition law to derive
the identities (z,y) + (0,—1) = (—z,—y), and (z,y) + (1,0) = (y,—z). As
1 is a homomorphism, this imposes the following conditions on . Denoting
Y(z,y) = (X,Y), then

P(—x Y),

—y) = (X
(y, —z) = (=X

P(=z,y) = (=X, Y).
As functions on Eg, we can write (X,Y) = (xR(y),S(y)) for some rational
functions R and S (see section 4 of [18] or [22]). Using (2), we conclude that
R(0) = 0,5(0) = —1, S(£1) = 1, and that R is an odd function, while S is
even. We must also have S(—xz) = —S(y) for points (x,y) on E4. As we are
looking for the simplest possible 2-isogenies, it can be checked that no rational

functions with smaller degrees than those in Theorem 1 will work. The simplest

of these rational functions is of the form ¥ (z,y) = (cxy, m";zﬂl) Imposing the

-Y), (2)

conditions on S(0) and S(£1), then this becomes ¢ (z,y) = (cxy, @f’;%)

Using S(—z) = —S(y), we can deduce a®> +2a+d =0, or a = —1 £ /1 —d.
Some further algebra on the equation X2 + Y2 — 1 — dX2Y?2 = 0 shows that
we must have ¢ = £a = (-1 £ /1 — d). Thus, we cannot define i over the
ground field, unless 1 — d is a square. A similar analysis can be done for the
other isogenies in Theorem 1.

4.3 Edwards curve isogenies

For ¢ larger than 2, the approach in the last subsection of mapping to and from
a Weierstrass curve does not seem feasible. In this section we give a formula for
isogenies on Edwards curves analogous to Vélu’s formulas in section 2. Let F'
be the kernel of the desired isogeny. The motivating idea is that we are seeking
to find rational functions which are invariant under translation by the points in
F, and map the point (0,1) to itself.

Theorem 2 Suppose F is a subgroup of the Edwards curve E4 with odd order
¢ =2s+1, and points

F= {(07 1)a (iala 51)7 AR (iasvﬂs)}'



Define
W(P) = ]._.[ TP+Q H YP+Q

ger YR Qér Y@

Then 1) is an £-isogeny, with kernel I, from the curve Eq to the curve E; where
d= B8’ and B = [1;_, Bi. The coordinate maps are given by:

B -ty By ale? ;
v(@,y) B2 H 1 — d2a2B222y2’ B2 H 1—d2a?B2x2y? | - (3)
(Ea i=1 ’L K2

Proof It is easy to see that ¢(0,1) = (0,1), and that v is invariant under
translation by elements of F'. So then F' C ker(¢). Conversely, if P € ker(v)),
then xp1g = 0 for some @@ € F. This implies that P = £Q € F, so that
F = ker(v). Furthermore, it is straightforward to derive the coordinate maps
given by equation (3) from the Edwards curve addition law.

We now derive the formula for d on the image curve:

X2 +Y?2=14dXx?*?,

where X (P) and Y (P) are the coordinate maps of ¢. In order to do this, we
look at the function

G(xa y) = X(x’y)z + Y(x’y)z -1- dX(iL’,y)QY((E, y)Qa

and solve for the value of d that makes G identically zero.

It is easy to see that the coordinate maps X and Y preserve the points
(0,1) and (0,—1). Furthermore, these two points are the only points on the
domain curve with the x-coordinate equal to 0. Likewise, the only points on
the codomain curve with X = 0 are (0,+1). Hence G(x,y) has two zeros when
x = 0, specifically y = +1. We can explicitly calculate the partial derivatives of
the codomain curve with respect to « and y at the points (0, 1) and (0, —1). This
shows that neither of these points are singular, and hence G has only simple
zeros at these points. Thus, the zeros of G(z,y) are also simple at the points
(0,1) and (0, —1).

