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Abstract

The work describedin this thesisdevelopsthe theory of computingworld measurements
from photographsof scenesandreconstructingthree-dimensionalmodelsof thescene.Themain
tool usedis ProjectiveGeometrywhich formsthebasisfor accurateestimationalgorithms.

Thetechniquespresentedemploy uncalibratedimages; noknowledgeof thecamerainternal
parameters(suchasfocal lengthandaspectratio)or its pose(positionandorientation)is requiredat
any time. Extensive useis madeof geometriccharacteristicsof thescene,thusthereis no needfor
specializedcalibrationdevices.A hierarchyof novel, accurateandflexible techniquesis developed
to addressanumberof differentsituationsrangingfromwherenoscenemetricinformationis known
to caseswheresomedistancesare known but thereis not sufficient information for a complete
cameracalibration.

Thegeometryof singleviews is exploredandmonocularvisionshown to besufficient to ob-
tainapartialor completethree-dimensionalreconstructionof ascene.To achieve this theproperties
of planarhomographiesandplanarhomologiesareextensively exploited.Thegeometryof multiple
viewsis alsoinvestigated,particularlytheuseof aparallax-basedapproachfor structureandcamera
recovery. Thedualitybetweentwo-view andthree-view configurationsis describedin detail.

Measureddistancesmust be associatedwith a measurementaccuracy to be meaningful.
Therefore,an uncertaintypropagationanalysisis developedin order to take accountof the pos-
siblesourcesof errorandhow they affect theuncertaintyin thefinal measurements.

Thegeneraltechniquesdevelopedin this thesiscanbeappliedto severalareas.Examplesare
presentedof commercial,industrialandartisticuse.



William Hogarth,Perspectiveabsurdities, engravedfrontispieceto JohnJoshuaKirby,
Dr BrookTaylor’s methodof perspectivemadeeasyin boththeoryandpractice, Ispwitch,1754.

Ai mieigenitori



Acknowledgements

I haveenjoyedverymuchto work in theRoboticsResearchGroupandlivein thismarvellous
town. It hasbeena fantasticexperience,extremelyusefulfor my learningandmy personalgrowth.
Many peoplehave beencloseto mein thesethreeyearsandI amdeeplyindebtedto all of them.

First of all I would like to thankmy two supervisorsProf. Andrew ZissermanandDr. Ian
Reid. Their tirelessfervour, encouragementsandconstantpursuitof the bestpossiblesolutionto
theproblemsmethave beenfundamentalin theachievementof theresultspresentedin this thesis.
I alsowantto thankthemfor beingsuchgoodfriends.

I amimmenselygratefulto my cousinandfriend Dr. RobertoCipolla. Without his passion
for goodscienceandhis enthusiasticexhortationsI would not have begunmy D.Phil. Thanksfor
thehelpandsupportreceivedduringthesethreeyears.

Many thanksto Prof. Martin Kemp. Working in a field wherescienceandart canmeetand
cooperatehasenrichedmy personalculture,improvedmy understandingof visualperceptionand
switchedonmillions of “art-oriented”neuronsin remoteareasof my brain.

I amindebtedto Dr. Andrew Fitzgibbonwho hasbeenincrediblyhelpful with thesoftware
developmentand enthusiasticconversationsaboutComputerVision. David Liebowitz, with his
passionateattitudetowardsgeometricproblems,hasbeenof greathelp in creatingmany three-
dimensionalmodelsandanimationsaswell asproofreadingpartof this dissertation.Philip Pritch-
ett, FrederikSchaffalitzky, Geoffrey Cross,David Capel,RichardSmith,CarolineBailard,Karen
McGaulin theVisualGeometryGrouphave all contributedto enrichingmy understandingof Pro-
jective Geometry. Thanksto Lourdes,JosephineandClaudia(Portuguese)for bearingto seemy
faceat homeaswell asin the office every day; they never complained.Thankyou Josephinefor
proofreading.

I wouldalsolike to give thanksto ProfessorsA. Blake, L. vanGool,M. Brooks,D. Murray,
P. Anandan,S.Carlsson,R. Hartley, J.Mundy for contributing, with stimulatingdiscussionsto the
developmentof many of theideaspresentedin this thesis.

In thesethreeyearsI have alsobeensupportedby many friendswho,especiallyat thebegin-
ning of my stay, have helpedmeto overcomeany languageproblemandenjoy my time in Oxford.
Amongall I would like to thankClaudia(Mexicana),Zam,Frank,Rory, Arnd, Francesca(Ciccia),
Ronan,Anna,Hester, Arnoud,Mark (anothervictim of theproofreadingdisease),Rebekah,Yaeli
andlittle Michael,Liz, Graham,Tobiasandmany others.Believe it or not,goingto thepubandon
holidaywith themhashadextremelypositive repercussionson my work. Many thanksalsoto the
peoplewhohave acceptedto appearin picturesof this thesis.

I shouldnot forgetmy many Italian friends,colleaguesandprofessorsscatteredall over the
world, alwaysreadyto providesuggestionsandhelp.

Many thanksalsoto thegroupsecretaryAnnetteGingell andto thecomputeradministrators
ChristopherRabsonandNeil Townsend;they have donea fantasticwork.

Dulcis in fundo,hugethanksto my parents,my sisterandNicola. Fromtheoppositesideof
the continentthey have alwayssupportedmy choicesandmy ideasandprovided me with lots of
love.

Grazie!



“Therearethreebranchesof perspective:
the first dealswith the reasonof the diminutionof objects
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Chapter 1

Introduction

1.1 Accurate measurementsfr om images

Imagesor sequencesof imagespotentiallycarrya tremendousamountof geometricalinformation

aboutthescenerepresented.Theaim of thework presentedin this thesisis to extractthis informa-

tion in aquantifiable,accurateway.

Generaltechniquesaredevelopedwhich find their engineeringmotivation in therealization

of aflexible, fastandrobustvisualmeasuringdevice,capableof reconstructinga three-dimensional

digital modelof ascenefrom interpretingphotographs(seefig. 1.1).Theleadingideais:� anoperatortakessomeimagesof thescene(or object)to bemeasured;� acomputerby interpretingthoseimagescreatesa3D metricmodelof theviewedscene[5];� themodelis storedin a databasewhich maybequeriedat any time for measurementsvia a

graphicaluserinterface;

Sucha device possessesseveral interestingfeatures:(i) it is userfriendly. In fact,oncethe

imagesaretakenandthemodelbuilt anoperatorcanvirtually walk throughit, view thescenefrom

differentlocations,takemeasurementsqueryingthesoftwareinterfaceandstorethemin adatabase,

interactwith theobjectsof thescene,placenew, consistentvirtual objectsin thescene(augmented

reality) andcreateanimations;(ii) thecaptureprocessis rapid,simpleandminimally invasive since

it only involvesa camerato take picturesof theenvironmentto bemeasured;(iii) theacquireddata

arestoreddigitally onadiskreadyfor reuseatany timenegatingtheneedto gobackto theoriginal
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2

1

3

3D model

original image

Figure1.1: A three-dimensionalvisual measuringdevice: (1) a photographof a sceneis taken;
(2) theimageis transferredinto a computerandinterpreted;(3) a 3D modelof theviewedsceneis
reconstructedandinteractively queriedfor measurements.

scenewhennew measurementsareneeded;(iv) thehardwareinvolvedis cheapandeasyto use.No

new, dedicatedhardwareis necessary.

All thework presentedhereis motivatedby thenecessityof understandingthemathematical

theoryunderlyingsuchavisualmeasurementdevice.

The mathematicalbasis. Thetheorydevelopedin this thesisproceedsfrom astrongandreliable

mathematicalbasis,ProjectiveGeometry[36]. In particular, 2D-2D homographictransformations

andmoregeneral3D-2D projectivities areinvestigatedandusedextensively. While muchof the
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underlyingtheoryalreadyexisted,in orderto achieve thegoalof this thesis,a numberof research

areashadto beaddressed.

The algorithmsdevelopedrequireno knowledgeof the camera’s internalparameters(focal

length,aspectratio, principalpoint) or externalones(positionandorientation);i.e. no internalor

externalcameracalibrationis needed.Cameracalibrationis replacedby theuseof sceneconstraints

(oftenreferredtoasscenecalibration) suchasplanarityof pointsandparallelismof linesandplanes.

Thesegeometriccuesareinferreddirectlyfrom theimages;noscenemarkersor specializedsensors

arerequired.

A hierarchyof novel geometrictechniquesto calculatedistancemeasurementsis investigated

to addressarangeof differentcases.Thetechniquesspansituationswherenometricinformationis

known abouttheworld (completelyuncalibratedcamera), throughto caseswheresomereference

distancesareknown but they arenot sufficient for a completecameracalibration(partial calibra-

tion). This leadsto extremelyflexible algorithmswhich canbeappliedto a wide rangeof images

suchas: photographsof buildings and interiors,aerial images,archived images,photographsof

crimescenesandevenpaintings.

Bothsingleandmultipleview configurationsareemployed.Stereovisionhasin thepastbeen

usedto computedepth,but, in this thesis,monocularvisionprovesto besufficient, in many cases,

to obtainpartial or complete3D reconstruction.The useof multiple views in a parallax-based

framework is alsoconsideredin thecaseswheresingleview metrologycannotbeapplied.

Accuracy on measurements. Theprocessof takingmeasurementsis traditionallyanengineering

task, and like all the engineeringtasks,must be accurateand robust. World measurementsare

obtainedfrom input data(e.g. imagepoints)by a geometrictransformation(e.g.a homography).

Dataandtransformationareaffectedby errorandsois theoutputmeasurement(fig. 1.2).A proper

treatmentof errorandits propagationthroughthechainof computationsis thereforenecessary.
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Figure1.2: Err or propagation: theinput dataareprocessedby thetransformation� to obtainthe
requiredoutputmeasurement.Input dataandtransformationareaffectedby error, leadingto error
in theoutputmeasurement.

Theuncertaintyanalysisdevelopedin this thesistakesinto accountall thepossiblesources

of error (the accuracy of the device used,the error affecting the dataacquisitionprocessandthe

operator)andpredictshow theseaffect theaccuracy on thefinal measurement.Thusanuncertainty

estimateis associatedwith eachoutputmeasurement.

This is achievedby usinga first order error propagation. But first orderanalysisinvolvesa

linearapproximationof thenon-lineartransformationsrelatinginput datato outputmeasurements.

Thereforethe validity of the approachhasto be assessed.This is doneemploying MonteCarlo

statisticaltests.

1.2 Why usevision?

Severaldifferenttypesof distancemeasurementdeviceshave beenusedin the past. They canbe

categorizedas activeand passive. Active and passive devices differ in that active devices send

signalsinto theenvironmentandreceive themback.Informationrelatedto distancesis retrievedby

analysingandcomparingtheoutgoingandthereturnedsignals.

1.2.1 Activedevices

Ultrasonic devices. Many distancemeasuringsystemshavebeenbasedonultrasonictechnology.

It is possibleto buy relatively cheapultrasonicdevicescapableof measuringthe distanceof the

operatorfrom anobject(suchasawall) relyingonanechoreflectiontimemeasurementsystem.

Ultrasonicscannershave, for instance,beensuccessfullyusedin medicalimagingfor 3D re-

constructionof thestructureof bones[114] or otherinternaltissues.They havealsobeenemployed
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in roboticsproblemssuchasautonomousvehiclenavigation[45], wheretheaccuracy andspeedof

thelocalisationsystemarevital. Themainproblemwith suchanapproachis thatthemeasurement

returnedis affectedby strangeandalmostunpredictablephenomenalike multiple reflectionsof the

ultrasoundwavesonvariousobjects,thusleadingto wrongestimationof thereflectiontime.

Laser range finders. A secondapproachfor measuringdepthsis theuseof laserrangefinders.

Thesedeviceswork by directinglaserbeamsontotheobjectto bemeasuredandanalysingthephase

or echoingtimeof thereflectedbeams.

Laserrangefindersare being successfullyappliedto metric shapereconstructionof rela-

tively smallobjects[8]. They have beensuccessfullyemployedin theMichelangeloProject[73] to

createthree-dimensionalmodelsof ancientstatues.Laserdeviceshave alsobeenappliedto solve

othercommonComputerVisionproblemssuchasautonomousnavigation[60]. Thosesystemsare

extremelyaccuratebut they suffer problemssimilar to thoseof ultrasonicdevices.Laser-basedde-

vicesareusuallytunedto detecta specificrangeof distancesandthey canbequiteexpensive and,

sometimes,dangerous.

Structuredlight. Otheractivedevicesemploy camerasto acquireimagesof anobjectilluminated

by a regular light pattern.Someauxiliary devices(a laseremitteror just a slideprojector)project

a light patternor a setof patternsonto an object. The shapeof the object is computedfrom the

deformationof theprojectedgrid.

Structuredlight-basedapproacheshave beenusedfor accuratemeasurementof surfacesof

closerangeobjectswhich do not possessenoughtexture[78]. Thosemethodshave alsobeenused

to capturefacialexpressions[33, 92]. Theneedfor auxiliary light projective devicesleadsto a loss

in theflexibility of themeasuringtool.

Themeasurementsobtainedfrom active devicescanbebadlyaffectedby unexpectedreflec-



1.3 Why is visual metrology hard ? 6

tionsor interferencesandthereforeneedto beusedwith extremecare.Furthermore,suchdevices

canonly beappliedto measureobjectswhichareaccessible,i.e.appliedin situ,andthey arenouse

to measurescenesof whichonly imagesexist.

1.2.2 Passivedevices

Passive devicessuchascamerasdo not suffer from theabove problemsandarecharacterizedby a

wider rangeof application.

They canbeappliedto measurethedistanceof thedevice from anobject(like rangefinders)

aswell asthe distancebetweentwo otherpointsin space,areasof surfacesandangles.Cameras

returnbi-dimensionaldata(ratherthanmono-dimensionalones)characterizedby densesampling

within thefield of view. They canmeasureobjectswhicharefaraswell ascloseones.Speedis not

anissuefor suchdevices.Furthermore,sinceimagesaretheonly inputdata,passivevisualdevices,

unlike active ones,cansuccessfullybeappliedto reconstructingobjectsfrom archived images,old

footage,postcardsandpaintings.

1.3 Why is visual metrologyhard ?

In theprevioussectiontheadvantagesof usingcamerasasopposedto othermeasuringdeviceswere

described.However, takingmeasurementsof theworld from imagesis complicatedby thefactthat

in the imagingprocessthe3D spaceis projectedontoa planarimage,with someunavoidableloss

of information.Reconstructingthescenemeansretrieving thatinformationfrom theimages.

In particular, perspective distortionsoccurduringtheacquisitionstage.For instance,objects

whicharefar awayfrom theeye(or camera)look smallerthanobjectswhichareclose � . Examples

of perspective distortiononrealimagesareshown in figure1.4.

In thepastphotogrammetristshaveaddressedtheproblemof takingworld measurementsus-

ing images.Their techniquesrely on knowing the internalparametersof the camera,its position�
Thisbasicintuition hasbeenformalizedfirst by Euclid in hisOptica[34] andthenemployedby mathematiciansand

artistsin theItalianRenaissanceamongwhichLeonardodaVinci is oneof theoutstandingexamples(seefig. 1.3).
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Figure1.3: First proofs of perspective effect: (a) Euclid’s proof (ca.300 B.C.); (b) Leonardo’s
proof: “Among objectsof equalsizethat which is mostremotefrom the eye will look smallest.”
LeonardodaVinci (1452-1519),B.M.19r.

a b

Figure1.4: Perspective distortion in the image acquisition process: (a) A photoof a wall of
KebleCollege in Oxford: the windows areforeshorteneddifferently dependingon their distance
from the camera. (b) The four pillars have the sameheight in the world, althoughtheir images
clearlyarenotof thesamelengthdueto perspective effects.

with respectto the viewedsceneor thepositionof marker pointsin thescene(georeferencedim-

ages). Unfortunately, photogrammetricalgorithmswork well only if thosevaluesareknown with

greataccuracy, andeven a very small deviation cancauselarge errorsin the final measurements.

Furthermore,camerainternalparametersarequitesensitive to changesof temperatureandmechan-

ical shock.Photogrammetrictechniquescannotbeappliedto archived imagesandareno usewith

paintings.
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In this thesisProjective Geometryis employed in a flexible way to model the perspective

distortionandrecover full or partial 3D informationfrom uncalibratedimagesandinferredscene

geometriccues.

1.4 Applications and examples

Thetheorypresentedherecanbeappliedto solvingmany of theengineeringandarchitecturalprob-

lemswhich involve measuringobjects.For instance,it is usefulto photogrammetryresearchersfor

measuringdimensionsof buildingsfrom aerialimagesaswell asin videocompressiontechniques.

In fact,if a3D modelof asceneis known thenit is possibleto eliminateall theunnecessaryandre-

dundantinformationandobtainahighratecompressionof thedataspaceto bestoredor transfered.

Thissectionanalysesthreeof themany possibleuses,whichwill bedescribedin detailin the

following chapters.

1.4.1 Ar chitectural and indoor measurements

An importantapplicationis in takingmeasurementsof man-madescenes(measuringobjectslike:

furniture,doorsandwindows).

Geometry-basedapproachesareusedhereto computedistancesonsceneplanarsurfaces[24]

(chapter4). For example,theedgeof a window canbetransformedfrom theimageinto theworld

by a geometrictransformationthuscomputingits real length(seefigure1.5). Theaccuracy of the

measurementsis alsoestimated.

Perspectivedistortionsonplanarsurfacesarethereforeremovedandrectified(fronto-parallel)

viewscreated(seefigure1.6).Oncetwo imagesof aworld planehavebeencorrectedfor projective

distortion,they canalsobestitchedtogetherto make amosaicimage(seefigure1.7).

Furthermore,usingthe metric informationretrieved for eachplanarsurfaceandcombining

it with thatcomputedfor theothersan indoorenvironmentcanbemodelledasa simpleshoe-box

room.Protrusionsfrom planarsurfaces(columns,pipes,windows sills) canbemeasuredusingtwo
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175.0 +/- 10.2

175.1 +/- 25.5 cm

a b

Figure1.5: Measuring distancesand estimatingtheir accuracy: (a)originalimage,aphotograph
of thefacadeof theCrystallographyLaboratories,Oxford; (b) theheightof differentwindows has
beencomputedandtheaccuracy estimated.

a b

Figure 1.6: Rectification of a planar surface: (a) original image,Keble College, Oxford; (b)
rectifiedimage.Perspective distortionhasbeenremoved.

or moreviews [23].

1.4.2 Forensicmeasurements

An importantapplicationof this theoreticalframework is in forensicscience,to measuremetric

dimensionsof objectsandpeoplein imagestakenby surveillancecameras[26].

Becauseof the very bad quality of the imagestaken by cheapsecuritycameras,it is not

possibleto recognizethefaceof thesuspector distinctfeaturesonhis/herclothes.Theheightof the

personbecomes,therefore,anextremelyusefulidentificationfeature.

Heightsof peoplecanbe estimatedfrom a singleview using the techniquesdevelopedin
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a

b

c

Figure1.7: Mosaicingtwo images:(a)and(b) two imagesof TheQueen’sCollegeMCRin Oxford;
(c) mosaicimage;theimageshave beenperspectively correctedandstitchedtogether.

chapter5 (seefigure1.8). Themainproblemis that thesuspecthasusuallydepartedthesceneof

crimeor thescenehaschanged;therefore,in orderto computehis/herheightwecanrely only onthe

actualimage.This is complicatedby the fact thatusuallyonly oneview of thesceneis available.

Goodresultshave beenachieved here,someof which have beenalreadyappliedin the forensic

sciencecommunity[26].

1.4.3 Reconstructingfr om paintings

Much interestis attractedby the possibilityof building colourful 3D modelsandcreatebeautiful

animationsof paintedscenes[24, 74]. Themathematicaltheorydevelopedhereappliesparticularly

well to paintingsanddrawingsfollowing thegeometricrulesof LinearPerspective.

LinearPerspective wasinventedat thebeginningof thefifteenthcenturyin Florenceby the

ItalianarchitectFilippoBrunelleschi[64] andmathematicallyformalizedbyLeonBattistaAlberti in
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a b

Figure1.8: The height of a personstandingby a phonebox is computed: (a)original image;(b)
thecomputedheightof thepersonandtheestimateduncertaintyareshown.

a b

Figure 1.9: 3D reconstruction from a painting: (a) St Jeromein His Study(1630, JosephR.
RitmanCollection)by HenryV Steinwick(1580-1649);(b) aview of thereconstructed3D model.

1435[1]. Immediatelyafterits inventionLinearPerspectivewasappliedby themastersof theItalian

Renaissance(e.g.Masaccio,PierodellaFrancesca,Leonardo,Raffaello)to paintings,drawingsand

engravings,providing themwith new expressionsof depthandspace.

A paintingwhich follows thegeometricrulesof perspective behavesasa perspectiveimage

(likeaphotograph)andthereforetheprojective techniquesin this thesiscanbesuccessfullyapplied

(seefig. 1.9). A preliminarycheckon the correctnessof the perspective (location of vanishing

points,perspective effectetc.) is, of course,necessary.
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1.5 Summary

1.5.1 Contributions

Thisthesisimprovesonthestateof theartonvariousaspectsof ComputerVisionandunderstanding

of photographsandvisualart:� a hierarchyof novel, accurateandflexible techniquesis developedto make measurements

andreconstructthree-dimensionalscenesfrom uncalibratedimages.They rangefrom cases

wherenosceneinformationis known to situationswhereonly partialcalibrationis available;� affine andmetric reconstructionis madepossiblefrom singleviews aswell aspairsor se-

quencesof images;� ananalysisof theaccuracy of thereconstructionis developedwhichpredictshow errorsaffect

thefinal measurements.Theanalyticaltheoryis validatedby meansof statisticaltests;� the generalalgebraictechniquesdevelopedhereopennew waysto interpretingandunder-

standingclassicalandmodernworksof art.

1.5.2 Thesisoutline

This thesisbegins in chapter2 with a literaturesurvey of themostrelevant researchconductedin

thefieldsof: videometrology, 3D reconstruction,erroranalysisandarthistory.

In chapter3 somebackgroundmaterialis presented:an introductionto thebasicgeometry

employed(3D-2Dand2D-2Dprojectivemappings);thenotationused;fundamentalimageprocess-

ing algorithms(edgedetection,radialdistortioncorrection);thebasicsof errorpropagationtheory.

Chapter4 startsto bring the underlyingmathematicsto life by developing algorithmsto

performmetrologyon planarsurfaces.Differentmethodsto accuratelyestimatingplane-to-plane

homographiesareinvestigated.Planarhomographiesarethenusedto measuredistancesbetween

pointsor parallellinesonaworld plane.In orderto estimateuncertaintiesin thosemeasurementsa

first ordererroranalysishasbeendevelopedwhereall majorsourcesof erroraretakeninto account.
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A workingapplicationis alsopresented.

Chapter5 extendsmeasurementson planarsurfacesto the three-dimensionalcase. Algo-

rithms for recovery of partial andcompletethree-dimensionalstructurefrom singleuncalibrated

imagesareexplored. Thetechniquesmake extensive useof planarprojective transformationslike

homographiesandhomologiesthusavoiding traditionalproblemslikematchingcorrespondingfea-

turesover multiple views of a scene. Particularattentionis paid in this chapterto: (i) measur-

ing distancesbetweentwo parallelplanes;(ii) measuringon parallelplanesandcomparingthese

measurementsto thoseobtainedin any otherparallelplane;(iii) determiningthecameraposition.

Uncertaintieson the computedmeasurementsare estimatedtoo. This work is generalizedto a

parametrizationof the3D spaceasa collectionof threepencilsof parallelplanesin threedifferent

directions.

Chapter6 dealswith multi-view geometryand describesthe advantagesof this approach

over the singleview. The geometryof two andthreeviews givesrise to an elegantalgebraicde-

scriptionof the 3D spaceemploying planarhomologies.It is shown thathomologiesencapsulate

the fundamentalgeometricconstraints:theepipolarconstraintin the two-view caseandthestruc-

ture constraintin the three-view configuration. The eleganceof this approachis highlightedby

theduality relationshipwhicharisesnaturallybetweenthetwo-view andthree-view configurations.

Furthermore,a new interpretationof the spacebasedon a plane-plus-parallax approachleadsto

simpleformulationsfor computingstructureandcameralocation.

Severalexamplesonrealimagesareprovidedin eachchapter. Furtherexamplesarepresented

in the colour platesin chapter7. They show imagesof the modelscomputedby applying the

describedtechniquesto photographsandpaintings.

Chapter8 concludesthis thesiswith: a summaryof thepresentedproblemsandthesolution

methods;a discussionon advantagesanddisadvantagesof employing suchapproaches;a list of

possiblewaysto improve theanalysedtechniquesandfuturedirectionsof research.



Chapter 2

Relatedwork

2.1 Intr oduction

Thischapterpresentsa survey of themostsignificantwork in thefield of three-dimensionalrecon-

structionfrom two-dimensionalimages,anduncertaintyestimation.

The papersarearrangedfrom mono-view systemsto bi- andmulti-view ones. The works

relatedto parallax-basedapproaches,estimationof theaccuracy in metricreconstructionandgeo-

metricanalysisof perspective paintingsarealsoexamined.

2.2 Using imagesfor measuringand reconstruction

Visualmetrologyandthree-dimensionalreconstructionof scenesfrom imageshavebeen,in thepast

few years,amongstthemainaimsof ComputerVision. Mucheffort hasbeenput into pursuingsuch

goalsandthreemaindifficultieshave beenencountered:� reconstructingfrom multiple imagesfundamentallyinvolves solving the “correspondence”

problem,i.e.whichsetof featuresin theimagesis genuinelytheprojectionof afeaturein the

world;� reliableandwell definedgeometricstructureof the sceneneedsto beseenif a singleview

approachis applied;� errorsinevitably propagatingalong the computationchain causea loss of accuracy in the

measurementsandthusthefinal structure.
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Severalresearchershave beeninterestedin Euclideanor moresimplyaffineor projectivere-

construction.Mostof themhave employedmulti-view approachesbut only a few have investigated

theproblemof conductingaproperuncertaintyanalysisto assesstheaccuracy of thefinal structure.

In thissectiondifferentwaysof recoveringstructureby usingoneor moreviewsareanalysed

aswell asvariousmethodsto estimatetheassociateduncertainty.

2.2.1 Usingoneview

In generaloneview alonedoesnot provide enoughinformationfor a complete3D reconstruction.

However somemetricquantitiescanbecomputedfrom theknowledgeof somegeometricalinfor-

mationsuchastherelative positionof points,linesandplanesin thescene.But in orderto do so,

in general,theintrinsicparametersof thecameraneedbeknown. Theseare:focal length, principal

point, skew, aspectratio [36].

A numberof visualalgorithmshave beendevelopedto computethe intrinsic parametersof

a camerain the casethat they are not known. This task is calledcamera calibration. Usually,

calibrationalgorithmsassumesomeof thecamerainternalparametersto beknown andderive the

remainingones.Commonassumptionsare:unit aspectratio,zeroskew or coincidenceof principal

point andimagecentre.Thecalibrationtechniquesdescribedin this sectionarebasedon a single-

view approach.

Thework of Tsai [120] hasbeenoneof themostpopularin thefield of cameracalibration.

Fromasingleimageof aknown, planarcalibrationgrid (seefig. 2.1)it estimatesthefocal lengthof

thecameraandits externalpositionandorientationassumingknown principalpoint. An attemptto

analysetheaccuracy of theestimatedparametersis alsoreported.

CaprileandTorre,in their classicalwork [12], developanalgorithmto computetheinternal

andexternalparametersof the camera(they assumeunit aspectratio andzeroskew) from single

views. They makeuseof simplepropertiesof vanishingpoints;thesecanbeextracteddirectly from

theimageby intersectingimagesof parallellines. A simplecalibrationdevice consistingof a cube
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Figure2.1: Tsai grid: cameraparameterscanbecalibratedfrom theknown patternon thegrid.

with setsof parallellinesdrawn on its facesis employed. In particulartheauthorsdemonstratethat

theprincipalpoint of thecameracoincideswith theorthocentreof the trianglewhoseverticesare

the threevanishingpointsfor threeorthogonaldirections.An earlierwork on this subjectcanbe

foundin thephotogrammetryliterature[48].

The problemof calibratinga camerais discussedin [36] by Faugeras.He presentsalgo-

rithms to computethe projectionmatrix (external calibration) andeventuallythe camerainternal

parametersfrom only oneview of a 3D known grid. Heanalyseslinearandnonlinearmethodsfor

estimatingthe3D-2D projectionmatrix, therobustnessof theestimateandthebestlocationof the

referencepoints.

In Liebowitz and Zisserman’s work [75] cameraself-calibration is obtainedsimply from

imagesof planarstructureslike building facadesor walls,with distinguishablegeometricstructure.

Useis madeof sceneconstraintssuchasparallelismandorthogonalityof linesandratiosof lengths.

No specificallydesignedcalibrationobjectis required.

An interestingproblemis addressedin [65] by Kim et al. In this papertheauthorscompute

the positionof a ball from single imagesof a football game. By makinguseof shadows on the

groundplaneandsimplegeometricrelationshipsbasedon similar trianglestheball canbetracked

throughoutthesequence.
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Figure2.2: Stereoacquisition systemscheme:two imagesof thesamescenearecaptured.Three-
dimensionalstructurecanbecomputedfrom theanalysisof thoseimages.

This thesisdevelopsanew approachto reconstruct3D scenesfrom singleimageswhichdoes

notneedfull cameracalibration(chapter5).

2.2.2 Using two views

Theclassicalalgorithmsfor 3D reconstructionusestereovisionsystems[35]. Stereovisionconsists

of capturingtwo imagesof ascene,takenfrom differentviewpointsandestimatingthedepthof the

scenefrom analysingthedisparitybetweencorrespondingfeatures(seefig 2.2). Thismethodology

finds its basisin trigonometryandtriangulationand is employed by the humanbinocularvision

system.

Thebasicstepsin reconstructingascenefrom two imagesare:� Findingcorrespondingpointson thetwo images.� Intersectingthecorrespondingraysin the3D space.

The following shows a comparisonof how a reconstructioncan be achieved using calibratedor

uncalibratedimages.
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Calibrated route

Thetypical routefor structurecomputationfrom pairsof calibratedimagesis asfollows. Oncetwo

imagesof ascenewith acalibrationgrid in it arecapturedby afixedstereorig, the3D-2Dprojection

matricesfor eachcamera[41, 119] are computed(external calibration), and so is the epipolar

geometry[36]. Someinterestingfeaturesareextractedin both images,mainly cornersandedges

of objectsin thescene.Popularapproachesto featuredetectionincludetheHarrisdetector[49] for

retrieving cornersandtheCanny detector[9] for edges.Thentheprocessof matchingfeaturesin

the two imagesis performedby usingthe computedepipolarconstraint[88]. Computingthe 3D

depthis now straightforward [36]. In fact the scenestructureis computedvia a ray triangulation

task,achievedusinganoptimalalgorithmsuchastheonedescribedby Hartley andSturm[54].

A classicwork in this areais the oneby Longuet-Higgins.In [76] the authorpresentsan

algorithmfor computingthethree-dimensionalstructureof a scenefrom a pair of perspective pro-

jections. If the imagesof eight world pointscan be locatedin both projections,then the three-

dimensionallocationof otherpointsandthe relative geometrybetweenthe two viewpointsis ob-

tainedby solving a setof eight simultaneouslinear equations.A fundamentalapplicationof this

resultis in scenereconstructionfrom two calibratedviews.

A methodfor 3D reconstructionbasedon homographymappingfrom calibratedstereosys-

temsis describedin [132]. Zhangand Hansoninvestigatethe problemof recovering the scene

metricstructureby mappingoneimageinto theotherusinghomographiesinductedby planarsur-

facesin thescene.Usingat leastfour coplanarcorrespondencesthe3D structurecanbeachievedin

Euclideanspaceup to ascalefactor(scaledEuclideanstructure) andtwo realsolutions.In orderto

disambiguatethetwo solutionsa third view is required.

However, usinga calibratedstereorig hassomedisadvantagessincethecamerainternalpa-

rametersmaynotalwaysbeconstant.It mightbenecessaryto adjustthefocal length;or accidental

mechanicalandthermaleventscanaffect it. In orderto overcomethoseproblemsnew algorithms
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to compute3D structurefrom imageswith unknown cameracalibrationhave beendevelopedin the

pastfew years(uncalibratedroute).

Uncalibrated route

If thetwo camerasusedduringtheacquisitionprocessareuncalibrated(unknown internalparame-

ters),thenonly aprojectivestructurecanbeobtained[35]. Correspondingpointsonthetwo images

canbematchedandthusthe epipolargeometryestimated.The two projectionmatricesarecom-

putedfrom thefundamentalmatrixbut only up to aprojectivity.

However, in orderto usea pair of camerasasworld measuringdevice a completemetricre-

constructionis required. In orderto extenda projective structureto anEuclideanonesomemore

geometricinformationaboutthe viewed sceneis necessary. Several algorithmshave beendevel-

oped[37] to dealwith thisproblem.

Givena pair of uncalibratedimages,thetwo camerascanbecalibratedfrom theanalysisof

the point matchesin the two views. A self-calibration,non-iterative algorithm,basedon matrix

factorizationhasbeendevelopedby Hartley [50]. In this paperthecameraintrinsic parametersare

assumedto beconstant.They areall known apartfrom thefocal lengthwhichis computed,together

with therelative poseof thecameras.No specializedcalibrationdevice is necessary.

KoenderinkandvanDoorn in [66] introducethe notionof affine structure from two uncal-

ibratedviews. The authorspresenta methodfor recovering structurefrom motion in a stratified

manner. Theresultscanbereformulatedin termsof motionparallax.

In [84] Moonset al. presentanalgorithmfor recovery of 3D affine structurefrom two per-

spective views takenby a cameraundergoingpuretranslation(equivalently: translatingobjectand

stationarycamera).Theimagesof fivepointsin two viewsneedto beseen.Thealgorithmis further

specializedtowardssingleviewsof regularobjects,suchasobjectscontainingparallelstructures.

In [104] Shapiroet al. definethe epipolargeometrybetweenpairs of affine cameras and

describea robustalgorithmto computeits specialfundamentalmatrix. Leastsquaresformulations
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areemployed in a noise-resistantfashion. A statisticalnoisemodel is employed to estimatethe

uncertaintyon thecomputedcameras’relative pose.

In [134] Zissermanet al. describea techniqueto determineaffine andmetriccalibrationfor

a stereorig that doesnot involve calibrationobjectsbut a single,generalmotionof the whole rig

with fixedparameters.The internalcameraparametersandtherelative orientationof thecameras

areretrievedrobustly andautomatically(seealso[32]). Thisapproachdoesnot requiresolvingthe

nonlinearKruppaequations[39, 67].

Relatedto thepreviouswork is thepaperby Zhanget al. [133]. It describesanalgorithmfor

theself-calibrationof a stereorig andmetricscenereconstructionusing,again,themotionof the

entirestereorig but in this casea simplifiedcameramodelis used(theprincipalpoint is known).

Becauseof theexploitationof informationredundancy in thestereosystem,this approachyieldsto

amorerobustcalibrationresultthanonly consideringasinglecamera.

In [38] Faugeraset al. investigatea methodto upgradefrom projective to affine andfinally

metricstructurefrompairsof imagesbymakinguseof sceneconstraintssuchasparallelism,orthog-

onality andknown ratiosof line segments.This work applieswell to reconstructingarchitectural

andaerialviewsfromlongsequences.A similarapproachis usedbyLiebowitz etal. in [74] wherein

extensive useis madeof circular pointsto elegantlyupgradefrom affine to metricstructure.

2.2.3 Using threeor moreviews

Two views suffice to reconstructa scene,but addingone more image,taken from a third point

of view canconstrainmorethe reconstructionproblemreducingthe uncertaintyin the estimated

structure.This is particularlytrue if a line matchingprocessis usedratherthana point matching

one(line matchingis notpossiblein two views). Furthermore,theuseof threeor moreviewsallows

acheckon theconsistency of thefeaturesmatchedusingthefirst two views.

Faugerashasbeenoneof thefirst to investigatetheproblemof usingmorethantwo images.

In [39] Faugerasetal. presentamethodfor self-calibratingacamerausingtripletsof imagesfrom a
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sequence.Theauthorsdemonstratethatit is possibleto calibratea camerajust by pointingit at the

environment,selectingpointsof interestandthentrackingthemin theimagesequenceasthecamera

moves(thecamerainternalparametersareassumedconstantthroughoutthesequence).Thecamera

motiondoesnotneedto beknown. Thesolutionis obtainedby solvingtheKruppaequations.

Work in reconstructionfrom multipleviewshasbeenconductedby Shashuain [4, 107, 108],

wherethe geometryinvolved in a 3D reconstructiontask from 2D imagesis analysedin a very

systematicand algebraicway. The conceptof trifocal tensorwhich encapsulatesthe geometric

relationshipbetweenthreeviews is used[53, 111]. This theoryis alsofoundusefulfor solvingthe

“rendering”problem,i.e. from theknowledgeof two imagespredictingwhata third onewill beif

thecamerais placedin anew position[40].

The problemof calibratingthe cameraandestimatingthe Euclideanstructureof the scene

usingthreeor moreuncalibratedimageshasbeeninvestigatedalsoby Armstronget al. in [2, 3].

Theauthors,usingonly pointmatchesbetweenimages,computetheinternalcameraparametersand

theEuclideanstructureof theviewedscene.Thecameraundergoesa planarmotion. This method

presentstheadvantagethatit canbeappliedin activevision tasks,theEuclideanreconstructioncan

be obtainedduring normaloperationwith initially uncalibratedcameras;i.e. the camerasdo not

needto becalibratedoff-line. Thetrifocal tensoris usedheretoo.

In [52] anotherapproachfor cameracalibrationusingthreeor moreimagesfrom a rotating

camerais presentedby Hartley. Thismethoddoesnot requiretheknowledgeof thecameraorienta-

tion andpositionanddoesnot involve theepipolargeometry. In facttheimagesaretakenfrom the

samepointof view andthereforetheepipolargeometryis useless.Thecalibrationprocessis based

on imagecorrespondencesonly andtheinternalparametersareassumedconstant.

In [89] Pollefeys et al. investigatethe problemof self-calibrationandreconstructionfrom

sequenceswith varying cameraparameters.By employing a linear approximationfollowed by a

non-linearrefinementstepthey achieveanaccuratethree-dimensionalmetricstructureof theviewed
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scenewhile computingtheinternalparametersin eachframe.

