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Abstract

The work describedn this thesisdevelopsthe theory of computingworld measurements
from photograph®f scenesandreconstructinghree-dimensionahodelsof the scene.The main
tool usedis ProjectiveGeometrywhich formsthe basisfor accurateestimatioralgorithms.

Thetechniquepresente@mplo/ uncalibratedimages no knowledgeof the cameranternal
parametergsuchasfocal lengthandaspectatio) or its pose(positionandorientation)is requiredat
ary time. Extensve useis madeof geometriccharacteristicef the scenethusthereis no needfor
specializectalibrationdevices. A hierarchyof novel, accurateandflexible techniquess developed
to addressnumberof differentsituationgangingfrom whereno scenemetricinformationis knowvn
to caseswhere somedistancesare known but thereis not suficient information for a complete
camerecalibration.

Thegeometryof singleviews is exploredandmonoculawision shavn to be suficientto ob-
tainapartialor completehree-dimensionakconstructiorf ascene.To achieve thistheproperties
of planarhomographieandplanarhomologiesareextensvely exploited. Thegeometryof multiple
views s alsoinvestigatedparticularlythe useof a parallax-basedpproacHor structureandcamera
recovery. Theduality betweertwo-view andthree-viev configurationss describedn detail.

Measureddistancesmust be associatedvith a measuremenaccumcy to be meaningful.
Therefore,an uncertaintypropagatioranalysisis developedin orderto take accountof the pos-
siblesourcesf errorandhow they affectthe uncertaintyin thefinal measurements.

Thegeneratechniqueslevelopedin thisthesiscanbeappliedto severalareasExamplesare
presentedf commercialjndustrialandartisticuse.
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“Therearethreebranche®f perspectie:

the first dealswith the reasonof the diminution of objects
asthey receddrom theeye, andis known asperspectie of
diminution;

the secondcontainsthe way in which coloursvary asthey
receddrom theeye;

the third andlast explains how objectsshouldappearess
distinctin proportionasthey aremoreremote.

And the namesare asfollows: linear perspectie, the per
spectve of colour, the perspectie of disappearance.

LeonadodaVinci, C.A.175v
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Chapter 1

Introduction

1.1 Accurate measurementsfromimages

Imagesor sequencesf imagespotentiallycarry a tremendousmountof geometricainformation
aboutthe scenerepresentedlhe aim of thework presentedn this thesisis to extractthis informa-
tionin aquantifiable accuratevay.

Generaltechniquesaredevelopedwhich find their engineeringnotivationin therealization
of aflexible, fastandrobustvisualmeasuringlevice, capableof reconstructing three-dimensional

digital modelof a scendrom interpretingphotographgseefig. 1.1). Theleadingideais:
e anoperatotakessomeimagesof the scengor object)to be measured,;
e acomputelby interpretingthoseimagescreatesa 3D metricmodelof the viewed scend5];

e themodelis storedin a databasevhich maybe queriedat ary time for measurementga a

graphicaluserinterface;

Sucha device possesseseveral interestingfeatures:(i) it is userfriendly. In fact,oncethe
imagesaretakenandthemodelbuilt anoperatorcanvirtually walk throughit, view thescendrom
differentlocations take measurementgueryingthe softwareinterfaceandstorethemin adatabase,
interactwith the objectsof the sceneplacenew, consistenvirtual objectsin the scenglaugmented
reality) andcreateanimations(ii) thecaptureprocesss rapid,simpleandminimally invasie since
it only involvesa camerao take picturesof the ervironmentto be measured(iii) theacquireddata

arestoreddigitally onadiskreadyfor reuseatary time negatingthe needto go backto the original



1.1 Accurate measuementsfromimages 2

3D model

Figurel.1: A three-dimensionalvisual measuringdevice: (1) a photograptof a sceneis taken;
(2) theimageis transferrednto a computerandinterpretedy3) a 3D modelof the viewed scends
reconstructedndinteractvely queriedfor measurements.

scenavhennev measurementreneeded(iv) thehardwareinvolvedis cheapandeasyto use.No
new, dedicatechardwareis necessary
All thework presentedhereis motivatedby the necessityof understandinghe mathematical

theoryunderlyingsuchavisualmeasuremertevice.

The mathematicalbasis. Thetheorydevelopedin thisthesisproceed$rom astrongandreliable
mathematicabasis,ProjectiveGeometry[36]. In particular 2D-2D homographidransformations

andmore general3D-2D projectvities areinvestigatedand usedextensvely. While muchof the
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underlyingtheoryalreadyexisted,in orderto achieve the goal of this thesis,a numberof research
areashadto beaddressed.

The algorithmsdevelopedrequireno knowvledge of the cameras internal parametergfocal
length,aspectratio, principal point) or externalones(positionandorientation);i.e. no internalor
externalcameracalibrationis neededCameracalibrationis replacedy the useof sceneconstraints
(oftenreferredto asscenealibration) suchasplanarityof pointsandparallelismof linesandplanes.
Thesegeometriccuesareinferreddirectly from theimagesno scenemarkersor specializegensors
arerequired.

A hierarchyof novel geometridechniqueso calculatedistancaneasurementis investigated
to address rangeof differentcasesThetechniquespansituationsvhereno metricinformationis
known aboutthe world (completelyuncalibated camen), throughto casesvheresomereference
distancesareknown but they arenot sufiicient for a completecameracalibration(partial calibra-
tion). This leadsto extremelyflexible algorithmswhich canbe appliedto a wide rangeof images
suchas: photographf buildings andinteriors, aerialimages,archived images,photographof
crimescenesindevenpaintings.

Both singleandmultiple view configuration@reemplo/ed. Steeovisionhasin thepastbeen
usedto computedepth,but, in this thesis,monocularvisionprovesto be suficient, in mary cases,
to obtain partial or complete3D reconstruction. The use of multiple views in a parallax-based

framework is alsoconsideredn the casesvheresingleview metrologycannotbeapplied.

Accuracy on measuements. Theproces®f takingmeasuremenis traditionallyanengineering
task, and like all the engineeringtasks, mustbe accurateand robust. World measurementare
obtainedfrom input data(e.g.imagepoints) by a geometrictransformation(e.g.a homography).
Dataandtransformatiorareaffectedby errorandsois the outputmeasuremer{fig. 1.2). A proper

treatmenof errorandits propagatiorthroughthe chainof computationsgs thereforenecessary
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error

\ measurement
\C-B — T —» @ — +

data 7 error

Figurel.2: Err or propagation: theinput dataareprocessetby the transformatiorT to obtainthe
requiredoutputmeasurementinput dataandtransformatiorareaffectedby error, leadingto error
in the outputmeasurement.

The uncertaintyanalysisdevelopedin this thesistakesinto accountall the possiblesources
of error (the accurag of the device used,the error affecting the dataacquisitionprocessandthe
operatorandpredictshow theseaffectthe accurag onthefinal measuremeniThusanuncertainty
estimatds associateavith eachoutputmeasurement.

This is achieved by usingafirst order error propagation But first orderanalysisnvolvesa
linearapproximatiorof the non-lineartransformationselatinginput datato outputmeasurements.
Thereforethe validity of the approachhasto be assessedThis is doneemplg/ing Monte Carlo

statisticaltests.
1.2 Why usevision?

Several differenttypesof distancemeasuremerdevices have beenusedin the past. They canbe
catgorizedas active and passive Active and passie devices differ in that active devices send
signalsinto the ervironmentandreceve themback. Informationrelatedto distancess retrieved by

analysingandcomparingthe outgoingandthereturnedsignals.

1.2.1 Activedevices

Ultrasonic devices. Mary distancemeasuringystemdave beenbasedn ultrasonictechnology

It is possibleto buy relatively cheapultrasonicdevices capableof measuringhe distanceof the

operatoifrom anobject(suchasawall) relying on anechoreflectiontime measuremergystem.
Ultrasonicscannerfiave, for instancepeensuccessfullyusedin medicalimagingfor 3D re-

constructiorof the structureof boneq114] or otherinternaltissuesThey have alsobeenemplo/ed
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in roboticsproblemssuchasautonomousehiclenavigation[45], wherethe accurag andspeecbf
thelocalisationsystemarevital. The mainproblemwith suchanapproachs thatthe measurement
returneds affectedby strangeandalmostunpredictablegghenomenidik e multiple reflectionsof the

ultrasoundvaveson variousobjects thusleadingto wrongestimationof thereflectiontime.