Now, we explicitly examine the zeros of G(z,y) at x = 0 by looking at this
function as a power series about & = 0. Note that y? can be written as a rational
function in terms of x, and the square of the coordinate maps contain only even
powers of y. Hence the square of these maps can be written entirely in terms of
x. Specifically, from the Edwards curve equation we have y? = (1—22)/(1—dz?).
Expanding as power series, we see

X(z,y) = BQH —a? +0(2?)),

1=1

Y
z,y —3—1;[ +(df = 1)a* + O(a?)).

10



Then with A = []}_, a;,

2 A4 2 4
X(@)? = Z5a° + O(a),
1—2% ¢ 1
V@) = =g [10+ 58! =12 + 06
i=1 ?

S

V(@) = (14 (-1 +0E") [Ta+ @(dﬁ“ ~ 1)z + 0(zh),

V() =1+ (d —1+2Z (A2 — 52)>x 0@,
If we substitute these into the equation of the image of ¥, we find

G(z,y) = X(2)* +Y(2)* =1 - C5X( )QY(JU)Q,

A4 2 2 AA4 2 4
A A
= <B4—dB4+d—1+QZ d/32‘/32)> 2?4+ O(a%).

Suppose that the coefficient of 22, in the above expansion is zero, then G has
a zero of order greater than 2 at x = 0. However, we showed above that that G
has a zero of order 2 at x = 0. So we conclude that either G is identically zero.
Setting the coefficient of 22 to zero and solving this for d yields

. B* 9
d=1+ —1+22dﬂ 62)'

Thus with this choice for 37 the function G is identically zero, and we conclude
that the codomain of this map is another Edwards curve. We have a rational
map from an Edwards curve to another which preserves the identity point, which
is necessarily an isogeny by Proposition 1.

By looking at the image of a specific point on the domain curve, we can
further simplify the formula for ci, the coefficient of the codomain curve. Par-

ticularly, we choose the point P = (1,%) where i> = —1 and 4* = d. This
vy

point may not be defined over K, but rather over an extension of K.
First, we evaluate the value on the inside of the product on the x-coordinate

map at our point P:
1 ( ai+p
Y2 \1+da?p? )’

As (ay, B;) is a point on the domain curve x?+y? = 1+dx?y? this simplifies to ,712
Hence, the X-coordinate of the image point is B%g. A similar calculation for the

11



Y-coordinate shows that Y (P) is (];2127/ Then, because we know (B%w“ (];%/)

is on the curve X2 4+Y2 =1+ dX2Y?2. We are able to calculate that d = B3d¥.
O

We note the formula for isogenies given in Theorem 1 also works for twisted
Edwards curves E, 4. This is easiest to see by noting that the map (z,y) —
(x/\/a,y) maps E, 4 to Ey 4/,. We can then apply Theorem 2, which maps to
the curve E gs(q/q)c- Mapping back to the twisted Edwards form by sending
(X)Y) — (\/a7X7Y) gives an isogeny from E, 4 to E, gsg This argument
establishes the following corollary.

Corollary 1 Suppose F is a subgroup of the twisted Edwards curve E, 4 with
odd order { = 2s+ 1, and points

F= {(07 1)3 (iala ﬂl)a ceey (:tasaﬂs)}'

Define

W(P) = H $P+Q, H YyP+Q

QEF yQ QEeF yQ

Then ¥ is an l-isogeny, with kernel F, from the curve E, q to the curve E, ;
where & = a’, d = B8d" and B = [1_, Bi.

4.4 Another approach

We now state and prove another formula for Edwards curve isogenies. Let
£ = 2s + 1 be the degree of the isogeny. We can assume the isogeny 1 satisfies
¥(1,0) = (1,0). If not simply compose with the negation map.