More recentlymany commercialproductshave beendevelopedwhich reconstruct3D archi-

tecturalscenesfrom images. In particularFacade[29] hasbeenoneof the mostsuccessfulsys-

temsfor modellingandrenderingarchitecturalbuildingsfrom photographs.It consistsof a hybrid

geometric-andimage-basedapproach.Realisticrenderingis obtainedby using“view-dependent

texturemapping”.Unfortunatelythemodelbuilding processinvolvesconsiderabletime andeffort

for theuser.

Canoma� is a fast, interactive systemto create3D scenesfrom singleor multiple images

which makes extensive useof 3D templates. Another exampleis provided by PhotoModeler
�

wherea3D modelof theviewedsceneis computedfrom theknowledgeof somecontrolpoints.

An easyto usesystemis PhotoBuilderdevelopedbyCipollaetal. [16]. Theuserinteractively

selectscorrespondingpointson two or morephotographs.Thesystem,makinguseof parallelism

andorthogonalityconstraints,computesthe intrinsic andextrinsic parametersof the camerasand

thusrecoversmetricmodelsof architecturalbuildings.

2.2.4 Partial calibration

Not muchwork is present,in theliterature,aboutmetricreconstructionfrom partialcalibration.A

partiallycalibratedscenecanprovide only partialmetricinformation.

In [91] Proesmanset al. usea minimal informationaboutthe scene(vanishingpointsand

known vertical referenceheights)to computeheightsof peoplefrom forensicphotographs.The

authorsmakeextensiveuseof thepropertiesof cross-ratiosandaddressthepossibilityof employing

geometricinformationextractedfrom shadows. They alsoproposetheCascadedHoughTransform

algorithmfor theautomaticcomputationof vanishingpoints.

In [124] Weinshalletal. makeuseof partialscenecalibration,inferreddirectlyfrom multiple�
http://www.metacreations.com�
http://www.photomodeler.com
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Figure2.3: Parallax geometry: the parallaxvectordetectedon thesecondview is relatedto the
distanceof the3D point � from thewall plane.

imagesto obtainordinaldistances.A stratifiedapproachis presentedto upgradethereconstruction

to affine andfinally Euclideanusingtheavailablesceneinformation. This techniqueemploys two

views andaplane-plus-parallaxapproach.

The ideaspresentedin the above papersareexploredandgeneralizedin the novel, single-

andmulti-view reconstructiontechniquesdevelopedin this thesis.

2.2.5 Parallax-basedapproaches

Someof thereconstructionmethodsmakeuseof theconceptof parallax.

Oneview only constrainseachimagepoint to lie on its projectionray, but, in orderto obtain

thedepthof a 3D point with respectto a referenceplane(or a genericsurface)a secondview is, in

general,necessary. Theparallaxvectorseenin thesecondimage(seefig. 2.3) is, in fact,a function

of thedepthof thepoint from thereferenceplane.

The parallaxapproachhasbeenusedby Cipolla in [15, 17] asa way to estimaterobustly

curvatureof surfaces.He shows that in orderto recover depthfrom motion,usually, therotational

velocity mustbeknown accurately. But this dependencecanbe removed if, insteadof usingraw
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motion,thedifferenceof the imagemotionsof points(parallax)is used.Thedeletionof therota-

tionalcomponentof themotionfield from theprocessof depthestimationcanimproveconsiderably

theaccuracy of thereconstruction.

Cipollaet al. employedaffineparallax alsoin [71] for epipolargeometrycomputationusing

theparallaxfield; in [72] for theestimationof theego-motionof a mobilerobotandin [18] for 3D

structureestimation;assessingoncemorethevalidity andeffectivenessof thisapproach.

In his thesis[110] Sinclair discussesa methodto analysesequencesof imagesand iden-

tify pointswhich do not lie on thesameplanarsurface. This work makesextensive useof planar

projectivities (homographies).Theparallaxeffect shown by pointsnot lying on thesameplaneis

employed for obstacledetectionpurposes.An analysisof thepoint localizationerror is developed

to assessthelimit to whichnoisypointscanbeconsideredto belongto thesameplane.

In [100] Sawhney presentsa formulationfor the3D motionandstructurerecovery thatem-

ploys the parallaxconceptwith respectto an arbitraryplanein the environment(real or virtual

dominantplane). He shows that if an imagecoordinatesystemis warpedusinga plane-to-plane

homographywith respectto a referenceview, thentheresidualimagemotiondependsonly on the

epipolesandhasasimplerelationto the3D structure.

Directly relatedto the work of Sawhney is the oneof Kumaret al. [68] wherethe authors

show thatthemagnitudeof theparallaxvectorassociatedwith apoint is directlyproportionalto its

distancefromareferenceplaneandinverselyproportionalto itsdepthfromthecamera.Furthermore

in [69] they show how scenescanberepresentedimplicitly asa collectionof images.In this paper

a parallax-basedapproachis very effective for independentmotiondetection,poseestimationand

constructionof mosaicrepresentations.

Thegeometryof thereconstructionproblemhasbeendeeplydiscussedandusedby several

researchers.In fact,understandingwell thegeometricpropertiesof theacquisitionsystemcanbe

very useful for computinginvariantquantitieswhich increasethe robustnessandaccuracy of the
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process[36, 55, 86].

The ideaof usingparallaxto computegeometricinvariants,hasbeeninvestigatedby Irani

andAnandanin [58, 59]. They presentananalyticalrelationshipbetweentheimagemotionof pairs

of pointsandseveralinvariantquantitieswhichcanbederivedfrom thatrelationship.This is shown

to beusefulfor 3D scenestructurerecovery from morethantwo imagesaswell asfor thedetection

of moving objectsandsynthesisof new cameraviews.

In this thesisa plane-plus-parallax approachis developedin chapter6 for computingscene

structureandcameralocationandrecoveringmotionandstructureconstraints.

2.2.6 Investigationof accuracy

Theabove sectionshave presentedanoverview of therelevantwork donein reconstructingthree-

dimensionalmodelsof ascenefrom theanalysisof planarimages.

But metricinformationis nousewithoutanappropriateestimationof theuncertaintiesonthe

computeddistances.In fact,visualmetrologymustbetreatedasa precisionengineeringtask;i.e.

in a reliable,efficientandaccurateway [36].

Faugeras[36] andKanatani[61] havepresentedgeneralanalyticalmethodsfor erroranalysis

propagationbasedon analysisof covariancesandhow theseareaffectedby the chainof compu-

tations. Formulaeto computeuncertaintiesof matrices,vectorsandpointsarediscussedandthe

powerful implicit functiontheoremintroduced.

Theproblemof errorestimationis discussedin [126] by Wengetal. In thispapertheauthors

presentan algorithmto estimatemotion parametersand3D scenestructurefrom two perspective

images.They alsoinvestigatehow thenoisecorruptingtheperspective projectionsof featurepoints

affectsthecomputedmotionparameters.This is achievedby meansof a first ordermatrix pertur-

bationtheory[47, 115].

In [102] ShapiroandBradyanalyseanoutlierrejectionalgorithmbasedonaprincipalcompo-

nentregressionframework. An errorestimationmethodis conductedusingthematrixperturbation
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theoryandemployedto identify andrejectoutliers. Theauthorsalsoprovide anerroranalysisfor

theoptimalsolutiononcetheoutliershave beenremoved. Thevalidity of theproposedschemeis

demonstratedby applyingit to a structure-from-motion(SFM) problemwhereonly affine cameras

areconsidered.

Csurkaet al. in [27, 129] computetheuncertaintyrelatedto theepipolargeometrybetween

two cameras. They usethe eight-pointalgorithm to computethe fundamentalmatrix and then

estimatetheassociatedcovariancematrix. Two approachesareusedto computetheuncertaintyin

the fundamentalmatrix: the first one is statisticalandthereforeasaccurateas requiredbut time

consuming,thesecondis analyticalandmuchsimpler.

The first orderestimationtheory is analysedandusedextensively in this thesis,including

examplesof propagatinguncertaintythroughexplicit transformations,transformationsdefinedby

implicit functionsandeven implicit functionswith constraints.Working examplesarepresented

showing how thedevelopedtheorycanbeappliedto well known reconstructionproblems.

In [70] KumarandHanson,usingtheparallaxapproachtry to estimaterobustly thecamera

locationandorientation(camera pose) from a matchedsetof 3D modeland2D landmarkfeatures.

Robusttechniquesfor posedeterminationaredevelopedto handledatacontaminatedby fewer than�����
outliers. Thesensitivity of posedeterminationto incorrectestimatesof cameraparametersis

analysed.

Mohr et al. in [83] discussmethodsfor accuratereconstructionfrom multiple images.The

camerasinternalparametersareunknown. Theprojective reconstructionis upgradedto Euclidean

by identifying the planeat infinity and then imposingmetric constraints. A simple theory for

analysingthe accuracy of the reconstructedsceneis presented.The needfor a sub-pixel image

pointdetectionis provennecessaryto obtainaccurate3D structure.
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2.2.7 ProjectiveGeometryand Art History

This thesisalsopresentscontributionsin understandingVisualArts. SinceArt History hasalways

beenperceivedasa non-scientificarealittle attempthasbeenmadeto analysepaintingsin a math-

ematicalwayand,possibly, reconstructtherepresentedscenes.

In [64] Kempinvestigateswesternart from a scientificpoint of view. In particularhe de-

scribesthe theoryof Linear Perspectiveandits usagein theRenaissanceperiod. The application

of perspective rulesto paintingsis describedin thisbookby analysing(by construction)shapesand

locationof paintedobjects.It is quiteinterestingto approachthesameproblemsfrom analgebraic,

ProjectiveGeometry-based,pointof view. Theauthoralsoinvestigatesthetheoryof light andcolour

until theFrenchmovementsof nineteenthcentury.

Kemp’s book demonstratesthat Art History would benefitfrom the powerful tools offered

by ComputerVision. On theotherhand,Vision researchers,in anattentive analysisof therelevant

paintings,would find new explanationsand betterunderstandingof the perceptionof the three-

dimensionalspace.

In [44] Field et al. meticulouslydescribethe geometrictechniquethey have employed to

analysethe perspective in Masaccio’s frescoLa Trinitá (1426,Firenze,SantaMaria Novella; see

fig. 7.2a). Masaccio’s florentinemasterpieceis recognizedby many as the first painting where

Brunelleschi’s perspective ruleshave beenapplied. Probablythat is thefirst perspective imagein

history.

Thesamefrescohasbeeninvestigatedalsoby De Mey [28]. By analysingtheconstruction

lines,hehascomputed(with thehelpof CAD systems)a three-dimensionalmodelof thepainted

chapelandcreatedanimations.Thelocationof theeyepoint is computedtoo.

Muchinteresthasalsobeencapturedby masterpiecesby PierodellaFrancesca(1416- 1492),

a very skilled artistandmathematician[30] from theRenaissanceperiod. In particular, his ability

with perspective drawingsandhis “religious” careof detailshave madehismasterpieceLa Flagel-
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lazionedi Cristo (1460,Urbino,GalleriaNazionaledelleMarche)oneof themoststudiedperspec-

tivepaintings[42].

Field in his recentbook [43] presentsan history of the evolution of the mathematicsand

optics, and their usagein visual arts from the Middle-ageto the seventeenthcentury. He also

describeshow, after theseventeenthcentury, a numberof mathematicians(e.g.Desargues,Pascal,

Taylor) becomeincreasinglyinterestedin LinearPerspective [117], thussettingthefoundationsof

modernProjectiveGeometry.

In this thesis,Projective Geometry-basedmethodsfor computingstructureof paintedscenes

andcreatingconvincinganimationsarepresentedin chapter5. Resultsandexamplesarealsoshown

(in colour)in chapter7.



Chapter 3

Backgroundgeometryand
notation

3.1 Intr oduction

Projective Geometry[7, 36, 101] providesthis thesiswith the basicmathematicalbackgroundon

top of which aneffective androbustmetrologyframework is developed.This chapterpresentsthe

notationconventionsandspecificdetailsof ProjectiveGeometrywhichwill beemployedin thelater

chapters.

3.2 Notation

This thesisemploys quiteastandardnotationconvention:� 3D pointsin generalpositionaredenotedby uppercaseboldsymbols(e.g. � );� imagepositionsandvectorsby lowercaseboldsymbols(e.g. � , �! );� scalarsby normalfacesymbols(e.g. "$#&%' );� matricesby typewriter stylecapitals(e.g.
�
, ( );� theline throughtwo points � � and � � is denotedby )*� � � �,+ .

Whennecessary, furthernotationchoicesaredescribedin eachchapter.
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3.3 Cameramodelsand perspectivemappings

The imageformationprocessmustbemodelledin a rigorousmathematicalway. This sectionde-

scribesthecameramodelsandtheprojective transformationswhicharerelevantin theremainderof

thethesis.

3.3.1 Pinholecameramodel

Themostgenerallinearcameramodelis thewell known centralprojection(pinholecamera).

Description

A 3D point in spaceis projectedonto the imageplaneby meansof straightvisual rays. Thecor-

respondingimagepoint is the intersectionof the imageplanewith the visual ray connectingthe

opticalcentreandthe3D point (cf. Leonardo’s Perspectographin figure3.1andtheschematicpin-

holecameramodelin figure3.2).

Algebraic interpretation

The projectionof a world point � onto the imagepoint � (fig. 3.2) is describedby the following

equation: �.- � � (3.1)

where
�

is the projectionmatrix, a /1032 homogeneousmatrix, and“=” is equalityup to scale.

Theworld andimagepointsarerepresentedby homogeneousvectorsas �4-65871#:9;#&%<#&=?>A@ and�B-C58DE#GFH#GIJ> @ . Thescaleof thematrix doesnot affect theequation,soonly theelevendegreesof

freedomcorrespondingto theratioof thematrixelementsaresignificant.

Thecameramodelis completelyspecifiedoncethematrix
�

is determined.Thematrix can

be computedfrom the relative positioningof the world pointsand cameracentre,and from the

camerainternalparameters;however, it canalsobecomputeddirectly from image-to-world point

correspondences.
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Figure3.1: Leonardo’s perspectograph:
“The thingsapproach thepoint of theeye in pyramids,and thesepyramidsare intersectedon the
glassplane.” LeonardodaVinci (1452-1519),A.1v.
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Figure3.2: Pinhole cameramodel: a point � in the3D spaceis imagedas � . Euclideancoordi-
nates71#:9;#&% and DM#GF areusedfor theworld andimagereferencesystems,respectively. N is the
centreof projection,theviewer.

3.3.2 Planar homography

An interestingspecializationof the generalcentralprojectiondescribedabove is a plane-to-plane

projection;a2D-2Dprojective mapping.
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Figure3.3: An imageof a planar surface induced by a homography: the homographyrelates
pointson theworld planeto pointson theimageandvice-versa.
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Figure3.4: Plane-to-planecameramodel: apoint � ontheworld planeis imagedas � . Euclidean
coordinates71#:9 and DM#GF areusedfor theworld andimageplanes,respectively. N is theviewer’s
position.

Description

Thecameramodelfor perspective imagesof planes,mappingpointson a world planeto pointson

the imageplane(andvice-versa)is well known [101]. Pointson a planearemappedto pointson

anotherplaneby a plane-to-planehomography, alsoknown asa planeprojective transformation.

It is anbijective (thusinvertible)mappinginducedby thestarof rayscentredin thecameracentre

(centreof projection). Planarhomographiesarise,for instance,when a world planarsurfaceis

imaged(seefig. 3.3).
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Algebraic parametrization

A homographyis describedby a /Q01/ non-singularmatrix. Figure3.4shows theimagingprocess.

Underperspective projectioncorrespondingpointsarerelatedby [85, 101]:�.-R(TSU� (3.2)

where( S is the /E0V/ homogeneousmatrixwhichdescribesthehomography, and“=” is equalityupto

scale.Theworld andimagepointsarerepresentedby homogeneous3-vectorsas �4-W587.#:9X#&=?>A@
and �Y-Z58DM#GF[#GI,> @ respectively. Thescaleof thematrixdoesnotaffect theequation,thusonly the

eightdegreesof freedomcorrespondingto theratioof thematrixelementsaresignificant.

Sinceweareinterestedin recoveringworld quantitiesfrom imagesandthehomographyis an

invertibletransformation,in thefollowing chapters(3.2)will bewrittenas:�?-R(\� (3.3)

with (]-^(H_ �S thehomographymappingimagepointsinto world points.

The cameramodel is completelyspecifiedoncethe matrix ( is determined.Here too the

matrix canbe computedfrom the relative positioningof the two planesandcameracentre,and

the camerainternalparameters;however, it can alsobe computeddirectly from image-to-world

correspondences.In particular, it canbeshown thatat leastfour world-to-imagefeature(point or

line) correspondences(no threepointscollinearor no threelinesconcurrent)suffice to definethe

homography. The relative geometricpositionof the world features(referredto as “computation

points/lines”)mustbeknown. Thiscomputationis describedin section4.2.

Inter -imagehomography

A planarsurfaceviewed from two different viewpoints inducesa homographybetweenthe two

images. Pointson the world planecanbe transferredfrom one imageto the other (fig. 3.5) by
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H

Figure3.5: Inter -image homography: the floor viewed in both imagesinducesa homography.
Pointscanbemappedfrom oneimageto theother.

meansof ahomographymapping.Thissituationis consideredin chapter6 wheretheparallaxeffect

of pointsoff thedistinguishedplaneis analysed.

3.3.3 Planar homology

In this sectionanotherinterestingprojective transformationis described,a planarhomology. This

is usedextensively in thefollowing chapters.

Description

A planarhomology is aplane-to-planeprojective transformationandaspecializationof thehomog-

raphy. It is characterizedby a line of fixedpoints,calledtheaxisanda distinctfixedpoint not on

theaxisknown asthevertex (figure3.6). Planarhomologiesarisein severalimagingsituations,for

instance,whendifferentlight sourcescastshadows of anobjectontothesameplane.

Algebraic parametrization

Sucha transformationis definedby a /.0`/ non-singularmatrix ( with one distinct eigenvalue

whosecorrespondingeigenvectoris thevertex, andtwo repeatedeigenvalueswhosecorresponding
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Figure3.6: A planar homology is definedby a vertex, an axis and a characteristic ratio: its
characteristicinvariantis givenby thecross-ratio)bac#:dXe�#:d!fT#hg  + where dXe and d!f areanypair
of pointsmappedby thehomologyand gi is theintersectionof theline through d e and d f andthe
axis.Thepoint d e is projectedontothepoint d f underthehomology, andsimilarly for j e and j f .
eigenvectorsspantheaxis.A planarhomologycanbeinterpretedasaparticularplanarhomography.

The projective transformationrepresentingthe homologycan be parametrizeddirectly in

termsof the 3-vectorrepresentingthe axis k , the 3-vectorrepresentingthe vertex a , anda scalar

factor l as[123]: (m-onVpql aEk$@a1rsk (3.4)

The factor l is the characteristic ratio and it can be computedas the cross-ratioof four

alignedpointsas illustratedin figure 3.6. Thus a and k specify four degreesof freedomof the

homology(thescalesof a and k have no effect) and l specifiesonemore. Then,the ( matrix has

only five degreesof freedom(a homographyhaseightd.o.f.) andthusit canbedeterminedby 2.5

point correspondences.

Examples

Hereweshow two of themostcommonsituationswhereplanarhomologiesarise.

Imagesof planesrelatedby a perspectivity

A perspectivity relatingtwo planesin 3-spaceis imagedasa homology[122]. A particular
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caseis whentwo parallelplanesin theworld arerelatedby aparallelprojection(asin fig. 3.7).The

vanishingline of thepencilof parallelplanesis theaxisandthevanishingpoint of thedirectionof

projectionis the vertex of the homologywhich relatesthe imagesof the two planesin the pencil

(fig. 3.7b).Therefore,from (3.4),thehomologycanbeparametrizedas(]-onVpql aut @avrwt (3.5)

wherea is thevanishingpoint, t is theplanevanishingline and l is thecharacteristiccross-ratio.

The parameterl in (3.5) is uniquelydeterminedfrom any pair of imagepointswhich cor-

respondbetweenthe two planes. Oncethe matrix ( is computedeachpoint on a planecan be

transferredinto thecorrespondingpoint on theparallelplane.An exampleof this homology map-

ping is shown in figure3.7c.

This configurationis extremelyuseful in chapter5 to computeaffine measurementsfrom

singleviews. Notice that homologiesarisein the equivalentcase,whena sequenceof imagesof

oneplaneis takenby apurelytranslatingcamera;this is describedin section4.5.A homologyalso

relatesimagesof pointson a planein differentviews takenby a camerapurely rotatingaboutthe

axisorthogonalto theplane.

Desarguesconfiguration

Two triangleson a planerelatedsuchthat the lines joining their correspondingverticesare

concurrentaresaidto bein aDesarguesconfiguration. Desargues’Theoremstatesthattheintersec-

tionsof their correspondingsidesarecollinear[101] (seefig. 3.8). Suchtrianglesarerelatedby a

planarhomology, with thecommonpointof intersectionbeingthevertex of thetransformation,and

theaxisbeingthe line containingthe intersectionsof correspondingsides.Conversely, any triplet

of pointsin correspondenceunderahomologymustbein aDesarguesconfiguration.

This configurationarisesin real images,for example,whenshadows of objects,originated

from several light sources,arecastonto the sameplane(seesection5.7). In section6.3 the link

betweenhomologiesandthestructureandmotionis derivedin aplane-plus-parallax framework.
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Figure3.7: Homology mapping of points from oneplane to a parallel one,the two planesare
relatedin the world by a parallel projection: (a)original image,thefloor andthetopof thefiling
cabinetareparallelplanes;(b) theircommonvanishingline (axisof thehomology, shown in white)
hasbeencomputedby intersectingtwo setsof horizontaledges.Theverticalvanishingpoint(vertex
of thehomology)hasbeencomputedby intersectingverticaledges;(c) two referencecorresponding
points x and xzy areselectedonthetwo planesandthecharacteristicratioof thehomologycomputed.
Threecornersof thetop planeof thecabinethave beenselectedandtheir correspondingpointson
thefloor computedby thehomology. Occludedcornershave beenretrievedtoo; (d) thewire-frame
modelshows thestructureof thecabinet;occludedsidesaredashed.

3.4 Radial distortion correction

A prerequisiteof thetheorytreatedin this thesisis thatthecamerabehavesaccordingto thepinhole

model.

The problem. This requirementis violatedby cheapwide anglelenses,suchas thoseusedin

securitysystems.In suchcasesthegrossestdistortionsfrom thepinholemodelareusuallyradial.

A correctionstepis, therefore,necessarybeforeany metrologyprocessmaybeperformed.
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Figure3.8: Desarguesconfiguration: The two trianglesd � #:j � #:x � and d � #:j � #:x � arein a Desar-
guesconfiguration:the lines joining their correspondingverticesareconcurrentand,asstatedby
Desarguestheorem,the intersectionsof their correspondingsidesarecollinear. The two triangles
arerelatedby a planarhomologywherea is thevertex and k theaxis.

Image correction. Several possiblemethodshave beeninvestigated[62, 113] to correctsucha

distortion.A simpleonehasbeenproposedby DevernayandFaugeras[31] whereonly oneimage

of thesceneisnecessaryandtheradialdistortionmodeliscomputedfromthedeformationof images

of world straightedges.

Devernay’s algorithmhasbeenimplementedhereemploying a slightly morecomplex radial

distortionmodelto increasethecorrectionaccuracy:�'}X-�~�p`��58����>u��58�'�<��~�> (3.6)

with ��58����>c-��;p�� � ����p`� � � �� p`����� �� p������ �� # �z��-�"H58�M��#:~�>
where �'� is a point in thedistortedimageand � } thecorrespondingpoint in thecorrectedimage.~ is thecentreof distortion. ��58����> is thecorrectionfactor; it dependson the radius ��� ( "H5UkM#:�!> is

distancebetweenthepoints k and � ) andthecorrectioncoefficients ��S .
Accountis takenof thefactthatthecentreof distortionmightnotcoincidewith theprincipal

point of theimage.Pointcoordinatesaretakenwith respectto thecentreof theimageandnormal-
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Figure3.9: Radial distortion correction: (a) original imageshowing radial distortion,notethat
straightedgesin thesceneappearcurved in the image(e.g.the left edgeof thefiling cabinet);(b)
lines correspondingto straightworld edgeshave beenselectedin image(a) andusedto compute
the following distortionparameters:� � - �\�������

, � � -�� �\������� , ��/.- �\����� / , �T2Y-6� �\��� � � (the
centreof distortionhasbeenassumedin this caseat thecentreof the image);(c) correctedimage;
(d) edgesfrom correctedimage;imagesof straightsceneedgesarenow straight.

ized. Unit aspect-ratioandsquarepixelshasealsobeenassumed.Theradialcorrectionalgorithm

simply computesthe bestdistortionparameters( ~ , � S �H¡ -¢�!r�r�r&2 ) which transformthe selected

curvededgesinto straightones.

An example. Figure 3.9ashows an imagecapturedfrom a cheapsecuritytype camerawhich

exhibitedradialdistortion(notehow straightedgesin thesceneappearcurvedin theimage).

Edgeshave beenextractedautomaticallyby a Canny edgedetector[10]. A set of edges

assumedto bestraightin thescenehasbeenselected(fig. 3.9b)andfrom thosethedistortionpa-

rameterscomputedandtheimagecorrectedaccordingly(fig. 3.9c).Notethatnow imagesof straight
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edgesin theworld arestraight(for example,the left edgeof thefiling cabinet).Suchan imageis

now perspective andmetrologyalgorithmscansafelybeperformed.

3.5 Vanishingpoints and vanishing lines

Vanishingpointsandvanishinglines areextremelypowerful geometriccues. They convey a lot

of informationaboutdirectionof linesandorientationof planes.Theseentitiescanbe estimated

directly from the imagesandno explicit knowledgeof the relative geometrybetweencameraand

viewedsceneis required[21, 75, 81, 109]. Oftenthey lie outsidethephysicalimage(asin fig. 3.7b),

but thisdoesnotaffect thecomputations.

Objects’ straight edges

The first steptowardsthe computationof vanishingpointsand lines is the accuratedetectionof

straightobjects’edges.Straightline segmentsaredetectedin an imageat sub-pixel accuracy by

usinga Canny edgedetector[10]; edgelinking; segmentationof theedgelchainat high curvature

points; and finally straight line fitting by orthogonalregressionto the resultingchain segments

(fig. 3.10b).

Furthermore,lines which are the projectionof a physicaledgein the world might appear

broken in the imagebecauseof occlusions.A simplemerging algorithmbasedon orthogonalre-

gressionhasbeenimplementedto mergeseveralselectededgestogether. Mergingalignededgesto

createlongeronesincreasestheaccuracy of their locationandorientation.An exampleis shown in

figure3.10c.

Computing vanishingpoints

Imagesof parallelworld lines intersecteachotherin thesamevanishingpoint. This is, therefore,

definedby at leasttwo suchlines.However, if morethantwo linesareavailableaMaximumLikeli-

hoodEstimate(MLE) algorithmis employedto estimatethepoint [75] (fig 3.11).
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Figure3.10: Computing and merging straight edges:(a) original image;(b) someof theedges
detectedby the Canny edgedetector. Straightlines have beenfitted to them. (c) edgesafter the
mergingprocess.Differentsegmentsbelongingto thesameedgein spacearemergedtogether.

Figure3.11: Computing the vanishing point of the vertical dir ection: imagesof paralleledges
of the tower (MagdalenCollege,Oxford) intersectin the vanishingpoint (white circle); only two
suchlinesaresufficient.

Computing vanishing lines

Imagesof linesparallelto eachotherandto a planeintersectin pointson theplanevanishingline.

Thereforetwo setsof thoselineswith differentdirectionsaresufficient to definetheplanevanishing
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Figure3.12: Computing the vanishing line of the ground plane, the horizon: The vanishing
line of thegroundis shown in solid black. Theplankson bothsidesof thesheddefinetwo setsof
linesparallelto theground(dashed);they intersectin pointson thevanishingline. Two suchpoints
suffice to definetheplanevanishingline.

line (fig 3.12).An MLE algorithmis employedif morethantwo orientationsareavailable.

3.6 Uncertainty analysis

Thissectiondescribesthebasicideasunderlyingtheanalysisof uncertaintiestreatedin this thesis.

The metrologyalgorithmsdescribedin the following chaptersrely on applyingnon linear

transformationsto imageandworldquantities(e.g.pointsandreferencedistances)tocomputeworld

measurements(e.g.distancesbetweenpointsandratiosof areas).Sincethe input quantitiesand

the transformationsareuncertain,the outputmeasurementsareuncertaintoo (fig. 1.2). In order

to determinehow the uncertaintypropagatesfrom input to outputof the computationchainand

estimatethemeasurementaccuracy two methodsareconsidered:a statisticaloneandananalytical

one.

Uncertaintiesare modelledas Gaussiannoiseand describedby the associatedcovariance

matrix. For example,theuncertaintyin thelocalisationof apoint � is modelledasabi-dimensional

Gaussian(seefig. 3.13)centredon the point itself. The uncertaintyis describedby a covariance

matrix £T¤ andcanbevisualizedalsoasanellipsewhoseaxesaregivenby theprincipalcomponents

of therelatedcovariancematrix. It is not strictly necessaryto have suchidealiseddistributionsbut

thishasnotbeenfoundto bea restrictionin practice.
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Figure3.13: Typical isotropic Gaussiandensity probability function: this is usedto modelthe
uncertaintyin thelocalisationof pointsonplanes.

Statistical method

Thisconsistsof an iterativealgorithmwhichmakesuseof theLawof LargeNumbers.

By denotingwith � the input dataand ¥ thegeometrictransformationthatmapstheinput �
into thefinal measurements¦ wecanwrite: ¦§-�¥�58�E> (3.7)

At eachiteration¡ arandomsetof inputdata�¨S is generated(accordingto its covariance©Xª );
thena randomoutputmeasurement,¦ S , is obtainedfrom (3.7).

The processis repeateda large numberof times « thus obtaininga distribution of mea-

surementsaroundthe true mean ¦ . If « is large enoughthen the meanmeasurement¦ canbe

approximatedby: ¦Y¬ ­3®S°¯ � ¦ S«
andits covarianceby: ©;±m¬ ­ ®S°¯ � ² 58¦ S � ¦!>³58¦ S � ¦u> @E´«µ�¶� (3.8)

Thismethodis verycostlyin termsof CPUtime,andin factit returnsreliableresultsonly for

avery largenumberof iterations.It will beusedin thefollowing chaptersto validatetheanalytical

methoddescribedbelow.
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Analytical method

Theanalyticalmethodtakesaccountof thefact that themeasurement¦ is relatedto theinput data� by ananalyticalfunction ¥ (generallynonlinear).This relationshipis approximatedwith a linear

oneby meansof a first orderTaylor seriesexpansion. By assumingnoiseonly on theinput data �
andnoton thetransformation(3.7)becomes[20, 36]:¥�5 �·p`¸Q�E>�-�¥�5 �u>¨p¶�§¥�5 �E>A¸Q�·p*¹º5:»¼» ¸½��»¼» � >
from where,ignoringsecondorderterms,it is easyto computethemeanvalueof theoutputmea-

surement: ¦Y¬�¾�¿ ¥�5 �E>Mp*�§¥T5 �E>A¸½�¨À[-�¾·¿ ¥T5 �E>ÁÀÂ-Ã¥�5 �E>
consequentlythecovarianceof themeasurement© ± is:©;± - ¾Ä5G¿ ¥\5 �Äp`¸½�E>u� ¦¨ÀÅ¿ ¥T5 �Äp*¸½�E>u� ¦¨À @ >¬ ¾Ä5G¿ ¥\5 �Äp`¸½�E>u�3¥�5 �E>ÁÀÅ¿ ¥\5 �·p�¸½�E>u��¥T5 �E>ÁÀ @ >¬ ¾Ä5Æ��¥z¸½�'¸½� @ ��¥ @ >- �§¥z© ª �§¥ @

In the casethe relationshipbetweeninput dataand final measurementis describedby an

implicit function then the covariance© ± is obtainedby makinguseof the implicit function the-

orem [20, 36]. Furtheranalysismustbe carriedout in both, statisticalandanalyticalmethodsin

the casethe transformation¥ is uncertaintoo. Whennecessarythis casewill be addressedin the

relevantchapters.

Theadvantagein usingsuchanalyticalmethodis thatit providesanoniterativeandtherefore

fast algorithm. The main disadvantageis that it introducesan approximationof the non-linear

mappingfunction. Thereforea furtheranalysisto checkhow muchthis approximationaffectsthe

final resultsis required.
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In thepastonly thefirst ordertheoryhasbeenused.This thesisstill usesthelinearapproxi-

mationbut only afterhaving provedthatit is sufficient for thepurposesof this work. Thecheckof

goodnessof thefirst orderanalysisis doneby comparingthefirst orderresultswith thesecondorder

onesandwith a numberof MonteCarlosimulations,i.e. thestatisticalmethoddescribedabove is

usedasa testof goodnessof theanalyticalapproach.

Example

In thisexamplewecomputetheuncertaintyin thelocalizationof a point �¨y obtainedfrom a homo-

graphicmappingof anuncertainpoint � on a differentplane.Thehomographyis describedby the

matrix ( (suchthat �¨y�-R(\� ) andis assumedknown andexact.Uncertaintyis assumedontheinput

point � , its covariancebeing £ ª .
Analyticalmethod

Fromthefirst ordererroranalysistheuncertaintyon thelocationof thepoint � y is:£ ªzÇ -R(T£ ª ( @ (3.9)

Validationof first orderanalysis

ThestatisticalMonteCarlomethodis now employedto assessthevalidity of (3.9). Thetest

algorithmis in thefollowing threesteps:� 10000Gaussianrandompointscentredaboutameanvalue� with covariance£ ª aregenerated

on thefirst plane;� eachpoint is transferredontothesecondplaneby thehomography( , thuscreatingadistribu-

tion of points;� thecovarianceof this distribution is computedfrom (3.8)andcomparedto theoneobtained

from (3.9).
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Figure3.14: Example of validation of first order error analysisby using a Monte Carlo test:
(a) 10000Gaussianpointshave beengeneratedaboutthe meanposition � with covariance£ ª on
the first plane. The corresponding3-standarddeviation ellipse is shown. (b) distribution of the
outputpoints � y on the secondplane. Both analyticalandsimulated3-standarddeviation ellipses
aredrawn. They arealmostoverlapping,confirmingthevalidity of theanalyticalprediction.

Figure3.14showstheresultsfor syntheticdata.Analyticalandsimulatedcovarianceellipses

arealmostoverlapping,thusproving thevalidity of thefirst orderapproximationin thiscase.

Furtherdetailsandexampleson realdataarepresentedin chapter4.



Chapter 4

Metrologyonplanes

4.1 Intr oduction

This chapterdevelopsan algorithmto measuredistanceson planarsurfaces(seealso[24]). The

position,orientationandinternalparametersof the cameraareunknown. The imagingprocessis

modelledas in section3.3.2asa homographicmappingbetweenthe world planeandthe image

plane.

Oncetheimage-to-world homographymatrix is determinedtheback-projectionof animage

point to apointontheworld planeis straightforward.Thedistancebetweentwo pointsontheworld

planeis thensimply computedfrom the Euclideandistancebetweentheir back-projectedimages.

Theestimationof thehomographymatrix is describedin section4.2andthen,thatis usedto obtain

anumberof world measurements.

Estimatingtheaccuracy (or uncertainty)on planardistancemeasurementrequiresa careful

treatmentof thesourcesof error, not just theerror in selectingthe imagepointsbut alsotheerror

in thehomographymatrix itself. Thelatterarisesfrom errorin localizationof thepoint correspon-

dences(computationpoints)from which thematrix is computed.

The uncertaintyanalysisdevelopedherebuilds on andextendsprevious analysisof theun-

certaintyin relationsestimatedfrom homogeneousequations,for examplehomographies[94, 95]

andepipolargeometry[27, 36]. It extendstheseresultsbecauseit coversthecasesbothof where

the matrix is exactly and is over determinedby the world-imagecorrespondences,and it is not

adverselyaffectedwhentheestimationmatrix is nearsingular.
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In this chapterfirst orderanalysisis proved to besufficient in typical imagingarrangement.

It is alsoproved to beexact for the affine part of thehomographyandonly anapproximationfor

the non-linearpart. An expressionfor the covarianceof the estimated( matrix is derived in sec-

tion 4.3.2.Thecorrectnessof theuncertaintypredictionsis testedbothby MonteCarlosimulation

(section4.3.3)andby numerousexperimentsonrealimages(section4.4).Examplesoninteriorand

architecturalmeasurementsareshown togetherwith examplesonrectificationof planesin imagesof

realscenesandpaintingsfrom theItalianRenaissance.Finally, in section4.5somemoreproperties

of theimagerectificationprocessareinvestigated.

4.2 Estimating the homography

Asseenin theintroductionthemainproblemis to estimatethehomography. From(3.3)eachimage-

to-world point correspondenceprovidestwo equationswhich arelinear in the ( matrix elements.

They are: È �G� DQp È � � FÉp È � �Ê- È � � DH7Ëp È � � F�7Ìp È �G�³7È � � DQp È �G� FÉp È � �Ê- È � � D[9�p È � � F\9�p È �G��9
For Í correspondenceswe obtaina systemof

� Í equationsin 8 unknowns. If Í�-Z2 (asin

fig. 4.1) thenanexactsolutionis obtained.Otherwise,if Í + 2 , thematrix is over determined,and( is estimatedby asuitableminimisationscheme.

The covarianceof the estimated( matrix dependsboth on the errorsin the positionof the

pointsusedfor its computationandtheestimationmethodemployed.