Laser range finders. A secondapproachor measuringlepthsis the useof laserrangefinders.
Theseadeviceswork by directinglaserbeamsntotheobjectto bemeasuredndanalysinghephase
or echoingtime of thereflectecbeams.

Laserrangefindersare being successfullyappliedto metric shapereconstructiorof rela-
tively smallobjects[8]. They have beensuccessfullyemplo/edin the MichelangeldProject[73] to
createthree-dimensionahodelsof ancientstatues.Laserdeviceshave alsobeenappliedto solve
othercommonComputeVision problemssuchasautonomousavigation[60]. Thosesystemsare
extremelyaccurateout they suffer problemssimilar to thoseof ultrasonicdevices. Laserbasedde-
vicesareusuallytunedto detecta specificrangeof distancesandthey canbe quite expensve and,

sometimesgangerous.

Structuredlight. Otheractive devicesemplg/ cameraso acquireimagesof anobjectilluminated
by aregularlight pattern. Someauxiliary devices(a laseremitteror just a slide projector)project
a light patternor a setof patternsonto an object. The shapeof the objectis computedfrom the
deformationof the projectedgrid.

Structuredight-basedapproachebave beenusedfor accuratemeasurementf surfacesof
closerangeobjectswhich do not possesgnoughtexture[78]. Thosemethodshave alsobeenused
to capturefacialexpression$33, 92]. Theneedfor auxiliary light projective devicesleadsto aloss

in theflexibility of themeasuringool.

The measurementsbtainedfrom active devicescanbe badly affectedby unexpectedreflec-
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tionsor interferencegndthereforeneedto be usedwith extremecare. Furthermoresuchdevices
canonly beappliedto measurebjectswhich areaccessible, e. appliedin situ,andthey areno use

to measurescene®f which only imagesaxist.

1.2.2 Passiedevices

Passie devicessuchascameragsio not suffer from the abave problemsandarecharacterizedby a
wider rangeof application.

They canbeappliedto measurehedistanceof thedevice from anobject(like rangefinders)
aswell asthe distancebetweentwo otherpointsin space areasof surfacesandangles. Cameras
returnbi-dimensionaldata(ratherthan mono-dimensionabnes)characterizedyy densesampling
within thefield of view. They canmeasurebjectswhich arefar aswell ascloseones.Speeds not
anissuefor suchdevices. Furthermoresinceimagesarethe only inputdata,passie visualdevices,
unlike active ones,cansuccessfullype appliedto reconstructingbjectsfrom archivedimagesold

footage postcardsandpaintings.

1.3 Why is visual metrology hard ?

In the previoussectiontheadwantage®f usingcamerassopposedo othermeasuringleviceswere
describedHowever, takingmeasuremenisf theworld from imagess complicatedby thefactthat
in theimagingprocesghe 3D spaceds projectedontoa planarimage,with someunasoidableloss
of information. Reconstructinghe scenemeangetrieving thatinformationfrom theimages.

In particular perspectie distortionsoccurduringthe acquisitionstage.For instancepbjects
which arefar away from theeye (or camera)ook smallerthanobjectswhich areclose!. Examples
of perspectie distortiononrealimagesareshavn in figure 1.4.

In the pastphotogrammetristsave addressethe problemof takingworld measurementss-

ing images. Their techniquesely on knowing the internal parametersf the camerajts position

' This basicintuition hasbeerformalizedfirst by Euclidin his Optica[34] andthenemplog/ed by mathematicianand
artistsin theltalian Renaissancamongwhich LeonardodaVinci is oneof the outstandingexampleg(seefig. 1.3).



1.3 Why isvisual metrology hard ? 7

C A
viewer
viewer
O«
D B
a b

Figure 1.3: First proofsof perspectie effect: (a) Euclid’s proof (ca.300B.C.); (b) Leonardos
proof: “Among objectsof equalsizethat which is mostremotefrom the eye will look smallest.
LeonardadaVinci (1452-1519)B.M.19r.

Figure 1.4: Perspective distortion in the image acquisition process: (a) A photoof a wall of
Keble College in Oxford: the windows are foreshortenedlifferently dependingon their distance
from the camera. (b) The four pillars have the sameheightin the world, althoughtheir images
clearlyarenot of the sameengthdueto perspectie effects.

with respecto the viewed sceneor the positionof marker pointsin the sceng(georefeencedim-
ages. Unfortunately photogrammetri@algorithmswork well only if thosevaluesareknown with
greataccurayg, andeven a very small deviation cancausédarge errorsin the final measurements.
Furthermorecameranternalparameterarequitesensitve to change®f temperaturendmechan-
ical shock.Photogrammetritechniguesannotbe appliedto archivedimagesandareno usewith

paintings.
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In this thesisProjectve Geometryis emplo/ed in a flexible way to modelthe perspectie
distortionandrecover full or partial 3D informationfrom uncalibratedmagesandinferredscene

geometriccues.
1.4 Applications and examples

Thetheorypresentedherecanbeappliedto solvingmary of theengineeringandarchitecturaprob-
lemswhich involve measuringpbjects.For instanceijt is usefulto photogrammetryesearcherfor
measuringlimension®f buildingsfrom aerialimagesaswell asin videocompressionechniques.
In fact,if a3D modelof ascends known thenit is possibleto eliminateall theunnecessargindre-
dundaninformationandobtaina high ratecompressiomf thedataspacedo bestoredor transfered.
This sectionanalyseshreeof themary possibleuseswhichwill bedescribedn detailin the

following chapters.

1.4.1 Architectural and indoor measuements

An importantapplicationis in taking measurementsf man-madesceneg{measuringpbjectslike:
furniture,doorsandwindows).

Geometry-basedpproacheareusedhereto computedistance®n sceneplanarsurfaceq24]
(chapterd). For example,the edgeof awindown canbetransformedrom theimageinto theworld
by a geometricransformatiorthuscomputingits reallength(seefigure 1.5). Theaccurag of the
measuremenis alsoestimated.

Perspectie distortionson planarsuriacesarethereforeemovedandrectified(fronto-paallel)
views createdseefigure 1.6). Oncetwo imagesof aworld planehave beencorrectedor projective
distortion,they canalsobe stitchedtogetherto make a mosaicdmage(seefigure 1.7).

Furthermoreusingthe metric informationretrieved for eachplanarsurfaceand combining
it with thatcomputedor the othersanindoor ervironmentcanbe modelledasa simpleshoe-box

room. Protrusiongrom planarsurfaces(columns pipes,windows sills) canbe measuredisingtwo
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Figurel.5: Measuring distancesand estimatingtheir accuracy: (a) originalimage,aphotograph
of the facadeof the CrystallographyLaboratoriesOxford; (b) the heightof differentwindows has
beencomputedandtheaccurag estimated.

Figure 1.6: Rectification of a planar surface: (a) original image, Keble College, Oxford; (b)
rectifiedimage.Perspectie distortionhasbeenremaoved.

or moreviews [23].

1.4.2 Forensicmeasuements

An importantapplicationof this theoreticalframeawvork is in forensicscienceto measuremetric
dimension®of objectsandpeoplein imagesakenby suneillancecamerag26].

Becauseof the very bad quality of the imagestaken by cheapsecuritycamerasijt is not
possibleto recognizehefaceof thesuspecbr distinctfeatureson his/herclothes.Theheightof the
persorbecomestherefore anextremelyusefulidentificationfeature.

Heightsof peoplecanbe estimatedrom a single view using the techniquesdevelopedin
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Figurel.7: Mosaicingtwoimages:(a)and(b) two imagesf TheQueens CollegeMCR in Oxford;
(c) mosaicdmage;theimageshave beenperspectiely correctedandstitchedtogether

chapter5 (seefigure 1.8). The main problemis thatthe suspechasusuallydepartedhe sceneof
crimeor thescenehaschangedthereforejn orderto computehis/herheightwe canrely only onthe
actualimage. This is complicatedby the factthatusuallyonly oneview of the scends available.
Goodresultshave beenachiered here,someof which have beenalreadyappliedin the forensic

sciencecommunity[26].