Theorem 3 Let Eq be an Edwards curve with subgroup F = {(0,1), (o, 5;) :
i=1...s}. Then an isogeny with kernel F is given by

Hf:1 y* - 612 ny:1 y? — 0%2
fly) 7 9(y) ’

Y(z,y) — (13

where the polynomials f(y) and g(y) are the unique even polynomials of degree
2s satisfying:
FOESC | EACHETE | (G
) i=1 i? (4)

[[a-ad), 9(8;) = B; [ [ (87 — o).

i=1 =1

g(1)

12



This isogeny is the same as the isogeny given by Theorem 2. The image is
the curve Egsg. We include Theorem 3, as it shows how to compute an isogeny
(almost) entirely in terms of one variable.

Proof Let ¢ : Eq — Ej; be the isogeny described above. If we write ¢(z,y) =
(X(z,y),Y(x,y)), then both X and Y are rational functions of x and y. Hitt,
Moloney, and McGuire have shown (see [18],[22]) that over E4, we can uniquely
write X = p(y) + zq(y) and Y = r(y) + xs(y), for some rational functions
p(v),q(y), r(y), and s(y). We first show that p(y) = 0 and s(y) = 0.

As 1 is a homomorphism, then it follows that for any (z,y) on Ey

U(—wz,y) = (p(y) —xq(y),r(y) — wS(y))
- w( - (w,y))
= —(z,y)
= ( —p(y) —zq(y),r(y) + xS(y))'

So p(y) — 2q(y) = —p(y) — zq(y), and also r(y) — xs(y) = r(y) + zs(y), from
which we easily see that p(y) = 0 and s(y) = 0.
Now we use the fact that (£, 5;) is in the kernel of ¥, so

(0,1) = (Fay, Bi) = (Faiq(Bi), 7(Bi))-

The only other point on E; with z-coordinate 0 is (0, —1). Since (fay, ;) +
(0,—1) = (Foi,—p;), then we have ¥(Fay,—p;) = ¥(0,—1) = (0,—1). In
summary, the only points mapping to (0,1) are the points (0,1) and (+ay, 5;),
and the only points mapping to (0, —1) are (0, —1) and (£a;, —5;). This means

e 62~ 52)
_ HWi=W 7 Pi)

for some polynomial f(y).

Similarly, using the identities(z,y) + (1,0) = (y, —z), and (x,y) + (—1,0) =
(—y, ), we find that ¥(£5;, ;) = (£1,0) and Y(£5;, —a;) = (F1,0). Trivially
we also have ¥(£1,0) = (1,0). We likewise conclude that

N | TLET)

for some polynomial g(y).

Evaluating at the points in the kernel, we come up with the equations in (4).
If f and g are of degree 2s, then they are uniquely determined and can be found
by the Lagrange polynomial interpolation formula. It is easy to see that f and
g are even. Write ¢(x,y) = (X,Y), so then ¢(z,—y) = (X,-Y). Comparing
both sides of this equation we find f(—y) = f(y) and g(—y) = g(y) for all y, so
both f and g are even functions.
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The final point to check is that f and g cannot have degree more than 2s.
Suppose that the degree of g were more than 2s. Then there would exist some
7€ (K), § # 1, 8; such that

Hy—a

Equivalently, the y-coordinate of ¥ (x, %) is equal to 1. Then let & = ,/% €

K. Tt follows that (Z, %) is a point on Eg4, and that since § # 1, 8; then & # 0, ;.
Thus ¢(Z,9) = (7,1) on Ej, for some v. But the only point on an Edwards
curve with y-coordinate 1 is (0,1). This is a contradiction as we have just
found another point in the kernel. So the degree of g is 2s. Likewise, the same
argument applied to f and the points {(1,0), (—8;, —;)} being the only points
which map to (1,0) show the degree of f is 2s, and finishes the proof. O

4.5 The kernel polynomial

D. Kohel, in his thesis showed how the kernel polynomial of an isogeny can also
be used to explicitly write down the isogeny [23]. This was seen in the section
on Vélu’s formula. We now look at the kernel polynomial for Edwards curves. If
the kernel is {(0, 1), (xa1, B1), . .., (£as, Bs)}, then one kernel polynomial could
be

g(@) = [[=* = o),
i=1
which has as roots the +«;. Alternatively we could take

S

hy) =[] - 87).