Therearethreestandardmethodsfor estimating( :
i. Non-homogeneouslinear solution. Oneof the9 matrixelementsis givenafixedvalue,usually

unity, and the resultingsimultaneousequationsfor the other8 elementsare thensolved usinga
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Figure4.1: Computing the plane-to-planehomography: at leastfour correspondingpoints(or
lines)arenecessaryto determinethehomographybetweentwo planes.

pseudo-inverse.Thisis themostcommonlyusedmethod.It hasthedisadvantagethatpoorestimates

areobtainedif thechosenelementshouldactuallyhave thevaluezero� .
ii. Homogeneoussolution. The solutionis obtainedusingSVD. This is the methodusedhere

andis explainedin moredetailbelow. It doesnot have thedisadvantageof thenon-homogeneous

methodbut it minimizesanalgebraicerrorwhichdoesnothave ageometricmeaning.

iii. Non-linear geometric solution. In this casethe summedEuclideandistancesbetweenthe

measuredandthemappedpoint is minimised,i.e.minimisingthefollowing costfunction Î :ÎÏ- ÐÑS¼¯ �
ÒÓ Ô�Õ�Ö�× SØ SvÙ � �ÚÜÛ\Ý¨ÞÆß � Ö ÚÜÛ�Ý¨ÞàßháÚÜÛ�Ý Þ ßãâ Ù ä â p Õ�Ö*å Þæ Þ Ù � �ÚÜÛ[ç á:è ÞÆß � Ö ÚÜÛ ç á è ÞÆßháÚÜÛ ç á è Þ ßãâ Ù�ä â\é êë

This returnstheMaximumLikelihoodEstimationof the
Û

matrix. This methodhasthead-

vantage,over the above two algebraicmethods,that the quantity minimisedis meaningfuland

correspondsto the error involved in the measurement(similar minimisationsareusedto estimate

thefundamentalmatrixandtrifocal tensor[118, 131]). Thereis noclosedform solutionin thiscase

andanumericalminimisationscheme,suchasLevenberg-Marquardt[90], is employed.Usuallyan

initial solutionis obtainedby method(ii), andthen“polished”usingthismethod.ì
This occurs,for instance,if we chooseí�îàî�ïBð andtheorigin of theimagecoordinatesystemlies on thevanishing

line of theplaneunderconsideration.
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4.2.1 Homogeneousestimationmethod

Writing the
Û

matrix asa 9-vector ñóò ÚàôÂáGá�õhô¨á â õhôÂáÁö�õhô â ásõhô âGâ õhô â ö�õhô$ö�á�õhô÷ö â õhô$öGözßAø
the homoge-

neousequations(3.3) for ù pointsbecomeúTñYòÃû õ with ú the üwùBý1þ matrix:

ú½ò
ÿ�����������
å á æ á � � � � � å á × á � æ á × á � × á� � � å á æ á � � å á Ø á � æ á Ø á � Ø áå â æ â � � � � � å â × â � æ â × â � × â� � � å â æ â � � å â Ø â � æ â Ø â � Ø â
...

...
...

...
...

...
...

...
...å�� æ � � � � � � å���×�� � æ ��×�� � ×��� � � å�� æ � � � å�� Ø � � æ � Ø � � Ø �

	�









�
The problemof computingthe ñ vector is reducedto the constrainedminimisationof the

following costfunction: 
 ò�ñ ø ú ø ú\ñ (4.1)

subjectto theconstraintthat ��� ñ�����ò � . ThecorrespondingLagrangefunctionis :� òÃñ ø ú ø ú�ñ ��� Ú ñ ø ñ ��� ß (4.2)

Differentiatingit with respectto ñ andsettingthesederivativesequalto zeroweobtain:� �� ñ òÃü�ú ø ú�ñ � ü � ñYò �
i.e. ú ø úTñYò � ñ
Thereforethe solution ñ is anunit eigenvectorof the matrix ú ø ú and

� ò ñ ø ú ø ú\ñ is thecorre-

spondingeigenvalue.

In orderto minimisethe



function,only theeigenvector �ñ correspondingto theminimum

eigenvalue �� shouldbeconsidered.This eigenvectorcanbeobtaineddirectly from theSVD of ú .
In thecaseof ù.ò�� , ñ is thenull-vectorof ú andtheresidualsarezero.
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Figure4.2: One-dimensionalcameramodel: thecameracentreis at distance� (thefocal length)
fromtheimageline. Therayattheprincipalpoint � is perpendicularto theimageline,andintersects
theworld line at � , with world ordinate� . � is theanglebetweentheworld andimagelines.

4.3 Uncertainty analysis

As shown in section3.3.2if
Ý

is apointontheimageplaneits back-projectionontotheworld plane

is givenby the(3.3) (in homogeneouscoordinates).However the input imagepoint
Ý

is uncertain

becauseof localizationerrorson theimage.Furthermorethehomographyis uncertainbecauseit is

obtainedfrom ù���� pairsof uncertaincomputationpoints(their locationis known but uncertain).

Thesetwo sourcesof error affect the localisationof the outputpoint  on the world planeand

consequentlythedistancebetweentwo world points.

The goal hereis to model the uncertaintyin the localizationof a world point and in the

distancebetweentwo world points oncethe uncertaintyin the localisationof imagepoints and

computationpairsis known.

4.3.1 First and secondorder uncertainty analysis

In orderto avoid unnecessarilycomplicatedalgebrathecomparisonbetweenfirst andsecondorder

analysisis developedfor a line-to-linehomography(seefig. 4.2). Theone-dimensionalcaseillus-

tratesall theideasinvolved,andthealgebraicexpressionsareeasilyinterpreted.Thegeneralisation

to !Qý"! matricesis straightforwardanddoesnotprovideany new insightshere.
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In theone-dimensionalcase(3.3)reducestoÖ*× � Ù ò Û â$#Tâ Ö`å � Ù
where

Û â$#Tâ
is a üJýÄü homographymatrix. For thegeometryshown in figure4.2thematrix is given

by Û â$#Tâ ò Ö&% �' � Ù
with parameters% ò ()+*-,/.10�24365 �87) �:9�ù Ú � ß and ' ò � 7<; � 243=5) . Underback-projectionanimagepointå mapsas å?> × ò ôÂáGá åA@ ôÂá âô â á åA@ ô âGâ ò % åA@ �' å�@ �
This non-linearmapping(in inhomogeneouscoordinates)canbeexpandedin a Taylor series.Sta-

tistical momentsof × , suchasthevariance,arethencomputedin termsof theTaylor coefficients

andthemomentsof å [22, 97]. It is assumedherethatthehomographyis exact(no errors)andthe

measurementof theimagetestpoint å is subjectto Gaussiannoisewith standarddeviation B�C . The

Taylorseriesis developedaboutthepoint’s meanpositiondenotedas å .

First order

If theTaylorseriesis truncatedto first orderin
Ú å � å ß thenthemappingis linearised.×ED % åA@ �' åA@ � @ % � ' �Ú ' å�@ � ß â Ú å � å ß

Themeanof × is ×FD % åA@ �' åA@ � (4.3)

sincethemeanis a linearoperator. Thevarianceof × canbeshown to beB âG D Ú % � ' � ß âÚ ' å�@ � ßIH B âC (4.4)
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Secondorder

Usuallyonly thefirst orderapproximationis usedfor errorpropagation[19, 27, 36, 94, 95]. Here

theTaylor expansionis extendedto secondorderso that theapproximationinvolved in truncating

to first ordercanbebounded.It canbeshown thatto secondorderin
Ú å � å ß×ED % å�@ �' å�@ � @ % � ' �Ú ' åA@ � ß â Ú å � å ß � ' Ú % � ' � ßÚ ' åA@ � ß ö Ú å � å ß â

Themeanof × is ×ED % å�@ �' åA@ � � ' Ú % � ' � ßÚ ' åA@ � ß ö B â C (4.5)

andits varianceis B âG D Ú % � ' � ß âÚ ' å�@ � ßIH B âC Ö � @ ü ' âÚ ' å�@ � ß â B âC Ù (4.6)

Comparison

A comparisonbetweenthe first orderapproximationof the perspectivity function andthe second

orderoneis now required.Weareinterestedin theerrormadein theestimationof themean× and

of thevarianceB âG of theworld point × .

Biasonmean

In orderto find outwhetherthefirst orderapproximationmeanis biasedor nota J G quantity

is definedasfollow: J G ò × áLKNM � × â/OQP ò ' Ú % � ' � ßÚ ' å�@ � ß ö B â C
Thenthebias J G is just thedifferencebetweenthemeanof × computedfrom thefirst orderseries

truncationandthatcomputedfrom thesecondorderone.Thebiashasdimensionsof length.

TheLagrangeremainderof theTaylor series[116] providesanupperboundon theerroron

themeanif theseriesis truncatedto first orderinsteadof usingthecompleteexpansion.Usingthe

first ordertruncationof theTaylorexpansionwith theLagrangeremainderweobtain:× ò % å�@ �' åA@ � � ' Ú % � ' � ßÚ 'SR @ � ß ö B â C
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with R�TSU å õ åWV . Thereforetheupperboundof theerror(absolutevalue)on themeanof × isXZY[Y G ò ' � % � ' �\�Ú 'SR @ � ß ö B â C
Thusameasure,]�^ , canbedefinedof thebiasin themeanbetweenfirst andsecondorderapprox-

imationusingtheratioof Lagrangeupperboundof themean× to themeanitself.]�^Xò ' � % � ' �\� Ú ' åA@ � ßÚ % å_@ � ß³Ú 'SR @ � ß ö B âC (4.7)

Error in variance

Twonew measuresaredefinedhere.They areusedto assesstheerrorin thestandarddeviation

(or variance)in truncatingto first order. The first, ]�` ì , measuresthe ratio of the secondorder

varianceto first orderone.Comparing(4.4)and(4.6) this ratio is] ` ì òÃü ' âÚ ' å�@ � ß â B âC (4.8)

The secondmeasure,]a` 0 , is obtainedfrom the Lagrangeremainderof the Taylor series.

Thisprovidesanupperboundon theerrorif theseriesis truncatedto first orderinsteadof usingthe

completeexpansion.FromTaylor’s TheoremthevarianceB âG isB âG ò Ú % � ' � ß âÚ ' åA@ � ß H B âC @ ü ' â Ú % � ' � ß âÚ 'SR @ � ß1b B HC
This is thesumof the first orderterm andthe Lagrangeremainder, which for someR such

that � å � R �dce� å � å � is anexactequation,notanapproximation.Themeasure]a` 0 is thenobtained

astheratioof this truncationerrorto thefirst orderterm.] ` 0 ò�ü ' â Ú ' åA@ � ß HÚ 'SR @ � ß b B â C (4.9)

andwecomputetheworstcaseof R ò å � B�C for thisboundin therangeåAf BgC .
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Figure4.3:Comparisonof measuresof goodnessof first order approximation vs. secondorder:
(a)biasmeasure]�^ ; (b) first variancemeasure]�` ì ; (c) secondvariancemeasure]a` 0 .
Typical results

Thesignificanceof thesemeasuresis thatthey dependonly on theelementsof thehomogra-

phymatrix. Thus,oncea matrixhasbeenestimatedtheneedfor asecondorderapproximationcan

beimmediatelyassessed.All thesemeasuresaredimensionlessandit makessenseto comparetheir

valuesto unity.

In figure4.3agraphplot of themeasuresdefinedis givenin orderto visualisetheirbehaviour

with respectto variationsof theangle� . Thethreelinearitymeasuresarecomputedfor thefollow-

ing values: �3òih6j4kml?l , n òokml , ��ò � l , å òok � ��p årq\sut , B C ò � ��p årq$s , and � variesfrom
� ,

tohvk , (seefigure4.2).For anglevaluescloseto w � , � h � , thenonlinearityof theprojectionfunction

suddenlyincreasesandthefirst erroranalysisis nearthelimit of its usefulness.

Thesameanalysisis reportedin thetablebelow for discretevaluesof theangle� .� ! � , � � , k � , x � , w � , h � ,]�^ k6j þQý �+� ç b � j � ý �+� ç�y � j þQý �+� ç�y !6j þQý �+� ç�y þ6j4k]ý �+� ç�y �zj ü�ü]ý �+� çgH]�` ì � j{��þ]ý �+� ç b !6j4!Qý �+� ç b x j þQý �+� ç b � j x ý �+� ç�y �zj4h]ý �+� ç�y !6j|wQý �+� çgH] ` 0 � j{��þ]ý �+� ç b !6j4!Qý �+� ç b x j þQý �+� ç b � j x ý �+� ç�y �zj x ý �+� ç�y !6j{�Äý �+� çgH
Note thevery small valuesof the threemeasuresalsofor large valuesof theangle � . That

provesthatsecondordertermsarenot requiredin typical imagingsituations.
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When is first order exact?

If ' ò � in equation(4.6)(for instancewhen�qò � , ) thenthesecondordercorrectionis zeroandall

thethreeabovemeasuresarenull. With ' ò � thehomographyreducesto anaffine transformation,

i.e. it is linear. This illustratesthe generalresult that if the homographyis affine the first order

analysisis exact.

Generally, the
Û

matrix canbedecomposedinto theproductof matricesrepresentinglinear

(affine)andnonlinear (projective) transformationson inhomogeneouscoordinatesas:Û ò�ú~}
where úQò ÿ�� % áGá % á â ô¨áÁö% â á % âGâ ô â ö� � � 	 
� õ }]ò ÿ�� � � �� � �ô ö�á ô ö â � 	 
�
with % Þ�� ò ô�Þ�� � ô$ö-��ô$Þ¼ö for p õL� ò � õ ü .

If
Û

is purelyanaffinity (linearon inhomogeneouscoordinates)then } is theidentityandthe

first ordertheoryexact.

In theprevioussectionthefirst ordererrorpropagationtheoryhasbeenprovedgoodenough

for typical valuesin thecaseof mono-dimensionalcameramodel. In the following thefirst order

analysisis extendedto the bi-dimensionalcameramodelin the caseof uncertaintyaffecting also

theprojective process.Then,in section4.3.3its correctnessis proved via MonteCarlo statistical

simulations.

4.3.2 Computing uncertainties

Theremaybeerrorsin theworld andimagepointsusedto computethehomography, andtheremay

beerrorsin theimagepointsback-projectedto make world measurements.All of thesesourcesof

uncertaintymustbetaken into accountin orderto computea cumulative uncertaintyfor theworld

measurement.



4.3 Uncertainty analysis 57

In this sectionformulaeto computetheuncertaintyfor planarmeasurementsundervarious

errorsituationsaredeveloped.Thefirst orderanalysisis assumedsufficient.

All thecomputationimageandworld pointsareassumedto bemeasuredwith errormodelled

asabi-dimensionalGaussiannoiseprocess(seefig. 3.13). ���[� and �d��� arethecovariancematrices

of the imagecomputationpoint
Ý Þ

and the world computationpoint
è Þ

respectively. The two

sourcesof error(theuncertaintyonthehomographyandtheuncertaintyin imagepoint localisation)

arefirst consideredto operateseparatelyandfinally they aremergedin orderto computeanunique

formulaembracingbothcases.

Uncertainty in the homography
Û
, given uncertain computation points

Thecovarianceof thehomography
Û

estimatedfrom ù image-world pointcorrespondencesis com-

putedhere.

Fromsection4.2.1weseektheeigenvector ñ with smallesteigenvalue
�

of the !]ý"! matrixú ø ú . But if the ù computationcorrespondencesareaffectedby alocalisationerroralsothe ú matrix

will beuncertainandhencethe9-vector ñ . This vectoris thencharacterisedby a þmý.þ covariance

matrix ��� computedasshown in appendixA.

The algorithmin appendixA hasa doubleadvantageover othermethodssuchas[19, 36]

which requiretheinverseof ú ø ú in orderto compute��� . Thesemethodsarepoorlyconditionedif

only four correspondencesareused,or if ù���� andthecorrespondencesare(almost)noise-free.In

bothcasesthe ú ø ú matrix is singularandthusnot invertible.Sincethederivationof (A.2) doesnot

involve theinverse,it is well conditionedin bothcases.

Uncertainty in point localization

This sectionlists the formulaeusedto computethe uncertaintyfor measurementsundervarious

errorsituations.Thefirst orderanalysisis assumedsufficient. Theuncertaintyin thehomography

is computedasdescribedin theprevioussection.
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Notation

New notationis introducedhereto simplify theformulae.Equation(3.3)canberewrittenas �ò��\ñ
where� is a !½ý.þ matrix in theform:�]ò ÿ�� Ý ø û ø û øû ø Ýuø û øû ø û ø Ý ø 	�
� (4.10)

In thefollowing wewill determinethe !;ý�! covariancematrix ��� of thehomogeneousworld

point  . Theconversionto a ü�ý]ü covariancematrix � â$#Tâ� for inhomogeneouscoordinatesis given

by: � â$#Tâ� ò������������ ø where �ò Ú × õ Ø õQ�?ß ø and�a�vò �$� � â Ö � � � ×� � � Ø Ù� is thefunctionmappinghomogeneousto inhomogeneouscoordinates.Theoppositeconversion,

from inhomogeneousto homogeneouscoordinates,for animagepoint
Ý

is simplygivenby:���]ò Ö � â$#Tâ� ûû ø � Ù
It is easyto prove that,giventwo homogeneous3-vectors

Ý!á
and

Ý â
relatedbyÝ'â ò � Ý á (4.11)

with
�

ascalefactor, andtheirassociated!Âý�! covariancematrices��� ì and��� 0 , then� â$#Tâ� 0 ò�� â$#Tâ� ì
where� â$#Tâ� ì and� â$#TâC 0 arethecorrespondinginhomogeneouscovariancematrices.In factfrom(4.11)��� 0 ò � â ��� ì �v�g� ��� â ò �� ��� á
Sincefrom first ordererroranalysis� â$#Tâ� 0 ò��a� â ��� 0 ��� øâ , by substitution� â$#Tâ� 0 ò �� ��� á � â ��� ì �� ��� á ø
andsince ��� á ��� ì �a� á ø ò � â$#Tâ� ì then � â$#Tâ� 0 ò � â$#Tâ� ì .
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Uncertaintyin  , givenanuncertain
Û

andexact
Ý

If noiseis assumedonlyonthehomographyandtheinputpoint
Ý

is exact,thenthecovariance

of thecorrespondingworld point  is: � � ò��6���d� ø (4.12)

Uncertaintyin  , givenanexact
Û

anduncertain
Ý

Instead,if noiseis assumedonly in theinput imagepointandthehomographyis exactthen:���3ò Û ��� Û ø (4.13)

Uncertaintyin  , givenanuncertain
Û

anduncertain
Ý

If noiseis assumedin boththehomography
Û

andtheinputpoint
Ý

thenthecovariance�~� is

givenby thesumof theprevioustwo equations(4.12,4.13):

���3ò¢¡ � ...
Û&£ ÿ��� ��� ... ¤¥+¥+¥�¥+¥+¥E¥+¥+¥¤ ... ���

	 

� ÿ�� � ø¥+¥+¥Û�ø 	 
� (4.14)

if
Û

and
Ý

arestatisticallyindependent.

Uncertainty in distancemeasurement

Thedistancen betweentwo world points ¦ á and ¦ â alsohasanassociateduncertainty.

Let the two endpointsof the imageof thesegmentto bemeasuredbe § á ò Ú©¨ á õ/ª á ß ø
and§ â ò Ú©¨ â õ/ª â ß ø

(in inhomogeneouscoordinates).Thetwo correspondingpointson theworld plane

in homogeneuscoordinatesare: á ò Ú × ásõ Ø á�õQ�3á�ß ø and  â ò Ú × â õ Ø â õQ� â ß ø where  Þ ò ÛÉÚN¨÷Þãõ/ª�Þãõ � ß ø
. In inhomogeneus

coordinatesthey are: ¦ Þ ò ÚI« Þ õQ¬ Þ ß ø
with

« Þ ò × ÞL� � Þ and
¬ Þ ò Ø Þ-� � Þ

. Thenthe Euclidean

distancebetweenthetwo points ¦ á and ¦ â on theworld planeisn½ò®­ ÚI«Xá � « â ß â @ Ú-¬¨á � ¬ â ß â
andits uncertaintyis computedbelow.
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Uncertaintyonpointdistance,givenanuncertain
Û

andexact § á õ § â
It canbeshown thatthegradientof thedistancen with respectto ñ is:� n� ñ ò �n Ú ¦ á � ¦ â ß ø Ú �ú á � �ú â ß

wherethe ü½ý1þ matrices�ú á and �ú â are:�ú Þ ò �� Þ Ö ¨÷Þ¯ª�Þ � � � � � ¨÷ÞI«EÞ � ª�ÞL«uÞ � «uÞ� � � ¨ Þ ª Þ°� � ¨ Þ ¬ Þ±� ª Þ ¬ Þ±� ¬ Þ Ù
If noiseis assumedonly in thehomography, then,for thefirst orderanalysis,thevarianceofn is givenby: B â( ò � n� ñ �=� � n� ñ ø (4.15)

Uncertaintyin distance,givenexact
Û

anduncertain§ á and § â
Thegradientof thedistancewith respectto the4-vector ²�ò Ú©¨'ásõ/ªTásõ/¨ â õ/ª â ß ø

is givenby� n� ² ò �n Ú ¦ á�� ¦ âsß ø ¡ � á ... � â £
wherethematrices� á and � â aredefinedasfollows:� Þ ò �� Þ Ö ô áGá�� ô ö�á « Þ ô á â � ô ö âm« Þô â á � ô$ö�á³¬$Þ ô âGâ � ô÷ö â ¬�Þ Ù

If noiseis assumedonly in the input points § á õ § â , andthetwo pointsareindependentthen

thevarianceB â( is B â( ò � n� ² ÿ��� �6´ ì ... ¤¥+¥+¥µ¥+¥+¥µ¥+¥+¥¤ ... � ´ 0
	 

� � n� ² ø (4.16)

Uncertaintyin distance,givenuncertain
Û

anduncertain§ á and § â
Finally, if boththehomography

Û
andtheinputpoints § ásõ § â areuncertainthenthevarianceB â( is givenby thesumof (4.15)and(4.16):

B â( ò·¶8¸ (¸ � ... ¸ (¸\¹�º
ÿ���������
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with ��� the þYý*þ covarianceof the homographyand � ´ ì and � ´ 0 the üYý¶ü inhomogeneous

covariancematricesof theinput imagepoints.

4.3.3 Validation of uncertainty analysis

Theprevioussectionshavedescribedacompletetheoryfor: (i) computingtheellipseof uncertainty

for thelocalizationof aworld planepointand(ii) theuncertaintyrangeof thedistancebetweentwo

world pointsgivenuncertainhomographycomputationpointsanduncertainimageinputpoints.

This sectiondemonstratesthat for typical imaging situationsthis linear approximationis

sufficiently accurate. That hasalreadybeenproven analytically in the mono-dimensionalcase.

Now theMonteCarlostatisticaltestis appliedto thebi-dimensionalcameramodeltheory. In all of

thefollowing erroris assumedto bein bothcomputationpointsandmeasurementpoints.

Teston uncertainty of point localization

TheperformedMonteCarlo testis describedin table4.1:½ Repeat¾ times

– Generate¿ÁÀÃÂ imagecomputationpoints(Gaussiandistributed);

– Generate¿ÁÀÃÂ world computationpoints(Gaussiandistributed);

– Computethehomographyrelatingthetwo setsof points.

– Generateanimagepoint Ä (Gaussiandistributed);

– Back-projectthepoint Ä ontotheworld planepoint  .½ Computethe statisticaluncertaintyellipseof the distribution of points  andcompareit with the
analyticaluncertainty.

Table4.1: Monte Carlo simulation.

Figure4.4ashows a comparisonbetweenthe covarianceellipseobtainedby the first order

analysisandthe oneobtainedby a Monte Carlo evaluationof the actualnon-linearhomography

mapping.A numberÅ ò �+�v�v�v�
iterationsis involved in eachsimulation.Notethat thepredicted

ellipseandthesimulatedonearealmostoverlapping.Thesefiguresareobtainedusingparameters

relatedto a realsituation.



4.3 Uncertainty analysis 62

0.048 0.05 0.052 0.054 0.056 0.058 0.06
0.144

0.145

0.146

0.147

0.148

0.149

0.15

0.151

0.152

0.153

X (meters)

Y
 (

m
et

er
s)

______ First Order

__ Monte Carlo

0.048 0.05 0.052 0.054 0.056 0.058 0.06
0.144

0.145

0.146

0.147

0.148

0.149

0.15

0.151

0.152

0.153

X (meters)

Y
 (

m
et

er
s)

______4 comp. points

______5 comp. points
____10 comp. points

a b

0.046 0.048 0.05 0.052 0.054 0.056 0.058 0.06 0.062 0.064

0.142

0.144

0.146

0.148

0.15

0.152

0.154

0.156

X (meters)

Y
 (

m
et

er
s)

___+/−1 pix

______+/−2 pix

__________+/−3 pix

0.045 0.05 0.055 0.06 0.065
0.138

0.14

0.142

0.144

0.146

0.148

0.15

0.152

0.154

0.156

0.158

X (meters)

Y
 (

m
et

er
s)

_s=+/−1mm

______s=+/−2mm

__________s=+/−3mm

c d

Figure4.4: Uncertainty in point localization: (a)
Û

is computedfrom thetheoryof sections4.2.1
and4.3.2usingonly 4 computationpoints. 10000imagepointsarerandomlygeneratedfrom a
Gaussiandistributioncentredonanimagetestpoint å andthenback-projectedontotheworld plane.
Thestatisticalcovarianceellipseof theworld pointsis computedandplottedtogetherwith thepre-
dictedone.3 std. dev. arevisualisedfor eachuncertaintyellipse.(b) Thefirst orderandsimulated
uncertaintyellipsesareasdecreaseasthenumberof computationpointsincreasefrom 4 to 5 to 10
asexpectedfrom thetheory. (c) Areasof thepredictedellipsesandof thesimulatedonesincrease
asthe uncertaintyof the imagecomputationpoints increases.(d) Areasof the predictedellipses
andof thesimulatedonesincreaseastheuncertaintyof theworld computationpointsincreases.3
standarddeviations(99.7Æ of probabilitylevel) arevisualisedin all diagrams.

Similar test hasbeenperformedin section3.6 for a homographicmappingbetweentwo

genericplanes,usingsyntheticdata.
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Increasingthenumberof computationpoints

Figure4.4bshows what happensif the numberof computationpointsusedto estimatethe

homographymatrix increases.6 ellipsesaredrawn, 3 have beenpredictedby theanalyticaltheory

andother3 obtainedfrom the Monte Carlo test. For eachof thesethreecasesit is very hardto

distinguishbetweenthesimulatedandthepredictedellipses.

Furthermore,asexpected,increasingthenumberof computationpointsincreasestheaccu-

racy of the
Û

matrixandthentheaccuracy in thefinal
è

pointposition(smallerellipses).

Increasingtheimagecomputationpointsstandarddeviations

Figure4.4cshows how theareaof theuncertaintyellipsesincreaseswith theuncertaintyof

theimagecomputationpoints.Threepredictedellipsesaredrawn with thecorrespondingsimulated

ones.Thestandarddeviationof thenoisein theworld pointsvariesfrom
� ��p årq\s to !Q��p årq$sut .

Increasingtheworld computationpointsstandarddeviations

The increaseof theuncertaintyellipseswith theuncertaintyin the localisationof theworld

computationpoints is shown in figure 4.4d. The threepredictedellipsesand the corresponding

simulatedonesaredrawn alsoin this case.Thestandarddeviation of thenoisein theworld points

variesfrom
� l?l to !ml?l .

Teston uncertainty of distancemeasurements

TheMonteCarlo testperformedis describedin table4.2.

Figure4.5 demonstratesthe uncertaintyin distancemeasurements.A comparisonbetween

the Gaussiandistribution obtainedby the first orderanalysisand,again,the distribution obtained

by aMonteCarloevaluationof thenon-linearhomographymappingis shown. Thepredictedcurve

andthesimulatedoneareagainindistinguishable.

Increasingthenumberof computationpoints

Figure4.5billustrateswhathappensif thenumberof computationpointsusedto estimatethe
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Figure4.5: Uncertainty in distancemeasurement: (a)
Û

is computedfrom the theoryof sec-
tions 4.2.1 and4.3.2 usingonly 4 noisy computationpoints. 10000imagepointsare randomly
generatedfrom a Gaussiandistribution centredon animagetestpoint å á andanother10000points
generatedfrom aGaussiandistributioncentredonanotherimagetestpoint å â . Thepointsareback-
projectedonto the world planeandthe distancesbetweenthe pairsarecomputed.The statistical
distribution of thedistancesis computedandplottedtogetherwith thepredictedone.3 std.dev. are
visualisedfor eachcurve; (b) Thefirst orderandsimulateduncertaintiesdecreaseasthenumberof
computationpointsincreasesfrom 4 to 8.

Ç RepeatÈ times

– GenerateÉËÊÍÌ imagecomputationpoints(Gaussiandistributed);

– GenerateÉËÊÍÌ world computationpoints(Gaussiandistributed);

– Computethehomographyrelatingthetwo setsof points.

– Generateanimagepoint Î�Ï (Gaussiandistributed);

– Back-projectthepoint Î Ï ontotheworld planepoint  Ï .
– Generateanimagepoint ÎgÐ (Gaussiandistributed);

– Back-projectthepoint Î Ð ontotheworld planepoint  Ð .
– ComputethedistanceÑ between ÒÏ and  ÁÐ .Ç Computethestatisticalvarianceof thedistributionof distancesÑ andcompareit

with thepredictedvariance.

Table4.2: Monte Carlo simulation.

homographymatrix increases.

Four curvesaredrawn, two have beenpredictedby our analyticaltheoryandothertwo have

beenobtainedfrom theMonteCarlotest.As expected,increasingthenumberof computationpoints
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193cm

original image
measurements

144cm

Figure4.6: Measuring world distancesfrom images:thedimensionsof thewindow aremeasured
directlyon theimage.

increasestheaccuracy of thedistancen (smallerstandarddeviation).

Figures4.4and4.5areobtainedusingdatafrom imagesof realscenes.In all thepreviousex-

amplesthesimulatedellipsesarealmostexactlyoverlappingtheanalyticallypredictedones,which

justifiestheuseof thefirst ordertheory.

4.4 Application - A planemeasuringdevice

In this sectiona typicalapplicationof thedesrcibedplanemetrologyalgorithmandtheuncertainty

theoryis presented.

4.4.1 Description

Thedevice shown hereis meantto take distancemeasurementson realworld planessuchasfloors,

walls,doors,justusingimagesacquiredwith conventionalvideocameras.(seefig. 4.6). Theentire

measurementprocesscanbesplit in two mainstages:thecalibrationstageandthemeasuringstage.



4.4 Application - A planemeasuringdevice 66

Calibration stage

First of all, computingthetransformationbetweentheviewedplaneandtheimageplaneis neces-

sary. This is achievedvia theknowledgeof a setof world-imagepoint correspondencesasalready

discussed.

Oncewe have definedhow the ù chosenworld-planecomputationpointsareprojectedonto

the imageit is possibleto apply thetheoryof sections4.2and4.3 to computethe
Û

matrix andits

covariance.Thechoiceof computationpointsis not completelyarbitrary;in fact their numberand

locationwith respectto thecamerahave asignificanteffect onmeasurementuncertainties.

In section4.4.2someexamplesareprovided to show the variationof the uncertaintiesac-

cordingto avariationin thenumberor locationof thecomputationpoints.

Measurementstage

Oncethe homographyhasbeencomputedtwo pointson the imageareselected;they areback-

projectedontotheworld planeandthedistancebetweenthemcomputedandshown (seefig. 4.7).

Theuncertaintyin thedistancebetweenthemis alsocomputedusingtheformulaepresented.

Oncethe homographyis known it is possibleto retrieve otheruseful informationsuchas

parallelismof lines lying on a plane(seetablebelow). Thereforethe applicationallows to draw

a line, draw the parallel line passingthrougha chosenpoint andretrieve the orthogonaldistance

betweenthetwo lines.

Thestrengthof this device is in its easyuse;theoperatorinteractswith thesystemjust via a

friendlygraphicinterfacebothduringthecalibrationstageandthemeasuringone.Themeasurement

queriesaresentto thesystemvia apointingdevice like amouse.

4.4.2 Examples

In this sectiona numberof examplesarepresentedshowing possibleusesof thedescribedtheory,

andthecorrectnessof theuncertaintyanalysison realimages.
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Figure4.7: Graphical User Interface: exampleof the measurementstage. It involvesan easy-
to-usegraphicalinterface;theuseris only requiredto selectthe two endpointsof thesegmentto
measure.

It is shown thatthegroundtruthmeasurementsalwayslie within theestimatederrorbounds.

Furthermore,theutility of theanalysisis illustrated.Thecovarianceexpressionpredictsuncertainty

given the numberof image-world computationpointsandtheir distribution. It is thuspossibleto

decidewherecorrespondencesarerequiredin order to achieve a particulardesiredmeasurement

accuracy.

Creatingnewviewsof planar surfaces

Rectificationof aplanarsurface

Oncethe homographybetweena world planeandthe imagehasbeenestimatedthen it is

easyto performa fronto-parallel transformationof theimage.Froma geometricpoint of view this

operationmeansthesynthesisof anew image,theoneseenfrom anew camerawith its acquisition

planeparallelto theworld plane.

Figure4.8 shows an imageof a college wall which is warpedonto a fronto-parallelview.

Notethatin thewarpedimageanglesandratiosof distancesarerecoveredcorrectly.
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a b

c

Figure4.8: Rectification of a planar surface: (a) original image,KebleCollege,Oxford; (b) the
relative locationof thefour cornersof themarkedwindow have beenusedasreferenceto compute
theimage-to-world planehomography;(b) rectifiedimage;parallellinesin theworld areparallelin
therectifiedimageandanglesarepreserved.

Rectificationof aplanein apainting

Figure4.9 shows anotherexampleof planerectification. Figure4.9ais a paintingby the

Italian RenaissancepainterPierodella Francesca(1416–1492).The rectificationis possibleasa

resultof strict adherenceto Renaissanceperspective rulesby the artist. The paintingrepresents

scenegeometryalmostexactly asit would becapturedby a perspective camera,thusthewarping

techniquedescribedis valid.

Figure 4.9c shows the rectifiedview of the areaof the floor hilighted in fig. 4.9b, where

Christ is standing.Note that thegeometricpattern,barelyvisible in theoriginal imageis clearat
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a

b c

Figure4.9: Rectification of a plane in a painting: (a) the paintingLa Flagellazionedi Cristo
by PierodellaFrancesca(1460,Urbino,GalleriaNazionaledelleMarche);(b) original imagewith
part of thefloor highlighted;(c) rectifiedimageof the highlightedarea. Notice that the beautiful
geometricaltile patternis repeatedtwice.

thebottomof the rectifiedone[64]. A second,identicalpatternis visible (despiteocclusions)on

thetopof therectifiedimage.

The image-to-world homographyhasbeencomputedfrom the assumptionof squarefloor

pattern.

Warpingplanesbetweenimages

If theinter-imagehomographyrelatingtwo imagesis known it is possibleto warponeimage

ontotheother.

An exampleis shown in figure4.10wheretwo picturesof thesamewall havebeentakenfrom

two differentviewpoints(thecamerahasundergonea translationalandrotationalmovement).The
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a

b

c

Figure4.10: Warping planesbetweenimages: (a,b) original imagesfrom two differentpoints
of view; Crystallographylabs,Oxford. (c) first imagewarpedonto thesecondby the inter-image
homography.

inter-imagehomographyhasbeenestimatedfrom correspondingfeaturepointson thewall andthe

first imagewarpedontothesecondone. All thepointswhich do not lie on the facadearemapped

into unexpectedpositions(fig. 4.10c).Theparallaxeffectshown by suchpointscanbeusedfor 3D

structuralcomputation(seechapter6).

Accuracy in point localization

Varyingthelocationof thecomputationspoints

Figure4.11shows an exampleof an indoor scene.Figure4.11ais the original imageand

in figures4.11b-dan uncertaintyellipse map is superimposedto show how the ellipseschange

accordingto a changein the locationof thecomputationpoints. The
Û

matrix is computedusing
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a b

c d

Figure4.11:Accuracy in point localization: (a)originalimage.(b-d)projectively unskewedback-
projection.Thecomputationpointsusedto estimate

Û
aremarkedby blackasterisks.Thelocation

of thefour computationspointsis differentin eachimage.Theuncertaintyellipsesshown for test
pointsareat the9 std.dev. level for clarity.

a b

c d

Figure4.12:Accuracy in point localization: (a)originalimage.(b-d)projectively unskewedback-
projection.Thecomputationpointsusedto estimate

Û
aremarkedby blackasterisks.Thenumber

of computationpointsvariesfrom 4 to 6 to 8. Theuncertaintyellipsesshown for testpointsareat
the9 std.dev. level for clarity.



4.4 Application - A planemeasuringdevice 72

four computationspointsin all cases.Thecovariancesusedfor thecomputationsare:�d�½ò Õ �Ó�� � ä
(in ��p å�q\s â ) in theimageand � � ò Õ � j üvk �� � j üvk ä
(in Ô³l â ) in theworld.

Several testpointsareshown with their uncertaintyellipses.Notethatasthedistanceof the

testpoint to computationpointsincreases,theuncertaintyincreases.More spatiallyhomogeneous

uncertaintiesareachievedby distributing thecomputationpointsacrossthescene.

Varyingthenumberof computationpoints

Figure 4.12 shows the samesceneas before. Figure4.11ais the original imageand fig-

ures4.11b-dshow theuncertaintyellipsesmap.

The
Û

matrix is computedusingfour pointsin figure4.11b,six point in figure4.11candeight

pointsin figure4.11d.Thecovariancesusedfor thecomputationsareasbefore:� � ò Õ �¼�� � ä � � ò Õ � j üvk �� � j üvk§ä
The sametest points are shown with their uncertaintyellipses. Smalleruncertaintiesare

obtainedby increasingthenumberof computationpoints.

Accuracy of distances

Varyingthenumberof computationpoints

A similar analysisis now conductedusingimagesof an outsidewall, computingdistances

insteadof point locations.

Figure4.13b-dshow lengthmeasurementsfor a homographycomputedfrom four, six and

eightcorrespondences.Thecovariancesusedfor thecomputationsare:�~�Qò Õ �¼�� � ä �d�¶ò Õ �Õ�� � ä
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a b

c d

Figure4.13: Accuracy of distances: (a) original image. (b-d) lengthmeasurementsbasedon a
homographycomputedfrom thepointsmarkedby blackasterisks.Theuncertaintyboundis f ! std.
dev. Theactualwidth is

� !�þ[Ô³l .

It is worth noticing thatmeasurementsfartherfrom thesetof computationpointspresenta

largeruncertainty. Again, increasingthenumberof computationpointsreducestheuncertaintiesin

all themeasurements.Note thatall theestimatedmeasurementrangesincludetheactualwindow

width (
� !�þ[Ô³l ).

Differentviews,samecomputationpoints

Figure 4.14 illustratesthat the uncertaintiesalso dependon the observer viewpoint. The

computationpointsfor bothimagesarein thesamezoneof the imageframebut thesecondimage

is affectedby a moresevereperspective distortion. In bothcasesthe groundtruth lies within the

predictedmeasurementrange,but this is largerin thesecondview.