1.4.3 Reconstructingfrom paintings

Much interestis attractedby the possibility of building colourful 3D modelsand createbeautiful
animationof paintedscene$24, 74]. Themathematicatheorydevelopedhereappliesparticularly
well to paintingsanddrawingsfollowing the geometricrulesof Linear Perspective

Linear Perspectie wasinventedat the beginning of the fifteenthcenturyin Florenceby the

Italianarchitectrilippo Brunellesch[64] andmathematicallyjormalizedby LeonBattistaAlbertiin
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Figurel.8: The height of a personstanding by a phonebox is computed (a) originalimage;(b)
thecomputecheightof the persomandthe estimateduncertaintyareshavn.

a b

Figure 1.9: 3D reconstruction from a painting: (a) St Jeromein His Study (1630, JosephR.
RitmanCaollection)by HenryV Steinwick(1580-1649)(b) aview of thereconstructe@D model.

1435[1]. Immediatelyafterits inventionLinearPerspectie wasappliedby themaster®f theltalian
Renaissance.g.MasaccioPierodellaFrancescd,eonardoRaffaello)to paintings dravingsand
engraings, providing themwith new expression®f depthandspace.

A paintingwhich follows the geometricrulesof perspectie behaesasa perspectivémage
(like aphotographpandthereforethe projective techniquesn this thesiscanbesuccessfulapplied
(seefig. 1.9). A preliminary checkon the correctnes®f the perspectie (location of vanishing

points,perspectie effectetc.)is, of coursenecessary
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1.5 Summary

1.5.1 Contributions

Thisthesismprovesonthestateof theartonvariousaspect®f Compute/isionandunderstanding
of photographsndvisualart:
e a hierarchyof novel, accurateandflexible techniqueds developedto malke measurements
andreconstructhree-dimensionacenedrom uncalibratedmages. They rangefrom cases

whereno scendanformationis known to situationswhereonly partial calibrationis available;
¢ affine and metric reconstructioris madepossiblefrom single views aswell aspairsor se-
guence®f images;

¢ ananalysiof theaccurayg of thereconstructiors developedwhich predictshow errorsaffect

thefinal measurement3.he analyticaltheoryis validatedby meanf statisticaltests;

e the generalalgebraictechniqguesievelopedhereopennew waysto interpretingand under

standingclassicabndmodernworksof art.

1.5.2 Thesisoutline

This thesisbeaginsin chapter2 with a literaturesurey of the mostrelevantresearcttonductedn
thefieldsof: videometrology 3D reconstructionerroranalysisandart history

In chapter3 somebackgroundmaterialis presentedanintroductionto the basicgeometry
emplored(3D-2D and2D-2D projective mappings)the notationused;fundamentaimageprocess-
ing algorithms(edgedetectionyadial distortioncorrection);the basicsof errorpropagatioriheory

Chapter4 startsto bring the underlyingmathematicgo life by developing algorithmsto
performmetrologyon planarsurfaces. Differentmethodsto accuratelyestimatingplane-to-plane
homa@raphiesareinvestigated.Planarhomographiesrethenusedto measurelistanceetween
pointsor parallellinesonaworld plane.In orderto estimatauncertaintiesn thosemeasuremenis

first ordererroranalysishasbeendevelopedwhereall majorsource®f erroraretakeninto account.
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A working applicationis alsopresented.

Chapter5 extendsmeasurementsn planarsurfacesto the three-dimensionatase. Algo-
rithms for recavery of partial and completethree-dimensionadtructurefrom single uncalibrated
imagesare explored. The techniquesnake extensie useof planarprojectie transformationdike
homa@raphiesandhomol@iesthusavoiding traditionalproblemdik e matchingcorrespondindea-
turesover multiple views of a scene. Particular attentionis paid in this chapterto: (i) measur
ing distancesdetweentwo parallelplanes;(ii) measuringon parallel planesand comparingthese
measurement® thoseobtainedin ary otherparallelplane;(iii) determiningthe cameraposition.
Uncertaintieson the computedmeasurementare estimatedtoo. This work is generalizedo a
parametrizatiorof the 3D spaceasa collectionof threepencilsof parallelplanesin threedifferent
directions.

Chapter6 dealswith multi-view geometryand describeghe advantagesof this approach
over the singleview. The geometryof two andthreeviews givesriseto an elegantalgebraicde-
scriptionof the 3D spaceemplg/ing planarhomologies.lIt is shavn thathomologiesencapsulate
the fundamentafjeometricconstraintsithe epipolarconstraintin the two-view caseandthe struc-
ture constraintin the three-viev configuration. The eleganceof this approachis highlightedby
theduality relationshipwhich arisesnaturallybetweerthe two-view andthree-viev configurations.
Furthermorea new interpretationof the spacebasedon a plane-plus-paallax approacheadsto
simpleformulationsfor computingstructureandcamerdocation.

Severalexamplesonrealimagesareprovidedin eachchapter Furtherexamplesarepresented
in the colour platesin chapter7. They shawv imagesof the modelscomputedby applying the
describedechniquego photographsindpaintings.

Chapter8 concludeghis thesiswith: a summaryof the presentegroblemsandthe solution
methods;a discussiornon adwantagesand disadantagesof emplo/ing suchapproachesa list of

possiblewaysto improve the analysedechniquesindfuturedirectionsof research.



Chapter 2

Relatedwork

2.1 Intr oduction

This chaptempresenta suney of the mostsignificantwork in thefield of three-dimensionakecon-
structionfrom two-dimensionaimagesanduncertaintyestimation.

The papersare arrangedrom mono-viev systemgo bi- and multi-view ones. The works
relatedto parallax-basedpproachesstimationof the accurag in metricreconstructiorandgeo-

metricanalysisof perspectie paintingsarealsoexamined.
2.2 Usingimagesfor measuringand reconstruction

Visualmetrologyandthree-dimensionakconstructiomf scenesrom imageshave beenjn thepast
few yearsamongsthemainaimsof Computenision. Much effort hasbeenputinto pursuingsuch

goalsandthreemaindifficultieshave beenencountered:

e reconstructingrom multiple imagesfundamentallyinvolves solving the “correspondence”
problem,i.e.which setof featuredn theimagess genuinelythe projectionof afeaturein the

world;

¢ reliableandwell definedgeometricstructureof the sceneneedsto be seenif a singleview

approachs applied;

e errorsinevitably propagatingalongthe computationchain causea loss of accurag in the

measurementsndthusthefinal structure.
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SeveralresearcherBave beeninterestedn Euclideanor moresimply affine or projectivere-
construction Most of themhave emplog/ed multi-view approachebut only afew have investigated
theproblemof conductinga properuncertaintyanalysiso assesgheaccuray of thefinal structure.

In this sectiondifferentwaysof recoreringstructureby usingoneor moreviews areanalysed

aswell asvariousmethoddo estimatehe associatedincertainty

2.2.1 Usingoneview

In generaloneview alonedoesnot provide enoughinformationfor a complete3D reconstruction.
However somemetric quantitiescanbe computedrrom the knowledgeof somegeometricainfor-
mationsuchasthe relative positionof points,linesandplanesin the scene.But in orderto do so,
in generaltheintrinsic parametersf the cameraneedoeknown. Theseare:focallength principal
point, skew, aspectratio [36].

A numberof visual algorithmshave beendevelopedto computethe intrinsic parametersf
a camerain the casethatthey are not knovn. This taskis called camenr calibration. Usually
calibrationalgorithmsassumesomeof the cameranternalparameterso be knowvn andderive the
remainingones.Commonassumptiongare: unit aspectatio, zeroskew or coincidenceof principal
pointandimagecentre.The calibrationtechniqueslescribedn this sectionarebasedon a single-
view approach.

Thework of Tsai[120] hasbeenoneof the mostpopularin thefield of cameracalibration.
Fromasingleimageof aknown, planarcalibrationgrid (seefig. 2.1)it estimateshefocal lengthof
thecameraandits externalpositionandorientationassumingknown principalpoint. An attemptto
analyseheaccurag of the estimatecgarameterss alsoreported.

CaprileandTorre,in their classicawork [12], develop analgorithmto computetheinternal
and external parameter®f the camera(they assumaunit aspectratio and zeroskew) from single
views. They malke useof simplepropertiesof vanishingpoints;thesecanbe extracteddirectly from

theimageby intersectingmagesof parallellines. A simplecalibrationdevice consistingof a cube
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Figure2.1: Tsai grid: camergparametersanbe calibratedfrom theknown patternon thegrid.

with setsof parallellinesdravn onits facesis emplg/ed. In particularthe authorsdemonstrat¢hat
the principal point of the cameracoincideswith the orthocentreof the trianglewhoseverticesare
the threevanishingpointsfor threeorthogonaldirections. An earlierwork on this subjectcanbe
foundin the photogrammetryiterature[48].