i=1

By Theorem 2, we can write the isogeny as ¥ (z,y) = (X,Y) with

2?2 —a? 2 p?
B2H1—daaz2 o B2Hd52y R
S 2 2
Yy -5 v —aof
y =212 P
B2£[1d33x2—1 o B2H1—day

Note that we can compute X solely in terms of = (and not y), and a similar
statement for Y. Writing these in terms of the kernel polynomials, we see

g(1/Vd)zg(x) zh(y)

A (arog(1/vdr) (O h(1/dy)
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yh(z) __9(1/Vd)yg(y)
h(0)(da?)*h(1/Vdzx) — g(1)y>g(1/Vdy)
The codomain is d = d>1[[7_, 8% = d>**t1h(0)* = dg(1)?/g(1/V/d)?. We
note that if we have an algorithm to evaluate g (or h) efficiently, then we see
we can efficiently compute the isogeny.

5 Isogenies on Huff curves

5.1 Isomorphisms

Suppose ¥ is an isomorphism from H, ; to some other Huft curve de). Let ¢
be the birational transformation from the curve H, ; to a Weierstrass curve E :
y? = 23+ (a+b)x*+abx and similarly let qb be the birational transformation from
H, ; to the Weierstrass curve E. Then it follows that E and E are isomorphic.
The only isomorphisms between curves of the form y? = 23 + Ax? + Bz have
as a map

I'(z,y) = (WPx + r,uy),

for some u # 0. When r =0, We can compose the maps I’ o ¢ to get a map
from H,p to y2 = 23 + (a + b)u2a? + abu*z. We see that & = u2a and b = u2b.
An easy calculation shows

_ Yy
(67 oI 0 @)(y) = Lulw,y) = (4, 2).
w u
When r # 0, we require the isomorphism I’ to have a codomain curve of
the form y? = 23 + Ax? + Bx. It is easy to check that this only happens when
r = —a or r = —b. When r = —a, the codomain curve is y?> = x3 + (b —

2a)u2x? 4 a(a — b)ue, from which we see we that @ = —au? and b = (b— a)u?.

The composition of these maps is the isomorphism (z,y) — (llf(”b aay)7 u) from

Ha,b to H—auQ,(b—a)u""
By symmetry, when r = —b then a = (a — b)u? and b = —bu?. The compo-

sition map is Hqp to Hiq—p)u2,—pu2 given by (z,y) — (E b’”_“y).

u? u(b—a)

We also have (z,y) — (y, z) which sends H,p, to Hp q.

5.2 Hulff isogenies

We now look at isogenies for Huff curves. We derive a formula for isogenies on
Huff curves similar to Vélu’s formulae in section 2, just as we did for Edwards
curves. Let F' be the desired kernel of an isogeny. We seek a rational function
invariant under translation by the points in F, which maps the point (0,0)
to itself. We denote the points in F' by F = {(0,0), (o, 5i), (—a, —5;) 1 i =
1...s}. Let A=[[;_, a; and B=[[._, 8.
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Theorem 4 Define

X
wP)=(ar I 2y I 222
TQ YQ
Q#(0,0)eF Q#(0,0)eF

Then 1 is an £-isogeny from the curve Hyp to the curve H, ; where a = a'B*

and b = b* A%, Using the addition law, we can write

S 2 2

T~ — . y? — 7
1 vt U e a253y2>> - B

=1

Y(z,y) = (@‘
The equation (5) is valid for points which are not points at infinity.

Proof It is easy to see that 1(0,0) = (0,0), and that ¢ is invariant under
translation by elements of F'. Therefore, the set F' is contained in the set that
¥ maps to the point (0,0). Conversely, if ¥(P) = (0,0), then either zp = 0 or
zpyg = 0 for some Q € F. If zp = 0, then P = (0,0) € F. If zpig = 0,
then P+ @ = (0,0), and P = —Q € F. Thus the preimage of (0,0) under ¢ is
exactly the set F.