The figure alsoillustratesthe computationof parallelworld lines (seebox below). Oncea

line is selectedin the image,theoneparameterfamily of linesparallelto it on theworld planeis
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a b

Figure4.14:Different views,samecomputation points: (a)and(b) two imagesof KebleCollege,
Oxford. The computationpointsarethe same,but the viewpoint distortionis moreseverein (b).
This is reflectedin thelarger (3 std.dev.) uncertainties.Theactualwidth of theupperwindows is� w x Ô³l . Notethecomputedparallellines.

computedfrom theestimated
Û
, andwhenoneof themis fixedthedistanceis computedandshown.

Computing imagesof parallel lines and measuringtheir distance. Giventhe image-to-world
homographyÖ andaline × ontheimagetheoneparameterfamily of linesparallelto × in theworld
is defined.
In fact,givena line × anda point Î in the imagewe canfind the line ×ÙØ through Î whoseback-
projectionÚÛØ is parallelto theback-projectionof × ontotheworld plane.This is simply ×ÙØdÜ�ÎÁÝßÞ
whereÞ is thevanishingpointfor thatdirection; Þ is givenby ÞËÜ�Ö~à Ï/á Ö6à=âS× with á thefollowing
filter matrix: á Ü ÿ� ã äåãæ äåãÓãã±ãÓã

	�
Onceapairof lines ×uç1×<Ø is selectedtheirworld distancecanbeeasilycomputedby applying(3.3).

Differentviews,differentcomputationpoints

Figure4.15shows, again,two differentviews of a wall. Four differentcomputationpoints

areusedin thetwo images.All themeasurementsaretakenbetweenparallellinesandalthoughthe

anglebetweencameraandwall planeis large,theparallellinesarecorrectlycomputed.

Note that the distancemeasurementsare invariant to the choiceof computationpoints,the

groundtruth is alwaysin theuncertaintyrangereturnedby thesystem(seecaption).Noticealsoin

thiscasethecomputationof theparallellines.
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a b

Figure4.15:Different views,different computation points: (a)and(b) two imagesof thecrystal-
lographylabsin Oxford. Theactualheightof all thewindows is

� wè��ÔQl , thedoorwidth is
�+�v� Ô³l .

Mosaicingand measuring

If the inter-imagehomographybetweentwo views is known thanone imagecanbe warpedand

stitchedto the other thusmakinga mosaicimage. Note, though,that in generalonly the points

lying onthesameplaneareregisteredcorrectlyby thehomography, while theonesoff theplaneare

warpedinto unexpectedpositions[11].

In thecaseof apurelyrotatingcameranoparallaxcanbedetectedandthereforeall thepoints

areregisteredcorrectlyby thehomography. An exampleof amosaiccreatedfrom arotatingcamera

is shown in figure 4.16. Figure4.16a,bare two different imagesof an indoor scenetaken from

the samepoint of view (no parallaxeffect). The inter-imagehomographyis computedfrom the

overlappingareabetweenthetwo imagesandthesecondimagewarpedandstitchedto thefirst one

to make themosaicin figure4.16c. If thehomographybetweentheoriginal imagesandtheworld

planeis known, then,from themosaicingprocessthehomographybetweenthefinal imageandthe

world planecanbe computedandmeasurementstaken directly on the mosaicimageasshown in

figure4.16d.

4.5 Duality and homologies

In the lastsectionof this chaptersomeinterestingpropertiesof theplanerectificationprocessare

investigated.
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Figure4.16: Mosaicing two images: (a) and(b) original imagesof TheQueen’s CollegeMCR in
Oxford; thetwo imagesaretakenfrom thesameviewpoint (no parallaxeffect); (c) mosaicimage;
(d) mosaicwith measurementssuperimposed.

In animageof aplanarsurfacein generalpositiontheplaneappearsprojectively warped;the

imageplane,instead,is by definitionfront-on. By rectifying the imageof theworld planevia the

estimatedhomographya new imageis obtainedwheretheworld planeis front-onbut theoriginal

imageplaneis now projectively skewed;its boundaryrectangleis warpedinto aprojectively skewed

quadrilateral(thesolid quadrilateralaroundtheimagein fig. 4.17c).Therelationshipbetweenthe

imageplaneandtheworld planeis investigatedvia anexampleona realscene.

Figure4.17bshows the perspective imageof a planarwall (seenalreadyin fig. 4.8a), the

imageplaneis front-on(solid rectangle).Figure4.17cis theimageobtainedby rectifying thewall

plane.Theedgesof theimagenow make a non-rectangularquadrilateral.This is theperspectively
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a

l

l̂

b c

Figure4.17:Duality betweenan imageof a planeand its rectification: (a)original image,Keble
College, Oxford; (b) the vanishingline of the planeof the wall hasbeencomputedandsuperim-
posed;(c) rectifiedimage;this configurationis dual to theonein (a), seetext. Theboundariesof
the imagearethe intersectionsof the original visual pyramid with the planeof the wall. Joining
theintersectionsof theoppositesidesof thisquadrilateralweobtaintheline é ê , thedualof theplane
vanishingline.

distortedversionof therectangularboundaryof theimagein fig. 4.17a;it canbeinterpretedasthe

intersectionof thevisualpyramidwith theplaneof thewall.

In figure 4.17b the vanishingline ê for the wall planehasbeencomputedby joining the
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intersectionsof two setsof parallelworld edgeslying on the wall. The line ê is the imageof the

axis of thepencil of planesparallelto the wall andalsothe intersectionof a planeparallelto the

wall throughthecameracentrewith theimageplane.Algebraically, if ë is theimage-to-world plane

homographysuchthat  ?òìë=í whereí is animagepointand  thecorrespondingworld pointthenê is thethird row of thematrix ë .
On the otherhandthe line é ê in figure 4.17cjoins the intersectionsof the oppositesidesof

the externalquadrilateral. é ê is the intersectionof the focal planewith the planeof the wall and

canbeconsideredasthedualof theplanevanishingline ê . Algebraically é ê is the third row of the

matrix ërîSï .
Furthermore,section3.3.3 hasshown that imagesof parallel planesrelatedby a parallel

projectionarerelatedby aplanarhomologywhoseaxisis theplanevanishingline andvertex is the

vanishingpoint of the directionof projection. Dually we canimaginehaving a pencil of parallel

imageplanes;that correspondsto having a sequencetaken by a purely translatingcamera. By

rectifyingall theimagesin thesequencevia thehomographiesinducedby theworld planeweobtain

theconfigurationillustratedin figure4.18b. Thecornersof thewarpedimageboundariesarerelated

by a planarhomologywhoseaxis is the line é ê andvertex is the rectifiedepipole. Figures4.18a,b

show anexampleof aspecialcasewherethecamerais translatingtowardsthecollegewall.
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Figure4.18: (a) original imageshowing further imageplanesfor a forward translatingcamera.In
thisspecialcasethecentreof theimagesis theepipole.(b) thetransformedboundaryquadrilaterals
obtainedfor a sequenceof imagesfrom a forward translatingcameraarerelatedby a homology
whoseaxisis theline é ê andthevertex is thepoint ð (warpedepipole).



Chapter 5

Singleview metrology

5.1 Intr oduction

The previous chapterhasinvestigatedhow planarmeasurementscanbe taken from uncalibrated

images.However, the world is not just onebig plane;it is a complex 3D structure.Thereforea

moregeneralanalysisof thethree-dimensionalsceneis required;this is achievedin thischapter. In

particular, thischapterdescribeshow aspectsof theaffine3D geometryof ascenemaybemeasured

from a single perspective image(seealso [25, 26]). The techniquesdescribedstill concentrate

on scenescontainingplanesand parallel lines, althoughthe methodsare not so restricted. The

algorithmsdevelopedhereextendandgeneralisepreviousresultsonsingleview metrology[56, 65,

91, 95].

In this chapterwe assumethat the vanishingline of a referenceplane in the scenemay be

determinedfrom theimage,togetherwith avanishingpoint for a referencedirection(notparallelto

theplane).Wearethenconcernedwith threecanonicaltypesof measurement:(i) measurementsof

thedistancebetweenany of theplaneswhich areparallelto thereferenceplane;(ii) measurements

on theseplanes(andcomparisonof thesemeasurementsto thoseobtainedon any parallelplane);

and(iii) determiningthecamera’s positionin termsof thereferenceplaneanddirection.

The measurementmethodsdevelopedhereareindependentof the camerainternalparame-

ters:focal length,aspectratio,principalpoint,skew (uncalibratedcamera,unknown internalparam-

eters).Weanalysesituationswheretheprojectionmatrix(externalcalibration)canonly bepartially

determinedfrom scenelandmarks.This is anintermediatesituationbetweencalibratedreconstruc-
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Figure 5.1: Measuring distancesof points from a referenceplane (the ground) in a single
image: (a) the four pillars have the sameheight in the world, althoughtheir imagesclearly are
not of the samelengthdueto perspective effects; (b) asshown, however, all pillars arecorrectly
measuredto have thesameheight.

tion (wheremetricentitieslike anglesbetweenrayscanbecomputed)andcompletelyuncalibrated

cameras(wherea reconstructioncanbeobtainedonly up to aprojective transformation).

The ideasin this chaptercanbeseenasreversingthe rulesfor drawing perspective images

given by Leon BattistaAlberti [1] in his treatiseon perspective (1435). Theseare the rules fol-

lowed by the Italian Renaissancepaintersof the fifteenthcentury, and indeedthe correctnessof

their masteryof perspective is demonstratedby analysing“La Flagellazionedi Cristo” by Piero

dellaFrancesca(fig. 4.9a).

Section5.2givessimplegeometricderivationsof how, in principle,threedimensionalaffine

informationmaybeextractedfrom oneimage(fig. 5.1). Section5.3 introducesanalgebraicrepre-

sentationof theproblemandshowsthatthisrepresentationunifiesthethreecanonicalmeasurement

types,leadingto simpleformulaein eachcase.Section5.4describeshow errorsin imagemeasure-

mentspropagateto errorsin the3D measurements,andhencehow to computeconfidenceintervals

on themeasurements,i.e. a quantitative assessmentof accuracy. A generalizationof thealgorithm

to recoveringaffine3D structureis presentedin section5.5. Thework hasavarietyof applications,

and threeimportantonesare presented:forensicmeasurements,virtual modellingand furniture

measurementsin section5.6.
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5.2 Geometry

The cameramodelemployed hereis againcentralprojection(seesection3.3.1). We assumethat

thevanishingline of a referenceplanein thescenemaybecomputedfrom imagemeasurements,

togetherwith avanishingpointfor adirectionnotparallelto theplane(seesection3.5).Effectssuch

asradialdistortionwhich corruptthecentralprojectionmodelcangenerallyberemovedasshown

in section3.4 andare thereforenot detrimentalto our methods.Although the schematicfigures

show the cameracentreat a finite location,the resultsderived apply alsoto the caseof a camera

centreat infinity, i.e.wheretheimagesareobtainedby parallelprojection.

The basicgeometryof the plane’s vanishingline andthe vanishingpoint are illustratedin

figure 5.2. The vanishingline ê of the referenceplaneis the projectionof the line at infinity of

the referenceplaneinto the image. The vanishingpoint ð is the imageof the point at infinity in

thereferencedirection. Note that thereferencedirectionneednot bevertical,althoughfor clarity

we will oftenrefer to thevanishingpoint asthe“vertical” vanishingpoint. Thevanishingpoint is

thentheimageof thevertical“footprint” of thecameracentreon thereferenceplane.Likewise,the

referenceplanewill often,but notnecessarily, bethegroundplane,in whichcasethevanishingline

is morecommonlyknown asthe“horizon”.

It canbe seen(for example,by inspectionof figure 5.2) that the vanishingline partitions

all points in scenespace.Any scenepoint which projectsonto the vanishingline is at the same

distancefrom theplaneasthecameracentre;if it lies “above” the line it is fartherfrom theplane,

andif “below” thevanishingline, thenit is closerto theplanethanthecameracentre.

Two pointson separateplanes(parallelto thereferenceplane)correspondif theline joining

themis parallelto the referencedirection;hencethe imageof eachpoint andthe vanishingpoint

arecollinear(fig. 5.3b).For example,if thedirectionis vertical,thenthetopof anuprightperson’s

headandthesoleof his/herfoot correspond.If theworld distancebetweenthetwo pointsis known,

we termthisa referencedistance.
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Figure5.2: Basicgeometry: theplane’s vanishingline ê is theintersectionof theimageplanewith
aplaneparallelto thereferenceplaneandpassingthroughthecameracentre� . Thevanishingpointð is the intersectionof the imageplanewith a line parallelto the referencedirectionthroughthe
cameracentre.

5.2.1 Measurementsbetweenparallel planes

We wish to measurethedistance(in thereferencedirection)betweentwo parallelplanes,specified

by the imagepoints í and í�� . Figure5.3 shows thegeometry, with points í and í�� in correspon-

dence.Thefollowing theoremholds:

Theorem 1 Giventhevanishingline of a referenceplaneand thevanishingpoint for a reference

direction,thendistancesfrom the referenceplaneparallel to the referencedirectioncan be com-

putedfromtheir imagedendpointsupto a commonscalefactor. Thescalefactorcanbedetermined

fromoneknownreferencelength.

Proof

The four points í , í � , � , ð markedon figure5.3bdefinea cross-ratio[112]. Thevanishing

pointis theimageof apointat infinity in thesceneandthepoint � , sinceit liesonthevanishingline,

is theimageof apointatdistance� * from theplane� , where� * is thedistanceof thecameracentre

from � . In theworld thevalueof thecross-ratioprovidesanaffine lengthratio; which determines

thedistance� betweentheplanescontaining� � and� (in fig. 5.3a)relativeto thecamera’sdistance

� * from theplane � (or ��� dependingon theorderingof thecross-ratio).Notethatthedistance�
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Figure5.3: Distancebetweentwo planesrelative to the distanceof the cameracentre from one
of the two planes: (a) in theworld; (b) in theimage.Thepoint í on theplane� correspondsto the
point í�� on theplane ��� . Thefour alignedpoints ð , í , í	� andtheintersection� of theline joining
themwith thevanishingline definea cross-ratio.Thevalueof thecross-ratiodeterminesa ratio of
distancesbetweenplanesin theworld, seetext.

canalternatively becomputedusinga line-to-linehomographyavoiding theorderingambiguityof

thecross-ratio.For thecasein figure5.3bweobtain

�� * ò ��� n�
©í	� õ �
��n�
©í õ ð��n�
©í õ ����n�
©í � õ ð�� (5.1)

wheren�
©í ï õ í���� is distancebetweentwo genericimagepoints í ï and í�� .
The absolutedistance� can be obtainedfrom the distanceratio (5.1) oncethe camera’s

distance� * is specified. However it is usually more practical to determinethe distance� via

a secondmeasurementin the image,that of a known referencelength. In fact, given a known

referencedistance��� , the distanceof the camera� * can be computedfrom (5.1) and then the

distance� determinedby applying(5.1) to anew pairof endpoints. �
Theorem1 canbegeneralisedto thefollowing:

Theorem 2 Givena setof linkedparallel planes,thedistancebetweenanypair of planesis suffi-

cientto determinetheabsolutedistancebetweenanyotherpair. Thelink beingprovidedbya chain

of point correspondencesbetweenthesetof planes.
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Figure5.4: Distancebetweentwo planesrelative to the distancebetweentwo other planes: (a)
in theworld; (b) in theimage.Thepoint í on theplane � correspondsto thepoint í�� on theplane� � . Thepoint � ï correspondsto thepoint ��� . Thepoint � ï correspondsto thepoint ��� . Thedistance� � in theworld between� ï and ��� is known andusedasreferenceto computethedistance

�
, see

text.

Proof

Figure5.4shows a diagramwherefour parallelplanesareimaged.They all sharethesame

vanishingline which is the imageof theaxisof thepencil. Thedistance
� � betweentwo of them

canbeusedasreferenceto computethedistance
�

betweentheothertwo asfollows:

� Fromthecross-ratiodefinedby thefour alignedpoints ð , ��� , � � , � ï andtheknown distance� � betweentheworld points � ï and ��� thedistanceof thecamerafrom theplane��� canbe

computed.

� That cameradistanceand the cross-ratiodefinedby the four alignedpoints ð , �"! , �#� , � ï ,
determinethedistancebetweentheplanes��� and � . Thedistance

�%$
of thecamerafrom the

plane� is, therefore,determinedtoo.

� Thedistance
� $

cannow beusedin (5.1) to computethedistance
�

betweenthetwo planes

� and ��� .
�
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Figure5.5: Measuring the height of a personfrom singleview: (a)original image;(b) theheight
of thepersonis computedfrom the imageas178.8cm;the trueheightis 180cm,but notethat the
personis leaningdown a bit on his right foot. The vanishingline is shown in white; the vertical
vanishingpoint is not shown sinceit lies well below theimage.Thereferencedistanceis in white
(theheightof thewindow frameon theright). Comparethemarkedpointswith theonesin fig. 5.4.

Section5.3.1presentsanalgebraicderivationof theseresultswhich avoidstheneedto com-

putethedistanceof thecameraexplicitly andsimplifiesthemeasurementprocedure.

Example. Figure5.5shows thataperson’s heightmaybecomputedfrom animagegivenavertical

referencedistanceelsewherein thescene.Thegroundplaneis reference.Theheightof theframe

of the window hasbeenmeasuredon site and usedas the referencedistance(it correspondsto

the distancebetween�'& and �)( in the world in fig. 5.4a). This situationcorrespondsto the one

in figure 5.4 wherethe two points *+( and �,& (andtherefore��( and ��& ) coincide. The heightof

thepersonis computedfrom thecross-ratiodefinedby thepoints -�. , / , - andthevanishingpoint

(figure5.4b)asdescribedin theproof above. Sincethepoints *0( and �'& coincidethederivationis

simpler.

5.2.2 Measurementson parallel planes

If thereferenceplane 1 is affine calibrated(its vanishingline is known) thenfrom imagemeasure-

mentswecancompute:

1. ratiosof lengthsof parallelline segmentson theplane;
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Figure5.6: Homologymapping betweenimagedparallel planesrelatedby parallel projection:
(a) A point 2 on theplane1 is mappedinto thepoint 34. on 1�. by a parallelprojection.(b) In the
imagethemappingbetweentheimagesof thetwo planesis ahomology, where5 is thevertex and 6
theaxis. Thecorrespondence�)78� . fixestheremainingdegreeof freedomof thehomologyfrom
thecross-ratioof thefour points 5 , /:9 , � . and � .

2. ratiosof areason theplane.

Moreover thevanishingline is sharedby thepencilof planesparallelto thereferenceplane,hence

affine measurementsmaybeobtainedfor any otherplanein thepencil. However, althoughaffine

measurements,suchasanarearatio,maybemadeon a particularplane,theareasof regionslying

on two parallelplanescannotbecompareddirectly. If theregion is parallelprojectedin thescene

from oneplaneonto the other, affine measurementscanthenbe madefrom the imagesinceboth

regionsarenow on the sameplane,andparallelprojectionbetweenparallelplanesdoesnot alter

affineproperties.

A mapin theworld betweenparallelplanesinducesa mapin the imagebetweenimagesof

pointson the two planes. As statedin section3.3.3 this imagemapis a planar homology. The

geometryis illustratedin figure 5.6. In this casethe vanishingline of the plane,andthe vertical

vanishingpoint,are,respectively, theaxisandvertex of thehomologywhichrelatesapairof planes

in thepencil.
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Thehomology ;< canthenbeparametrizedasin (3.5):

;<>=@?BADC 5E6GF5IH�6 (5.2)

where5 is thevanishingpoint, 6 is theplanevanishingline and
C

is thecharacteristicratio. Thus 5
and 6 specifyfour of thefivedegreesof freedomof thehomology. Theremainingdegreeof freedom

of thehomology,
C

, isuniquelydeterminedfromany pairof imagepointswhichcorrespondbetween

theplanes(points � and � . in figure5.6).

Oncethematrix ;< is computedeachpointonaplanecanbetransferredinto thecorresponding

pointonaparallelplaneas - . = ;< - . An exampleof thishomology mappingis shown in figure3.7.

Consequentlymeasurementsmadeon two separateplanescanbecompared.In particularwe may

compute:

1. theratiobetweentwo parallellengths,onelengthoneachplane;

2. theratiobetweentwo areas,oneareaoneachplane.

In factall pointscanbetransferredfrom oneplaneto thereferenceplaneusingthehomology. Since

thereferenceplane’s vanishingline is known, affine measurementsin theplanecanbemade(e.g.

parallellengthor arearatios).

Example. Figure5.7 shows anexample.Thevanishingline of thetwo front facingwalls andthe

vanishingpoint areknown asis thepoint correspondence� , � . in thereferencedirection.Theratio

of lengthof parallelline segmentsis computedby usingformulaegivenin section5.3.2.Noticethat

errorsin theselectionof point positionsaffect thecomputations;theveridicalvaluesof the ratios

in figure5.7 areexact integers.A propererroranalysisis necessaryto estimatetheuncertaintyof

theseaffinemeasurements.

5.2.3 Determining the cameraposition

Section5.2.1computesdistancesbetweenplanesasa ratio relative to the camera’s distancefrom

thereferenceplane.Conversely, thecamera’s distance
��$

from a particularplanecanbeobtained
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Figure5.7: Measuring ratio of lengths of parallel line segmentslying on two parallel scene
planes: Thepoints � and � . (togetherwith theplanevanishingline andthevanishingpoint) define
thehomologybetweenthetwo planeson thefacadeof thebuilding.

knowing asinglereferencedistance
� 9 .

Furthermore,figure5.2shows that thelocationof thecamerarelative to thereferenceplane

is theback-projectionof theverticalvanishingpointontothereferenceplane.Thisback-projection

is accomplishedby a homographywhich mapsthe imageto the referenceplane(andvice-versa).

Althoughthechoiceof coordinateframein theworld is somewhatarbitrary, fixing this frameim-

mediatelydefinesthehomographyuniquelyandhencethecameraposition.

5.3 Algebraic representation

The measurementsdescribedin the previous sectionarecomputedin termsof cross-ratios.This

sectiondevelopsa uniform algebraicapproachto the problemwhich hasa numberof advantages

over directgeometricconstruction:first, it avoids potentialproblemswith orderingfor the cross-

ratio; second,it allows to dealwith both minimal or over-constrainedconfigurationsuniformly;

third,differenttypesof measurementareunifiedwithin onerepresentation;andfourth,in section5.4

thisalgebraicrepresentationis usedto developanuncertaintyanalysisfor measurements.
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To begin, anaffinecoordinatesystemJLK �
is definedin space[66, 93]. Let theorigin of the

coordinateframelie on thereferenceplane,with the J and K -axesspanningtheplane.The
�

-axis

is thereferencedirection,whichis thusany directionnotparallelto theplane.Theimagecoordinate

systemis theusualM�N affine imageframe,anda point 2 in spaceis projectedto theimagepoint -
via a O>PRQ projectionmatrix S as:

- = ST2 =VUBW & W ( WEXYW�Z\[ 2
where - and 2 arehomogeneousvectorsin theform: - = ] M�^_N�^_`ba F , 2 =c] JL^dKe^ � ^gfha F , and

“
=

” meansequalityup to scale.

Denotingthevanishingpointsfor the J , K and
�

directionsas(respectively) 5�i , 5	j and

5 , it is clearby inspection[36] thatthefirst threecolumnsof S arethevanishingpoints: 5�i =kW & ,
5�j =cW ( and 5 =lW�X

, andthat the final columnof S is the projectionof theorigin of the world

coordinatesystem,m =nW	Z
. Sinceour choiceof coordinateframehasthe J and K axes in the

referenceplane
W & = 5	i and

W ( = 5�j aretwo distinct pointson the vanishingline. Choosing

thesefixesthe J and K affinecoordinateaxes.Thevanishingline is denotedby 6 , andto emphasize

thatthevanishingpoints 5�i and 5	j lie on it, wedenotethemby 6po & , 6Go( , with 6Goq H#6 =kr
.

Columns1, 2 and4 of theprojectionmatrix arethethreecolumnsof thereferenceplaneto

imagehomography. Thishomographymusthave rankthree,otherwisethereferenceplaneto image

mapis degenerate.Consequently, thefinal column(theorigin of thecoordinatesystem)mustnot

lie on thevanishingline, sinceif it doesthenall threecolumnsarepointson thevanishingline, and

thusarenot linearly independent.Hencewesetit to be m =sW	Zt= 6vuxwyw 6dwyw ={z 6 .
Thereforethefinal parameterizationof theprojectionmatrix S is:

S =VU 6 o & 6 o( | 5 z 6 [
(5.3)

where| is ascalefactor, whichhasanimportantrôle to play in theremainderof thechapter.

Notethattheverticalvanishingpoint 5 imposestwo constraintsonthe S matrix,thevanishing
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Figure5.8: Measuringthe distanceof a plane 1�. from the parallel referenceplane 1 : (a) in the
world; (b) in theimage.

line 6 two and the | parameteronly one for a total of five independentconstraints. In general

however the S matrix haseleven degreesof freedom,which canbe regardedascomprisingeight

for theworld-to-imagehomographyinducedby thereferenceplane,two for thevanishingpointand

onefor theaffine parameter| . In our casethevanishingline determinestwo of theeightd.o.f. of

thehomography.

The following sectionsshow how to computevariousmeasurementsfrom this projection

matrix. Measurementsof distancesbetweenplanesare independentof the first two (in general

under-determined)columnsof S . If 5 and 6 are specifiedthe only unknown quantity for these

measurementsis | . Coordinatemeasurementswithin the planesdependon the first two andthe

fourthcolumnsof S . They defineanaffinecoordinateframewithin theplane.Affinemeasurements

(e.g.arearatios),though,areindependentof the actualcoordinateframeanddependonly on the

fourth columnof S . If any metric informationon the planeis known, that canbeusedto impose

constraintson thechoiceof theframe.
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5.3.1 Measurementsbetweenparallel planes

Distanceof a plane from the referenceplane 1
We wish to measurethe distancebetweensceneplanesspecifiedby a point 2 and a point 2�.
in the scene(seefig. 5.3a). Thesepoints may be chosenas respectively 3 =}] JL^dKe^ r a~F and

34. = ] JL^dKe^ � a F , andtheir imagesare - and -�. (fig. 5.8). If S is theprojectionmatrix thenthe

imagecoordinatesare

- = S
����
�

J K r �
�����
� ^ - . = S

����
�

J K � �
�����
�

Theequationsabove canberewrittenas

- = ��] J W & A K W ( ADW�Z a (5.4)

- . = � . ] J W & A K W ( A � W�XeA�W	Z a (5.5)

where
�

and
� . areunknown scalefactors,and

W q is the ����� columnof the S matrix.

Since
W &BH z 6 =nW (�H z 6 =Vr

and
W�Z H z 6 = �

, taking the scalarproductof (5.4) with
z 6 yields�,={z 6+H#- , andcombiningthiswith thethird columnof (5.3)and(5.5)weobtain

| � =@� wyw -�PI- . wyw]yz 6�H�-�a�wyw 5DP\- . wyw (5.6)

Since | � scaleslinearly with | we have obtainedaffine structure.If | is known, thenwe

immediatelyobtainametricvaluefor
�

as:

� =@� wyw -�P\-�.�wyw]GW�Z H�-�a�wyw W�X P\- . wyw (5.7)

Conversely, if
�

is known (i.e. it is a referencedistance)then (5.6) providesa meansof

computing| , andhenceremoving theaffineambiguity.

Metric calibration from multiple references.

If morethanonereferencedistanceis known thenanestimateof | canbederivedfrom aner-

ror minimizationalgorithm.Hereaspecialcaseis consideredwhereall distancesaremeasuredfrom
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thesamereferenceplaneandanalgebraicerror is minimized.An optimalminimizationalgorithm

will bedescribedin section5.4.2.

For the � ��� referencedistance
� q with end points � q and � .q we define: � q = wyw � q P�� .q wyw ,� q ={z 6�H�� q , � q = wyw 5DP\��.q wyw . Therefore,from (5.6):

| � � q � q =@� � q (5.8)

Note thatall thepoints � q areimagesof world points � q on thereferenceplane 1 . By reorganis-

ing (5.8) thefollowing matrix � is defined:

� =
��������
�

� & � &~�+& ��&
...

...� q � q � q � q
...

...��� � � � � � �

� �������
�

where� is thenumberof referencedistances.

If the referencesare not affectedby measurementerror or � = �
then ��� =��

where

� =�]�� & � ( a~F is ahomogeneous2-vectorand

| = � &� ( (5.9)

In general�¢¡ �
anduncertaintyis presentin the referencedistances.In this casewe find the

solution� whichminimizes wyw ����wyw . Thatis theeigenvectorof the £	P�£ matrix ¤ = �
FE� corresponding

to its minimumeigenvalue. Theparameter| is finally computedfrom (5.9). With morereference

distances
� q , | is estimatedmoreaccurately(seesection5.4),but nomoreconstraintsareaddedon

the S matrix.
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Figure5.9: Measuring heightsusingparallel lines: Theverticalvanishingpointandthevanishing
line for the groundplanehave beencomputed.The distanceof the top of thewindow on the left
wall from thegroundis known andusedasreference.Thedistanceof thetopof thewindow on the
right wall from thegroundis computedfrom thedistancebetweenthe two horizontallineswhose
imagesare 6¦¥�§ and 6 ¥ . Thetop line 6¦¥�§ is definedby thetopedgeof thewindow, andtheline 6 ¥ is the
correspondingoneon thegroundplane.Thedistancebetweenthemis computedto be294.3cm.

– worked example–
Objective: in figure5.9thedistanceof ahorizontalline from thegroundis measured.¨ Theverticalvanishingpoint © is computedby intersectingvertical(scene)edges;

All imagesof linesparallelto thegroundplaneintersectin pointson thehorizon,therefore:¨ a vanishingpoint ©�ª on thehorizonis computedby intersectingtheedgesof theplankson theright
sideof theshed;¨ asecondvanishingpoint ©x« is computedby intersectingtheedgesof theplanksontheleft sideof the
shedandtheparalleledgeson theroof;¨ theplanevanishingline ¬ is computedby joining thosetwo points: ¬"­R©�ª�®¯©x« ;¨ thedistanceof thetop of theframeof thewindow on theleft from thegroundhasbeenmeasuredon
siteandusedasreferenceto compute° asin (5.6).¨ theline ¬y±_² , theimageof ahorizontalline, is selectedin theimageby choosingany two pointson it;¨ theassociatedvanishingpoint ©
³ is computedas ©x³e­I¬y±_²0®�¬ ;¨ theline ¬ ± , which is theimageof a line parallelto ¬´±_² in thesceneis constrainedto passthrough©
³ ,
therefore¬ ± is specifiedby choosingoneadditionalpointon it;¨ a point µ § is selectedalong the line ¬y±_² and its correspondingpoint µ on the line ¬ ± computedasµb­·¶yµ § ®¸©
¹�®¸¬ ± ;¨ equation(5.7) is now appliedto thepairof points µ , µ § to computethedistanceºR­I»g¼�½ ¾ ¿ cm.

Distancebetweenany two parallel planes

Theprojectionmatrix S from theworld to theimageis definedin (5.3)with respectto acoordinate

frameonthereferenceplane(fig. 5.8). In thissectionwedeterminetheprojectionmatrix S�. referred

to theparallelplane1 . andweshow how distancesfrom theplane1 . canbecomputed.
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Figure5.10: Measuringthe distancebetweenany two planes1�. and 1�. . parallelto the reference
plane1 ; thegeometry.

Supposetheworld coordinatesystemis translatedby
� 9 from theplane 1 ontotheplane 1�.

alongthereferencedirection(fig. 5.10),thenthenew projectionmatrix S . canbeparametrizedas:

S . = U W & W ( W X � 9 W X ADW ZÀ[
(5.10)

Notethatif
� 9 =kr

then S�. = S asexpected.

Thedistance
� . of theplane1 . . from theplane1 . in spacecanbecomputedas(cf. (5.7)).

� . =@� wyw -�.ÁP\-�. .�wyw� . wyw WEX P\- . . wyw ÂtÃyÄdÅ � . = W�Z H�-�.� A�Æ�ÇÈW�X H W�Z (5.11)

– worked example–
Objective: in figure5.11theheightof afile onadeskis computedfrom theheightof thedeskitself¨ Thegroundis thereferenceplaneÉ andthetopof thedeskis theplanedenotedas É § in figure5.10;¨ the planevanishingline andvertical vanishingpoint arecomputedasusualby intersectingparallel

edges;¨ thedistanceº+Ê betweenthepoints Ë and Ë § is known (theheightof thedeskhasbeenmeasuredon
site)andusedto computethe ° parameterfrom (5.6);¨ equation(5.11)is now appliedto theendpointsof themarkedsegmentto computetheheight
Z’ = 32.0cm.
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Figure5.11: Measuring heightsof objectson separateplanes: theheightof thedeskis known
andtheheightof thefile on thedeskis computed.

5.3.2 Measurementson parallel planes

As describedin section5.2.2,given thehomologybetweentwo planes1 and 1 . in thepencilwe

cantransferall pointsfrom oneplaneto theotherandmake affinemeasurementsin eitherplane.

The homologybetweenthe planescanbe derived directly from the two projectionmatri-

ces(5.3)and(5.10). Theplane-to-imagehomographiesmaybeextractedfrom theprojectionma-

tricesignoringthethird column,to give:

<Ì= U W & W ( W�Z [ ^ < . = U W & W ( � 9 WEX%A�W�Z [
Then ;<>=Í< . <+Î & mapsimagepointsontheplane1 ontopointsontheplane1�. andsodefines

thehomology. By inspection,since
W &%H WEZ¸=kr

and
W (BH W	Z�=kr

then
]È?tA � 9 W�X�W FZ a <Ï=s< . , hence

thehomologymatrix ;< is:

;<>=h?�A � 9 WEXÐW FZ (5.12)

Alternatively from (5.3) thehomologymatrix canbewrittenas:

;<'=@?BADÑ 5 z 6 F (5.13)

with
Ñ{= | � 9 .
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If the distance
� 9 andthe last two columnsof the matrix S areknown thenthe homology

betweenthe two planes1 and 1�. is computedasin (5.12). Otherwise,if only 5 and 6 areknown

andtwo correspondingpoints � and � . areviewed,thenthehomologyparameter
Ñ

in (5.13)canbe

computedfrom (5.6) (in fact | � 9 =ÒÑ
) without knowing eitherthe distance

� 9 betweenthe two

planesor the | parameter.

Examplesof homologytransferandaffinemeasurementsareshown in figures5.7and5.12.

– worked example–
Objective: in figure5.12theratiobetweentheareasof two windows Ó�ÔÓ"Õ in theworld is computed.¨ Theorthogonalvanishingpoint © is computedby intersectingtheedgesof thesmallwindows linking

thetwo front planes;¨ the planevanishingline ¬ (commonto both front planes)is computedby intersectingtwo setsof
paralleledgeson thetwo planes;¨ theonly remainingparameterÖ of thehomology ×Ø in (5.13)is computedfrom (5.6)as

Ö>­ÚÙ ÛÜÛ ËÝ®¯Ë § ÛÜÛ¶ÜÞ ¬:ß~Ëg¹ ÛÜÛ ©'®¯Ë § ÛÜÛ¨ eachof the four cornersof thewindow on the left is transferredby thehomology ×Ø onto the corre-
spondingpointson theplaneof theotherwindow (fig. 5.12b);

Now wehave two quadrilateralson thesameplane¨ theimageis affine-warpedpulling theplanevanishingline to infinity [75];¨ theratio betweenthetwo areasin theworld is computedastheratio betweentheareasin theaffine-
warpedimage.Weobtain ÓTÔÓ�Õ ­Úàá¾ ½�â .

5.3.3 Determining the cameraposition

Supposethecameracentreis ã =n] J $ ^dK $ ^ � $ ^gf $ a~F in affine coordinates(seefigure5.2). Then

sinceS
ã =kä
wehave

S0ã =sW & J $ A�W ( K $ A�W X � $ A�W Z f $ =kä
(5.14)

Thesolutionto this setof equationsis given(usingCramer’s rule)by

J $ =@�tå0æ Ä U�W ( W�X�W�Z\[ ^ K $ =kåxæ Ä U�W & WEX�W�Z\[ ^
� $ =h�tåxæ Ä U�W & W ( W Z [ ^�f $ =kåxæ Ä U�W & W ( W X [

(5.15)
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a b

Figure5.12:Measuring ratios of areason separateplanes: (a)original imagewith two windows
hilighted; (b) the left window is transferredonto theplaneidentifiedby � . by thehomologymap-
ping (5.13). The two areasnow lie on thesameplaneandcan,therefore,becompared.Theratio
betweentheareasof thetwo windows is thencomputedas: ç ªç « = �éè Q"ê .
if S is entirelyknown thelocationof thecameracentreis metricdefined.If | is unknown we can

write:

J $ =@�tåxæ Ä U�W ( 5 W Z [ ^ K $ =såxæ Ä UëW & 5 W Z [ ^
| ��$ =h�tåxæ Ä U�W & W ( W�Z\[ ^Df $ =kåxæ Ä U�W & W (ì5 [

(5.16)

andobtainthedistance
�%$

of thecameracentrefrom theplaneup to theaffine scalefactor | . As

before,the distance
�%$

canbeupgradedto metricwith knowledgeof | , or useknowledgeof the

cameraheightto compute| andupgradetheaffinestructure.

Notethataffineviewing conditions(wherethecameracentreis atinfinity) presentnoproblem

in expressions(5.15)and(5.16),sincein thiscasewehave
z 6 = U r r í [ F and5 = U í íîr [ F .

Hencef $ =ïr
thusa cameracentreon theplaneat infinity is obtained,asexpected.Thispoint on

1Bð representstheviewing directionfor theparallelprojection.

If theviewpoint is finite (i.e.notaffineviewing conditions)thentheformulafor | ��$ maybe

developedfurtherby takingthescalarproductof bothsidesof (5.14)with thevanishingline
z 6 . The
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Figure5.13: Computing the location of the camera: equations(5.15)areusedto obtain: J $
= -

381.0cm,K $ = -653.7cm,
�%$

= 162.8cm.

resultis

| �%$ =@�)]yz 6�H�5�a Î & (5.17)

– worked example–
Objective: in figure5.13the positionof the cameracentrewith respectto the chosenCartesiancoordinate
systemis determined.Notethatin thiscasewehavechosenñxò to bethepoint ó in thefigureinsteadof Þ ¬ .¨ Thegroundplane( ô�õGö plane)is thereference;¨ theverticalvanishingpoint is computedby intersectingverticaledges;¨ the two sidesof the rectangularbaseof the porchhave beenmeasuredthusproviding the position

of four points on the referenceplane. The world-to-imagehomographyis computedfrom those
points[24];¨ thedistanceof thetop of theframeof thewindow on theleft from thegroundhasbeenmeasuredon
siteandusedasreferenceto compute° asin (5.6).¨ the3D positionof thecameracentreis thencomputedsimplyby applyingequations(5.15).Weobtainôø÷�­ÚÙ	¿áù#àg¾ úgûÈüÒö:÷�­ÚÙ	ýÐâ�¿#¾ þ�ûÿücºx÷�­Úà_ýÐ»�¾ ùgûÈü

In figure5.23c,thecamerahasbeensuperimposedinto avirtual view of thereconstructedscene.