The problemof calibratinga camerais discussedn [36] by Faugeras.He presentsalgo-
rithmsto computethe projectionmatrix (external calibration) and eventuallythe camerainternal
parameterfrom only oneview of a 3D known grid. He analysedinearandnonlinearmethodgor
estimatingthe 3D-2D projectionmatrix, the robustnesof the estimateandthe bestlocationof the
referencepoints.

In Liebowitz and Zissermars work [75] cameraself-calibation is obtainedsimply from
imagesof planarstructuredik e building facade®r walls, with distinguishableyeometricstructure.
Useis madeof sceneconstraintsuchasparallelismandorthogonalityof linesandratiosof lengths.
No specificallydesignectalibrationobjectis required.

An interestingproblemis addresse¢h [65] by Kim etal. In this paperthe authorscompute
the position of a ball from singleimagesof a football game. By makinguseof shadas on the
groundplaneandsimplegeometricelationshipdasedon similar trianglesthe ball canbe tracked

throughouthe sequence.
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Figure2.2: Stereoacquisition systemscheme:two imagesof the samescenearecaptured.Three-
dimensionaktructurecanbe computedrom the analysisof thoseimages.

Thisthesisdevelopsanew approacho reconstruc8D scenedrom singleimageswvhichdoes

not needfull cameracalibration(chapterb).

2.2.2 Usingtwo views

Theclassicahlgorithmsfor 3D reconstructiomsesteeovisionsystemg35]. Stereovisionconsists
of capturingtwo imagesof a scenetakenfrom differentviewpointsandestimatinghe depthof the
scendrom analysinghedisparitybetweercorrespondindeaturegseefig 2.2). This methodology
finds its basisin trigonometryandtriangulationandis emplo/ed by the humanbinocularvision
system.

Thebasicstepsn reconstructinga scendrom two imagesare:
¢ Findingcorrespondingointsonthetwo images.
¢ Intersectinghecorrespondingaysin the 3D space.

The following shavs a comparisorof how a reconstructiorcan be achieved using calibratedor

uncalibratedmages.
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Calibrated route

Thetypical routefor structurecomputatiorfrom pairsof calibratedmagess asfollows. Oncetwo
imagesof ascenewith acalibrationgrid in it arecapturedy afixedstereaig, the3D-2D projection
matricesfor eachcamera[41, 119 are computed(external calibration), and so is the epipolar
geometry[36]. Someinterestingfeaturesare extractedin both images,mainly cornersandedges
of objectsin the scene Popularapproacheto featuredetectionincludethe Harrisdetecto{49] for
retrieving cornersandthe Canry detector{9] for edges.Thenthe procesof matchingfeaturesin
the two imagesis performedby usingthe computedepipolarconstrain88]. Computingthe 3D
depthis now straightforvard [36]. In factthe scenestructureis computedvia a ray triangulation
task,achieved usinganoptimalalgorithmsuchasthe onedescribedy Hartley andSturm([54].

A classicwork in this areais the one by Longuet-Higgins.In [76] the authorpresentsan
algorithmfor computingthe three-dimensionaitructureof a scenefrom a pair of perspectie pro-
jections. If the imagesof eightworld points can be locatedin both projections,thenthe three-
dimensionalocationof otherpointsandtherelatve geometrybetweerthe two viewpointsis ob-
tainedby solving a setof eight simultaneoudinear equations.A fundamentabpplicationof this
resultis in scenaeconstructiorirom two calibratedviews.

A methodfor 3D reconstructiorbasedon homographymappingfrom calibratedstereosys-
temsis describedn [132]. Zhangand Hansoninvestigatethe problemof recovering the scene
metric structureby mappingoneimageinto the otherusinghomographieinductedby planarsur
facesin thescene Usingatleastfour coplanarcorrespondenceke 3D structurecanbeachievedin
Euclideanspaceupto ascalefactor(scaledEuclideanstructue) andtwo realsolutions.In orderto
disambiguatéhetwo solutionsathird view is required.

However, usinga calibratedstereorig hassomedisadwantagesincethe cameranternalpa-
rametergnaynotalwaysbe constantlt might be necessaryo adjustthefocal length;or accidental

mechanicahndthermaleventscanaffectit. In orderto overcomethoseproblemsnew algorithms
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to compute3D structurefrom imageswith unknavn camerecalibrationhave beendevelopedin the

pastfew years(uncalibratedoute).

Uncalibrated route

If thetwo camerasisedduringthe acquisitionprocessareuncalibratedunknavn internalparame-
ters),thenonly aprojectivestructue canbeobtained35]. Correspondingointsonthetwo images
canbe matchedandthusthe epipolar geometryestimated.The two projectionmatricesare com-
putedfrom the fundamentamatrix but only up to a projectvity.

However, in orderto usea pair of camerassworld measuringlevice a completemetricre-
constructioris required. In orderto extenda projectie structureto an Euclideanone somemore
geometricinformationaboutthe viewed sceneis necessary Several algorithmshave beendevel-
oped[37] to dealwith this problem.

Givena pair of uncalibratedmagesthetwo cameraganbe calibratedfrom the analysisof
the point matchesn the two views. A self-calibration,non-iteratve algorithm, basedon matrix
factorizationhasbeendevelopedby Hartley [50]. In this paperthe camerantrinsic parametergre
assumedo beconstantThey areall knonvn apartfrom thefocallengthwhichis computedtogether
with therelative poseof thecamerasNo specializedtalibrationdevice is necessary

Koenderinkandvan Doornin [66] introducethe notion of affine structue from two uncal-
ibratedviews. The authorspresenta methodfor recovering structurefrom motionin a stratified
manner Theresultscanbereformulatedn termsof motionparallax.

In [84] Moonsetal. presentan algorithmfor recovery of 3D affine structurefrom two per
spectve views taken by a cameraundegoing puretranslation(equivalently: translatingobjectand
stationarycamera) Theimageof five pointsin two views needto beseen.Thealgorithmis further
specializedowardssingleviews of regularobjects suchasobjectscontainingparallelstructures.

In [104] Shapiroet al. definethe epipolargeometrybetweenpairs of affine camens and

describea rohustalgorithmto computeits specialfundamentamatrix. Leastsquaregormulations
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areemplo/ed in a noise-resistantashion. A statisticalnoisemodelis emplg/ed to estimatethe
uncertaintyon thecomputedcamerastelative pose.

In [134] Zissermaretal. describeatechniqueto determineaffine andmetric calibrationfor
a stereorig thatdoesnot involve calibrationobjectsbut a single,generalmotion of the wholerig
with fixed parametersThe internalcamergparametersindthe relative orientationof the cameras
areretrieved robustly andautomatically(seealso[32]). Thisapproactdoesnotrequiresolvingthe
nonlinearKruppaequationg39, 67].

Relatedo the previouswork is the paperby Zhangetal. [133]. It describesnalgorithmfor
the self-calibrationof a stereorig and metric scenereconstructiorusing,again,the motion of the
entirestereorig but in this casea simplified cameramodelis used(the principal pointis known).
Becausef the exploitationof informationredundang in the sterecsystemthis approactyieldsto
amorerobustcalibrationresultthanonly consideringa singlecamera.

In [38] Faugerast al. investigatea methodto upgradefrom projectize to affine andfinally
metricstructuregrom pairsof imagedy makinguseof sceneconstraintsuchasparallelismprthog-
onality andknown ratiosof line segments. This work applieswell to reconstructingarchitectural
andaerialviewsfromlongsequencesA similarapproaclis usedoy Liebowitz etal. in [74] wherein

extensve useis madeof circular pointsto elegantlyupgraddrom affine to metricstructure.

2.2.3 Usingthreeor moreviews

Two views suffice to reconstructa scene,but addingone moreimage, taken from a third point
of view can constrainmorethe reconstructiorproblemreducingthe uncertaintyin the estimated
structure. This is particularlytrue if aline matchingprocesss usedratherthana point matching
one(line matchings notpossiblein two views). Furthermorethe useof threeor moreviews allows
acheckontheconsisteng of thefeaturesmatchedisingthefirst two views.
Faugerahasbeenoneof thefirst to investigatethe problemof usingmorethantwo images.