It is well known that the function w/v has a simple zero at co on an elliptic
curve given by a Weierstrass equation E,; : v? = u® + (a + b)u? + abu. Using
the birational transformation given in section 3.2, this function becomes t =
ay — bx on the Huff curve H,;, which has a simple zero at the identity point
(0,0). Similarly, as v has a simple zero at the three points of order 2 on E, 4,
then the function r = %m has simple zeroes at the three points of infinity
(I :0:0),(0:1:0)and (a : b : 0) on the Huff curve. The function r
has a triple pole at (0,0), as

1
r =
y—x
ooy — ba)?
Y
=13 ((aQy — 2ab + b2w>
€T Y
2 2
_a( qay®—1 5 bz —1
t (a e ab+bay2,1

Similarly, it can be checked that ¢ has a simple zero at (a : b : 0) and simple
polesat (1 : 0 : 0)and (0 : 1 : 0). There are no other zeroes or poles of r
or t.
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We now consider the function z over the Huff curve. Note that

1 (t a)
T = - -
a—>b r)’

:alb(t_atg((be—l)(ayQ—l) )

b—a+ a2y2 _ b25132)2

1 t(l_atQ((be—l)(ay2—l) )

a—1>b b—a+a?y? — b2x?)?

and so z has a simple zero at (0,0). Furthermore,

I R abt3((b(bx2—1)(ay2—1) )

a—1b a— —a+ a?y? — b2x?)?

and a more detailed computation yields

1 a 3 5
= t— 4 t7).
— (b—a)3 +0(")

Here the notation O(¢°) means a function which has at least a fifth order zero
at (0,0). An analogous calculation shows that y also has a simple zero at (0,0),
with

A (b—a)?

For the points at infinity, we use projective coordinates and see that

3+ O(t°).

- (ygzy_—xl);» 7

so x has a simple zero. Similarly, we can check y has simple polesat (0 : 1 : 0)
and (@ : b : 0) and a simple pole at (1 : 0 : 0). These are the only zeroes
and poles of z and y.

If we write the map in (5) as ¢¥(x,y) = (X,Y), then

x? —o?
mH 2(1 — b2a2z?)’
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For a fixed 4, consider the function 2> — «?. It has simple zeroes at +(a;, ;)

and +(—a;,1/af;). As x has a simple poleat (1 : 0 : 0)and (@ : b : 0)
then 22 — a? has poles of order two at these same points. Similarly, if we
examine the function 1 — b?a?22, then we have simple zeroes at +(1/ba;) and
+(—1/boy, —1/ap;) and double poles at (1 : 0 : 0) and (¢ : b : 0). We are
able to compute

22 —a? 1—b%at
7 -1 1 .2 O 4
a?(1 —b2a2a?) + a? ¥+ 0()
1—b%a}
=14+ 5——1 ¢ th).
+af(b—a)2 +O(t)
So then -
X £ 1—b%a?
— = 14+ 2+ 0@
=T (- gt o)
L
= (=1)% -1 s+1 e T 2 4 .
(—1)° +(-1) (Za2(ba)2>t +O(t")
i=1
Therefore,

_ (= 1 —~1-a’p}
X_a—b<t_(a—b)2<_a+; 7 >t3+0(t5)>7

and similarly,

_1\s S _ 2a4
yoCU ( o (z) t3+o<ts>).

i=1 g

Now we define
Geg=X(cY?2-1)—Y(dX%2—1)= (Y — X) + XY (Y — dX).

We first note that
(-1)° 1-b%af 1-a?s}
Y—X == b—a+) —t- 7 24+ 0(t),
i=1 i i

and so we can see that G4 will have a zero of order 3 at (0,0). A further
computation shows

(=1 " 1-a?B 1-b%alt) 4 5
Gc’d = m b a + C d+ £ /BZQ a’% t + O(t ) (6)
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The only possible poles of G, 4 are at the poles of X and Y. From above,
the poles of X are at (1 : 0 : 0),(a : b : 0),£(1/ba;,—0;), and
+(—1/bay;, —1/ap;), all of which are simple. The poles of Y are all simple, and
are locatedat (0 : 1 : 0),(a : b : 0),£(—ay,1/af;), and £((—1/ba;, —1/af;)).