5.4 Uncertainty analysis

Featuredetectionandextraction,whethermanualor automatic(e.g.usingan edgedetector),can

only be achieved to a finite accuracy. Any featuresextractedfrom an image,therefore,aresub-

ject to measurementserrors. In this sectionwe considerhow theseerrorspropagatethroughthe

measurementformulaein orderto quantifytheuncertaintyon thefinal measurements[36]. This is

achievedby usingafirst ordererroranalysis(seesection3.6).
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Theuncertaintyontheprojectionmatrix is analysedfirst andthentheuncertaintyondistance

measurements.

5.4.1 Uncertainty on the � matrix

The uncertaintyin S dependson the locationof the vanishingline, the locationof the vanishing

point,andon | , theaffine scalefactor. Sinceonly thefinal two columnscontribute,theuncertainty

in S is modelledasa �>P�� homogeneouscovariancematrix, ��� . Sincethetwo columnshave only

fivedegreesof freedom(two for 5 , two for 6 andonefor | ), thecovariancematrix is singular, with

rankfive.

Assumingstatisticalindependencebetweenthetwo columnvectors
WEX

and
W	Z

the ��P�� rank

fivecovariancematrix ��� canbewrittenas:� � = � �
	�� rr � 	 ò�
 (5.18)

Furthermore,assumingstatisticalindependencebetween| and 5 , since
WEXt= | 5 :�
	�� = | ( �
� A�� (� 5	5 F (5.19)

with � � thehomogeneousO)PÏO covarianceof thevanishingpoint 5 , andthevariance
� (� computed

asin appendixD.

Since
W�Z¯=Dz 6 = ���� � ��� its covarianceis:��	 ò =�� W Z� 6 � � � W Z� 6 F

(5.20)

wherethe O,P O Jacobian� 	 ò� � is � WEZ� 6 = 6�H 6 ?¸� 6G6pF] 6�H 6va � «
5.4.2 Uncertainty on measurementsbetweenplanes

When making measurementsbetweenplanes(5.7), uncertaintyarisesfrom the uncertainimage

locationsof thepoints - and -�. andfrom theuncertaintyin S .
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Theuncertaintyin theendpoints - , - . of the lengthto bemeasured(resultinglargely from

thefinite accuracy with whichthesefeaturesmaybelocatedin theimage)is modeledby covariance

matrices��� and � � § .
Maximum lik elihoodestimationof the endpoints and uncertainties.

In this sectionthe S matrix is assumednoise-free;thisassumptionis removedbelow (5.23).

Sincein theerror-freecase,- and -�. mustbealignedwith theverticalvanishingpoint 5 the

MaximumLikelihoodestimates( �- and �- . ) of their truelocationscanbedeterminedby minimizing

thesumof theMahalanobisdistancesbetweentheinputpoints - and -�. andtheirMLE estimates�-
and �- . �

Ã�� � «"!  � § « ! Uv] -	( � �-�(#a F � Î &� « ] -	( � �-�(#a Ak] - .( � �- . ( a F � Î &� § « ] - . ( � �- . ( a [ (5.21)

subjectto thealignmentconstraint

5 H ] �-ëP �- . a =sr
(5.22)

(thesubscript£ indicatesinhomogeneous2-vectors).

This is a constrainedminimizationproblem. A closedform solutioncanbe found (by the

Lagrangemultiplier method)in thespecialcasethat� � § « = � ( �#� «
with � ascalar, but,unfortunately, in thegeneralcasethereisnoclosedformsolutionto theproblem.

Nevertheless,in thegeneralcase,an initial solutioncanbecomputedby usingtheapproximation

given in appendixB and then refining it by running a numericalalgorithm suchas Levenberg-

Marquardt.

OncetheMLE endpointshave beenestimated,standardtechniques[20, 36] areemployed

to obtaina first orderapproximationto the Q PìQ , rank-threecovarianceof the MLE 4-vector�$ F =�] �- § F( �- F( a . Figure5.14illustratestheidea(seeappendixC for details).
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Figure5.14: Maximum Lik elihood estimation of the end points: (a) Original image(closeupof
fig. 5.15). (b) Theuncertaintyellipsesof theendpoints, � � and � � § , areshown. Theseellipsesare
definedmanually;they indicatea 3-standarddeviation confidenceregion for localizingthepoints.
(c) MLE endpoints �- and �- . arealignedwith theverticalvanishingpoint (outsidetheimage).

Uncertainty on distancemeasurements.

Assumingnoisein both endpointsandprojectionmatrix andstatisticalindependencebetween �$
and S we obtaina first orderapproximationfor the varianceof the distance

�
of a point from a

plane: � (% ='& % � �  ( )) � � 
 & % F (5.23)

where
& % is the

� P � r
( �  ( is Q%P�Q and� � is ��P*� ) Jacobianmatrixof thefunction(5.7)which

mapstheprojectionmatrix andtheendpoints - , - . to their world distance
�

. Thecomputationof& % is explainedin detailin appendixC.

5.4.3 Uncertainty on cameraposition

Thedistanceof thecameracentrefrom thereferenceplaneis computedaccordingto (5.17)which

canberewrittenas: ��$ =@�)]GW�Z H WEX a Î & (5.24)

If anexact S matrix is assumed,thenthecameradistanceis exacttoo, in factit dependsonly

on thematrix elementsof S . Similarly, theaccuracy of
��$

dependsonly on theaccuracy of the S
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matrix.

Equation(5.24)maps+-, into + , andtheassociated

� P.� Jacobianmatrix
& ��$

is readily

derivedto be & ��$ = � ($0/ W FZ W FX21
and,from afirst orderanalysisthevarianceof

� $
is� (% ÷ =3& � $ � � & � $ F (5.25)

where�#� is computedin section5.4.1.

Thevariances
� (i ÷ and

� (j ÷ of the J ^dK locationof thecameracanbecomputedin a similar

way [24].

5.4.4 Example- uncertainty on measuringheightsof people

In thissectionweshow theeffectsof thenumberof referencedistancesandimagelocalizationerror

on thepredicteduncertaintyin measurements.

An imageobtainedfrom a poorqualitysecuritycamerais shown in figure5.15a.It hasbeen

correctedfor radialdistortionusingthemethoddescribedin section3.4,andthefloor takenasthe

referenceplane. Verticalandhorizontallinesareusedto computethe S matrix of thescene.The

vanishingline for thegroundplaneis shown in whiteat thetopof eachimage.

The sceneis calibratedby identifying two points 5%&�^_5E( on the referenceplane’s vanishing

line (shown in white at the top of eachimage)andthe vertical vanishingpoint 5 . Thesepoints

arecomputedby intersectingsetsof parallel lines. The uncertaintyon eachpoint is assumedto

beGaussianandisotropicwith standarddeviation
r è��54 ��M7698 � . Theuncertaintyof thevanishingline

is derived from a first orderpropagationthroughthe vectorproductoperation6 = 5e&bP�5	( . The

projectionmatrix S is thereforeuncertainwith its covariancegivenby (5.18).

In additiontheendpointsof theheightto bemeasuredareassumedto beuncertainandtheir

covariancesestimatedasin section5.4.2.Theuncertaintiesin theheightmeasurementsshown are
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a b

c d

Figure5.15: Measuring heights and estimating their uncertainty: (a) original image;(b) im-
agecorrectedfor radial distortionandmeasurementssuperimposed.With only onesuppliedref-
erenceheight the man’s heighthasbeenmeasuredto be Z = 190.4 : 3.94cm,(cf. groundtruth
value190cm).Theuncertaintyhasbeenestimatedby using(5.23)(theuncertaintyboundis at : 3
std.dev.); (c) with two referenceheightsZ = 190.4 : 3.47cm;(d) with threereferenceheightsZ =
190.4 : 3.27cm.In thelimit ��� = ) (error-free S matrix) theheightuncertaintyreducesto 2.16cm
for all (b,c,d);theresidualerror, in thiscase,is dueonly to theerroron thetwo endpoints.

a b c

Figure5.16: Measuring heights and estimating their uncertainty, secondpoint of view: (a)
original image; (b) the imagehasbeencorrectedfor radial distortion and height measurements
computedandsuperimposed.With onesuppliedreferenceheightZ = 190.2 : 5.01cm(cf. ground
truthvalue190cm);(c) with two referenceheightsZ = 190.4 : 3.34cm.Seefigure5.15for details.
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computedas3-standarddeviation intervals.

In figure5.15bonereferenceheightis usedto computetheaffine scalefactor | from (5.6)

(i.e. theminimumnumberof references).Uncertaintyhasbeenassumedin thereferenceheights,

verticalvanishingpoint andplanevanishingline. Once | is computedothermeasurementsin the

samedirectionaremetric. The heightof the manhasbeencomputedandshown in the figure. It

differsby Q�;<; from theknown truevalue.

Theuncertaintyassociatedwith theheightof themanis computedfrom (5.23)anddisplayed

in figure5.15b. Notethatthetrueheightvaluefallsalwayswithin thecomputed3-standarddeviation

rangeasexpected.

As the numberof referencedistancesis increased(seefigures5.15c,d),the uncertaintyon

S (in fact just on | ) decreases,resultingin a decreasein uncertaintyof the measuredheight,as

theoreticallyexpected(seeappendixC for details). Equation(5.9) hasbeenemployed, here,to

metriccalibratethedistancefrom thefloor.

Figure 5.16 shows imagesof the samescenewith the samepeople,but acquiredfrom a

differentpoint of view. As beforetheuncertaintyon themeasurementsdecreasesasthenumberof

referencesincreases(fig. 5.16b,c).Themeasurementis thesameasin thepreviousview (fig. 5.15)

thusdemonstratinginvarianceto cameralocation.

Figure5.17showsanexample,wheretheheightof thewomanandtherelateduncertaintyare

computedfor two differentorientationsof theuncertaintyellipsesof theendpoints.In figure5.17b

thetwo inputellipsesof figure5.17ahavebeenrotatedby anangleof approximatelyQ r�= , maintain-

ing thesizeandpositionof thecentres.Theanglebetweenthedirectiondefinedby themajoraxes

(directionof maximumuncertainty)of eachellipseandthemeasuringdirectionis smallerthanin

fig. 5.17aandtheuncertaintyin themeasurementsgreaterasexpected.
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a b

Figure5.17: Estimating the uncertainty in height measurementsfor different orientations of
the input 3-standard deviation uncertainty ellipses: (a) croppedversionof image5.15bwith
measurementssuperimposed:Z = 169.8 : 2.5cm(at 3-standarddeviations). The groundtruth is
Z = 170cm,it lies within thecomputedrange;(b) theinputellipseshave beenrotatedkeepingtheir
sizeandpositionfixed: Z = 169.8 : 3.1cm(at 3-standarddeviations). Theheightmeasurementis
lessaccurate.

5.4.5 Validation of uncertainty analysis

In thissectionthefirst ordererroranalysispreviouslydescribedis validatedbycomputingtheuncer-

taintyof theheightof themanin fig. 5.15eusingMonteCarlosimulationsasdescribedin table5.1

andcomparingit to first orderanalyticalresult.Specifically, thestatisticalstandarddeviationof the

man’sheightfrom areferenceplaneis computedandcomparedwith thestandarddeviationobtained

from thefirst ordererroranalysis.

Uncertaintyis modeledasGaussiannoiseand describedby covariancematrices(seesec-

tion 3.6). Noise is assumedon the end points of the threereferencedistancesand also on the

verticalvanishingpoint,theplanevanishingline andontheendpointsof theheightto bemeasured.

Figure5.18shows theresultsof thetest.Thebasepoint is randomlydistributedaccordingto

a 2D non-isotropicGaussianaboutthemeanlocation - (on thefeetof themanin figure5.15)with

covariancematrix � � (figure5.18a).Similarly thetop point is randomlydistributedaccordingto a

2D non-isotropicGaussianaboutthemeanlocation -�. (on theheadof themanin figure5.15),with

covariance� � § (figure5.18b).
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Figure5.18: Monte Carlo simulation of the examplein fig. 5.15d: (a) distribution of the input
basepoint - andthe corresponding3-standarddeviation ellipse; (b) distribution of the input top
point -�. andthe corresponding3-standarddeviation ellipse. Figures(a) and(b) aredrawn at the
samescale;(c) the analyticalandsimulateddistributions of the computeddistance

�
. The two

curvesarealmostperfectlyoverlapping.¨ for j=1 to N (with N = numberof samples)

– For eachreference:giventhemeasuredreferenceendpoints Ë (on thereferenceplane)and Ë § ,
generatea randombasepoint Ë?> , a randomtop point Ë §> anda randomreferencedistance@�ÊBA
accordingto theassociatedcovariances.

– Generatearandomvanishingpointaccordingto its covarianceCED .
– Generatearandomplanevanishingline accordingto its covarianceCGF .
– Computethe ° parameterby applying(5.9) to thereferences,andthecurrentH matrix (5.3).

– Generatea randombasepoint µ > anda randomtop point µ §> for thedistanceto becomputed
accordingto their respective covariancesCEI and C I ² .

– Project the points µJ> and µ §> onto the best fitting line through the vanishing point (see
sect.5.4.2).

– ComputethecurrentdistanceK�> by applying(5.7).¨ Thestatisticalstandarddeviationof thepopulationof simulatedK�> valuesis computedasL § «M ­ONQP>?Rxª ¶SK > Ù K�¹ «T Ù>à
andcomparedto theanalyticalone(5.23).

Table5.1: Monte Carlo simulation.

Thetwo covariancematricesarerespectively:��� = � � r è��VU r è ê�Wr è ê�W � è ê:£ 
 � � § = � Q è r � r è £:£r è £:£ �éè O�� 

Suitablevaluesfor thecovariancesof the threereferences,thevanishingpoint andthevan-

ishingline have beenused.Thesimulationhasbeenrunwith X = � r:r:r:r
samples.

Analyticalandsimulateddistributionsof
�

areplottedin figure5.18c;thetwo curvesareal-
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mostoverlapping.Any slightdifferenceis dueto theassumptionsof statisticalindependence(5.18,

5.19,5.23)andfirst ordertruncationintroducedby theerroranalysis.

A comparisonbetweenstatisticalandanalyticalstandarddeviationsis reportedin the table

below with thecorrespondingrelative error:

FirstOrder MonteCarlo relative error� % � .% � Y M Î Y §M �Y §M
1.091cm 1.087cm 0.37%

Note that
� = � W r è Q"ê cm andtheassociatedfirst orderuncertaintyO íZ� % = O è £�[ cm is shown in

fig. 5.15d.

In thelimit � � = ) (error-free S matrix) thesimulatedandanalyticalresultsareevencloser.

This result shows the validity of the first order approximationin this caseand numerous

otherexampleshave followed the samepattern. However somecaremustbe exercisedsinceas

theinput uncertaintyincreases,not only doestheoutputuncertaintyincrease,but therelative error

betweenstatisticalandanalyticaloutputstandarddeviationsalsoincreases.For largecovariances,

theassumptionof linearity is poorly founded;thereforethefirst orderanalysisno longerholds.

This is illustratedin thetablebelow wheretherelative error is shown for variousincreasing

valuesof theinput uncertainties.Theuncertaintiesof referencesdistancesandendpointsaremul-

tiplied by the increasingfactor � ; for instance,if
� � is the covarianceof the imagepoint - then� � ] ��a = � ( � � .

� 1 5 10 20 30� Y M Î Y §M �Y §M ]]\ a 0.37 1.68 3.15 8.71 16.95

In the affine case(whenthe vertical vanishingpoint andthe planevanishingline areat in-

finity) thefirst ordererrorpropagationis exact (no longerjust anapproximationasin thegeneral

projective case),theanalyticandMonteCarlosimulationresultscoincide.
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5.5 Thr ee-dimensionalmetrology fr om a singleview

Thissectiondescribesaverysimplebut effective generalizationof thetheorydescribedabove.

The singleview techniquesfor measuringdistancesbetweentwo planesin a pencilareex-

tendedto makingfull 3D measurementsin theobservedscene.Thekey ideais anew descriptionof

the3D spaceasacollectionof threepencilsof parallelplanesin threedifferentdirections[7]. That

leadsto acomplete3D reconstructionfrom singleimages.

5.5.1 The 3D spaceasa collectionof pencilsof parallel planes

If 5 ¥ , 5_^ and 5a` arethe threevanishingpoints(with unit third coordinate)for threedirectionsin

space(notnecessarilyorthogonalto eachother)and m is theorigin of theimagecoordinatesystem,

thenthe b matrixcanbewrittenas[36]:

S = U | ¥ 5 ¥ | ^ 5 ^ | ` 5 ` m [
(5.26)

with | ¥ ^ | ^ ^ | ` threeunknown scalefactors.

Equation(5.26)generalises(5.3)andallows usto extendthetheorydiscussedin section5.3

to parametrizingthespaceasthreepencilsof planesratherthanonly one. Measurementscannow

becomputedin threedirectionsthusspecifyingcomplete3D affinepositionof world points.

As explainedin section5.3 attentionmustbepaid to the fact that the imagepoint m canbe

chosenarbitrarily but, in orderto avoid degeneraciesin theparametrization,it mustnot lie on any

of thethreevanishinglinesidentifiedby thethreevanishingpoints 5 ¥ , 5 ^ , 5 ` , i.e.

mÌH ] 5 q P\5dc a*e=sr f �d^hg = M	^_N�^ji
A possiblechoiceof thepoint m maythenbetheaverage(centreof mass)of thethreevan-

ishingpointsin homogeneouscoordinates:

m = N qlk ¥ ! ^ ! ` 5 qO
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Figure 5.19: Complete affine 3D reconstruction from single images: The 3D spaceis
parametrizedasthreepencilsof parallelplanes(only oneplanefor eachpencil is shown, thethree
pencilsdonotneedto beorthogonaltoeachother).Thelocationof aworldpoint m canbecomputed
by applying(5.27)(seealso(5.6)).

5.5.2 3D location of points

Generalizing(5.6) the JL^dKe^ � location of a 3D point m may be computedfrom single images

applyingthefollowing formulae(seefig. 5.19):

| ¥ J = � mÌH#6 ^"`n ^"` H#6 ^"` wyw n ^"` P n wywwyw 5 ¥ P n wyw (5.27)

| ^ K = � mÌH#6 ¥ `n ¥ `�H#6 ¥ ` w n ¥ ` P n wywwyw 5o^�P n wyw
| ` � = � mÏH#6 ¥ ^n ¥ ^ H#6 ¥ ^ wyw n ¥ ^ P n wywwyw 5 ` P n wyw

Where n is the imageof theworld point m , 6 q c = 5 q PL57c and n q c is the intersectionof the

planespannedby theaxis � andg with theline throughm parallelto thedirectionp (
f ��^hg:^qp = M�^_N�^ji ).

If the | q parametersareknown thenmetric structurecanbecomputedfor thepoint m ; otherwise

only affine structurecanbeobtained.

Only oneof the points n ¥ ^ , n ^"` and n ¥ ` is necessary

In imagesof realscenesit is quiterareto find a situationin which thethreebasepoints n ¥ ^ ,n ^"` and n ¥ ` areall visible. Wenow show thatonly oneof thosepointsneedsto beknown andthat
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Figure5.20: Geometric construction of the point n ^"` : thepoints n , n ¥ ^ , 5 ¥ , 5 ` andtheline r ^
areknown andthepoint n ^E` is constructedby lines intersections.Similar constructionappliesfor
thepoint n ¥ ` .
theothertwo canbecomputed.

For instance,it is easyto prove that if n ¥ ^ is known and r ¥ and r ^ arethe imagesof the

chosenworld coordinatesaxes J and K respectively then:n ^E` =À] n P\5 ¥ a�P ] 5 ` P ] r ^ P ] n ¥ ^ P\5 ¥ a_a_a (5.28)n ¥ ` =À] n PI5 ^ a�P ] 5 ` P ] r ¥ P ] n ¥ ^ P\5 ^ a_a_a (5.29)

The imagepoints n ^"` and n ¥ ` canalsobe constructedgeometricallyasillustratedin figure 5.20.

Theseoperationscorrespond,in theworld, to parallelprojectionsof the3D point m into theplane

K �
alongthe J -directionin (5.28);into theplaneJ �

alongthe K -directionin (5.29).Symmetrical

formulaecanbederivedin thecasesn ^E` or n ¥ ` areknown.

Equations(5.28), (5.29) (or the symmetricalones)may be substitutedin (5.27) to obtain

formulaewhichdependononebasepointonly.
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5.5.3 3D location of the camera

Equations(5.15)to computethecameralocationstill hold. But they canberewrittenat thelight of

thisnew parametrization,in thecaseof unknown | parametersas:

| ¥ J $ =@�tåxæ Ä U 5o^î5o` W Z [ ^ | ^ K $ =såxæ Ä U 5 ¥ 5a` W Z [ ^
| ` �%$ =@�tåxæ Ä U 5 ¥ 5 ^ W�Z [ ^Df $ =kåxæ Ä U 5 ¥ 5 ^ 5 ` [

(5.30)

andthustheaffinelocationof thecameracentreis computed.As before,metricstructureis obtained

if the | parametersareknown.

5.5.4 Cameracalibration

Given a world coordinatesystemJLK �
with origin in s andan imagecoordinatesystemM+N . If

we know thethreevanishingpointsfor the J , K and
�

directionsandat leastoneworld distance

measurementalongeachdirection,by applying(5.27) the threecalibrationparameters| q canbe

computed(seesection5.3.1).Wecanchoosetheorigin m to betheimageof s andfrom (5.26)the

full world-to-imageprojectionmatrix S is determinedandthescenecalibrated.In facttheorigin m
andeachvanishingpoint provide 2 d.o.f. The threescalars| q provide 3 mored.o.f for a total of

11 independentdegreesof freedom.Full externalcameracalibrationis, therefore,obtainedfrom a

singleimage.

Oncethescenehasbeencalibratedmetricstructureof pointsandcamerascanberecovered

from (5.27)and(5.30)respectively. Moreover thethreeimage-to-world homographiesfor eachof

theplanescanbeextracteddirectly from (5.26).

If thehomographybetweena world plane(e.g.theplane M	^_N ) andtheimageis known, then

only the | parameterfor the directionnot on that plane(e.g. | ` ) mustbe known to computea

completemetric3D reconstruction,sincecomputingthetwo remainingcalibrationparameters( | ¥
and | ^ ) from theknown homographyis straightforward.
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Partial calibration. Theremaybesituationswhereonly someof thecalibrationparameters|
areknown. In that casewe obtainan intermediate,partially affine andpartially metricstructure.

Partialcalibrationleadsto apartialreconstructionof thescene.For instance,thesituationanalysed

in section5.3.2is characterizedby affine calibrationon theplaneandmetricoff theplane(if | is

known). Thathasbeensufficient to computemetricdistancesfrom the referenceplane(andonly

affinemeasurementson theplane).

Thetheorydevelopedin section5.3.1concerningtheuseof homologiesto transfermeasure-

mentsandpointsfrom oneplaneto a parallelone,andin section5.4 concerningthe uncertainty

analysison distancesbetweenplanesstill apply with the necessaryattentionto which pencil of

planesis currentlyunderinvestigation.

5.6 Applications

Thevalidity of themetrologyalgorithmpresentedis demonstratedin this sectionwith a numberof

practicalapplications.

5.6.1 Forensicscience

A commonrequirementin surveillanceimagesis to obtainmeasurementsfrom thescene,suchas

theheightof asuspect.Although,thesuspecthasusuallydepartedthescene,referencelengthscan

bemeasuredfrom fixturessuchastablesandwindows.

Figure5.21illustratesthecomputationof theheightof thepersonstandingnext to a phone

box. Thegroundis thereferenceplaneandtheverticalis thereferencedirection.Theedgesof the

paving stonesareusedto computetheplanevanishingline, theedgesof thephonebox to compute

theverticalvanishingpoint andtheheightof thephonebox providesthemetriccalibrationin the

vertical direction (figure 5.21b). Only one referenceheight (minimal set) hasbeenusedin this

example. The heightof the personis thencomputedusing(5.7) andshown in figure 5.21c. The
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a b c

Figure5.21:The height of a personstandingby a phoneboxis computed: (a)original image;(b)
thegroundplaneis thereferenceplane,andits vanishingline is computedfrom thepaving stoneson
thefloor. Theverticalvanishingpoint is computedfrom theedgesof thephonebox,whoseheight
is known andusedasreference.Vanishingline andreferenceheightareshown; (c) thecomputed
heightof thepersonandtheestimateduncertaintyareshown. Theveridicalheightis 187cm,note
thatthepersonis leaningslightly onhis right foot.

groundtruth is

�VU [ cm,noticethatthepersonis leaningslightly down onhis right foot.

The associateduncertaintyhasalsobeenestimated;two uncertaintyellipseshave beende-

finedmanually, oneon theheadof thepersonandoneon the feetandthenpropagatedacrossthe

chainof computationsasdescribedin section5.4to givethe £ è £ cm3-standarddeviationuncertainty

rangeshown in figure5.21c.

5.6.2 Furnitur e measurements

In thissectionanotherapplicationis described.Heightsof furniturelikeshelves,tablesor windows

in anindoorenvironmentaremeasured.

Figure5.22ashows a deskin TheQueen’s Collegeupperlibrary in Oxford. Thefloor is the

referenceplaneandits vanishingline hasbeencomputedby intersectingedgesof thefloorboards.

Theverticalvanishingpointhasbeencomputedby intersectingtheverticaledgesof thebookshelf.

Thevanishingline is shown in figure5.22bwith thereferenceheightused.

Thecomputedheightsandassociateduncertaintiesareshown in figure5.22c.Theuncertainty
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a b c

Figure5.22: Measuring height of fur nitur e in The Queen’s CollegeUpper Library , Oxford:
(a) original image;(b) theplanevanishingline (white horizontalline) andreferenceheight(white
verticalline) aresuperimposedontheoriginal image;themarkedshelfis

� ê�� cmhigh; (c) computed
heightsandrelateduncertainties;theuncertaintyboundisat :bO �9tvu è u 6Vw . Thegroundtruthis:

�:� ê cm
for the right handshelf, W�[ cm for the chair and

� Q�W cm for the shelf on the left. Observe that the
groundtruthalwaysfallswithin thecomputeduncertaintyrange.

boundis :bO standarddeviations. Note that the groundtruth always falls within the computed

uncertaintyrange.Theheightof thecamerais computedas

�éè [ � ; from thefloor.

5.6.3 Virtual modelling

Figure5.23showsanexampleof complete3Dreconstructionof arealscenefromsingleimage.Two

setsof horizontaledgesareusedto computethe vanishingline for the groundplane,andvertical

edgesusedto computetheverticalvanishingpoint.

The heightof the window frame,andthe heightof oneof the pillars areusedasreference

heights.Furthermorethetwo sidesof thebaseof theporchhave beenmeasuredthusdefiningthe

metriccalibrationof thegroundplane.

Figure5.23bshows a view of the reconstructedmodel. The personis representedasa flat

silhouettesinceit is notpossibleto recovervolumefrom oneimageonly. Thepositionof thecamera

centreis alsoestimatedandsuperimposedonadifferentview of the3D modelin figure5.23c.

5.6.4 Modelling paintings

Figure5.24showsamasterpieceof ItalianRenaissancepainting,LaFlagellazionedi CristobyPiero

dellaFrancesca(1416- 1492).Thepainting,thanksto theartist’s famousmathematicalskills [30],
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a b

c

Figure5.23: Complete3D reconstructionof a real scene: (a) original image;(b) a view of the
reconstructed3D model;(c) aview of thereconstructed3D modelwhichshowsthecameraposition
andheightwith respectto thescene.

faithfully follows thegeometricrulesof linearperspective, andthereforethetechniquesdescribed

canbeappliedto computethestructureof thescene.

Unlike othertechniques[56] whosemainaim is to createconvincingnew viewsof thepaint-

ing regardlessof thecorrectnessof the3D geometry, herea geometricallycorrect3D modelof the
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Figure5.24: Complete 3D reconstruction of a Renaissancepainting: (a) La Flagellazionedi
Cristo, (1460,Urbino, GalleriaNazionaledelle Marche); (b) heightmeasurementsaresuperim-
posedon the original image. Christ’s heightis taken asreferenceandtheheightsof all the other
peopleareexpressedaspercentdifferences.The vanishingline is dashed;(c) a view of the re-
constructed3D model. The patternedfloor hasbeenreconstructedin areaswhereit is occluded
by taking advantageof the symmetryof its pattern;(d) anotherview of the modelwith the roof
removedto show therelative positionsof peopleandarchitecturalelementsin thescene.Notethe
repeatedgeometricpatternon thefloor in theareadelimitedby thecolumns(barelyvisible in the
painting). Note that thepeoplearerepresentedsimply asflat silhouettessinceit is not possibleto
recover theirvolumefrom oneimage,they havebeencutoutmanuallyfrom theoriginal image.The
columnshave beenapproximatedwith cylinders.
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viewedsceneis reconstructed(seefig. 5.24c,d).

In thepaintinganalysedhere,thegroundplaneis chosenasreferenceandits vanishingline

computedfrom theseveralparallellinesonit. Theverticalvanishingpoint followsfrom thevertical

linesandconsequentlythe relative heightsof peopleandcolumnsis defined.Figure5.24bshows

thepaintingwith heightmeasurementssuperimposed.Christ’s heightis takenasreferenceandthe

heightsof theotherpeopleareexpressedasrelative percentagedifferences.Noticetheconsistency

betweentheheightof thepeoplein theforegroundwith theheightof thepeoplein thebackground.

By assuminga squarefloor patternthe groundplaneis rectifiedand the positionof each

objectestimated[24, 74]. The scaleof the floor relative to heightsis set from the ratio between

heightandbaseof thefrontoparallelarchway. Themeasurements,up to anoverall scalefactorare

usedto computea threedimensionalmodelof thescene(scaledEuclideanstructure).

Figure5.24cshows a view of the reconstructedmodel. The peoplearerepresented,again,

asflat silhouettes.Thecolumnshave beenapproximatedwith cylinders.Thepartially seenceiling

hasbeenreconstructedcorrectly. Figure5.24dshows a differentview of thereconstructedmodel,

wheretheroof hasbeenremovedto show therelative positionof thepeoplein thescene.

5.7 Missing basepoint

A restrictionof the single-view measurementalgorithm presentedin this chapteris the needto

identify correspondingpointsbetweenplanes.

The problem. Onecasewherethe methoddoesnot apply, therefore,is that of measuringthe

distanceof a general3D point to a referenceplanewherethe correspondingpoint on the floor in

undefined(seefig. 5.25). Herethehomologyis under-determined,andthe line joining the image

of this point with the vertical referencevanishingdirectiongives the locusof pointswhich may

correspond(thereforeanuncertaintyrangefor theheightmaystill becomputed).
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a b

Figure5.25: Singleview metrology cannot be applied when the basepoint is not defined: (a)
original image:the lecternin TheQueen’s Collegechapel;(b) we wantto measurethedistanceof
thebeakof theeaglefrom thefloor, but theintersectionof thegroundplanewith theverticalthrough
thetip of thebeakis notdefinedandthereforethesingleview metrologycannotbeapplied.

Possiblesolutions. A secondview providesanotherlocus,andthe intersectionof theseloci in

eitherview (transferredby the inter-imagehomographyinducedby the referenceplane)uniquely

definesthecorrespondingpointon thereferenceplane.Thisconstructionwasusedin [95] to deter-

minetheverticalprojectionof a footballontothegroundplane(seealso[98] for asimilarconstruc-

tion). Thedistancemaythenbecomputedasdescribedin themainbodyof thischapter, or by using

moredirectformulaedevelopedin thenext chapter(seealso[59]).

Hereoneintermediatecaseof interestisexplored;whenonlyoneview is providedandalight-

sourcecastsshadows ontothereferenceplane.Thelight-sourceprovidesrestrictionsanalogousto

a secondviewpoint [122], thustheprojection(in the referencedirection)of the3D point onto the

referenceplanemaybedeterminedastheintersectionof a pair of one-dimensionalloci (fig. 5.26).

In [96] thismethodwasusedto computethetrajectoryof a football.

5.7.1 Usingshadows

We wish to computethe distanceof a 3D point 2 from a referenceplane 1 but the intersection

of thevertical line through 2 with theplane(basepoint 2�. ) is not defined.(figure5.26ashows a

schematicof thedescribedsituationasit appearsonanimage).Thereforethesingleview metrology
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algorithmis nouseunlesstheimagebasepoint - . canbecomputed.

A referenceheightneedsto beconsideredwheretop andbasepointscanbe identified(fig-

ure5.26a).Thelight source� castsashadow - ! onthereferenceplanefor thepoint - andsimilarly

it castsa shadow �é! for the referencepoint � . The point � . correspondsto � alongthe reference

direction.

By representingpointsashomogeneous3-vectorsthe intersectionof the line x 2��8¡ in

spacewith theplane 1 canbecomputedin the imageas
W = ] -�P·�éatP ] - ! PL� ! a (referredto as

thepiercing point, seefig. 5.26b). If we assumelight sourceat infinity thenthe two shadow linesxl� . �R!Ì¡ and xÒ3 . 3R!Ï¡ areparallelto eachotherin spaceandthe point 5 � is the vanishing

point of their direction. The point 5 � canbe computedby intersectingthe referenceshadow line

andthe vanishingline: 5 � = ] �é!�P � . a¸P�6 . Thereforethe imagepoint - . on the plane 1 canbe

computedas -�. =n] -	!bP·5 � a¸P ]GW P �#.�a . Thealgorithmdescribedin section5.3.1may, now, be

appliedto computetheworld distancebetween- and - . . Furthermore,thevanishingpoint 5 for the

referencedirectionmaybecomputedas 5 =À] �,PI� .�a�P ] -ëP\-�. a .
Thedescribedconfigurationis analogousto thecaseof having oneperspective andoneaffine

cameradescribedby Zhangetal. in [130].

Planar homology. It is interestingto noticethat the two triangles�T^d�#.G^d�é! and -�^_-�.p^_-�! arein a

Desarguesconfigurationandthereforethey arerelatedby a planarhomologywhosevertex is the

piercingpoint andtheaxis is the line xï��5 � ¡ (figure5.26c).Therefore,analternative, algebraic

way to computethepoint - . is:

� estimatingthehomology
<

from its vertex (thepoint
W

), axis(theline x ��5 � ¡ ) andapairof

correspondingpoints(e.g. �"^_- or � ! ^_- ! ) by applying(3.4);

� computingthebasepoint - . from thehomologyprojection:

- . = < � . (5.31)
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Figure5.26: Using shadows to computedistancesin singleviews: (a) we wish to computethe
distanceof the point - from the plane 1 but the basepoint is not defined. The referencepoint y
(off the plane)andits basey . (on the plane)correspondalongthe referencedirection. The light
sourcez (at infinity) caststheshadow points y|{ and -o{ ontothereferenceplane;(b) thepositionof
thebasepoint -�. is computedby makinguseof theshadows on theplane 1 (seetext); (c) thetwo
trianglesyT^jy . ^jy { and -�^_- . ^_- { arerelatedby a planarhomology} . Thepiercingpoint

W
(imageof

theintersectionof theline xÍ20~ ¡ with theplane 1 ) is its vertex andtheline joining thepoints z
and 5 � its axis.

FromDesarguestheoremthevanishingpoint 5 for thereferencedirectionlies on theaxisof

thehomology, too: 5IH ] z�PR5 � a =sr
. Oftenboth 5 and z areknown. In thiscasethepositionof the

point -�. is over-determinedandit canbecomputedemploying aMLE algorithm.
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The caseof finite light source. In thecasewherethe light sourceis finite thenthe two shadow

lines x¢�Ï.´� { ¡ and x 34.´3 { ¡ areno longerparallelto eachotherandthereforethevanishing

point 5 � cannotbecomputed.

Neverthelessif the vertical vanishingpoint 5 for the referencedirectionis known thenthe

axisof thehomologyis still defined: r = 5�P�z ; andthehomology
<

canbecomputed.Hencethe

point -�. canbecomputedfrom (5.31).Computingtheworld distanceof -�. from thereferenceplane

is now straightforward.



Chapter 6

Metrologyfrom planarparallax

6.1 Intr oduction

This chapterexploresthe geometryof two and threeviews in a plane-plus-parallax framework.

Algorithmsfor structureandcameracomputationaredevelopedandtheresultscomparedwith the

singleview metrologydescribedin thepreviouschapter(seealso[23]; similar, independentwork

canbefoundin [59]).

In particular, we addressthe problemof computingdistancesof points from planeswhen

the intersectionof the planewith the line throughthe point parallel to the referencedirection is

not defined(seefig. 5.25). In sucha casethesingleview metrologyapproachis not sufficient. In

section5.7wehaveshown how to overcometheproblemwhena light sourcecastsashadow ontoa

plane.In thecasewherenoshadows canbedetectedthenonemoreview providesthesolution.

The plane-plus-pointsconfigurationhasreceived significantattentionin the past,not least

becauseit arisesfrequentlyin everydayscenes.A usefulandpopularapproachto theproblemde-

composestheimagemotioninto aplanarhomographictransferplusaresidualimageparallaxvector

[58, 59, 69, 100]. This decompositionhastheadvantagethat it partially factorsout dependenceon

thecamerarelative rotationandinternalparameters.

In recentwork CarlssonandWeinshalletal. [13, 14,125, 127] havedemonstratedthefunda-

mentaldualityof the3D reconstructionproblem.They show thatfor pointsandcamerasin general

position, theproblemof computingcameralocationsfrom � pointsin ; views is mathematically

equivalentto theproblemof reconstructing; A Q pointsin � � Q views. Thischapteranalyzes,in
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ü
views �pts generalposition coplanar

2 7 ¿ �Z� þì­ »�ù"�é¾ �#¾ ��¾»�ü � ­ »�ùgû5� �#�5���q�9�����]��
determinedup to a
3-fold ambiguity

no furtherconstraints

¿ � ÙÌà � þì­ »gþq�é¾ ��¾ ��¾»�ü � ­ »�ùgû?� �#�5���q�V�S������
determineduniquely

motionconstraint(one)in addition�
homology: mapsbetweenviews,

vertex is epipole, i.e. intersectionof planeand
camerabaseline,
axisis intersectionof planewith planecontaining
remainingthreepoints.