In [39] Faugeragtal. presenamethodfor self-calibratingacamerausingtripletsof imagesrom a
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sequenceTheauthorsdemonstraté¢hatit is possibleto calibratea camergust by pointingit atthe
ervironment selectingpointsof interestandthentrackingthemin theimagesequencasthecamera
moves(thecameranternalparameterareassumeaonstanthroughouthesequence)Thecamera
motiondoesnot needto beknawn. Thesolutionis obtainedby solvingthe Kruppaequations.

Work in reconstructiorirom multiple views hasbeenconductedy Shashuéan [4, 107, 10§,
wherethe geometryinvolved in a 3D reconstructiortask from 2D imagesis analysedn a very
systematicand algebraicway. The conceptof trifocal tensorwhich encapsulatethe geometric
relationshipbetweerthreeviews is used[53, 111]. Thistheoryis alsofoundusefulfor solvingthe
“rendering”problem.,i.e. from the knowledgeof two imagespredictingwhata third onewill beif
thecamerds placedin anew position[40].

The problemof calibratingthe cameraand estimatingthe Euclideanstructureof the scene
usingthreeor more uncalibratedmageshasbeeninvestigatedalsoby Armstrongetal. in [2, 3].
Theauthorspusingonly pointmatchedbetweerimagescomputeheinternalcamergarameterand
the Euclideanstructureof the viewed scene.The cameraundegoesa planarmotion. This method
presentsheadwantagethatit canbeappliedin active visiontasks the Euclidearreconstructiortan
be obtainedduring normal operationwith initially uncalibrateccamerasj.e. the camerasio not
needto be calibratedoff-line. Thetrifocal tensoris usedheretoo.

In [52] anotherapproacHor cameracalibrationusingthreeor moreimagesfrom a rotating
camerds presentedby Hartley. This methoddoesnotrequiretheknowledgeof thecameraorienta-
tion andpositionanddoesnotinvolve the epipolargeometry In facttheimagesaretakenfrom the
samepoint of view andthereforethe epipolargeometnyis uselessThe calibrationprocesss based
onimagecorrespondencamly andtheinternalparameterareassumeaonstant.

In [89] Pollefeys et al. investigatethe problemof self-calibrationand reconstructiorfrom
sequencewith varying cameraparameters By emplo/ing a linear approximationfollowed by a

non-linearefinemenstepthey achieve anaccuratehree-dimensionahetricstructureof theviewed
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scenawhile computingtheinternalparameteré eachframe.

More recentlymary commercialproductshave beendevelopedwhich reconstrucBD archi-
tecturalscenedrom images. In particularFacade[29] hasbeenone of the mostsuccessfubys-
temsfor modellingandrenderingarchitecturabuildings from photographslt consistsof a hybrid
geometric-andimage-base@pproach.Realisticrenderingis obtainedby using“view-dependent
texture mapping”. Unfortunatelythe modelbuilding processnvolvesconsiderabléime andeffort
for theuser

Canoma! is a fast, interactie systemto create3D scenedrom single or multiple images
which makes extensive useof 3D templates. Another exampleis provided by PhotoModeler?
wherea 3D modelof theviewed scendas computedrom the knonvledgeof somecontrolpoints.

An easyto usesysterris PhotoBuilderdevelopedby Cipollaetal. [16]. Theuserinteractively
selectscorrespondingpointson two or morephotographsThe systemmakinguseof parallelism
andorthogonalityconstraintscomputeghe intrinsic and extrinsic parametersf the camerasand

thusrecorersmetricmodelsof architecturabuildings.

2.2.4 Partial calibration

Not muchwork is presentjn theliterature,aboutmetricreconstructiorirom partial calibration.A
partially calibratedscenecanprovide only partialmetricinformation.

In [91] Proesmangt al. usea minimal information aboutthe scene(vanishingpoints and
known vertical referenceheights)to computeheightsof peoplefrom forensicphotographs.The
authoramale extensie useof thepropertieof cross-ratiosndaddresshepossibilityof employing
geometridnformationextractedfrom shadas. They alsoproposehe CascadetHoughTransform
algorithmfor theautomaticcomputatiorof vanishingpoints.

In [124] Weinshalletal. make useof partialscenecalibration,inferreddirectly from multiple

'htt p: // www. met acr eat i ons. com
2ht t p: / / www. phot onpdel er. com
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Figure2.3: Parallax geometry: the parallaxvectordetectedn the secondview is relatedto the
distanceof the 3D pointX from thewall plane.

imagegto obtainordinaldistancesA stratifiedapproachs presentedo upgradehereconstruction
to affine andfinally Euclideanusingthe available sceneinformation. This techniqueemploy/s two
views anda plane-plus-parallagpproach.

The ideaspresentedn the above papersare exploredand generalizedn the novel, single-

andmulti-view reconstructiotechniqueslevelopedin this thesis.

2.2.5 Parallax-basedapproaches

Someof thereconstructioomethodsnale useof the concepbof parallax.

Oneview only constraingachimagepointto lie onits projectionray, but, in orderto obtain
the depthof a 3D pointwith respecto areferenceplane(or agenericsuriace)a secondview is, in
generalnecessaryThe parallaxvectorseenn the secondmage(seefig. 2.3)is, in fact,a function
of the depthof the pointfrom thereferenceplane.

The parallaxapproacthasbeenusedby Cipollain [15, 17] asa way to estimaterobustly
cunatureof surfaces.He shavs thatin orderto recaver depthfrom motion, usually the rotational

velocity mustbe known accurately But this dependenceanbe removed if, insteadof usingraw



2.2 Usingimagesfor measuringand reconstruction 24

motion, the differenceof the imagemotionsof points(parallax)is used. The deletionof the rota-
tionalcomponenbf themotionfield from theproces®of depthestimationcanimprove considerably
theaccurayg of thereconstruction.

Cipollaetal. employed affine parallax alsoin [71] for epipolargeometrycomputatiorusing
the parallaxfield; in [72] for the estimationof the ego-motionof a mobilerobotandin [18] for 3D
structureestimationassessingncemorethevalidity andeffectivenesf this approach.

In his thesis[110] Sinclair discusses@ methodto analysesequencesf imagesandiden-
tify pointswhich do not lie on the sameplanarsurface. This work makes extensve useof planar
projectvities (homographies)The parallaxeffect shavn by pointsnot lying on the sameplaneis
employed for obstacledetectionpurposes An analysisof the pointlocalizationerroris developed
to assesshelimit to which noisypointscanbe consideredo belongto thesameplane.

In [100] Sawhney presents formulationfor the 3D motionandstructurerecorery thatem-
ploys the parallaxconceptwith respectto an arbitrary planein the ervironment(real or virtual
dominantplane). He shaws thatif animagecoordinatesystemis warpedusinga plane-to-plane
homographywith respecto a referenceview, thentheresidualimagemotion depend®nly onthe
epipolesandhasa simplerelationto the 3D structure.

Directly relatedto the work of Sawhney is the one of Kumaret al. [68] wherethe authors
shav thatthe magnitudeof the parallaxvectorassociateavith a pointis directly proportionalto its
distancdrom areferenceplaneandinverselyproportionato its depthfrom thecameraFurthermore
in [69] they shaw how scenesanberepresentednplicitly asa collectionof images.In this paper
a parallax-basedpproacthis very effective for independeninotion detection poseestimationand
constructiorof mosaicrepresentations.

The geometryof the reconstructiorproblemhasbeendeeplydiscusse@ndusedby several
researchersln fact, understandingvell the geometricpropertiesof the acquisitionsystemcanbe

very usefulfor computinginvariant quantitieswhich increasethe robustnessand accurag of the
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procesg36, 55, 86)].

The ideaof usingparallaxto computegeometricinvariants,hasbeeninvestigatedoy Irani
andAnandarin [58, 59]. They presentananalyticalrelationshighetweertheimagemotionof pairs
of pointsandseveralinvariantquantitiesvhich canbederivedfrom thatrelationship.Thisis shavn
to beusefulfor 3D scenestructurerecorery from morethantwo imagesaswell asfor thedetection
of moving objectsandsynthesif new cameraviews.

In this thesisa plane-plus-paallax approachis developedin chapter6 for computingscene

structureandcamerdocationandrecoreringmotionandstructureconstraints.

2.2.6 Investigationof accuracy

The above sectionshave presentedn overview of the relevantwork donein reconstructinghree-
dimensionamodelsof a scendrom theanalysisof planarimages.

But metricinformationis no usewithoutanappropriateestimatiorof theuncertaintie®nthe
computeddistancesln fact, visual metrologymustbe treatedasa precisionengineeringask;i.e.
in areliable,efficientandaccuratevay [36].