At (1 : 0 : 0), X has a simple pole, while Y has a simple zero, so G.q
will have at worst a simple pole there. The same is true for (0 : 1 : 0). At
(a : b : 0), we see that there will be at most a triple pole for G. 4. Now, at the
points +(1/ba;, —B;), we see there is at most a simple pole, and similarly for
+(—a;,1/aB;). Finally, we note that +(—1/bc;, —1/ap;) will cause G, q to have
at most a triple pole. So the total number of poles (counting multiplicity) is
10s + 5 = 5¢. Thus, the total number of zeroes is at most 5¢. By the definition
of X and Y, we know that they are invariant under translation by points in
the kernel F. As G, 4 has at least a triple zero at (0,0), then there is at least
a triple zero at £(oy, 8;). So (counting multiplicities), we see that G. 4 has at
least 3 + 6s = 3( zeroes.

We see from (6) that the coefficient of 3 in G4 is linear in ¢ and d. A
more detailed analysis also shows the coefficient of ¢® is linear in ¢ and d as well.
Thus, we may solve this system of equations to make these coefficients zero.
With these values of ¢ and d, then G. 4 has a zero of order at least 7 at (0,0),
as well as at the +(«;, 8;). Counting multiplicities, we obtain that there are at
least 7 + 14s = T¢ zeroes. This is more than the number of poles, which is a
contradiction, unless G 4 is constant. We easily see G, 4(0,0) = 0, and hence
G..q is identically zero. This shows the image of v is a Huff curve. We’ve found
a rational map which sends H,, ;, to another Huff curve and maps (0, 0) to (0,0).
This is necessarily an isogeny. We do not give the detailed expressions for ¢ and
d, as we can come up with vastly simplified equations for the codomain curve.
We now show how to do this.

Solving for the projective maps on the Huff curve gives us:

X = xH [(2® — of2?) 87 (2% — a®B7y?)]

Y = yH [(y2 — 61222) o? (22 — bza?:cz)} ,

i
and

Z = ZH [a? (22 — bZaiQxQ) B? (z2 — aZﬂny)] .

From this we see that the points at infinity (1 : 0 : 0)and (0 : 1 : 0)
map to (1 : 0 : 0)and (0 : 1 : 0) respectively. The third point at infinity
(a : b : 0) maps to (a*B*(ab)®* : b*A%*(ab)?* : 0), which is equivalent to the
point (a*B* : b*A* : 0).

By plugging this into the curve:

X (av? - 7%) = (bx* - 22)
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we get that:

a b
a’B4  bplA4T
Thus we can conclude that for some constant ¢ we have that ¢ = a*B*c and
b = bt Ate.
Now we observe the image of the point P = (%, ﬁ) under this isogeny.

We first calculate the term inside the product for the z-coordinate map:

(1/vh)? — (3)? 1 — ba? 1

= a2 27 a2’
a2 (1 _ bzag(l/\/g)Q) bai (1 —bai  ba;

And thus the whole product, and hence the x-coordinate map of the isogeny
becomes:

1
Vbl AL

Similarly, the y-coordinate map of the isogeny becomes:

1
ValBt

Plugging these values into the codomain curve, and making the substitutions
a = a'B*c and b = b’ A*c we get:

1 1
c—1)= ——
‘/bZA4( ) ‘/a£B4

If ¢ # 1, we can conclude that Vb‘A%4 = Va!B*%. However, if this were the
case, then the image of the point P = (%, ﬁ) is a singular point on the

(c—1).

codomain. This is not the case as can be seen by mapping this point to the
weierstrass model, performing the isogeny and mapping back to the Huff model.
Thus ¢ = 1 so that @ = a*B* and b = b*A%. o

5.3 Kernel polynomials for Huff curves

We can use kernel polynomials to write the Huff isogeny. Denote the points in
the kernel by {(0,0), (e, 8i), (—cy, —8;) : i = 1...s}. The kernel polynomials
are

hy) =[] - 8,

i=1
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Then by Theorem 4,

o xg(z) yh(y)
w( ’y) <g(0)(bx)239(b1m)) h(O)(ay)zsh(aly)> .