3 6 ¿ �Z� à_ùY­ ¿gý"�é¾ ��¾ ��¾»�ü � ­ ¿gýgû?� �#�5���q�V�S������
determinedup to a
3-fold ambiguity

no furtherconstraints

¿ � Ù>à � à_ùY­ ¿Ðâq�é¾ ��¾ �é¾»dü � ­ ¿áýgû?� �#�5���q�V��������
determineduniquely

structureconstraint(one)in addition�
homology: mapsbetweenpoints,

vertex is intersectionof planeandline joining the
remainingtwo points,
axis is intersectionof planeandplanecontaining
thecameracentres.

Table6.1: Camera/point duality resultsfor (i) pointsin generalpositionand(ii) four pointslying
onadistinguishedplane.Thefundamentalmatrix � has7 degreesof freedomandthetrifocal tensor�

has18d.o.f.

particular, thegeometryof two viewsof sevenpoints,four of whicharecoplanar, andthegeometry

of threeviews of six points,four of which arecoplanar. We alsoprove that thetwo configurations

aredual,andthat thefundamentalgeometricconstraintsin eachcaseareencapsulatedby a planar

homology[101, 121]. A summaryof theduality resultscontrastedwith thegeneralpositioncases

is shown in table6.1.

Thework hereunifiesa numberof previously diverseresultsrelatedto planarparallax[58,

69, 100], duality [13, 14, 125, 127] andplanarhomologies[121].

Formulaefor computingthe distanceof the camerasfrom a distinguishedworld planeand

formulaefor structurecomputations,andassociateduncertaintyarepresentedin thesecondpartof
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this chapterwherealsothe trifocal tensor[53, 106, 111] is derived in the plane-plus-pointscase,

showing thatit is obtaineduniquely. Structureandcameracomputationsareobtaineddirectly from

imagemeasurements,i.e. theparallaxvectors,withoutneedingto computetheepipolargeometry.

The remainderof thechapteris organisedasfollows. We begin with a discussionof back-

groundmaterial,notationandparallaxgeometry. Thenthe geometryof two views, seven points,

four of whicharecoplanaris described.Weshow thatthereexistsahomologyon theplanerelating

the two views andderive necessaryconditionsfor the homologydirectly in termsof the parallax

measurements.Section6.3.2showsthedualityof thegeometryof threeviews,six pointsto thetwo

view, sevenpointcase,andhenceobtainanalogousnecessaryconditions.Wealsoderivethetrifocal

tensorandshow that it is over-constrained.Section6.4 derivesexpressionsfor thedistanceof the

camerasfrom the distinguishedplaneandthe structureof pointsin termsof affine invariantsand

weshow how theplane-plus-parallaxgeometrycanbeemployedto computetheline of intersection

betweentwo planes.An uncertaintyanalysison thosemeasurementsis performedin section6.5to

estimatetheconfidenceinterval aroundeachdistancemeasurement.Thisanalysisis validated,once

more,by comparingtheresultsto MonteCarlostatisticaltests.Severalexamplesonrealimagesare

presented.

6.2 Background

6.2.1 Notation

Theareaof a trianglewith generalverticesr , � , and / is denoted���V��� , andcanbedeterminedvia

theformula �*�V��� = &( w r��E/�w wherethepoints r , � , and / arerepresentedashomogeneous3-vectors

with lastcomponentequalto one.

Numberedsubscriptsare usedto distinguishdifferent views, with the first cameracentre

given by �4& , the secondby �'( andthe third by � X
. The projectionof an imagepoint onto the

distinguishedworld planefrom thei ��� view is denoted
W q .
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Figure6.1: Parallax geometry: (a) generalconfiguration;(b) viewedon thedistinguishedplane.
Theparallaxvector �����j���¡  passesthroughtheepipole¢£�h� .

Superscriptsidentify projectionsof a 3D point ontodifferentviews, thusthe3D point ¤ is

imagedas � in the first image, �¦¥ in the secondand ��¥ ¥ in the third. The symbols‘ § ’ and ‘ ¨ ’
indicatethe homographicprojectionof a point from the secondor third imageinto the first one,

respectively; thus §�ª©2«¬�E�j� ¥ and ¨��©­«¯®E�j� ¥ ¥ where «¯�E� is thehomographythatmapspointsfrom

thesecondimageontothefirst oneand« ®E� is thehomographythatmapspointsfrom thethird image

ontothefirst one.

6.2.2 Planar parallax

The underlyingparallaxgeometryis shown in figure 6.1; two views anda referenceworld plane

areshown. Thedistinguishedworld planeinducesa homographybetweenthetwo views meaning

that the imagesof pointson theplanecanbetransferredvia the inter-imagehomographybetween

views 1 and2 (seesec.3.3.2). The homographycanbedeterminedasusualfrom a minimumof

four correspondencesin thetwo views of points(or lines)on thedistinguishedplane.

Theparallaxvectorin thefirst view is thevectorjoining theimage� of aworld point ¤ with

thetransferredlocation §� of ¤ ’s imagein theotherview (thepoint �¦¥ ). Furthermore,sincethethree

planes(distinguishedworld planeandtwo imageplanes)areequivalentup to a planeprojectivity,
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wecanalsomeasureparallaxin thesecondview, or, if theimage-to-world planehomographiesare

known, onthedistinguishedworld plane.In factit is particularlyclearto work with theworld plane.

In this caseall dependenceon the rotationaland internalparametersof the camerasis removed

(aggregatedinto theimage-to-world planehomographies)leaving only adependenceonthecamera

centres.

Sincetheclarity of theunderlyinggeometryis greatlyincreased,wedepictall relevantpoints

andvectorson theworld planein all of thefigures.However, thecomputationsdo not requirethe

image-to-world homographiesto beknown andthey canbecarriedout from imagesdirectly.

The parallaxvectoris directedtowards(or away from) theepipole(seefig. 6.1b),thustwo

suchvectorsaresufficientto computeits position,andthefull epipolargeometryfollows[6, 77,82].

Themagnitudeof theparallaxvectoris relatedto thedistanceof theworld pointandcamerasfrom

theworld plane.Althoughothershave describedthis functionin detail [58, 69, 100] we re-derive

therelationshipin section6.4.

6.3 Geometryand duality

6.3.1 Geometryof two views

Let us considerthe caseof imagingseven points, four of which are coplanarfrom two distinct

viewpoints. Eachof the non-coplanarthreepoints ° , ± and ¤ not on the planegives rise to a

parallaxvector, which is depictedon theworld planein figure6.2.

Theplane°�±²¤ (referredtoasthetripoint plane), intersectstheworldplanein aline (referred

to asthe tripoint line), andthecamerabaselineintersectstheworld planein a point, theepipole.It

canbeseenby inspectionof figures6.2and6.3thatthegeometryunderconsideration(sevenpoints,

two views) leadsdirectlyto aDesarguesconfiguration(seesection3.3.3)in whichtheepipoleis the

vertex of thehomologyandthe tripoint line is theaxisof thehomology. The two trianglesin the

Desarguesconfigurationarethe two “shadows” of thespacetriangle °�±³¤ . This key observation
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Figure6.3: Desarguesconfiguration in the two view - threepoint (off the plane) case: three
points in two views relative to a known planeleadsdirectly to a Desarguesconfigurationon the
plane.

underpinstheresultswhich follow.

As statedin section3.3.3,ahomologyhasfivedegreesof freedom,andthereforethreepoint

correspondencesover-determineit. The extra constraintavailable can be usedas a test for the

rigidity of thesceneandis equivalentto theepipolarconstraint.

Clearly theconstraintcanbe testedgeometricallyby usingpoint correspondenceseitherto
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constructthe intersectionsof correspondingsidesandtestingtheir collinearity, or testingthecon-

currenceof the parallaxvectors. Alternatively an algebraictestcould, for example,computethe

epipoleusingtwo point correspondences,usethe epipoleplus the threepoint correspondencesto

solve for a generalhomography, thentest the homographyto determineif it is a homology(two

identicaleigenvalues).

Thegeometrictesthasthedisadvantageof requiringtheconstructionof featureswhich may

be far removed from themeasuredimagefeaturesthemselves,while thealgebraictestgiveslittle

insightinto theunderlyinggeometry.

Below wederivenovel bilinearandtrilinearconstraintswhicharenecessaryconditionsonthe

homology. Wereferto theseasmotionconstraintsandthey areequivalentto theepipolarconstraint,

but have the advantagethat the computationsinvolve only thosefeatureswhich canbe measured

directly, namelytheparallaxvectors.

Motion constraints

Six points(four of whicharecoplanar)in two views uniquelydefinetheepipolargeometry. There-

fore thetwo imagesof onemorepoint off theplaneareconstrainedto lie on eachother’s epipolar

lines.

Herewegivenecessaryconditionsfor thehomology(whicharethereforenecessaryfor scene

rigidity in two views) in the form of an identity involving only areasof trianglesdefinedby three

vertices,computablefrom theparallaxvectors.Two suchconditionsandtheirsymmetricformscan

bedetermined.Thefirst is derivedfrom thecollinearityof theepipole¢£�h� andcorrespondingpoints

andis bilinear in theareas.Thesecondis derived from thecollinearityof thepoints ½�¾5¿ , ½�ÀG¿ and½�ÀV¾ (fig. 6.2b)andleadsto aconstraintwhich is trilinear in theareas.

Detailsaboutthe derivationscanbe found in appendixE. The resultsaresummarisedin

table6.2 which shows formulaefor both the distinguishedplaneform (6.1 – 6.5) andthe image

form (6.6– 6.10). In theplaneform areasof trianglesarecomputedon thedistinguishedplaneand
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MOTION CONSTRAINTS

DistinguishedplaneformÁ � Â*Ã�Ä"Ã�ÅEÆÇÅÇÂÉÈ|Ä"ÈÇÅqÆ�Ä © Â*Ã�Ä"Ã�ÅEÆ�Ä9ÂÉÈ|Ä"ÈÇÅqÆ|Å (6.1)Á � Â Æ Ä Æ Å Ã Å|Â È Ä È Å Ã Ä © Â Æ Ä Æ Å Ã Ä9Â È Ä È Å Ã Å (6.2)Á ® Â Ã Ä Ã Å È ÅÇÂ Æ Ä Æ Å È Ä © Â Ã Ä Ã Å È Ä9Â Æ Ä Æ Å È Å (6.3)Ê � Â*Ã Ä Ã Å Æ Ä ÂÉÈ Ä È Å Ã Ä Â*Æ Ä Æ Å È Ä © Â*Ã Ä Ã Å È Ä ÂÉÈ Ä È Å Æ Ä Â*Æ Ä Æ Å Ã Ä (6.4)Ê � Â*Ã Ä Ã Å Æ Å ÂÉÈ Ä È Å Ã Å Â*Æ Ä Æ Å È Å © Â*Ã Ä Ã Å È Å ÂÉÈ Ä È Å Æ Å Â*Æ Ä Æ Å Ã Å (6.5)

Image formÁ � ÂÉÃ�ËÃ_ËÆ#ÂÉÈoËÈJÆ © Â*ÃÌËÃ|ÆÍÂ*ÈoËÈoËÆ (6.6)Á � Â*Æ_ËÆaËÃ¯Â*È�ËÈÇÃ © Â�Æ_ËÆÇÃ¯ÂÉÈ�ËÈ_ËÃ (6.7)Á ® Â Ã ËÃ ËÈ Â Æ ËÆ|È © Â Ã ËÃ�È Â Æ ËÆ ËÈ (6.8)Ê � Â Ã ËÃ|Æ Â È ËÈJÃ Â Æ ËÆ|È © Â Ã ËÃ�È Â È ËÈJÆ Â Æ ËÆ|Ã (6.9)Ê � ÂÉÃ ËÃ ËÆ#ÂÉÈ ËÈ ËÃ¬Â*Æ ËÆ ËÈ © Â*Ã ËÃ ËÈ#Â*È ËÈ ËÆ#Â*Æ ËÆ ËÃ (6.10)

Table6.2: Motion constraints: two view bilinear(
Á ¸ ) andtrilinear (

Ê ¸ ) motionconstraintsequiv-
alent to the epipolarconstraint;computedon the planeandon the image. Bilinear andtrilinear
constraintsareprojective invariant.

thereforetheknowledgeof eachworld-to-imagehomographyis required;while in theimageform

areasof trianglesarecomputeddirectly in thefirst image(but eitherimagecanbeused)andonly

theknowledgeof theinter-imagehomographyis necessary.

Violation of any of (6.1 – 6.10) is a clear indicationthat therehasbeennon-rigid motion

betweenthe views. However if any (or all) of the points ° , ± and ¤ movesin its own epipolar

planethentheequationsarestill satisfiedandnon-rigidity is notdetected.

Example. An exampleof motiondetectionis shown in figure6.4.Herewedemonstratetwo view

independentmotion detectionusingthe describedalternative forms of the epipolarconstraint. In

this examplethe homographybetweenthe views inducedby the world plane(the wall) hasbeen

computedusingfour imagecorrespondenceson eachview. Two pointsnot on thewall have then

beenselectedandusedasreference.
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a b

c d

Figure6.4: Consistencywith the epipolar geometry: (a) and(b) left andright view of anindoor
scenein which thepersonhaschangedhisposition.Fourpairsof correspondingpointson thewall
(whitecircles)havebeenusedto computetheinter-imagehomography. Two pairsof corresponding
pointsnoton thewall plane(whiteboxes)havebeenusedto computetheparallaxgeometry(points· , ·o¥ , ¹ and ¹d¥ in text). (c) and(d) somepointshave beenselectedon theleft image(whitecrosses,
point � in text) andthecorrespondingepipolarlinesshown on theright image.Thecorresponding
points( � ¥ in text) have beenselectedon the right image. The pointswhich conformto the mo-
tion of the camera(they satisfy(6.6)) aremarked with white crosses,the oneswhich undergo an
independentmotion(they donotsatisfy(6.6)),aremarkedwith blackcrosses.

The motion constraint(6.6) is appliedto eachpair of correspondingpointsselectedin fig-

ures6.4c,d.Theindependentmotionof thepersonhasbeendetectedcorrectly(blackmarks).The

epipolarlineshave beenshown for clarity in figure6.4but no explicit computationof theepipolar

geometryis necessaryin our formulationof themotionconstraint.
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Figure6.5: The geometryof threeviewswith two points off the plane: (a) thetriangles·
�j·a�E·�®
and¹a�j¹��Î¹¦® are“shadows” of ºÏ�GºÐ�ÇºÑ® underthepoints° and± respectively; (b) thethreeepipoles
arecollinear, lying onthetrifocal line whichis theintersectionof theplaneº � º � º ® with theworld
plane.Thepiercingpoint ½�ÀV¾ is theintersectionof theline �O°�±2  with theworld plane.

6.3.2 Geometryof threeviews

Wenow considerthegeometryof six points,four of whicharecoplanar, in threeviews. This is the

situationaddressedby Irani andAnandanin [58]. Thegeometryis shown in figure6.5.

We begin by demonstratingthedualityof this caseto thetwo view casedescribedin section

6.3.1,andobtainastructural constraint directlyfromthemeasuredimagefeatures.Thenthetrifocal

tensoris derivedfor thethreeview, six point (four coplanar)case.Sincethetrifocal tensoris over-

constrainedby six points,four of whicharecoplanar, anotherform of thestructureconstraintis also

obtained.

Duality

It is clearby inspectionof figure 6.5 that the threeview geometryis dual to that of figure 6.2 in

which pointsoff theplanehave beenexchangedfor camerapositions.Thevertex of thehomology

is given by the intersectionof the line �Ò°*±Ó  with the world plane(referredto asthepiercing

point, ½�ÀV¾ ), andtheaxisby theintersectionof thetrifocal planecontainingthethreecameracentresº�� , ºÑ� , ºÑ® with theworld plane(referredto asthetrifocal line). (seealsofigure6.6).

Having establishedthedualityof thetwo situations,wearenow in apositionto invokeduality
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Figure6.6: Desarguesconfiguration in the threeview - two point case: theplanargeometryin
the threeview two point caseis alsoclearlya Desarguesconfigurationandpoint correspondences·Ö��×Ø¹a� , ·_��×Ø¹¦� and ·a®�×Ø¹¦® arerelatedby ahomology. Thissituationis clearlydualto thatin
figure6.3.

in orderto prove furtherresults.We make thesubstitutionsreportedin table6.3 into theequations

in table6.2 andthe dual trilinear andbilinear constraintsgiven in table6.4 follow. Note that the

bilinearconstraints(6.11)– (6.13)areexactly theconstraintsgivenby Irani andAnandan[58]. All

theotherconstraintsarenew.

Geometricallythestructureconstraintsimplymeansthatit is notpossibleto arbitrarily select

the imagesof two pointsoff a planefrom threeviews. The imagesof the two pointsare in fact

constrained.For example,on thedistinguishedplane(seefig. 6.5)oncetheprojections·Ö� , ·a� and·a® for the point ° andthe projections¹a� and ¹¦� of the point ± areknown, thenthe point ¹¦® is

constrainedto lie on theline �O·a®G½�ÀV¾*  (dualof theepipolarline).

The trif ocal tensor

This sectiondemonstratesthat the trifocal tensoris uniquelydeterminedfrom threeviews of six

points,four of which arecoplanar. We begin with a familiar form of thetrifocal tensor(after[51])

in which we considertheimageprojectionmatricesandimagepoint locations.We thenshow how

the form of the tensoris simplified when we considerall geometricobjects(lines, points, etc.)
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DUALITY SUBSTITUTIONS

Distinguishedplaneform
2 views · � · � � � � � ¹ � ¹ �
3 views ·Ù� ¹a� ·_� ¹¦� ·_® ¹¦®

Image form
2 views · §· � §� ¹ §¹
3 views · ¹ §· §¹ ¨· ¨¹

Table6.3: Duality substitution of symbolsfor both the distinguishedplaneform andthe image
form. Theepipole¢ �h� in thetwo-view caseis dualto thepiercingpoint ½ ÀV¾ in thethree-view case.

STRUCTURECONSTRAINTS

DistinguishedplaneformÁ � ÂÉÈ Ä È Å Ã Ä ÂÉÃ Å Ã�ÚÎÈJÚ © ÂÉÃ Ä Ã Å È Ä ÂÉÈ Å ÈÇÚÎÃ�Ú (6.11)Á � ÂÉÈ�ÄqÈÇÅÎÃ�ÅJÂÉÃ�Ä"Ã Ú È Ú © ÂÉÃ�ÄqÃ�ÅÎÈÇÅ9ÂÉÈ|Ä"È Ú Ã Ú (6.12)Á ® ÂÉÈ�ÄqÈ Ú Ã�ÄVÂÉÃ�ÅÎÃ Ú ÈJÅ © ÂÉÃ�ÄqÃ Ú È�ÄGÂÉÈJÅÎÈ Ú Ã�Å (6.13)Ê � Â*Ã�Ä"Ã�ÅÎÈ|Ä9ÂÉÃ�ÄqÃ Ú È Ú ÂÉÃ�ÅÎÃ Ú ÈJÅ © ÂÉÃ�ÄqÃ Ú È�ÄVÂÉÃ�ÅÎÃ Ú È Ú Â*Ã�Ä"Ã�ÅÎÈJÅ (6.14)Ê � ÂÉÈ|Ä"ÈÇÅEÃ�Ä9ÂÉÈ|ÄqÈ Ú Ã Ú Â*ÈÇÅÎÈ Ú Ã�Å © ÂÉÈ|Ä"È Ú Ã�Ä9Â*ÈÇÅÎÈ Ú Ã Ú Â*È�Ä"ÈJÅEÃ�Å (6.15)

Image formÁ � Â*È ËÈÇÃ¯Â ËÃ7ÛÃÜÛÈ © ÂÉÃ ËÃ�È�Â ËÈ¯ÛÈ£ÛÃ (6.16)Á � Â*È ËÈ ËÃ¯Â*Ã7ÛÃÜÛÈ © ÂÉÃ ËÃ ËÈ�ÂÉÈ¯ÛÈ£ÛÃ (6.17)Á ® Â*È�ÛÈÇÃ¯Â ËÃ7ÛÃ ËÈ © ÂÉÃ7ÛÃ�È�Â ËÈ¯ÛÈ ËÃ (6.18)Ê � ÂÉÃ ËÃ�È�ÂÉÃ7ÛÃÜÛÈ#Â ËÃ7ÛÃ ËÈ © ÂÉÃ7ÛÃ�È�Â ËÃdÛÃÜÛÈ�ÂÉÃ ËÃ ËÈ (6.19)Ê � Â*È ËÈJÃ¯ÂÉÈ¯ÛÈ�ÛÃ¬Â ËÈ¯ÛÈ ËÃ © ÂÉÈ¯ÛÈÇÃ¬Â ËÈ�ÛÈ�ÛÃ¬ÂÉÈ ËÈ ËÃ (6.20)

Table6.4: Structure constraints: threeview bilinear (
Á ¸ ) andtrilinear (

Ê ¸ ) structureconstraints;
computedon theplaneandon theimage.Bilinearandtrilinearconstraintsareprojective invariant.

projectedontothedistinguishedplane.

Imageform

Supposethe homographiesinducedby the planeof the points are «7�h� and «7�h® , suchthat�¦¥Ù©Ý«£�h�Î� and �¦¥ ¥Ù©Ý«£�h®Î� for imagesof pointson theplane. Thesehomographiesarecomputed

from theimagesof thefour coplanarpoints.
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The imagesof the first cameracentrein the secondand third images,denoted¢�¥ and ¢#¥ ¥
respectively, aretheepipoles.They aredeterminedby intersectingparallaxvectors,asdescribedin

section6.3.1,so that Þ �h� ©àß ¢#¥âá5ã£« �h� , and Þ �h® ©àß ¢�¥ ¥äá5ã�« �h® . It is straightforward to show that the

threecameraprojectionmatricescanbechosenaså ©2ßäæèç�é¯á]ê å ¥ ©2ß «7�h�ëçÇ¢ ¥ á]ê å ¥ ¥ ©2ß «7�h®ëç�ì�¢ ¥ ¥ á (6.21)

up to a homographyof 3-space,where ì is anunknown scalar. This unknown scalaris determined

by line transfer.

The line throughthe (non-coplanar)points ° , ± , is imagedas íë©î·ðï�¹ , íñ¥*©ò·o¥Ùï�¹d¥ ,í ¥ ¥ ©ð· ¥ ¥ ïÐ¹ ¥ ¥ in thefirst, secondandthird viewsrespectively. It is thenstraightforwardto show that

linestransferasfollows (alternatively point transfermaybeconsidered):í�©3ì_ó�¢ ¥ ¥¬ô í ¥ ¥lõ «d�h�Gö�í ¥¬÷ ó�¢ ¥¬ô í ¥lõ «7�h®Vö�í ¥ ¥ (6.22)

The scalar ì is the only unknown in this equation. It is determinedby taking the vectorproduct

with í . ì_ó�¢ ¥ ¥ ô í ¥ ¥ õ í�ïøóñ«7�h� ö í ¥ õ ©2ó�¢ ¥ ô í ¥ õ í�ïøóñ«7�h® ö í ¥ ¥ õ (6.23)

This providestwo equationsin the oneunknown ì andso we cansolve uniquelyfor the trifocal

tensorandobtainonefurtherconstraint,namelytherigidity conditionthatthe imagedintersection

of theline through°²ê"± is thesamewhencomputedfrom viewsoneandtwo ( í�ï<óñ«7�h� ö í ¥ õ ) asfrom

views oneandthree( íÙïùóñ«Ü�h®Vö�íñ¥ ¥ õ ). This is yet anotherform of theconstraints(6.11– 6.20). The

scalefactor ì is obtainedby normalisingbothsidesof (6.23):ìÏ© çlçúó�¢ ¥ ô í ¥ õ íaïøóñ«7�h® ö í ¥ ¥ õ çlççlçúó�¢ ¥ ¥ ô í ¥ ¥ õ íaïøóñ«Ü�h�Vö�í ¥ õ çlç (6.24)

Distinguishedplaneform

Onthedistinguishedplane«7�h��©û«£�h®�©­æ , sotheequivalentof (6.22)for point transferis��®�©3ì�¢£�h®�ó�í�� ô ��� õ_÷ ó�¢£�h� ô íB� õ �Ù� (6.25)
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where � � , � � , � ® arethe distinguishedplaneimagesof a general3D point ¤ , and í � is any line

through��� . Thisequationdependsonly on thepositionsof theepipoleson thedistinguishedplane,

with all dependenceon camerainternalsandrelative rotationshaving beenfactoredout into the

image-to-planehomographies.

Additionally theprojectionmatriceshave theverysimpleformå �Ö©üßäæÑç�é¯á]ê å �Z©2ßäæÑç�¢��h�Eá]ê å ®�©­ßäæ�ç�ì�¢£�h®Eá (6.26)

Hence,representinga general3D point as ¤ý© þªÿ �� �
, we determinethe distinguishedplane

imagesto be: � � © å � ¤�ê � � © å � ¤2© � ��� � ¢ �h� ê � ® © å ® ¤2© � ��� � ì£¢ �h® (6.27)

Wenow giveaninterpretationof � and ì on thedistinguishedplane(seefigure6.7).

The ratio ì dependsonly on the cameracentres,not on the points,andcanbe determined

as ìù©��Üó�¢Ü�h�Çêj¢¬� ® õ�� �Üó�¢7�h®|êj¢Í� ® õ where �7ó õ is the distancebetweenthepointson the distinguished

plane.Theparameter� is therelative affine invariantof Shashua[105], andis relatedto thepoint

depth.On thedistinguishedplaneit is obtainedas � ©��7óB�o�Çê �Ì� õ�� �ÜóB�a�Jêj¢Ü�h� õ .
So point transferusing the trifocal tensorsimply involves computingthe ratio � from ��� ,��� and ¢£�h� andemploying ì to definethe transferredpoint ��® on the line between¢£�h® and ��� as��® ©à��� � � ì£¢��h® in (6.27). This is identical to the point transferof (6.25), ascanbe seenby

consideringsimilar trianglesin figure6.7.

Trifocal transferin thecaseof collinearcameracentresis notdegenerate

In thecasethatthethreecameracentresarecollinearthenthethreeepipoles¢��h® , ¢Í� ® and ¢£�h�
coincideandtheepipolartransferwould fail. Thetrifocal transfer, instead,doesnot presentsucha

degeneracy. It is still well definedin thecaseof threeconcurrent(or almostconcurrent)epipoles.

In fact,theratio ì is definedandcanbeobtainedusingthedistinguishedplaneequivalentof (6.24).
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Figure6.7: Point transfer: theratiosof thedistancesbetween��� , �_� and¢£�h� andthethreeepipoles
definethetransferof thepoint ��� to �o® . Thescalarsì and � (seetext) canbemeasuredasratiosof
pointdistancesas: ìÏ©��Üó�¢Ü�h�Çêj¢¬� ® õ�� �7ó�¢7�h®|êj¢#� ® õ and � ©��7óB�o�Çê �Ì� õ�� �ÜóB�a�Jêj¢Ü�h� õ .
6.4 Scenereconstruction

In this sectionwe discussa numberof usefulstructuralcomputationswhich canbe achieved us-

ing ratiosof areas.This requiresaffine measurementson theworld plane,which canbeobtained

eitherfrom four world planepointsknown up to anaffinity (andhencethe image-to-world plane

homographies,this is distinguishedplaneformcase), or from theinter-imagehomographybetween

two views andthe vanishingline of theworld planein eitherimage(this is image form case). In

eithercasewe obtainresultsfor thescenestructurewithout resortingfirst to computetheepipolar

geometry.

A significantnovel aspectof theformulaegiven in sections6.4.1and6.4.2is thatmeasure-

mentscanbecomputedwithoutknowing thevanishingpoint for thereferencedirectionandwithout

seeingthebasepoint in theimageunlike in thesingleview metrologyapproachdescribedin chap-

ter5.

We begin by re-deriving the basicparallaxrelationshipfor the caseswherethe parallaxis

measuredon thedistinguishedworld plane(6.30)andon theimage(6.31).
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Figure6.8: Parallax geometryof two points off the plane.

Distinguished plane form. Consideringfigure 6.8 andwriting ·Ö�-© º-� � �
����
��������� ó�° ÷ º-� õ ,·a�É©2ºÑ� � �
�
��
�
����� � ó�° ÷ ºè� õ and ¢��h�¡©2ºÑ� � �������������� � ó?º�� ÷ ºÐ� õ . Theneliminating º�� and ºè�
yields � Àë© � À��� � ÷ � À�� ������ � ó�·
� ÷ ¢��h� õ (6.28)

where

� À © ·a� ÷ ·Ö� is the planarparallaxvectorand � ��� © ��� � ÷ � � � is the componentof

cameratranslationtowardstheplane.

Let ! be the ratio of the distanceof a point to the planeand the point to the first camera

(measuredin the samedirection),i.e. !ÇÀ © ������"�#��� � and !¬¾è© ��$���"�#��� $ thencombiningthe basic

parallaxequation(6.28)for two points ° and ± gives!¬¾ � À ÷ !|À � ¾ ©%!|À&!Í¾ � ���� � � ó�·�� ÷ ¹¦� õ (6.29)

Finally, takingthecrossproductof bothsidesof theequationwith ·(' ÷ ¹¦� andtakingmag-

nitudesyieldsanexpressionfor ) $) � asa ratioof areas(seefigure6.9)of theform!¬¾!ÇÀ © ç � ¾*ïøó�·�� ÷ ¹¦� õ çç � ÀÑïQó�·a� ÷ ¹¦� õ ç © ÂÉÈ Ä È Å Ã ÅÂ*Ã�Ä"Ã�ÅÎÈJÅ (6.30)

Thisratiois computablesolelyfromtheparallaxmeasurements,and,beingaratioof areas,is clearly

affine invariant.
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Figure6.9: The relative structure ) $) � canbe expressedasa ratio of areason the world planeas
in (6.30).

Image form. In the casethe image-to-world homographiesareunknown, since §·'© «¬�E�q· ¥ and§¹ ©û«¯�E�q¹d¥ equation(6.30)becomes(seesectionE.2 in appendixE for details):!Í¾!ÇÀ © ÂÉÈ ËÈ ËÃ ó�í ô · õÂÉÃ ËÃ ËÈ ó�í ô ¹ õ (6.31)

with í thevanishingline of thereferenceplanein thefirst image.A similar formulacanbeobtained

with referenceto thesecondimageinsteadof thefirst one.

This derivation is equivalent to Irani andAnandan’s construction[58], but notethat in our

formulation only affine constructshave beenused(no orthogonalityhasbeenassumedand the

formulaearehomogeneous).Furthermore,thanksto the affine invarianceof ratiosof areasif the

vanishingline í of thereferenceplaneis known in eitherimagethentheratio(6.30)canbecomputed

from imagemeasurementsonly, thusobtaining(6.31).

Theseresultsarederivedfor thetwo view, sevenpoint case.However becauseof thefunda-

mentaldualityprovedin section6.3.2,they areequallyvalid (with appropriatesymbolsubstitutions,

seetable6.3)in thethreeview, six pointcase.For example(6.38)canbeusedto computetheheight

of a third pointgiventwo otherknown heightsin thetwo view, sevenpointcase;dually, in thethree
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view, six pointcase,it canbeusedto obtaintheheightof a third cameragiventheothertwo camera

heights.

6.4.1 Determining the position of the cameras

This sectionpresentsformulaeto computethepositionof thecameras,from a pair of images,with

respectto thereferenceplane.

Ordinal distances

To begin, we show that,thepositionof theepipoles¢ and ¢#¥ andtheplanevanishinglines í
and íñ¥ in thetwo imagesprovide usefulinformationabouttherelative locationof thetwo cameras.

Giventhevanishingline í of thereferenceplaneon thefirst image,its correspondingvanishinglineíñ¥ in the secondimageis computedas: íñ¥Ö© « � ö�h� í (where ��¥Ö© « �h� � for imagesof pointson the

referenceplane).

As notedin section5.2thevanishingline of a planepartitionsthescenepointsinto theones

which arecloserto the planethanthe cameracentreandthe oneswhich arefarther. This simple

consideration,generalizedin thetwo view case,leadsto thefollowing result:0 ¢ ô í�©214365 ¢ ¥ ô í ¥ ©71 andin this casethetwo camerashave thesamedistancefrom the

distinguishedplane8 , ��� � © � � � ;0 if ¢ ô í:9©�1 onecamerais higherthantheother;for instance,if ¢ liesabove thevanishingline

then ¢�¥ liesbelow and � � �   � � � . Thevice-versais alsotrue.

Thereforeweobtainorderingfor thedistancesof thecamerasfrom theplane8 .

Affine distances

If two referencepointsareseenin both imagesthenaffine distancesof thecamerascanbe

computed.Thevanishingpoint of themeasuringdirectionis not required.Thefollowing theorem

holds:
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Theorem 3 Giventheplanar parallax vectors of two referenceworld points ° and ± , theratio of

distancesof thesepointsfrom the world plane � �� $ (measured in the samebut arbitrary direction,

with � À 9© � ¾ ), and affine measurementson the world plane; then the affine distanceof either

camera to theworld plane(measuredin thesamedirectionas � À and � ¾ ) canbecomputed.

Distinguishedplaneform. Rearranging(6.30) provides the following expressionsfor the

distanceof thecamerasfrom theplane:� � �� À © Â Ã Ä Ã Å È Å ÷ Â È Ä È Å Ã ÅÂÉÃ�Ä"Ã�ÅÎÈJÅ ÷ ���� $ Â*È�Ä"ÈJÅÎÃ�Å (6.32)� � �� À © Â*Ã�Ä"Ã�ÅÎÈ�Ä ÷ ÂÉÈ�ÄqÈÇÅÎÃ�ÄÂÉÃ Ä Ã Å È Ä ÷ � �� $ Â*È Ä È Å Ã Ä
Imageform. Takinginto account(6.31)thepreviousequationscanbecomputeddirectly in

theimageas: ��� �� À © ó�í ô ¹ õ ÂÉÃÙËÃ�ËÈ ÷ ó�í ô · õ ÂÉÈoËÈ_ËÃó�í ô ¹ õ ÂÉÃ ËÃ ËÈ ÷ � �� $ ó�í ô · õ Â*È ËÈ ËÃ (6.33)� � �� À © ó�íñ¥ ô ¹d¥ õ Â Ã ËÃ�È ÷ ó�íñ¥ ô ·o¥ õ Â È ËÈÇÃó�í ¥ ô ¹ ¥ õ ÂÉÃ ËÃ�È ÷ �;�� $ ó�í ¥ ô · ¥ õ ÂÉÈ ËÈJÃ
Since ���"���� and �������� scalelinearlywith � À (unknown) wehave obtainedaffine structure. <

Euclideandistances

An immediatecorollaryfollows from theprevioustheorem.In fact,if thevaluesof therefer-

encedistances� À and � ¾ areknown thentheabove measurementscanbeupgradedto Euclidean.

Distinguishedplaneform. From(6.32)weobtain:

� � � © � À � ¾|ó ÂÉÃ Ä Ã Å È Å ÷ Â*È Ä È Å Ã Å õ� ¾ Â*Ã�Ä"Ã�ÅÎÈÇÅ ÷ � À Â*È�Ä"ÈJÅÎÃ�Å (6.34)� � � © � À � ¾ ó Â Ã Ä Ã Å È Ä ÷ Â È Ä È Å Ã Ä õ� ¾ Â*Ã Ä Ã Å È Ä ÷ � À Â*È Ä È Å Ã Ä
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Figure6.10:Computing ordinal heightsof points from parallax vectorsand piercing point: if�Üó�· � ½ ÀV¾ õ  =�7ó�¹ � ½ ÀV¾ õ then � À   � ¾ andvice-versa.

Imageform. And from (6.33):

� � � © � À � ¾�ßló�í ô ¹ õ ÂÉÃ ËÃ ËÈ ÷ ó�í ô · õ ÂÉÈ ËÈ ËÃ á� ¾Çó�í ô ¹ õ ÂÉÃ ËÃ ËÈ ÷ � À�ó�í ô · õ Â*È ËÈ ËÃ (6.35)� � � © � À � ¾�ßló�íB¥ ô ¹d¥ õ ÂÉÃ ËÃ�È ÷ ó�íB¥ ô ·o¥ õ Â*È ËÈÇÃ á� ¾Çó�í ¥ ô ¹ ¥ õ Â*ÃÌËÃ�È ÷ � À�ó�í ¥ ô · ¥ õ ÂÉÈ_ËÈJÃ
Example

In theexamplein figure6.14wehaveused(6.34)to computetheheightsof thecameraabove

thefloor as566cmand586cm(left andright views respectively).

6.4.2 Distancesof points fr om planes

Ordinal distances

If two pointsoff thedistinguishedplane° and ± areviewedin two images,thenit is possible

to obtainorderingfor theirdistancesfrom theplane.This is obtainedfrom comparingthelocations

of theprojectionsof thepointsontotheplaneandthepiercingpoint. By inspectionof figure6.10

if �Üó�· � êj½ ÀV¾ õ  >�7ó�¹ � êj½ ÀV¾ õ then � À   � ¾ andvice-versa. Similar computationcanbeperformed

directlyon theimages.
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Affine distances

This sectiondemonstratesthataffine heightof pointscanbecomputedfrom two references.

As before,the vanishingpoint for the referencedirectionis not required. The following theorem

holds:

Theorem 4 Giventhe parallax vectors of threeworld points ° , ± and ¤ , the ratio of distances

of two of thesepoints � �� $ fromtheworld plane(measured in thesamebut arbitrary direction,with� À 9© � ¾ ), andaffinemeasurementson theworld plane; thentheaffinedistanceof thethird point¤ fromtheplane(measuredin thesamedirectionas � À and � ¾ ) canbecomputed.

Distinguishedplaneform. From (6.30) we have that )�?) � © @BA Ä A Å#CGÄ@ CGÄ�C"Å A Ä and )�?) $ © @DA Ä A Å#EEÄ@ EEÄFEqÅ A Ä .