Faugera$36] andKanatani61] have presentedienerabnalyticalmethoddor erroranalysis
propagatiorbasedon analysisof covariancesandhow theseare affectedby the chainof compu-
tations. Formulaeto computeuncertaintief matrices,vectorsand pointsare discussedndthe
powerful implicit functiontheoemintroduced.

Theproblemof errorestimationis discussedh [126] by Wengetal. In this papertheauthors
presentan algorithmto estimatemotion parametersind 3D scenestructurefrom two perspectie
images.They alsoinvestigatenow the noisecorruptingthe perspectie projectionsof featurepoints
affectsthe computedmotion parametersThis is achiered by meansof a first ordermatrix pertur
bationtheory[47, 115.

In[102] ShapircandBradyanalyseanoutlierrejectionalgorithmbasednaprincipal compo-

nentregressionframework. An errorestimationmethodis conductedisingthe matrix perturbation
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theoryandemplo/edto identify andrejectoutliers. The authorsalsoprovide an error analysisfor
the optimal solutiononcethe outliershave beenremoved. The validity of the proposedschemeés
demonstratetly applyingit to a structure-from-motiofSFM) problemwhereonly affine cameras
areconsidered.

Csurkaetal. in [27, 129 computethe uncertaintyrelatedto the epipolargeometrybetween
two cameras. They usethe eight-pointalgorithmto computethe fundamentaimatrix and then
estimatethe associate@aovariancematrix. Two approacheareusedto computethe uncertaintyin
the fundamentaimatrix: the first oneis statisticaland thereforeas accurateas requiredbut time
consumingtheseconds analyticalandmuchsimpler

The first order estimationtheoryis analysedand usedextensvely in this thesis,including
examplesof propagatinguncertaintythroughexplicit transformationstransformationslefinedby
implicit functionsandevenimplicit functionswith constraints.Working examplesare presented
shaving how the developedtheorycanbe appliedto well knovn reconstructiomproblems.

In [70] KumarandHanson,usingthe parallaxapproachry to estimaterobustly the camera
locationandorientation(camer posé from a matchedsetof 3D modeland2D landmarkfeatures.
Rolusttechniquedor posedeterminatioraredevelopedto handledatacontaminatedby fewer than
50% outliers. The sensitvity of posedeterminatiorto incorrectestimate®f camergparameterss
analysed.

Mohr et al. in [83] discussmethodsior accuratereconstructiorirom multiple images. The
cameragnternalparameterareunknavn. The projective reconstructioris upgradedo Euclidean
by identifying the plane at infinity and thenimposing metric constraints. A simple theory for
analysingthe accurag of the reconstructedgsceneis presented.The needfor a sub-pixel image

point detectionis provennecessaryo obtainaccurate8D structure.
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2.2.7 Projective Geometryand Art History

This thesisalsopresentontritutionsin understandingisual Arts. SinceArt History hasalways
beenperceved asa non-scientificarealittle attempthasbeenmadeto analysepaintingsin a math-
ematicalway and,possibly reconstructherepresentedcenes.

In [64] Kempinvestigatesvesternart from a scientificpoint of view. In particularhe de-
scribesthe theoryof Linear Perspectiveandits usagein the Renaissancperiod. The application
of perspectie rulesto paintingsis describedn this bookby analysing(by constructionshapesand
locationof paintedobjects.It is quiteinterestingo approactthesameproblemsrom analgebraic,
Projectve Geometry-basegointof view. Theauthoralsoinvestigateshetheoryof light andcolour
until the Frenchmavementof nineteentlcentury

Kemps book demonstratethat Art History would benefitfrom the powerful tools offered
by ComputeVision. Onthe otherhand,Vision researchersn anattentve analysisof therelevant
paintings,would find nev explanationsand betterunderstandingf the perceptionof the three-
dimensionakpace.

In [44] Field et al. meticulouslydescribethe geometrictechniquethey have emplg/ed to
analysethe perspectie in Masaccics frescolLa Trinita (1426, Firenze,SantaMaria Novella; see
fig. 7.2a). Masaccics florentinemasterpiecds recognizedoy mary as the first painting where
Brunelleschs perspectie ruleshave beenapplied. Probablythatis the first perspectie imagein
history

The samefrescohasbeeninvestigatedalsoby De Mey [28]. By analysingthe construction
lines, he hascomputedwith the help of CAD systemsh three-dimensionahodelof the painted
chapelandcreatedanimations.Thelocationof the eye pointis computedoo.

Muchinteresthasalsobeencapturedy masterpiecely PierodellaFrancesc§l416- 1492),
avery skilled artistandmathematiciafi30] from the Renaissancperiod. In particular his ability

with perspectie dravingsandhis “religious” careof detailshave madehis masterpiecéa Flagel-
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lazionedi Cristo (1460,Urbino, GalleriaNazionaledelle Marche)oneof the moststudiedperspec-
tive paintings[42].

Field in his recentbook [43] presentsan history of the evolution of the mathematicsaand
optics, and their usagein visual arts from the Middle-ageto the seventeenthcentury He also
describedow, afterthe seventeentttentury a numberof mathematiciange.g.Desagues,Pascal,
Taylor) becomeincreasinglyinterestedn LinearPerspectie [117], thussettingthe foundationsof
modernProjectiveGeometry

In thisthesis,Projective Geometry-basemhethodsor computingstructureof paintedscenes
andcreatingcorvincing animationsarepresentedéh chapteis. Resultsandexamplesarealsoshavn

(in colour)in chapter7.



Chapter 3

Backgroundyeometryand
notation

3.1 Intr oduction

Projective Geometry[7, 36, 101] providesthis thesiswith the basicmathematicabackgrouncon
top of which an effective androbust metrologyframework is developed. This chapteipresentghe
notationconventionsandspecificdetailsof Projective Geometrywhichwill beemplo/edin thelater

chapters.

3.2 Notation

Thisthesisemploys quite a standarchotationconvention:
e 3D pointsin generabositionaredenotedy uppercasebold symbols(e.g.X);
e imagepositionsandvectorsby lower casebold symbols(e.g.x, pp);
e scalardy normalfacesymbols(e.g.d, Z,),
e matricesby typewriter style capitals(e.g.P, H);
¢ theline throughtwo pointsx; andxs is denotedoy < x1x9 >.

Whennecessaryurthernotationchoicesaredescribedn eachchapter
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3.3 Cameramodelsand perspective mappings

Theimageformationprocessnustbe modelledin arigorousmathematicaay. This sectionde-
scribeghecameranodelsandthe projective transformationsvhich arerelevantin theremaindeof

thethesis.

3.3.1 Pinholecameramodel

Themostgeneralinearcameramodelis thewell known centralprojection(pinholecamea).

Description

A 3D pointin spaceis projectedonto the imageplaneby meansof straightvisualrays. The cor
respondingmagepoint is the intersectionof the imageplanewith the visual ray connectingthe
opticalcentreandthe 3D point (cf. Leonardos Perspectograpim figure 3.1 andthe schematiqin-

holecameramodelin figure3.2).

Algebraic interpretation

The projectionof a world point X onto the imagepoint x (fig. 3.2) is describedby the following
equation:

x = PX (3.1)

whereP is the projectionmatrix, a 3 x 4 homogeneousatrix, and“=" is equality up to scale.
Theworld andimagepointsarerepresentetyy homogeneousectorsasX = (X,Y, Z, W) and
x = (z,y,w)". Thescaleof the matrix doesnot affect the equationsoonly the eleven degreesof
freedomcorrespondingdo theratio of the matrix elementsaresignificant.

The cameramodelis completelyspecifiedoncethe matrix P is determined.The matrix can
be computedfrom the relative positioningof the world points and cameracentre,and from the
cameranternal parametershowever, it canalsobe computeddirectly from image-to-verld point

correspondences.
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Figure3.1: Leonardo’s perspectograph:
“The thingsappioad the point of the eye in pyramids,and thesepyramidsare intersectedon the

glassplan€’ LeonardadaVinci (1452-1519)A.1v.

2 world

< < image plane
\(

Figure3.2: Pinhole cameramodel: a point X in the 3D spaces imagedasx. Euclideancoordi-
natesX,Y, Z andz,y areusedfor the world andimagereferencesystemsrespectiely. O is the
centreof projection theviewer.