The codomain curve is H,, ;, where @ = a’h(0)? and b = b’g(0). Note again that
this can be efficiently computed if we have an efficient algorithm for computing
g and h.

5.4 More isogenies
We include a formula for 2-isogenies on Huff curves.

Theorem 5 There is a 2-isogeny from the curve H, j, to the curve H—(ﬁ+\/5)2 —(Ja—vE)?
given by

(5.4) > ((bx —ay) ((bz — ay) + Vab(z — y))’

(b—a)? bx? — ay? ’
(ba — ay) ((bx — ay) — Vab(z — y))?
(b —a)? bx? — ay? '

Proof The proof is similar to the method used for 2-isogenies for Edwards

curves. The map
br—ay b—a
(bl(xvy) = (7a7>7
y—xr y—x

sends H,p to the Weierstrass curve Ej : y?2 =2+ (a+ b)av2 + abx. The point
(0,0) on this curve has order 2, and by Vélu’s formula we have a 2-isogeny

2 2
z*+ab 2z —ab

¢2($,y): ( T Y ) )a
to the curve Es : y? = 2 + (a + b)x? — 4abx — 4ab(a + b). In order to map Es
back to a Huff curve, we first use a linear translation to get it in the right form:

¢3(z,y) = (v +a+b,y).

The image of this map is the curve E3 : y?> = 23 — 2(a + b)2? + (a — b)?x.
The inverse map of ¢; requires a curve in the form y? = 23 4 (¢ + d)2? + cdx.
Equating this with E3, we need ¢ +d = —2(a + b), and c¢d = (a — b)2. Solving
this system, we get ¢ = —(v/a + vb)? and d = —(v/a — v/b)?. The map

e = (£ ) - (N 2

)

takes Es5 to the Huff curve H, 4. Composing the maps ¢1, @2, @3, ¢4 leads to the
formulas given in the statement of the theorem. We omit the algebraic details.
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We are also able to give another explicit formula for odd degree isogenies for
Huff curves.

Theorem 6 Let H,;, be an elliptic curve given by the Huff model x(ay* —1) =

y(ba?~1). Let the kernel of the isogeny be {(0,0), (a1, 1), (a1, =B1), .- ., (s, Bs), (—as, =)}
Then there is a (2s 4+ 1)-isogeny VU is given by

S

Wz, y) = (bix 11 . (x — ai/Biy)(x + aci Biy) I (z — i/ Biy) (z + l/baiﬁiy)> |

Pl Hx — afi/bay)(x + 1/ba;Biy)’ P (z — aB; [bayy) (x + ac; Biy)

The proof is similar to that of Theorem 3. This isogeny returns the same values
as the Huff isogeny formula given by Theorem 4 in section 5.2.

6 Computation

There has been much interest in computing isogenies efficiently, see [5], [6],
[10], or [27] for example. The models for isogenies of elliptic curves in the past
have only used the Weierstrass equation. With the Edwards and Huff isogeny
formulas presented in this paper, we now have an alternative to previous work.
In this section, we briefly examine the computational cost of computing Edwards
and Huff isogenies, and compare it to known results for Weierstrass isogenies.
We emphasize that we are only doing a quick analysis — a serious study will be
the focus of future work.

For Edwards curves, we can compute an isogeny with kernel {£a;, 3;}U(0, 1)

by
V(z,y) = (xH z? — of /By y Y2 — a2 /22 )
i=1

L1 — d?a?fZa2y?’ Pl d?a?f2a2y?