After eliminatingthecameradistancebetweentheseequationsweobtainanexpressionfor theratio� ¿ � � À where � ¿ is thedistanceof thepoint ¤ from theplane:� ¿� À © ç G7�9çç G¯��ç (6.36)

where G � ©IH Â�Æ Ä Æ Å È Ä Â*È Ä È Å Æ ÄÂ�Æ�ÄqÆÇÅÎÃ�Ä ÂÉÃ�Ä"Ã�Å"Æ�Ä4J êKG � ©MLNO Â*Æ�ÄqÆ|ÅÎÈ|Ä ÂÉÈ|Ä"ÈÇÅEÆ�Ä ÂÉÈ|Ä"ÈÇÅqÆ�Ä� À � � ¾ 1 ÷QPÂ*Ã Ä Ã Å Æ Ä Â*Ã Ä Ã Å Æ Ä Â�Æ Ä Æ Å Ã Ä
RTSU

Imageform. Theratio � ?� � in (6.36)canbecomputeddirectly in theimageas:� ¿� À © çWVG7�9çç VG¯��ç (6.37)

where VGÜ��©XH ó�í ô ¹ õ Â�Æ_ËÆ_ËÈ ÂÉÈoËÈoËÆó�í ô · õ Â�Æ ËÆ ËÃ ÂÉÃ ËÃ ËÆYJ ê7VG¬��©MLNO ó�í ô ¹ õ Â�Æ ËÆ ËÈ Â*È ËÈ ËÆ ó�í ô � õ Â*È ËÈ ËÆ� À � � ¾ 1 ÷QPó�í ô � õ Â Ã ËÃ ËÆ Â Ã ËÃ ËÆ ó�í ô · õ Â Æ ËÆ ËÃ
R SU

thusaffine structureis recovered. <
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Euclideandistances

As for thecamera,alsoin this casethe formulaeabove canbeupgradedto Euclideanif the

absolutedistancesof thetwo referencepoints � À and � ¾ areknown.

Distinguishedplaneform. From(6.36)weobtain:

� ¿ë© ç G � çç G¯��ç (6.38)

where G � © � À � ¾ H Â�Æ Ä Æ Å È Ä ÂÉÈ Ä È Å Æ ÄÂ*Æ�ÄjÆ|ÅEÃ�Ä Â*Ã�Ä"Ã�ÅEÆ�Ä J êKG � © LNO Â*Æ�ÄqÆ|Å"È�Ä ÂÉÈ|ÄqÈJÅEÆ�Ä Â*È�Ä"ÈJÅEÆ�Ä� À 1 ÷ � ¾ÂÉÃ�ÄEÃ�Å"Æ�Ä ÂÉÃ�Ä"Ã�ÅEÆ�Ä Â*Æ�ÄjÆ|ÅÎÃ�Ä
RTSU

Imageform. And from (6.37): � ¿ © çWVG7�9ççWVG¯��ç (6.39)

where VGÜ�
© � À � ¾ZH ó�í ô ¹ õ Â*Æ ËÆ ËÈ ÂÉÈ ËÈ ËÆó�í ô · õ Â Æ ËÆ ËÃ Â Ã ËÃ ËÆYJ ê>VG¯� © LNO ó�í ô ¹ õ Â Æ ËÆ ËÈ Â È ËÈ ËÆ ó�í ô � õ Â È ËÈ ËÆ� À 1 ÷ � ¾ó�í ô � õ ÂÉÃÌËÃaËÆ ÂÉÃ�ËÃaËÆ ó�í ô · õ Â*Æ_ËÆaËÃ
RTSU

Derivationsof theseformulaeareshown in appendixE.

Ambiguity in structure computation

As mentionedthedistance� ¿ is computedalongthedirectionof thetwo referencedistances� À and � ¾ (parallelto eachotherin any fixeddirectionnotonthereferenceplane,fig 6.11).But the

referencedirectionis notknown (its vanishingpoint is notneededin (6.39),(6.38))andtheposition

of the projectionof the point ¤ on the plane(its [ and \ coordinates)cannotbe completely

determined.In canbeproven,though,thatthe [�ê]\ positionof thepoint ¤ canberetrievedup to a

one-parameterfamily.

In orderto retrieve thecomplete3D reconstructionof a point ^ the [ ê]\ coordinatesof at

leastone of the two referencepoints ( _ or ` ) is necessary. Similar analysisappliesto camera

computation.
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Figure6.11: Ambiguity in the reconstruction using a plane-plus-parallax approach: the dis-
tance� ¿ of thepoint ¤ from theplane8 is computedusing(6.38)or (6.39)but its [�ê]\ coordinates
arenotdefinedsincethereferencedirection(off theplane)is notdefined.

Degeneracy

Note that in thecase� À © � ¾ thematricesabove aresingularand(6.32– 6.39)aredegen-

erate.However this situationcanbeavoidedin practice.Thedegeneracy is understoodin termsof

thegeometryasfollows. In generalweobtainprojective structure(sinceÞ is determineduniquely).

If in addition � Àa9© � ¾ (fig. 6.12a),the line �'°*±�  intersects8cb in thepoint dÜÀV¾ which canbe

identifiedin bothimagessincethefour alignedpoints · , ¹ , ½�ÀV¾ and dÜÀV¾ defineacross-ratioandthe

ratio � ���$ is known (fig. 6.13).Thepoint d7ÀV¾ andthevanishingline of theworld plane,í , determine8cb , hencewe canobtainaffine structure.When � À © � ¾ (fig. 6.12b)thentheline � °�±Ý  inter-

sects8cb on í andsono additionalinformationabout8eb is obtained;it is determinedonly up to a

oneparameterfamily (thepencilof planeswith í asits axis).

Examples

Figure6.14shows anexamplein which point distancesfrom thefloor have beenestimated.

The floor tiling andthe perpendicularheightsof two otherpointsweremeasuredby handwith a

tapemeasureandusedasreference.Correspondenceson thepatternedfloor tiling have beenused

to computethe inter-imagehomographyandthevanishingline of thefloor in the left image. The

distancesof severalpointshave beencomputedwith themethoddescribedabove andshown in the
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Figure6.12: The plane-plus-parallax approach is degenerateif the two referencedistances
coincide: (a) if � Àa9© � ¾ thepoint dÜÀV¾ doesnot lie on theplanevanishingline í , thentheplaneat
infinity is defined.(b) if � ÀÏ© � ¾ thepoint dÜÀV¾ lies on theplanevanishingline í andtheplaneat
infinity is notdefined.
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Figure 6.13: Computing the vanishing point dÜÀV¾ . The position of the vanishingpoint d£ÀV¾ in

figure6.12acanbecomputedfrom thecross-ratio:fhg Ã"i j �k$Flf�g È
i j �k$ l fhg Ã"i m �n$�lfhg È
i m �k$ l ©ofhgWp i q �k$]lfhgsr i q �n$ l © � ���$ .
figure.A secondexampleis shown in figure6.17.

6.4.3 Intersection betweentwo planar surfaces

This sectionshows anotherapplicationof theplane-plus-parallaxgeometry:computingthe line of

intersectionbetweentwo planarsurfacesfrom two views.

Using two inter-imagehomographies. Giventwo views of two planarsurfaces8É� and 8 � and

therelatedinter-imagehomographiesbetweenthetwo images,theline of intersectioní betweenthe

two planescanbecomputedin bothimages.

Let « � bethehomographywhichmapspointson 8 � onthefirst imageinto thecorresponding

planein thesecondimageand «¯� thehomographywhich mapspointson 8Z� in thefirst imageinto
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a b

c d

Figure6.14: Estimating the heights of points from two views of The Queen’s Collegedining
hall: (a) and(b) original left andright images;(c) and(d) theheightsof the two referencepoints,
shown blackonwhite,weremeasuredby handto be76cm(tabletop),and230cm(fireplace).Note,
for instance,thatthestepwascomputedto be11.4cmhighandmeasuredby handas11.0cm.

the correspondingoneson the secondimage(seefig 6.15). Furthermore,let í be the intersection

line in thefirst imageand í ¥ thecorrespondingline on thesecondimage,thení ¥ ©û« � ö� í?ê í ¥ ©û« � ö� í (6.40)

from which [110] V«�í¦©3ì¦æ�í (6.41)

with V«è©û«�ö� « � ö� . The t¡ïut matrix V« representsahomology, sinceit hasarepeatedeigenvalue(see

section3.3.3).Theline í on thefirst imageis theuniqueeigenvectorcorrespondingto thedifferent
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Figure6.15: Computing the line of intersection betweentwo planar surfacesusingplanarho-
mographiesandtwo views.

eigenvalue of the matrix V« . The intersectionline í ¥ on the secondimageis computedsimply by

applying(6.40).

Using plane-plus-parallax. In the previous approachthe inter-imagehomographiesfor both

planesarerequired.Employing theplane-plus-parallaxapproachtheproblemof computingtheline

of intersectionbetweentwo planesreducesto:0 choosingoneplaneasreferenceandcomputingtheinter-imagehomographyinducedby that

planebetweenthetwo images(asusualfrom at leastfour correspondences);0 definingthreepairsof correspondingpointson thesecondplane(they definethe imagesof

thetripoint plane);0 projectingthosepointsinto theotherimagevia thehomography, thusdefiningtheothertwo

shadow triangles;0 theintersectionlines í and í ¥ aretheimagesof thetripoint line andarecomputedby fitting a

line throughthepointsof intersectionof correspondingsidesof thetwo shadow trianglesin

eachimage.



6.5 Uncertainty analysis 149

Thisapproachhastheadvantagethattheinter-imagehomographyinducedby thesecondplanedoes

not needto beknown, with only threepoint correspondencessufficient (affine mapping).Likewise

it is straightforwardto prove thatalsotwo line correspondenceson thesecondplanearesufficient.

Figure6.16showsanexample.Figures6.16aand6.16bshow two imagesof anindoorscene,

takenfrom two differentpointsof view. Figures6.16cand6.16dshow thesameimageswherewe

have marked the four pointsused(cornersof theposter)to computethe inter-imagehomography

inducedby theleft wall, andthetwo trianglesandthecomputedintersectionlines.

Sincethe two shadow trianglesin eachimageare in a Desarguesconfigurationthe lines

throughcorrespondingverticesintersectin theepipole.Thereforethetrianglesarerelatedin each

imageby ahomologywhosevertex is theepipoleandtheaxisis thetripoint line.

An alternative derivationof theintersectionline is asfollows: from 6 points(4 coplanar)the

F matrixandtheinter-imagehomographyfor oneof thetwo planesaredetermined.Fromonemore

pointoff theplanetheinter-imagehomographyinducedby thesecondplaneis definedandtherefore

thefirst methodcanbeapplied.

6.5 Uncertainty analysis

As in section5.4herewe analyzehow input errorspropagatethroughthecomputationsin orderto

estimatetheuncertaintyon thefinal distancemeasurements.This is achievedby employing, once

more,first ordererror analysis.The validity of the approximationis assessedin section6.5.4by

MonteCarlostatisticaltests.

Theuncertaintyanalysishasbeendevelopedherefor thecaseof distancescomputeddirectly

from theimages.However it canbeeasilyextendedto thedistinguishedplanecase.

6.5.1 Uncertainty on cameradistances

Whencomputingdistancesof camerasfrom planes(6.35)uncertaintyarisesfrom theuncertainlo-

cationsof the referencepairs · , ·_¥ , ¹ , ¹d¥ , the uncertaintylocationof their 3D counterparts,the
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a b

l l/

c d

Figure6.16:Computing the line of intersectionbetweentwoplanar surfaces:(a)and(b)original
left andright views of acornerof a room;(c) and(d) thefour verticesof theposteron theleft wall
(markedwith whitecircles)havebeenusedto computetheinter-imagehomographyinducedby the
left wall; thethreecorrespondingpointson theright wall (blackcircles)definethetripoint triangle;
thesepointshave beenprojectedvia thehomographyinto theotherview (blacksquares);the two
shadow trianglesareshown (dashed);the lines of intersectionbetweenthe two walls have been
computedby intersectingthecorrespondingsidesof thetwo shadow trianglesin eachview.
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uncertaintyin the inter-imagehomographyandthe uncertaintyin the planevanishingline í . Un-

certaintiesin imagereferencepointsandplanevanishingline aremodelledby tÑïvt homogeneous

covariancematrices.Theuncertaintyof theinter-imagehomography« is definedby a wÐïxw homo-

geneouscovariancematrixandcanbecomputedasin sec.4.3.2.

By usinga first orderpropagationthevarianceof thedistance� � � of thefirst camerafrom

thereferenceplaneis givenby y ��
��� ©{z � ���#| z ö���"� (6.42)

wherethe }�~Ñï�}�~ covariancematrix | is

| ©��B���;��� |�� ê |�� ê y ���� ê | Ã ê | Ã;� ê y ���� ê | È ê | È�� ê]�
with all thecovariancematriceshomogeneousandthe P ïx}�~ Jacobianz � ���z ���"� © �������"�� � �����"�� � ���
������ � �����"�� Ã ���
���� Ã;� �����"���� $ ���
���� È �����"�� È�� �
Thecomputationof z �
��� is describedin appendixF. Similaranalysisappliesfor theestimationofy ������ .
6.5.2 Uncertainty on distanceof points

Whencomputingdistancesof pointsfrom planes(6.39),uncertaintyarisesfrom the sourcesana-

lyzed in the previous sectionandfrom theuncertainimagelocationsof the points � and � ¥ . The

uncertaintyin eachof thepoints � , ��¥ (resultinglargely from thefinite accuracy with which these

featuresmaybe locatedin the image)is modelledby tÏï�t homogeneouscovariancematrices| Æ
and | Æ&� .
Maximum Lik elihood Estimation of the input points. Note that here,asin chapter5, a con-

strainton the locationof the two input points � and � ¥ exists. In this casethe epipolargeometry

constrainsthetwo pointsto lie on eachother’s epipolarline. Therefore,asin section5.4.2a Maxi-

mumLikelihoodEstimateof thetruepoints �� and �� ¥ canbeperformed[54].
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Not consideringthis intermediatestepintroducesafurtherapproximationinto theuncertainty

propagationprocedure.Nevertheless,the degradationof the resultsdueto neglectingthe ML es-

timationhasproven smallerthantheapproximationintroducedby thefirst ordertruncationin the

casethatthetwo points � and � ¥ aresufficiently closeto therelative epipolarlines.

In orderto keeptheuncertaintyanalysissimple,then,theML estimationof thetrueposition

of the input pointshasnot beenperformed.The validity of the analysisis, asusual,assessedby

MonteCarlostatisticaltests.

Variance of distance. By usinga first orderuncertaintypropagationandassumingstatisticalin-

dependencein all thedifferentsourcesof errorthevarianceof � ¿ is givenbyy �� ? ©{z � ? | z ö� ? (6.43)

wherethe t�}Ñï�t�} covariancematrix | is

| ©��B���;� � |"� ê |�� ê y �� � ê | Ã ê | Ã � ê y �� � ê | È ê | È � ê | Æ ê | Æ � �
with all thecovariancematriceshomogeneousandthe P ïxt�} Jacobianz � ?z � ? © � ��� ?� � ��� ?� � ��� ?��� � ��� ?� Ã ��� ?� Ã � ��� ?��� $ ��� ?� È ��� ?� È � ��� ?� Æ ��� ?� Æ � � (6.44)

Detaileddescriptionof thecomputationof z � ? is givenin appendixF.

6.5.3 Example

Figure6.17showsanexamplewhereheightsof pointsandtheassociateduncertaintiesarecomputed

for anindoorscene.Figure6.17aand 6.17bare,respectively, left andright views of theinteriorof

achapel.Wewish to measureperpendiculardistancesof pointsof thelecternfrom thefloor.

Twoperpendicularheightshavebeenmeasuredbyhandasreference(markedaswhiteboxes).

Theinter-imagehomographybetweenthetwo imageshasbeenestimatedfrom four corresponding

pointsonthefloor tiling. Distancesof severallecternpoints(markedaswhitecircles)from thefloor
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have beencomputedby usingthe describedparallaxmethod. A 3-standarddeviation uncertainty

ellipsehasalsobeendefinedfor eachpointandthenthe3-standarddeviationuncertaintyassociated

with thefinal measurementhasbeenestimatedanddisplayed.Noticein fig. 6.17cthat theground

truthalwaysfallswithin thecomputeduncertaintyrange.

6.5.4 Validation of uncertainty analysis

Thissectionvalidatesthefirst ordererroranalysisdescribedabove by estimatingtheuncertaintyin

heightof thebeakof theeaglein thelecternin fig. 6.17.It comparestheresultsfrom thefirst order

analyticalmethodto theuncertaintyderivedfrom MonteCarlosimulationasdescribedin table6.5.

Thediagramsin figure6.18illustratetheresults.

In thesimulationsGaussiannoiseis assumedon the imagepointsof the two referencedis-

tancesandon their world height. Uncertaintyis assumedalsoon theplanevanishingline, on the

inter-imagehomographyandon theimagepointsof theheightto bemeasured.

Theinput point � on theleft imageis randomlydistributedaccordingto a 2D non-isotropic

Gaussianaboutthe meanlocation,with covariancematrix | Æ (figure6.18a). Similarly the corre-

spondingpointontheright imageis randomlydistributedaccordingto a2D non-isotropicGaussian

aboutthemeanlocation �¦¥ , with covariance| Æ � (figure6.18b).

Thetwo covariancematricesfor thepairof inputpointsarerespectively (valuesin �D� ÿ���� � ):| Æ ©òþ 1"�T}����;1�� P ÷ 1"��1�}�t�� P }��÷ 1"��1�}�t�� P }�� 1"�T}�~����;��} � | Æ&� ©òþ 1"� ���&��t;1 P ÷ 1"� P �������÷ 1"� P ������� 1"�T��~�~�} P �
Suitablevaluesfor thecovariancesof the two references,andthe vanishingline have been

used.Thecovarianceof the inter-imagehomographyhasbeencomputedasin section4.3.2. The

simulationhasbeenrunwith ¡Ó© P 1�1�1�1 samples.

Analytical andsimulateddistributionsof � ¿ areplottedin figure6.18c;the two curvesare

almostoverlapping.Any slight differenceis dueto theassumptionsof statisticalindependenceand

first ordertruncationintroducedby theerroranalysis.
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a b

c d
Measured 191.5 165.0 135.0 109.1 35.0 22.9
Computed 191.5 ¢ 2.1 164.7 ¢ 1.2 134.8 ¢ 1.0 108.8 ¢ 1.3 34.9 ¢ 1.3 22.1 ¢ 2.0

e

Figure6.17: Estimating heightsand associateduncertainties from two viewsof the lectern in
The Queen’s Collegechapel: (a) and(b) original left andright images;(c) and(d) theheightsof
the referencepoints(white squares)weremeasuredby hand( ¢ 0.5cm)to be150cm(top edgeof
lectern),and35cm(heightof foot stool). In (e), all heightmeasurementsaregiven in centimetres.
Theerrorbetweentheheightscomputedusingtheimageparallaxandtheonesmeasuredmanually
is alwayslessthanonecentimetre.The3-standarddeviation uncertaintiesof thecomputedheights
areshown too. Notethatthegroundtruth fallsalwayswithin thecomputeduncertaintyrange.
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Figure6.18: Monte Carlo simulation of the examplein fig. 6.17: (a) distribution of the input
point £ on theleft imageandthecorresponding3-standarddeviationellipse.(b) distribution of the
input point £¥¤ on the right imageandthe corresponding3-standarddeviation ellipse. Figures(a)
and(b) aredrawn at thesamescale;(c) theanalyticalandsimulateddistributionsof thecomputed
distance� . Thetwo curvesarealmostperfectlyoverlapping.
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– For eachof the two references:given themeasuredreferencepointson left andright image,
generatea randompoint on the left image,a randompoint on the right imageandrandom
referencedistanceaccordingto theassociatedcovariances.

– Generatearandomplanevanishingline accordingto its covariance§ F .
– Generaterandomvaluesfor the inter-imagehomographÿ

©
accordingto thecomputedª¬«Qª

covariancematrix §�­ .
– Generatea randompoint ®&¯ on the left imageand a randompoint ® �¯ on the right image

accordingto their respective covariances§ A and § A#° .
– Computethecurrentdistance± ?n² by applying(6.35).¦ Thestatisticalstandarddeviationof thepopulationof simulated± ?n² valuesis computedas³ � �´¶µ=·¹¸¯»º �n¼ ± ¯¾½ ±¾¿ �À ½6Á

andcomparedto theanalyticalone(6.43).

Table6.5: Monte Carlo simulation.

A comparisonbetweenstatisticalandanalyticalstandarddeviationsis reportedin the table

below with thecorrespondingrelative error:

FirstOrder MonteCarlo relative error
y � ? y ¤� ? Â Ã ´ ? � Ã �´ ? ÂÃ �´ ?0.7039cm 0.70561cm 0.24%

Themeasurement�>Ä P w P �T�;Å#Æ andtheassociatedfirst orderuncertaintyÇQÈ y � ? Ä }�� P�P Å#Æ is

shown in fig. 6.17d.

Similar testson severalotherexamplesconsistentlyyield thesameresults.This shows that

alsoin theplane-plus-parallaxapproach,for typicalimagingsituations,thefirstorderapproximation

is avalid one.

As usual,somecaremustbe exercisedsincethe relative error betweenstatisticalandana-

lytical outputstandarddeviationsincreaseswith the input uncertainty. For large covariances,the

assumptionof linearitybecomeslesswell founded.



Chapter 7

Galleryof examples

7.1 Intr oduction

This chaptershows examplesof reconstructionsobtainedemploying the techniquesdescribedin

chapters4 and5. The techniqueshave beenappliedto both real scenesandperspectively correct

paintings.Convincing animationsandfly-throughshave alsobeencreatedÉ .
7.2 Reconstructionfr om photographs

Colourimagesof thethreedimensionalmodelof a gardenshedreconstructedfrom a singlephoto-

graphappearin figure7.1. Thereconstructionalgorithmemployedis describedin section5.6.

The heightandpositionof the personis computedcorrectlybut, sinceit is not possibleto

recover volumefrom oneimagealone,thepersonis representedasa flat silhouette.Theoutlineof

thesilhouettewasextractedby fitting a splinecurve to thecontourof theimage.

7.3 Reconstructionfr om paintings

LinearPerspectivecanbedescribedmathematicallyby ProjectiveGeometry. If apaintingconforms

to therulesof LinearPerspective (seesection1.4.3)thenit behavesgeometricallyasa perspective

imageandit canbe treatedasa photograph.The metrologytechniquespreviously describedcan

thusbe appliedto computethe structureof the scene. Sinceno Euclideanscenemeasurements

areknown (usually the scenesdepicteddo not exist), the modelsareobtainedup to a similarity� Thereconstructed3D environmentscanbe“virtually explored”in theVR-CUBEatKTH, Stockholm.VRML three-
dimensionalmodels,andMPEGanimationscanalsobeviewedat thefollowing webpage:

http://www.robots.ox.ac.uk/ Ê vgg/projects/SingleView/
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a b

c d

Figure7.1: 3D reconstructionof a gardenshed: (a)and(b) two views of thereconstructedthree-
dimensionalmodelof theshedin figure5.23a.Thepersonis representedasa flat silhouettessince
it is not possibleto recover its volumefrom oneimage.Thesilhouettehasbeencut out manually
from theoriginal imageandpositionedin thecorrectplace;(c) and(d) two moreviews of the3D
modelshowing thecomputedcameraposition.

transformation.This level of reconstructionis preciselythat requiredfor a graphical3D model

wheretheabsoluteposeandscalearenotnecessaryfor visualization.

Thecorrectnessof theperspective in thepaintingsconsideredhasbeenassessedbycomputing

thelocationof vanishingpointsandvanishinglines.Perspectivedistortionin repeatedpatterns(e.g.

the rate of diminution of the coffers on the curved vault in fig. 7.2aor the tiles on the floor in
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fig. 7.4a)hasbeencheckedusingcross-ratios.

7.3.1 La Trinit à

La Trinità (in fig. 7.2a)is a fresco. It is, arguably, the first perspective imagein history; the first

exampleof theapplicationof Filippo Brunelleschi’s rulesof perspective.

A three-dimensionalmodelof the chapelrepresentedin the top half of the frescohasbeen

computedhereby applyingthealgorithmdescribedin chapter5. Differentviews of themodelare

shown in figure7.2b-e.Noticethehemi-cylindrical vault. Thepartsof thevaultwhichareoccluded

by thecapitalsandby theheadof Godhavebeenleft blank.Their texturecanbefilled in by making

useof theregularityof thepattern.

Ambiguity in recovering depth. Sinceoneimagealoneis usedandnoscenemetricinformation

is known (the chapelis not real), an ambiguityarisesin the reconstruction.It is not possibleto

recover thedepthof thechapelwithoutmakingsomeassumptionsaboutthegeometryof thescene.

Two equallyvalid assumptionscanbemade:eitherthecofferson thevault of thechapelaresquare

(this is theassumptionusedin themodelin fig. 7.2)or thefloor is square.

Both modelshave beencomputed(thetwo reconstructionsaremathematicallyrelatedby an

affinetransformation,ascalingin onedirection).Imagesof thefloor of thechapelandof thepattern

on thecylindrical vaultareshown in figure7.3from bothcases.

This shows that thetwo assumptionscannotcoexist in thesamereconstructioneventhough

theambiguityis notapparentto thenaive observer. Speculationsaboutwhichof thetwo configura-

tionsis theonethatmostlikely theartistwantedto representareleft to thereader.

7.3.2 La Flagellazionedi Cristo

La Flagellazionedi Cristo (in fig. 7.4a)is oneof themoststudiedpaintingsfrom theItalianRenais-

sanceperiod;mostlybecauseof the“obsessive” correctnessof its perspective [64]. In thepastthe
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a

b

c

e d

Figure 7.2: 3D reconstruction of “La Trinit à”: (a) La Trinità (1426, Florence,SantaMaria
Novella); frescoby Masaccio(1401-1428);(b) view of the reconstructed3D modelof thechapel
from theright. Noticethehemi-cylindrical vault; (c) view of themodelfrom the left; (d) view of
themodelfrom below; (e) a moreextremeview from theleft side.Theleft wall hasbeenremoved
to show theinsidestructureof thechapel.
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a b

c d

Figure7.3: Comparing two possiblereconstructionsof “La Trinit à”: (a) and(b) view of the
vaultandview of thefloor assumingsquare coffers. Thebaseplaneis rectangular;(c) and(d) view
of thevaultandview of thefloor assumingsquarefloor. Thecoffersarerectangular. A simpleaffine
mappingrelatesthetwo reconstructions.

paintinghasattractedthe interestof several artistsandart historianswho, in differentways,have

beenstudyingits carefullyrepresentedgeometry.
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a b

d c

Figure7.4: 3D reconstruction of “La Flagellazionedi Cristo”: (a) La Flagellazionedi Cristo
(1460,Urbino,GalleriaNazionaledelleMarche);by PierodellaFrancesca(1416-1492);(b) aview
of thereconstructed3D modelwith theroof removed to show therelative positionsof peopleand
architecturalelementsin thescene.Theocclusionson thefloor have beenleft blankandthepeople
arerepresentedasflat silhouettes.Thecolumnshave beenapproximatedby cylinders;(c) another
view of thereconstructed3D modelwherethepatternedfloor hasbeenreconstructedin areaswhere
it is occludedby taking advantageof the symmetryof its pattern. Note the repeatedgeometric
patternon thefloor in theareadelimitedby thecolumns(barelyvisible in theoriginalpainting)(d)
anotherview of themodelwith theroof. Thepartiallyseenceilinghasalsobeenreconstructed.

Sincethis paintingconformsfaithfully to therulesof LinearPerspective thedepictedscene

cancorrectlybe reconstructedin threedimensions.Imagesof the computedmodel, taken from

differentviewpointsareshown in figure7.4b-d.
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7.3.3 St Jeromein his Study

StJeromein hisStudy(in fig. 7.5a)is anoil paintingby theDutchartistH. Steinwick(1580-1649).It

is particularlyinterestingfor two reasons:thecorrectnessof theperspective (whenthismasterpiece

wasrealizedLinear Perspective wasa well establishedtheory)and the amazingmanagementof

light andshading.Thesunlightstreamingthroughthewindow givesthepaintingabeautifulphoto-

realistictouch.

Numerousparallellinesandplanarsurfaceshavebeendetectedandemployedto producethe

reconstructionresultsillustratedin figure7.5b-f.

Detectinginconsistenciesin theperspectiverendering. Figure7.6ashowsafronto-parallelview

of thebig window ontheleft wall of thescene.Thisimagehasbeenobtained,asusual,by rectifying

theoriginal texturein thepaintingby inferringaffineandmetricinformation(parallellinesandright

angles)on thewall plane.

Noticethatwhile parallelismandangleshave beenrecoveredcorrectly(look at thewindow

pattern)astrange,asymmetriccurvatureof thetoparchcanbedetected.Thatis dueto thefactthat

theartisthaspaintedafairly complicatedcurveonaveryslantedview of thewindow (comparewith

theoriginal paintingin fig. 7.5a).Largeuncertaintycharacterizesthelocalizationof pointsin such

a situation(cf. examplesin section4.4.2). Theerror is lessevident in views taken from locations

closerto theoriginal viewpoint (figure7.6b).

7.4 Discussion

At this point I would like to invite the readerto reflecton a particularaspectof the relationship

betweenscienceandart.

SomeComputerVision researchersdescribetheir field asa combinationof maths, science

andengineering[79]. But is thatall ? Is thereany spaceleft for art? Canart helpusunderstand
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a
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b c d

Figure7.5: 3D reconstruction of “St Jerome in his Study”: (a) St Jeromein his Study(1630,
JosephR.RitmanCollection)by Henry V Steinwick(1580-1649);(b-f) differentviews of the re-
constructed3D model;(b) the left wall; the textureof thepartially seenwindows hasbeenrecon-
structedby makinguseof thesymmetricalpatternin their texture;(c) thecornerwhereStJeromeis
working; (d) view of thewholestudyfrom above; (e) view of thefireplacefrom above; (f) another
view of thefireplace.

visionor vice-versa?

For instance,whenlookingatphotographsof ascenevisualcuessuchasconverging straight

lines, shadingeffects, texture, shadows, and specularitiesare processedby our brain to retrieve

consistentinformationaboutthesurrounding3D world.
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a b

Figure7.6: Comparing two viewsof a window in a reconstructionof “St Jeromein his Study”:
(a) a fronto-parallelview of thewindow on the left wall of thereconstructedmodelof “St Jerome
in his Study”. Theright partof thearchis not correct;(b) it is harderto noticetheerrorin thearch
curvaturefrom apointof view closerto theoriginalone.

The samecuesareemployed by artistsin their paintings. However, sincetheseworks of

art arenot createdby an automaticimagingprocess(suchasa camera)but by the skilled hands

of a painter, they areproneto personalinterpretationandinaccuracies.Thesevisualsignalsmight

thereforenot be consistentwith eachother(e.g. imagesof parallel lines may not intersectin the

samepoint). However, they mightstill convey thedesiredthree-dimensionalillusion (cf. fig. 7.7a).

A numberof questionsarise:which perceptualcuesaremoreimportantto the3D illusion?

To whatextentdohumansforgive wrongcues?Sincepaintingsandsinglephotographsarecapable

of conveying an illusion of the3D space,how necessaryis stereovision? Thesepointsmay also

leadtheway to furtherphysiologicalspeculations.

On the otherhandProjective Geometrycanprovide artistsandart historianswith fastand
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powerful mathematicaltools(e.g.planarprojections,cross-ratio)to answerquestionslike: how do

I constructthegeometryof thepaintingsuchthat theperspective lookscorrectwhenviewedfrom

sucha viewpoint? How correctis theperspective (e.g.vanishingpoints,perspective distortion)in

Luca Signorelli’s La Circoncisione(fig. 7.7b)? What doesthe patternon the floor in Domenico

Veneziano’s Pala di SantaLucia (fig. 7.7c)look like?Is theheightof theforegroundfiguresconsis-

tentwith theheightof thebackgroundfiguresin Raffaello’s Il MatrimoniodellaVergine(fig. 7.7d)?

In my opinionComputerVision,Art andArt Historyarewell distinguishedfields,eachwith

its own aimsandmotivations.Nevertheless,eachmight learnfrom andbeenrichedby theothers.

Furthermore,thetoolsdevelopedin oneareamaybeusefulin another.
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a b

c d

Figure7.7: (a) TheArnolfini Marriage (1434,London,NationalGallery)by JanvanEyck (active
from 1422–1441). (b) La Circoncisione(London, NationalGallery) by Luca Signorelli (1445–
1523).(c) Pala di SantaLucia (1444,Firenze,Uffizi) by DomenicoVeneziano(1400–1461).(d) Il
MatrimoniodellaVergine(1504,Milano, Brera)by Raffaello(Raffello Sanzio)(1483–1520).



Chapter 8

Conclusion

8.1 Summary

This thesishasdevelopednew, flexible andaccuratealgorithmsfor the useof a cameraasa 3D

measuringdevice.

A solid theoreticalframework employing techniquesdrawn from Projective Geometryhas

beendevelopedto computemeasurementsfrom singleandmultipleuncalibratedviews.

The processof measuringhasbeentreatedasa true engineeringtask, thereforeparticular

attentionhasbeenpaidtopredictingtheuncertaintyonthefinalmeasurementsdueto theuncertainty

on theinputdata.

The theory in this thesishasbeendevelopedin steps: from simpler metrologyon planar

surfacesto morecomplicatedthree-dimensionalmeasurementsandfrom singleto multiple images.

Metrology on planes. At the beginning of the thesiswe have shown how to computemeasure-

mentsonplanarsurfaces(chapter4). Distancesbetweenpointsandparallellines,imagerectification

andimagemosaicinghave beendemonstrated.

The effectivenessof suchtechniqueshasbeendemonstratedwith anapplicationcapableof

computingmeasurementsfrom single imagesof indoor andoutdoorscenesaswell as rectifying

projectively distortedviews andmosaicingtogetherseveralimagesof aplanarstructure.

Planarprojective mappingssuchashomographiesandhomologieshave proven extremely

useful,simpleandpowerful mathematicaltoolsandthey havebeenemployedthroughoutthethesis.
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Singleview metrology. Wehave alsoexploredhow three-dimensionalaffinemeasurementscan

beretrieved from singleviews (chapter5). Thekey hasbeenthenovel parametrizationof the3D

spaceasa collectionof pencilsof parallelplanes.3D geometryhasbeensuccessfullydescribedin

termsof therelationshipsbetweenhomographies,homologiesand3D-2Dprojective mappings.

This approachhasmadepossiblethe reconstructionof the 3D spacein a stratifiedfashion.

The available sceneinformationmay be usedto upgradethe computedstructurefrom affine to

Euclidean.

Thiswork hasbeenappliedsuccessfullyto anumberof differentareas:scientific,artisticand

commercial.Applicationsemploying someof the presentedalgorithmshave beendevelopedand

they arecurrentlyusedby forensiccompanies.

Metrology from planar parallax. Theuseof amulti-view approachin caseswheresingleview

techniquesarenotsufficienthasbeenaddressed.

We have investigatedthe useof a plane-plus-parallax approachto make optimal useof the

redundanciesbetweendifferentviews of a scene.This hasled to thediscovery of elegantduality

relationshipsbetweenconfigurationsof pointsandcamerasasdescribedin chapter6.

Furthermore,wehave demonstratedthatthefundamentalgeometricconstraints(epipolarge-

ometryandtrifocal tensor)arecapturedby a planarhomologyrelatingtheimagesof pointsacross

views. Consequently, a numberof previously diverseresultsrelatedto planarparallax,duality and

planarhomologieshave beenunified.

Formulaefor determiningdistancesof camerasand points from a world planehave been

presented,with theproperuncertaintyanalysis,andhave beentestedon realimages.
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8.2 Discussion

Advantagesanddisadvantagesof theproposedmetrologyalgorithmsarediscussedin thissection.

An accurateand reliablemeasuringdevice. Camerainternalparametersarequiteunstableand

sensitive to variationin temperatureor mechanicalshock.Metrologyalgorithmswhich rely on the

cameracalibrationarethereforestronglyaffectedby suchinstability.

The proposedalgorithmsdo not make useof internal calibration,thus leadingto greater

robustnessandreliability. Sinceno knowledgeaboutthecamerasis neededthealgortihmscanbe

appliedto existing images.

Theaccuracy of themeasuringdevice describedin this thesishasbeenmodelledmathemati-

cally, thusproviding atool to assesstheprecisionof theoutputmeasurementsgivenuncertaininput

dataandtransformations.Moreover, theuncertaintyanalysisprovidesa powerful tool to increase

theaccuracy onthemeasurements.In fact,by observingthebehaviour of thepredictedaccuracy, the

ideallocationof cameraandreferencescanbechosensuchthattheoutputuncertaintyis minimized.

Thismakesthedeviceparticularlyeffective in typicalengineeringor architecturalapplicationssuch

asmodellingbuildingsandinteriordesign(seesec.4.4).

As expected,thequalityof theresultsincreaseswith theresolutionof theimages.Neverthe-

less,a Ë�Ì�Í&ÎÐÏÒÑ;Ó�Ô resolutionhasprovensufficient for theapplicationsconsidered.

Robustnessfor noisy images. The imagesthe metrologydevice is requiredto dealwith may

containalargeamountof randomnoise.Thishappensquiteoftenin forensicdata,wheretheimages

arerecordedonold tapes.

Nevertheless,usefulgeometriccues(like edges)canstill bedetectedeven for largeamount

of noise. Theprecautionsduring theprocessof detectinglinesandvanishingpoints(Canny edge

detection,straightline fitting, edgemerging andML estimatesof intersectionpoints,cf. sec.3.5)
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provide theproposedmetrologyalgorithmswith anincreasedrobustnessandinsensitivity to noise.

Flexibility . Sincenointernalcameracalibrationis requiredatany timethisdevicecanbeapplied

to a wide rangeof input images:old footage,archivedphotographs,postcardsandevenpaintings.

Effectively thealgorithmscandealwith any perspective image,no matterhow that is obtainedor

whereit comesfrom.

This is demonstrated,in particular, by the interestshown by researchersin fields like Art

History towardsthecapabilitiesofferedby suchtechniques.Artistsandarthistoriansarebecoming

increasinglyawareof thepotentialof moderntechnology. Someof themostfascinatingapplications

suchastakingmeasurementson a paintedscene(realor not), reconstructingit asa Virtual Reality

modelandcreatinganimationsandfly-throughshave beenpresentedin this thesis.

As mentionedabove, thesestronglygeometricaltechniquescanonly beappliedto projective

images.Thereforethey areparticularlyusefulwhenappliedto paintingsfrom the Italian Renais-

sancewhosemastersinventedLinear Perspective [1]. Numerousperspective paintingsare also

foundamongsttheDutchmasterpiecesof theseventeenthcenturyandin somecontemporaryworks

of art.

Apart from theobviousapplicationsin Art HistoryandComputerGraphics,analyzingpaint-

ingscanbeausefulaid to theunderstandingof visionandtheperceptionof theworld aroundus.

Radial distortion correction. Whenacamerabecomespartof ameasuringdevice theaccuracy

andsensitivity of thecameraitself hasto beinvestigated.In particular, highquality lensesandhigh

resolutionCCDarraysmayberequiredin orderto getthemostpreciseinformationfrom theviewed

scene.