3.3.2 Planar homography

An interestingspecializatiorof the generalcentralprojectiondescribedabore is a plane-to-plane

projection;a 2D-2D projective mapping.
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Figure3.3: An image of a planar surfaceinduced by a homography: the homographyelates
pointsontheworld planeto pointsontheimageandvice-versa.

image plane

world plane

Figure3.4: Plane-to-planecameramodel: apointX ontheworld planeis imagedasx. Euclidean
coordinatesX,Y andz, y areusedfor theworld andimageplanesrespectiely. O is theviewer's
position.

Description

The cameramodelfor perspectie imagesof planesmappingpointson aworld planeto pointson
theimageplane(andvice-versa)is well knowvn [101]. Pointson a planearemappedo pointson
anotherplaneby a plane-to-planenomaraphy, alsoknown asa planeprojective transformation.
It is anbijective (thusinvertible) mappinginducedby the starof rayscentredin the cameracentre
(centreof projection). Planarhomographiesrise, for instance when a world planarsurfaceis

imaged(seefig. 3.3).
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Algebraic parametrization

A homographys describedy a3 x 3 non-singulamatrix. Figure3.4 shavs theimagingprocess.

Underperspectie projectioncorrespondingpointsarerelatedby [85, 101]:
x =HX (3.2)

wherel; isthe3 x 3 homogeneousiatrixwhichdescribeshehomographyand“=" is equalityupto
scale.Theworld andimagepointsarerepresentetdy homogeneous-vectorsasX = (X,Y, W)"
andx = (z,y,w)" respectiely. Thescaleof the matrix doesnot affectthe equationthusonly the
eightdegreesof freedomcorrespondingo theratio of the matrix elementsaresignificant.
Sincewe areinterestedn recoveringworld quantitiesfrom imagesandthehomographys an

invertibletransformationin thefollowing chapterg3.2) will bewritten as:
X =Hx (3.3)

withH = Hi_l thehomographynappingimagepointsinto world points.

The cameramodelis completelyspecifiedoncethe matrix H is determined.Heretoo the
matrix can be computedfrom the relative positioningof the two planesand cameracentre,and
the camerainternal parametershowever, it canalso be computeddirectly from image-to-verld
correspondencesn particular it canbe shavn thatat leastfour world-to-imagefeature(point or
line) correspondencg®o threepointscollinearor no threelines concurrent)sufice to definethe
homography The relative geometricposition of the world features(referredto as “computation

points/lines”)mustbe known. This computatioris describedn section4.2.

Inter-image homography

A planarsurface viewed from two different viewpointsinducesa homographybetweenthe two

images. Pointson the world planecan be transferredfrom one imageto the other (fig. 3.5) by
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Figure 3.5: Inter-image homography: the floor viewed in both imagesinducesa homography
Pointscanbe mappedrom oneimageto theother

meanof ahomographynapping.This situationis consideredn chapte6 wherethe parallaxeffect
of pointsoff thedistinguisheglaneis analysed.

3.3.3 Planar homology

In this sectionanotherinterestingprojectve transformatioris describeda planarhomology This

is usedextensvely in thefollowing chapters.

Description

A planarhomolay is aplane-to-plan@rojective transformatioranda specializatiorof thehomog-
raphy It is characterizedby aline of fixed points, calledthe axisanda distinctfixed point not on
theaxisknown astheverte (figure 3.6). Planarhomologiesarisein severalimagingsituationsfor

instancewhendifferentlight sourcecastshadavs of anobjectontothe sameplane.

Algebraic parametrization

Sucha transformationis definedby a 3 x 3 non-singulamatrix H with one distinct eigervalue

whosecorrespondingigervectoris the vertex, andtwo repeateceigervalueswhosecorresponding
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vertexe V

Figure3.6: A planar homologyis defined by a vertex, an axis and a characteristic ratio: its
characteristiénvariantis givenby the cross-ratio< v, p1, p2,i, > wherep; andp2 areany pair
of pointsmappedoy the homologyandi, is theintersectiorof theline throughp; andpz andthe
axis. Thepointp; is projectedontothe point ps underthehomology andsimilarly for q; andqs.

eigervectorsspartheaxis. A planarhomologycanbeinterpretedasaparticularplanarhomography
The projective transformationrepresentinghe homology can be parametrizedirectly in
termsof the 3-vectorrepresentinghe axis a, the 3-vectorrepresentinghe vertex v, anda scalar

factoru as[123):

T

H=I+ ,u:i_a (3.4)

The factor i is the characteristic ratio and it can be computedas the cross-ratioof four
alignedpointsasillustratedin figure 3.6. Thusv anda specify four degreesof freedomof the
homology(the scalesof v anda have no effect) and specifiesonemore. Then,theH matrix has
only five degreesof freedom(a homographyhaseightd.o.f.) andthusit canbe determinedy 2.5

pointcorrespondences.

Examples

Herewe shav two of the mostcommonsituationswhereplanarhomologiesarise.

Imagesof planesrelatedby a perspectiity

A perspecitiity relatingtwo planesin 3-spacas imagedasa homology[122]. A particular
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cases whentwo parallelplanesn theworld arerelatedby aparallelprojection(asin fig. 3.7). The
vanishingline of the pencilof parallelplaness the axisandthevanishingpoint of the directionof
projectionis the vertex of the homologywhich relatesthe imagesof the two planesin the pencil
(fig. 3.7b). Thereforefrom (3.4),thehomologycanbe parametrizeds

-
H= I—I—ui (3.5)

v-l
wherev is thevanishingpoint,1 is the planevanishingline andy is the characteristicross-ratio.

The parametey in (3.5) is uniquelydeterminedrom ary pair of imagepointswhich cor
respondbetweenthe two planes. Oncethe matrix H is computedeachpoint on a planecanbe
transferrednto the correspondingpoint on the parallelplane. An exampleof this homolay map-
pingis shavn in figure 3.7c.

This configurationis extremely usefulin chapter5 to computeaffine measurementsom
singleviews. Notice thathomologiesarisein the equivalentcase whena sequenc®f imagesof
oneplaneis takenby a purelytranslatingcamerathis is describedn section4.5. A homologyalso
relatesimagesof pointson a planein differentviews taken by a camerapurely rotatingaboutthe
axisorthogonato theplane.

Desaguesconfiguration

Two triangleson a planerelatedsuchthatthe linesjoining their correspondingerticesare
concurrentresaidto bein aDesaguesconfiguation. Desagues’' Theorenstateghattheintersec-
tions of their correspondingidesarecollinear[10]] (seefig. 3.8). Suchtrianglesarerelatedby a
planarhomology with thecommonpoint of intersectiorbeingthevertex of thetransformationand
the axis beingthe line containingthe intersection®f correspondingides. Conversely ary triplet
of pointsin correspondencendera homologymustbein a Desaguesconfiguration.

This configurationarisesin realimages,for example,whenshadavs of objects,originated
from several light sourcesare castonto the sameplane(seesection5.7). In section6.3 the link

betweerhomologiesandthe structureandmotionis derivedin a plane-plus-parallaframenork.
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Figure3.7: Homology mapping of points from one plane to a parallel one,the two planesare
relatedin the world by a parallel projection: (a) originalimage thefloor andthetop of thefiling
cabinetareparallelplanesyb) theircommonvanishingline (axisof thehomology shavn in white)
hasbeencomputedy intersectingwo setsof horizontaledges.Theverticalvanishingpoint (vertex
of thehomology)hasbeencomputedy intersectingrerticaledges(c) two referencecorresponding
pointsr andr’ areselectednthetwo planesandthecharacteristicatio of thehomologycomputed.
Threecornersof thetop planeof the cabinethave beenselectedandtheir correspondingpointson
thefloor computedby thehomology Occludedcornershave beenretrievedtoo; (d) thewire-frame
modelshaws the structureof the cabinet,occludedsidesaredashed.

3.4 Radial distortion correction

A prerequisitef thetheorytreatedn thisthesisis thatthe camerabehaesaccordingo thepinhole

model.

The problem. This requirements violated by cheapwide anglelenses suchasthoseusedin
securitysystems.In suchcaseghe grossestistortionsfrom the pinholemodelareusuallyradial.

A correctionstepis, thereforenecessarpeforeary metrologyprocessnaybeperformed.
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vertex

Figure3.8: Desalguesconfiguration: Thetwo trianglespi, qi,r; andps, qo,rs arein a Desar
guesconfiguration:the linesjoining their correspondingerticesare concurrentand, as statedby
Desaguestheorem theintersectionf their correspondingidesarecollinear The two triangles
arerelatedby a planarhomologywherev is thevertex anda theaxis.