Let M and S denote the cost of a multiplication and squaring in K respectively.
Let C' denote multiplication by a constant in K. If constants are carefully
chosen, the cost of the multiplications denoted by C could be significantly less
than those in M, however, in the general case, we should regard C and M
as equal. We ignore addition, as the cost of addition is usually much less than
squaring and multiplication. We first compute 2 and y?, from which we deduce
dz?y? = 22 + 4% — 1, at a cost of 25. For each i, we then compute z? —
a?/B2y? y? —a? /%22, and 1 —da? 32 (dx?y?). This requires (3s)C. Computing
o TTy (0% — a2/ 829%), y T, (v — a2/822%), and [T, (1 - d2a2/322%y?) costs
(2+3(s—1))M. In affine coordinates, we must invert [[7_, (1 — d*a?/B2z%y?),
and perform 2 more multiplications M. Thus, the total affine cost is (3s+1)M +
25 + 3sC' + 11, where I is the cost of an inversion.

22



To avoid inversions, which can be costly, we look at using projective coordi-
nates. The isogeny is

(Y, 2) = (m ﬁ(fﬂ2—af/53y2) LYz ﬁ(y2—a?/ﬁf$2) : ﬁ(24—d2a?/53$2yz)>~
i=1 =1

i=1

We can see we must also compute z*, and zz and yz at a cost of 2M +25. The
total cost in the projective case is (3s + 3)M + 45 + 3sC.

We do not claim these formulas are optimal. They only provide an upper
bound for the cost to compute an Edwards isogeny. For specific values of s, it is
possible to do better. For example, using projective coordinates we have found
a way to compute an Edwards 3-isogeny in 5M + 4S5 4 3C', and a 5-isogeny in
6M + 6S + 5C. For comparison, an optimized 3-isogeny is given in [11] which
costs 3M + 3S + 1C, and an optimized 5-isogeny is given in [24] which costs
8M + 55 + 7C. It is more difficult to compute the exact cost of computing an
isogeny on Weierstrass curves. The best algorithms in [5] are O(IM (1)), where
I = 2s+ 1 is the degree of the isogeny, and M (n) is the cost to multiply two
polynomials of degree n together. A naive algorithm has M(n) = n?, whereas
if fast Fourier transforms are used then one can take M(n) = nlogn.

For Huff curves, we use the formula

(T 2% —a? - y* — 57
Y(@.y) = (a: H a?(1—b2a?z?)’ yg BZ(1 - a253y2)> .

=1

A similar analysis shows we can compute ¢ with (4s — 2)M + 25 + (2s)C + 21
in the affine case, and (4s+3)M 43S+ (4s)C in the projective case. A possible
reason the Huff isogeny might not be as efficient as the Edwards isogeny lies in
the denominators. In the Edwards case, the same denominator is used for both
the = and y-coordinates, while for Huff isogenies, different denominators have
to be calculated.

7 Conclusion

In this paper we have found isogeny formulas for Edwards and Huff curves,
similar to Vélu’s formulas for Weierstrass curves. It is interesting that these
formulas are “multiplicative”, compared to the “additive” Vélu formula. The
new isogeny formulas also yield easier to write down rational maps than Vélu’s
formula.

There is much potential for these isogeny formulas to be used in applications.
Many cryptographic results appear in the literature for Weierstrass isogenies,
and it is possible that Edwards (or Huff) isogenies could improve results, or be
more efficient. This is similar to how using the Edwards addition law speeds
up point multiplication on elliptic curves. Such possibilities include the SEA
algorithm [29], pairings [6], or the Doche-Icart-Kohel technique [11].

We also leave it as future work to optimize the computations in section 6.
Our preliminary operation counts show the isogeny formulas are competitive
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with other work. Another research topic could be finding similar isogeny for-
mulas for other models of curves, such as Hessian curves, Jacobi quartics, or
Jacobi intersections.
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