Quiteoftenimagestakenwith wideanglelensescameras(oftenpicturesof indoorscenes)are

corruptedby lens-generateddistortionslike radialdistortion.Theseimages,therefore,arenot per-

spective. A blind applicationof calibratedor uncalibratedmetrologytechniqueswouldyield wrong
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results.This problemhasbeenovercome,in this thesis,by employing a simpleandrobustprepro-

cessingstagewherea radialcorrectionalgorithm(section3.4) warpsthe imageinto a perspective

one.

Thiscorrectionalgorithm,though,is nousewhenthecameralensesshow morecomplicated

aberrations.Most of the moderndigital still or video camerasdo not suffer this problem,and

thereforethecorrectionstepis unnecessary.

Automation. The proposedmetrologyalgorithmsmustbe supervised.In fact, imageinterest

features(e.g.edgesandcorners)aredetectedautomaticallyandlocalizedwith greataccuracy, but

interactivity is necessaryto make the right inferencefrom the images:selectinga setof parallel

linesor a setof planarpoints(orthogonalityis not necessary);identifying referencedistancesand

selectingtheendpointsof thelengthto bemeasured.

While completeautomationis desirablein the long term, and indeedsomeof the stages

which arecurrentlysupervisedcould be automated(e.g.detectingconcurrentlines andvanishing

points[92]), thiswasnotacentralissuein this thesis.

8.3 Future work

Thedescribedmeasurementandstructurerecoveryalgorithmswork particularlywell for man-made

environments.It is morecomplicatedto apply thosetechniquesto imagesof sceneswherefewer

regular structuresandwell definedgeometriccues(e.g.parallel lines andplanes)arepresent.In

suchcasesdifferentsourcesof geometricinformationmustbeused.

Useof shadows, reflections,symmetriesand repetitions in single views. As mentionedin

section5.7shadows, reflections,symmetriesandrepetitionsconstituteanimportantsourceof pure

geometricinformation(seefig. 8.1). Thesecuesprovide restrictionsanalogousto a secondview-

point. It hasbeenproven that projective or affine structurecanbe computedfrom singleimages
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Figure8.1: Reconstructingcurved surfacesfrom singleviewsusing reflections: a view of the
bridge in the University Parks in Oxford. The reflectionof the bridgeon the waterof the river
providesinformationaboutthegeometryof thebridgeitself.

with a planeof symmetry(e.g.a mirror, a lake) [57, 99]. Curvedsurfacesandnonplanarobjects

canbereconstructedfrom singleviews by makinggooduseof thosegeometriccues.

Shadows, reflections,symmetriesof planesandrepetitionscanbedescribedby homologies.

Oneof the futuregoalsof this work is thento build a systematicinterpretationof thesingleview

approachwhichmakesfurtheruseof thegeneralityof thehomologymapping.

A possibleapplicationis thereconstructionof complicatedvault structuresin churchesfrom

postcards,drawingsandpaintings.For instance,in figure8.2thesymmetryandrepetitionof the3D

patternin thevaultscarryusefulinformationabouttheir shapeandgeometryÕ .
Beingableto recover the shapeof non-planarandgenerallycurved objectsmay leadto an

increasein theamountof detailpresentin reconstructedscenes.

Analyzing natural scenes. Currently we are trying to addressthe problemof dealingwith

“natural” scenes,whereno“strong” geometriccuesor straightforwardgeometricrelationships(e.g.Ö
Notethatthearchesin fig. 7.2andfig. 7.5have beeneasilyreconstructedbecausethey lie on fronto-parallelplanes.

In figure7.2thearchis simplyasemicircle.



8.3 Futur ework 174

a b

Figure 8.2: Reconstructing curved surfacesfrom single views using symmetry: (a) a post-
cardshowing the interior of the BodleianLibrary in Oxford; (b) Interior of St.Bavo’s church at
Harlem(1648), The NationalGalleriesof Scotland,an oil painting by PieterJansz. Saenradam
(1597-1665);Reconstructingthe beautiful and fairly complicatedvaults from single imageis a
challenge.

homologies)canbeidentified. This will probablyrequirea statisticalinterpretationof textureand

shadingof surfaces.

Lessstrictly geometry-basedapproachesmay be applied in interpretingimagesof coun-

tryscapesandpaintings.Theseimagesdo not presentmany reliablegeometricfixtures,but other

lesswell defined“cues”mayconvey theperceptionof depth,distanceandshapeof surfaces.Shape

canbe perceived, for instance,from the texture of surfaces[46, 63] (seefig. 8.3) anddepthand

distancefrom the variationof the intensityandsaturationof the light × . This “atmosphericcue”

mightprove usefulnot only to measurerelative distancesbetweenobjects(like buildings[87]) but,

if referencedistancesareknown, to measurethehumidityor pollutionof theair itself.Ø
“There is anotherkind of perspectivewhich I call aerial, becauseby the differencein the atmosphere oneis able

to distinguishthe variousdistancesof different buildings, which appearbasedon a single line.” Leonardo da Vinci
(1452-1519).(cf. Leonardo’s paintingTheVirgin of theRocks, 1508,NationalGallery, London.)
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a b

Figure8.3: Recovering surface orientation from texture: (a) a photographof the pond in the
UniversityParksin Oxford; (b) Water lilies (1906),TheArt Instituteof Chicago,anoil paintingby
ClaudeMonet(1840-1926).Thedistribution andshapeof thewaterlilies provide geometricclues
to identify theorientationof thesurfaceof thelake.

Uncertainty analysiswith bootstrap methods. Ontheerroranalysisfront weareinvestigating

alternative methodsfor predictingtheuncertaintyon thefinal measurementswhich avoid thesome

timestediouscomputationof Jacobianmatricesrequiredby first ordererrorpropagationtechniques.

Onepossibility is employing numericalalgorithms. Bootstrap methods[80] arecurrently

underinvestigation.Thesetechniquesarevery similar to theMonteCarloapproach,with themain

differencethatno knowledgeaboutthestatisticaldistribution of the input datais required(in this

thesisGaussiannoisehasbeenassumedin theinput data).Bootstrapalgorithms,however, like the

Monte Carlo ones,arebasedon an iterative refinementof the solutionandthereforecanbe very

slow.
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“Questaconclusione,bench́e trovatada poveragente,c’è parsa
cośi giusta,cheabbiampensatodi metterlaqui, comeil sugodi
tuttala storia.
La quale,senonv’ èdispiaciutaaffatto,vogliatenebeneachi l’ha
scritta,eancheunpochinoachi l’ha raccomodata.Ma sein vece
fossimoriusciti adannoiarvi,credetechenons’è fattoapposta.”

daI PromessiSposi(1826)di A.Manzoni(1785-1873)

“This conclusion,thoughwritten by simplepeople,seemssoapt
thatwehave thoughtof puttingit here,asthesaucefor thewhole
story.
Which,if youdidnotdislikeit, thenshow somesympathyto those
whowroteit, andalsoa little to thosewhomendedit. If, instead,
you foundit tiresome,believethatwedid notdo it onpurpose.”

from TheBetrothal (1826)by A.Manzoni(1785-1873)
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Appendix A

Metrologyonplanes,computing
homography uncertainty

In section4.2.1, in order to computethe planarhomographyÙ , we seekthe eigenvector Ú with

smallesteigenvalue Û of the matrix Ü"Ý¾Ü . If the measuredpointsarenoise-free,or ÞàßáÎ , thenÚaß�âeãDä�äæåçÜ�è , andin generalit canbeassumedthatfor Ú theresidualerror Ú Ý Ü Ý Ü�Úaß{Ûêé�Ì .
We now usematrix perturbationtheory[47, 115, 128] to computethe covarianceëíì of Ú

basedon thiszeroapproximation.Let usdefineî ßðïêñ ÕMò"Õ ñ ×óò�× ñ�ô ò ô õ�õ�õöñD÷ ò ÷�ø Ý
the vectorof the Í&Þ componentsof the Þ noisy imagecomputationpoints, referredto an image

coordinatesystem.Becauseof thenoisewehave:î ß ùîûú�ü�î ß ïýùñ Õ ùò"Õ ùñ × ùò�× ùñþô ùò ô õ�õ�õ ùñ�÷ ùò ÷ ø Ý úï ü ñ Õ ü ò"Õ ü ñ × ü ò�× ü ñ�ô ü ò ô õ�õ�õ ü ñ�÷ ü ò ÷�ø Ý
wherethe ‘ù ’ indicatesnoiselessquantities. Similarly for the world planecomputationpointswe

define ÿ ß ï�� Õ � Õ � × � × � ô � ô õ�õ�õ � ÷ � ÷ ø Ý
thevectorof the Í&Þ componentsof the Þ noisyworld planecomputationpointsreferredto a world

coordinatessystemandÿ ß ùÿ ú ü ÿ ß ï ù� Õ ù� Õ ù� × ù� × ù�6ô ù� ô õ�õ�õ ù��÷ ù� ÷ ø Ý úï ü � Õ ü � Õ ü � × ü � × ü � ô ü � ô õ�õ�õ ü � ÷ ü � ÷ ø Ý
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Weassumethatthenoiseis Gaussianwith null meanandthatthereis nocorrelationbetween

thenoiseof differentcomputationpoints. Thatmeans:�eå ü���� ü��	� è¬ß ü
� ��� ×� and �eå ü�
���ü�
�� èeß ü
� ��� ×�
whereü
��� is theKronecker deltaü
��� ß � Ì ���ß��Ë���ß���� � � �6ß Ë(õ�õ�õhÍ&Þ

Thegenericoddrow Ë¶Ï! vectorof the Ü matrix is" × �$# Õ ßðïêñ � ò � Ë Ì Ì Ì %cñ � � � % ò � � � % � � ø
andtheevenrow Ë¶Ï& vectoris" × � ß ï Ì Ì Ì ñ � ò � Ë %¬ñ � � � % ò � � � % � � ø
with �(ß Ë(õ�õ�õ�Þ .

But " × �$# Õ ß>ù" × �$# Õ úýü " × �$# Õ and " × � ß>ù" × � ú�ü " × � andthereforeü " × �$# Õ ß ï ü ñ �Iü ò � Ì Ì Ì Ì %Zå ü ñ � � �Bú ñ �æü � � è'%Zå ü ò � � �Dú ò �çü � � è'% ü � � ø
and ü " × � ßoï Ì Ì Ì ü ñ �Xü ò � Ì %Zå ü ñ � � �Bú ñ �çü � � è(%Zå ü ò � � �Bú ò �çü � � è'% ü � � ø

It’s easyto prove that�eå ü " Ý× � # Õ ü " × � # Õ è ß ü
�)��*,+��eå ü " Ý× � ü " × � è ß ü �)� *,-��eå ü " Ý× � # Õ ü " × � è ß ü �)� *,+ -��eå ü " Ý× � ü " × � # Õ è ß ü �)� *,- +�
. ///0///1 2 � � � ß Ë(õ�õ�õ]Þ

where* +� ß4356 798�: ; % � � 7,8�:; ; ;% � � 7<8�:=; � ×� 798�: ú>� ×? :A@ � @ Ý�CBEDF � * -� ß�356G; ; ;; 7 8�: % � � 7 8�:; % � � 7,8�: � ×� 798�: ú>� ×H :I@ � @ Ý�CBEDF* + -� ß 356 ; 7<8�: % � � 7,8�:; ; ;; % � � 798�: � � � � 7,8�: úJ� ? H : @ � @ Ý� BEDF � * - +� ß * + -� Ý
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with 7 8�: the homogeneouscovariancematrix of the imagepoint @ � ß å ñ � � ò � � Ë�ènÝ and 79K : the

homogeneouscovariancematrixof theworld point L � in theform:

798�: ß4356 � ×M : � M�N : Ì� M�N : � ×N : ÌÌ Ì Ì BEDF � 7 K : ß�356 � ×? : � ? H : Ì� ? H : � ×H : ÌÌ Ì Ì BEDF
In thecaseof homogeneousandisotropicnoisetheabove equationssimplify.

Furthermoreif wedefinethematrix O6ßKÜ�Ý�Ü thenOußàå ùÜ úýü ÜBè Ý å ùÜ úýü ÜBè ß ùÜ Ý ùÜ ú ü Ü Ý ùÜ ú ùÜ Ý ü Ü úýü Ü Ý ü Ü
Thus Ouß ùO úýü O andfor thefirst orderapproximationü Ouß ü Ü Ý ùÜ ú ùÜ Ý ü Ü .

Now let usdefine P Õ astheeigenvectorcorrespondingto thenull eigenvalueof thematrix ùO
(the solutionvector Ú ). The othereigensolutionsare: ùO ùP � ß ùÛ � ùP � with ��ßðÍíõ�õ�õQ . It hasbeen

proven [47, 102] that the variationof the solution is relatedto the noiseof the matrix as in the

following formula: ü P Õ ßC% RST�U × ùP T ùP ÝTùÛ T ü O ùP Õ
but ü O�ùP Õ ß ü Ü Ý ùÜ¾ùP Õ ú ùÜ Ý ü Ü(ùP Õ andweknow that ùÜ�ùP Õ ß�Ì thusü O ùP Õ ß ùÜ Ý ü Ü ùP Õ
from whereü P Õ ß ùV ùÜ Ý ü Ü(ùP Õ with ùV ßW%YX RT�U ×[Z\^] Z\^_]Z` ] .

Therefore:ë ì6ß�ë \ Ö ßa� ï ü P Õ ü P Ý Õ øuß ùV ��ï ùÜ Ý ü Ü(ùP Õ ùP Ý Õ ü Ü Ý ùÜ
ø ùV Ý ß (A.1)ùV �cbd ×feS � U Õ ù" Ý� å ü ù" � õDùP Õ èhå ×feS� U Õ ù" � å ü ù" � õDùP Õ èhgi ùV Ý ßùV �cbd ×feS � U Õ ù" Ý� å ×feS� U Õ ù" � ùP Ý Õ å ü ù" Ý� ü ù" � è ùP Õ èhgi ùV Ý ßùV bd × ÷S � U Õ ù" Ý� å × ÷S� U Õ ù" � ùP Ý Õ �eå ü ù" Ý� ü ù" � è&ùP Õ èhgi ùV Ý
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having usedthat å ü ù" � õ ùP Õ èhå ü ù" � õ ùP Õ è�ß ùP Ý Õ å ü ù" Ý� ü ù" � è ùP Õ .
Now consideringthat ùV is asymmetricmatrix ( ùV Ý ß ùV ) equation(A.1) canbewrittenasë ì�ß ùV * ùV

where * is a  Ï! matrixobtainedasfollows:* ß ÷S� U Õ å]ù" Ý× �$# Õ ù" × �$# Õ ùP Ý Õ �eå ü ù" Ý× � # Õ ü ù" × � # Õ è&ùP Õ ú ù" Ý× � ù" × � ùP Ý Õ �ûå ü ù" Ý× � ü ù" × � è&ùP Õ úù" Ý× �$# Õ ù" × � ùP Ý Õ �eå ü ù" Ý× � # Õ ü ù" × � è&ùP Õ ú ù" Ý× � ù" × � # Õ ùP Ý Õ �ûå ü ù" Ý× � ü ù" × � # Õ è&ùP Õ è
yielding* ß ÷S � U Õ ï;ù" Ý× �$# Õ ù" × �$# Õ ùP Ý Õ * +� ùP Õ ú ù" Ý× � ù" × � ùP Ý Õ * -� ùP Õ ú ù" Ý× �$# Õ ù" × � ùP Ý Õ * + -� ùP Õ ú ù" Ý× � ù" × �$# Õ ùP Ý Õ * - +� ùP Õ ø

Notethatmany of theaboveequationsrequirethetruenoise-freequantities,whichin general

arenot available. Wenget al. [126] pointedout that if onewrites, for instance,ùÜ ß�Üj% ü Ü and

substitutesthis in the relevant equations,the term in ü Ü disappearsin the first orderexpression,

allowing ùÜ to besimply interchangedwith Ü , andsoon.

Finally the  �Ï& covariancematrix ëíì isë ì�ß V * V (A.2)

where
V ßW% X RT�U × \ ] \ ] _` ] , with P T the kmlon eigenvectorof the Ü�Ý�Ü matrixand Û T thecorresponding

eigenvalue.The  �Ïp matrix * is:* ß ÷S � U Õ ï " Ý× �$# Õ " × �$# Õ Ú Ý * +� Ú ú " Ý× � " × � Ú Ý * +� Ú ú " Ý× �q# Õ " × � Ú Ý * + -� Ú ú " Ý× � " × �$# Õ Ú Ý * - +� Ú¾ø (A.3)

with " � �Alon row vectorof the Ü matrix; Þ is thenumberof computationpoints.



Appendix B

Maximumlikelihoodestimation
of endpointsfor isotropic

uncertainties

Giventwo imagepoints @ and @sr with distributions 7 8 and 7 8�t isotropicbut not necessarilyequal

(fig. B.1), we estimatethe points u@ and u@ r suchthat the cost function (5.21) is minimized and

thealignmentconstraint(5.22)satisfied.It is a constrainedminimizationproblem;a closedform

solutionexistsin thiscase.

The Í Ï Í covariancematrices7 8 and 7 8 t for the two inhomogeneousendpoints @ and @sr
definetwo circleswith radiusvZß � M ß � N and v r ß � M t ß � N t respectively. Theline w throughthe

vanishingpoint x thatbestfits thepoints @ and @sr canbecomputedas(in homogeneousform):w¥ß byd Ë úaz Ë ú|{ ×{%ZånË ú}z Ë ú~{ × èh� M % { � N g��i � { ßKÍ v r�� M � N ú v �,rM �,rNv r å � ×M % � ×N è ú vBå � t ×M % � t ×N è
where � ß @ %�x � � r ß @ r %�x
Notethatthis formulationis valid if x is finite.

Therequiredestimatesu@ and u@ r aretheorthogonalprojectionsof thepoints @ and @sr ontothe

line w : u@ ß byd � N å @ õ���wæè�% � M �o�% � M å @ õ���wæè�% � N ���� ×M ú � ×N g��i � u@ r ß byd � N å @ r õ���wæè�% � M ���% � M å @�r õ��mw è�% � N ���� ×M ú � ×N g��i (B.1)

with ��ß=� Ì Ë Ì%QË Ì Ì�� .
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FigureB.1: Maximum lik elihoodestimationof thelocationof two pointssubjectto thealignment
constraint.Theuncertaintyof theinputpoints @ and @ r is Gaussianandisotropic.Thepoints u@ andu@ r aretheML estimates.

Thepoints u@ and u@ r obtainedaboveareusedto provideaninitial solutionin thegeneralnon-

isotropiccovariancecase,for which closedform solutiondoesnot exist. In the generalcasethe

non-isotropiccovariancematrices7 8 and 7 8�t areapproximatedwith isotropiconeswith radiusv¶ß�� ������å 798 è�� Õh��� v r ß�� ������å 7 8 t è�� Õh���
then(B.1) is appliedandthesolutionendpointsarerefinedby usingaLevenberg-Marquardtnumer-

ical algorithmto minimizethecostfunction(5.21)while satisfyingthealignmentconstraint(5.22).



Appendix C

Singleview metrology, variance
of distancebetweenplanes

C.1 Covarianceof MLE endpoints

In AppendixB we have shown how to estimatetheMLE points u@ and u@ r given two endpoints @
and @sr characterizedby non-isotropicuncertainties.This sectiondemonstrateshow to computetheÎ ÏZÎ covariancematrixof theMLE 4-vector u� ßoï u@ Ý u@ t Ýàø Ý from thecovariancesof theinput

points @ and @sr andthecovarianceof theprojectionmatrix.

In orderto simplify thefollowing formulaewe definethepoints: �¹ß @ (referredto asbase

point) on theplane� ; and �ûß @sr (referredto astoppoint) on theplane� r correspondingto @ .

It canbeshown thatthe ÎuÏ4Î covariancematrix 7s�� of thevector u� ßðï u� M u� N u  M u  N ø Ý
(MLE top and basepoints, seesection(5.4.2)) can be computedby using the implicit function

theorem[20, 36] as: 7s�� ß�Ü # Õ¢¡ 7 � ¡"Ý Ü # Ý (C.1)

where
� ßoï � M � N   M   N4£ Õ ô £ × ô £ ô�ôxø Ý and

7 � ß 356 7m¤ ; ;; 7<¥ ;; ; 79¦^§ BEDF (C.2)

7m¤ and 7,¥ arethe Í Ï¹Í covariancematricesof the imagepoints � and � respectively and 7 ¦^§ is

the ¨uÏ�¨ covariancematrix of thevector ©¾ô ß�ª�x definedin (5.3). Theassumptionof statistical

independencein (C.2) is a valid one.



C.2 Varianceof the distancemeasurement, � ×« 198

Thematrix Ü in (C.1) is thefollowing Î6Ï4Î matrix

Ü�ß 35556 %­¬ ¤ Õ õ¯® l %°¬ ¤× õ¯® l %ûÛ £ ô�ô ü lo± Û £ ô�ô ü lo²ü - ² üQ³ ± ü - ± üQ³ ± %�´DÛ £ ô�ô %­´¶µ�l Õ�Õ %�Û £ ô�ô üQ³ ± %­´¶µ�l Õ × % Û £ ô�ô üQ³ ±´DÛ £ ô�ô·% ü - ² üQ³ ² % ü - ± üQ³ ² %­´¶µ l Õ × ú Û £ ô�ô üQ³ ² %°´¶µ l ×�× ú Û £ ô�ô üQ³ ²%­´ ü l ± ´ ü l ² ´ üQ³ ± %­´ üQ³ ² B DDDF
wherewehave defined:¸|¹ ¥ ß 7 # Õ¥ and µ ¥ �)� its elementin ( � ,� ) position;¸|¹ ¤ ß 7 # Õ¤ and ¬ ¤ Õ and ¬ ¤× respectively its first andsecondrow;¸ © ßàå £ Õ ô � £ × ô ènÝ , ® ¥ ß £ ô�ô u��%º© , ® ¤ ß £ ô�ô u�Y%�© , ®�»ûß}¬ ¤× %º¬ ¤ Õ ;¸ ´êßàåI©¾ô Ï u�;è N %%åI©�ô Ï u�&è M , ÛÐß½¼Q¾Q¿)À ¤ # �¤,ÁÂ ;

Thematrix ¡ in (C.1) is thefollowing Î6ÏvÑ matrix:

¡ ß 35556 ¬ ¤ Õ õ�® l ¬ ¤× õ¯® l Ì Ì Û ü lo± %ûÛ ü lo² %ûÛÄÃ Õ% ü - ² üQ³ ± % ü - ± üQ³ ± ´¶µ�l Õ�Õ ´¶µ�l Õ × % Û üQ³ ± % Û åI´ ú üQ³ ± è ÛÄÃ ×ü - ² üQ³ ² ü - ± üQ³ ² ´¶µ l Õ × ´¶µ l ×�× Û¾åI´ úýüQ³ ² è Û üQ³ ² %ûÛÄÃ;ôÌ Ì Ì Ì ´ å u  N % u� N è ´ å u� M % u  M è ´¶Ã � BEDDDF
wherewehave definedÃ Õ ß u  N å £ × ô u  M % £ Õ ô u  N è � Ã × ß u� N å £ Õ ô ú £ × ô�è�% £ × ô�å u  M ú u  N èÃ;ôcß u� M å £ Õ ô ú £ × ô�è�% £ Õ ô�å u  M ú u  N è � Ã � ß u  M u� N % u  N u� M

If thevanishingpoint is noise-freethen 7s�� hasrank3 asexpectedbecauseof thealignment

constraint.

C.2 Varianceof the distancemeasurement, ÅÇÆÈ
As seenin section5.4.2and5.4.2thecomponentsof thevector u� areusedto computethedistanceÉ

from (5.6)rewrittenhereas: É ßC% �Ê� u��Ï u�9�Ê�åI© � õ u�(è��Ê� ©(ô Ï u�m�Ê�
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with theMLE points u� , u� homogeneouswith unit third coordinate.

The variance� ×« of the measurement
É

dependson the covarianceof the u� vectorandthe

covarianceof the6-vector ©�ßðïË©(Ýô © Ý� ø Ý computedin section5.4.1.If u� and © arestatistically

independent,thenfrom first ordererroranalysis� ×« ßÍÌ «ÏÎ 7s�� ;; 79¦ Ð Ì « Ý (C.3)

the Ë Ï Ë�Ì JacobianÌ « is:

Ì « ß É byyyyyyyyd
�ËÑ À �¥�Ò �¤,Á Ò �¥Ó Ø %ÕÔ�Ö×ÙØ� Ñ À �¤ Ò �¥ Á Ò �¤Ó Ø %ÚÀ ¦,§ Ò �¥ Á Ò ¦^§Û Ø ØÀ ¦ § Ò �¥ Á Ò �¥Û Ø% �¤ ×

g ��������i
Ý

wherewe have definedÜYßÝ�Ê� u��Ï u�m�Ê� , ÞÒßß�Ê� ©(ô Ï u�m�Ê� , àÐßá© � õ u� and �Ðßâ� Ë Ì ÌÌ Ë Ì � . Notethat

theassumptionof statisticalindependencein (C.3) is anapproximation.



Appendix D

Singleview metrology, variance
of theaffineparameterã

In section5.3.1the affine parameterª is obtainedby computingthe eigenvector ä with smallest

eigenvalueof thematrix Ü"Ý¾Ü (5.6). If themeasuredreferencepointsarenoise-free,or Þ�ß7Ë , thenäeß�âûãBä�ä åçÜ�è andin generalwecanassumethatfor ä theresidualerror ä Ý Ü Ý Ümäeß{Û é Ì .
As in appendixA we now usematrix perturbationtheory [47, 115, 128] to computethe

covarianceëæå of thesolutionvector ä basedon thiszeroapproximation.

Note that the ��lon row of the matrix Ü dependson the normalizedvanishingline w , on the

vanishingpoint x , on thereferenceendpoints � � � � � andon referencedistances
É � . Uncertaintyin

any of thoseelementsinducesanuncertaintyin thematrix Ü andthereforeuncertaintyin thefinal

solution ä . Let usdefinetheinputvectorç ßàå � M � N � � � M � N � � É Õ   Õ�²   Õ�± � Õ�² � Õ�± É ÷   ÷ ²   ÷ ± � ÷ ² � ÷ ± è Ý
which containstheplanevanishingline, thevanishingpoint andthe è&Þ componentsof the Þ refer-

ences.Becauseof noisewehave:ç ß ùç úýü ç ß2å ù� M ù� N ù�o� ù� M ù� N ù� � ùÉ Õ ù  Õ�² ù  Õ�± ù� Õ�² ù � Õ�± ùÉ ÷ ù  ÷ ² ù  ÷ ± ù� ÷ ² ù� ÷ ± è Ý úå ü � M ü � N ü ��� ü � M ü � N ü � � ü É Õ ü   Õ ² ü   Õ ± ü É ÷ ü   ÷ ² ü   ÷ ± ü � ÷ ² ü � ÷ ± è Ý
wherethe‘ù ’ indicatesnoiselessquantities.

We assumethat the noiseis Gaussianwith zeromeanandalsothat differentreferencedis-

tancesareuncorrelated.However, therows of the Ü matrix arecorrelatedby thepresenceof x andw in eachof them.
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The Ë¶Ï�Í row-vectorof thedesignmatrix Ü is (seesection5.3.1)" � ß ï É � à � Þ � Ü � ø
with �(ß Ë(õ�õ�õ�Þ . Becauseof thenoise" � ß>ù" � úýü " � andü " � ßðïËà � Þ � ü É � ú É � Þ � ü à � ú É � à � ü Þ � ü Ü � ø
It canbe shown that ü à � , ü Þ � and ü Ü � canbe computedasfunctionsof ü ç andtherefore,taking

accountof thestatisticaldependenceof therowsof the Ü matrix,the Í�ÏcÍ matrices¹ ��� ß}�eå ü " Ý� ü " � è2 � � � ß Ë(õ�õ�õ�Þ canbecomputed.

Furthermoreif wedefinethematrix O6ßKÜ Ý Ü thenOußàå ùÜ úýü ÜBè Ý å ùÜ úýü ÜBè ß ùÜ Ý ùÜ ú ü Ü Ý ùÜ ú ùÜ Ý ü Ü úýü Ü Ý ü Ü
Thus Ouß ùO úýü O andfor thefirst orderapproximationü Ouß ü Ü Ý ùÜ ú ùÜ Ý ü Ü .

As saidthevector ä is theeigenvectorcorrespondingto thenull eigenvalueof thematrix ùO ;
theothereigensolutionis: ùO�ùP�ß ùÛ × ùP with ùP thesecondeigenvectorof the Ü"Ý¾Ü matrix and ùÛ × the

correspondingeigenvalue.

It is provedin [47, 103] thatthevariationof thesolutionsis relatedto thenoiseof thematrixO as: ü ä ßW% ùP ùP ÝùÛ × ü ODùä
but sinceü ODùäûß ü Ü Ý ùÜ�ùä ú ùÜ Ý ü ÜDùä and ùÜ"ùäûßKÌ then ü O�ùäûß ùÜ Ý ü ÜBùä andthusü ä ß ùV ùÜ Ý ü ÜBùä
where ùV is ùV ßW% ùP¬ùP ÝùÛ ×
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Therefore:ëÙå ß �Õé ü ä ü ä Ý�ê ß ùV �>é ùÜ Ý ü ÜDùä&ùä Ý ü Ü Ý ùÜ ê ùV Ý ß ùV � 36 eS � U Õ ù" Ý� å ü ù" � õ;ùä&è eS� U Õ ù" � å ü ù" � õ&ùä;è BF ùV Ý (D.1)

ß ùV � 36 eS � U Õ ù" Ý� bd eS� U Õ ù" � ùä Ý å ü ù" Ý� ü ù" � è]ùä�gi BF ùV Ý ß ùV 36 eS � U Õ ù" Ý� bd eS� U Õ ù" � ùä Ý �ûå ü ù" Ý� ü ù" � è�ùä�gi BF ùV Ý
having usedthat å ü ù" � õ&ùä�èhå ü ù" � õ&ùä�è�ß ùä Ý å ü ù" Ý� ü ù" � è]ùä

Now consideringthat ùV is asymmetricmatrix ( ùV Ý ß ùV ) eq.(D.1) canbewrittenasëæå ß ùV ù* ùV
where ù* is thefollowing Í�ÏvÍ matrix:ù* ß ÷S� U Õ ù" Ý� bd ÷S� U Õ ù" � ùä Ý ù¹ ��� ùä�gi
with.

Notethatmany of theaboveequationsrequirethetruenoise-freequantities,whichin general

arenotavailable.As in AppendixA if onewrites,for instance,ùÜ�ß�Üë% ü Ü andsubstitutesthis in the

relevantequations,the termin ü Ü disappearsin thefirst orderexpression,allowing ùÜ to besimply

interchangedwith Ü , andsoon. Thereforethe Í�Ï�Í covariancematrix ë å is simplyëæå ß V * V (D.2)

where
V ßW% \^\ _` Ø . The Í6ÏxÍ matrix * is:

* ß ÷S� U Õ " Ý� bd ÷S� U Õ " � ä Ý ¹ ��� ä�gi (D.3)

with " � the � lon Ë¶Ï�Í row-vectorof thedesignmatrix Ü and Þ thenumberof references.

The Í�Ï�Í covariancematrix ëæå of thevector ä is thereforecomputed.
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Noise-free x and w . In thecase7mì ß ; and 7,í ß ; then(D.3) simplybecomes:* ß ÷S � U Õ " Ý� " � ä Ý ¹ ��� ä (D.4)

in facttherows of the Ü matrixareall statisticallyindependent.

Variance of ª . It is easyto convert the ÍêÏÒÍ homogeneouscovariancematrix ëÙå in eq.(D.2)

into inhomogeneouscoordinates.In fact,sinceäûßðï&î
ånË�è�î
åæÍ�èuø Ý and ªYßðï¢À Õ Áï¢À × Á for a first order

erroranalysisthevarianceof theaffine parameterª is� ×ñ ß}Ìºª¾ëÙåòÌºª Ý (D.5)

with Ì�ª the Ë ÏvÍ JacobianmatrixÌ�ª ß Ëî�åæÍ�è × ïóî
åæÍ�è(%°î�ånË�è�ø



Appendix E

Metrologyfrom planarparallax,
derivations

E.1 Computing the motion constraints

In this sectionwe derive someof the motion constraintsdescribedin chapter6. Extensive useis

madeof thelemmagivenin figureE.1.

Equation 6.1(motion constraints):ô
¦<õ�¦^ö
8�ö

ôø÷
õ
÷
ö
8^õ ß

ô
¦<õò¦^öò8,õ

ôø÷
õ
÷
ö
8�ö

Proof. Applying the lemmato figure 6.3 ( substituting¬>ù ¬ Õ × , " ù © Õ , �úù © × , û�ù ü Õ ,� ù @ Õ ) wecanwrite
ô
8�öQ¦<õò¦^öô
8 õ ¦ õ ¦ ö ß

ô » õ�ö
8�öQ¦<õô » õ�ö 8 õ ¦ õ �
ô
8�ö
÷
õ
÷
öô

8 õ
÷
õ
÷
ö ß

ô » õ�ö
8�ö
÷
õô » õ�ö 8 õ
÷
õ

Also from thelemma

ô » õ�ö
8�öò¦<õô » õ�ö
8�ö
÷
õ ß

ô » õ�öò8^õò¦<õô » õ�öò8,õ
÷
õ

Combiningtheabove yields: ô
¦ õ ¦ ö 8 ö

ôø÷
õ
÷
ö 8 õ ß

ô
¦ õ ¦ ö 8 õ

ôø÷
õ
÷
ö 8 ö ý

Equation 6.4(motion constraints):ô
¦<õò¦^öò8,õ

ô°÷
õ
÷
öQ¦<õ
ô
8,õ¢8�ö

÷
õ ß

ô
¦<õò¦^ö

÷
õ
ôø÷
õ
÷
ö
8^õ
ô
8^õ¢8�öQ¦<õ
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FigureE.1: Lemma: Theequalityof thearearatiosis easilyseenby consideringtherelativeheights
andbaselengthsof thetriangles.

Proof. In figure6.3clearlywehave
ô » õ�ö ¦ õ 8 õô » õ�ö ¦ õ

÷
õ ß

ô » õ�ö
÷
õ 8 õô » õ�ö ¦ õ
÷
õ
ô » õ�ö ¦ õ 8 õô » õ�ö

÷
õ 8 õ

Howeverby thelemma
ô » õ�ö ¦ õ 8 õô » õ�ö ¦ õ

÷
õ ß

ô
¦ õ ¦ ö 8 õô
¦ õ ¦ ö

÷
õ �

ô » õ�ö
÷
õ 8 õô » õ�ö
÷
õ ¦ õ ß

ô ÷
õ
÷
ö 8 õôø÷

õ
÷
ö ¦ õ �

ô » õ�ö ¦ õ 8 õô » õ�ö
÷
õ 8 õ ß

ô
¦ õ 8 õ 8 öôø÷
õ 8 õ 8 ö

Hencecombiningtheidentitiesabove weobtainthedesiredresult.ô
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E.2 Computing distancesof points fr om planesdir ectly in the images

In this sectionweshow how from (6.38)weobtain(6.39).
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First of all we needto computetherelationshipbetweentheareaof a triangleon thedistin-

guishedplaneantheareaof its image.

Ar easof triangles on the images

For a generictriangleon thereferenceplane,therelationbetweenits areaandtheareaof its

imageon thefirst imagecanbecomputedasfollow.

Let usassumethat Ù Õ and Ù × arethe image-to-world homographiesfor thefirst andsecond

imagerespectively, suchthat: Làß%Ù Õ @ L ß%Ù × @ r
for every point L on the distinguishedplane 
 . Consequently@ ß�Ù @ r where Ù ß Ù # ÕÕ Ù × is the

inter-imagehomography.

Thenfor thetriangleof vertices© Õ � © × � @ Õ on theworld planewehave:ô
¦ Ö ¦ Ø 8 Ö ß � Ù Õ © Ù × © r Ù Õ @ �å wþõ�©(èhå w r õ�© r èhå wþõ @ è ß � Ù Õ �å wþõ�© èhå w r õ�© r èhå wþõ @ è � ©MÙ�© r @ ��ß � Ù Õ �å wDõ¯©(èhå w r õ�© r èhå wþõ @ è

ô
¦ �¦�8
(E.1)

with �© ß%Ùm© r . Theareaof thecorrespondingtriangleon thefirst imageis

ô
¦ �¦�8 .

Distancesof points and camerasfrom the distinguishedplane

The distanceof a point 
 from the planecanbe computedif both image-to-world homo-

graphiesareknown by applying(6.38); but it canalsobe computeddirectly in the imagesif the

inter-imagehomographyÙ is known andtheplanevanishingline w in eitherimageareknown. By

applying(E.1)to (6.38)obtaining(6.39)is straightforward.

Similarprocedurecanbeappliedtocomputethedistanceof thecamerasin (6.35)from(6.34).



Appendix F

Metrologyfrom planarparallax,
varianceof distances

As seenin section6.5.2thevarianceon thedistance
É M of apoint L from aplanecanbecomputed

employing theplane-plus-parallaxapproachas:� ×« ² ßáÌ « ² 7 Ì Ý« ²
In thissectionwecomputethe ËQÏ&¨�Í JacobianÌ « ² .

F.1 Definitions

Equation(6.39)canberewrittenas;É M ß É Ô É�����

wherewedefine¸ � ß � Õ % � × ; � Õ ß à � ô 8 �8 �
÷ ô
¦ �¦ �8 ; � × ßaà Ô
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for agenerictriplet of points " � � � û wedefine:thedeterminant
� � ¤ � ßa�¶��� é " � û ê ; thearea

ô
� ¤ � ß�� � � ¤ � � ; thesign � � ¤ � ß ����� �! �"�#� .

Uncertaintyis assumedon: theinter-imagehomographyÙ ; theplanevanishingline w ; thetwo

input references,their world distanceandthepositionof theimagepoints
É Ô , © , © r , É��

, ü , ü r ; the

input imagepoints @ , @sr .
F.2 Computing the Jacobian $ È�%

Firstly wecompute
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Furthermorefor agenericvector x wehave
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wherefor agenericpoint @ ¡ M ß 356 @ Ý 0 00 @ Ý 00 0 @ Ý BEDFTheJacobianÌ « ² is thuscomputedas:Ì « ² ßðï21 « ²1 ì 1 « ²1 ì 1 « ²1 «43 1 « ²1 ¦ 1 « ²1 ¦�t 1 « ²1 «65 1 « ²1
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