Image correction. Several possiblemethodshave beeninvestigated62, 113 to correctsucha
distortion. A simpleonehasbeenproposedy DevernayandFaugerag$31] whereonly oneimage
of thescends necessargndtheradialdistortionmodelis computedrom thedeformatiorof images
of world straightedges.

Devernays algorithmhasbeenimplementechereemplo/ing a slightly morecomple radial

distortionmodelto increasehe correctionaccurag:
x. = ¢+ f(rg) * (x4 — ¢) (3.6)

with

f(’/‘d) =1+ kirqg+ k’g’r‘g + k’3’r‘2 + k’4’)"§, rq = d(Xd, C)

wherex, is a pointin the distortedimageandx, the correspondingoint in the correctedmage.
c is the centreof distortion. f(ry) is the correctionfactor;it depend®n theradiusr, (d(a, b) is
distancebetweerthe pointsa andb) andthe correctioncoeficientsk;.

Accountis takenof thefactthatthe centreof distortionmight not coincidewith the principal

point of theimage.Pointcoordinatearetakenwith respecto the centreof theimageandnormal-
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Figure3.9: Radial distortion correction: (a) original imageshaving radial distortion, note that
straightedgesin the sceneappearcurvedin theimage(e.g.theleft edgeof thefiling cabinet);(b)

lines correspondingdo straightworld edgeshave beenselectedn image(a) andusedto compute
the following distortionparametersk; = 0.092, k2 = —0.007, k3 = 0.053, k4 = —0.012 (the
centreof distortionhasbeenassumedn this caseat the centreof theimage);(c) correctedmage;
(d) edgedrom correctedmage;imagesof straightsceneesdgesarenow straight.

ized. Unit aspect-ratiandsquarepixels hasealsobeenassumedThe radial correctionalgorithm
simply computeghe bestdistortionparametergc, k; Vi = 1---4) which transformthe selected

cunededgesnto straightones.

An example. Figure 3.9ashavs animage capturedfrom a cheapsecuritytype camerawhich

exhibitedradialdistortion(notehow straightedgesn thesceneappearcunedin theimage).
Edgeshave beenextractedautomaticallyby a Canry edgedetector[10]. A setof edges

assumedo be straightin the scenehasbeenselectedfig. 3.9b)andfrom thosethe distortionpa-

rameterg£omputedandtheimagecorrectedaccordingly(fig. 3.9¢). Notethatnow imagesof straight
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edgesn theworld arestraight(for example,the left edgeof thefiling cabinet). Suchanimageis

now perspectie andmetrologyalgorithmscansafelybe performed.

3.5 Vanishing points and vanishinglines

Vanishingpoints and vanishinglines are extremely powerful geometriccues. They corvey a lot

of informationaboutdirectionof lines and orientationof planes. Theseentitiescanbe estimated
directly from theimagesandno explicit knowledgeof the relative geometrybetweencameraand
viewedscenasrequired2l, 75, 81, 109. Oftenthey lie outsidethe physicalimage(asin fig. 3.7b),

but this doesnotaffect the computations.

Objects’ straight edges

The first steptowardsthe computationof vanishingpoints andlines is the accuratedetectionof
straightobjects’ edges. Straightline sgmentsare detectedn animageat sub-pixel accurag by
usinga Canry edgedetector{10]; edgelinking; segmentatiornof the edgelchainat high curvature
points; and finally straightline fitting by orthogonalregressionto the resulting chain sgments
(fig. 3.10b).

FurthermoreJines which are the projectionof a physicaledgein the world might appear
brokenin theimagebecausef occlusions.A simplemeging algorithmbasedon orthogonalre-
gressiorhasbeenimplementedo meige seseral selectecedgegogether Merging alignededgego
creatdongeronesincreaseshe accurag of theirlocationandorientation.An exampleis shavn in

figure3.10c.
Computing vanishing points
Imagesof parallelworld linesintersecteachotherin the samevanishingpoint. This is, therefore,

definedby atleasttwo suchlines. However, if morethantwo linesareavailablea MaximumLikeli-

hoodEstimate(MLE) algorithmis emplgedto estimatethe point[75] (fig 3.11).
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Figure3.10: Computing and merging straight edges:(a) originalimage;(b) someof the edges
detectecby the Canry edgedetector Straightlines have beenfitted to them. (c) edgesafterthe
meiging processDifferentseggmentsbelongingto the sameedgein spacearemeigedtogether

Figure3.11: Computing the vanishing point of the vertical dir ection: imagesof paralleledges
of the tower (MagdalenCollege, Oxford) intersectin the vanishingpoint (white circle); only two
suchlinesaresuficient.

Computing vanishinglines

Imagesof lines parallelto eachotherandto a planeintersectin pointson the planevanishingline.

Thereforewo setsof thoselineswith differentdirectionsaresuficientto definethe planevanishing
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Figure 3.12: Computing the vanishing line of the ground plane, the horizon: The vanishing
line of the groundis shavn in solid black. The plankson both sidesof the sheddefinetwo setsof
linesparallelto theground(dashed)they intersecin pointsonthevanishingline. Two suchpoints
suffice to definethe planevanishingline.

line (fig 3.12). An MLE algorithmis emplg/edif morethantwo orientationsareavailable.
3.6 Uncertainty analysis

This sectiondescribeshebasicideasunderlyingthe analysisof uncertaintiesreatedn this thesis.

The metrologyalgorithmsdescribedn the following chaptersrely on applyingnon linear
transformationso imageandworld quantitiege.g.pointsandreferencalistancesho computeworld
measurementge.g. distancesetweenpoints andratios of areas). Sincethe input quantitiesand
the transformationsre uncertain,the output measurementare uncertaintoo (fig. 1.2). In order
to determinehow the uncertaintypropagate$rom input to outputof the computationchainand
estimatehe measuremerdccurag two methodsareconsidereda statisticaloneandananalytical
one.

Uncertaintiesare modelledas Gaussiannoise and describedby the associatedtovariance
matrix. For example theuncertaintyin thelocalisationof apointX is modelledasa bi-dimensional
Gaussiar(seefig. 3.13) centredon the point itself. The uncertaintyis describecby a covariance
matrix Ax andcanbevisualizedalsoasanellipsewhoseaxesaregivenby the principalcomponents
of therelatedcovariancematrix. It is not strictly necessaryo have suchidealiseddistributions but

this hasnotbeenfoundto bearestrictionin practice.
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Figure3.13: Typical isotropic Gaussiandensity probability function: thisis usedto modelthe
uncertaintyin thelocalisationof pointson planes.

Statistical method

This consistof aniterative algorithmwhich makesuseof the Law of Large Numbes.
By denotingwith x the input dataandf the geometrictransformatiorthat mapstheinputx

into thefinal measurementg we canwrite:

y = f(x) (3.7)

At eachiterations arandomsetof inputdatax; is generatedaccordingo its covarianceAy);
thenarandomoutputmeasuremeny;;, is obtainedrom (3.7).

The processis repeateda large numberof times N thus obtaininga distribution of mea-
surementaroundthe true meany. If N is large enoughthenthe meanmeasuremeny canbe

approximatedy:

= Zz‘]L Yi
YN
andits covarianceby:
e (i =P —9)7] )
vy N—-1 '

Thismethodss very costlyin termsof CPUtime, andin factit returnsreliableresultsonly for
avery large numberof iterations.It will be usedin thefollowing chaptergo validatethe analytical

methoddescribedelow.
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Analytical method

The analyticalmethodtakesaccountof thefactthatthe measuremen is relatedto the input data
x by ananalyticalfunctionf (generallynonlinear). Thisrelationshipis approximatedvith alinear
oneby meansof afirst orderTaylor seriesexpansion By assumingnoiseonly on theinput datax

andnotonthetransformatior(3.7) becomeg20, 36:
£(% + Ax) = (%) + VE(X)Ax + O(|| Ax|]?)

from where,ignoring secondorderterms,it is easyto computethe meanvalueof the outputmea-
surement:

y =~ E[f(X) + VI(X)Ax] = E[f(X)] = {(X)
consequentlyhe covarianceof themeasurememy, is:

Ay = E(f(X+ Ax) - yf(x+Ax) -y]")

E([f(X + Ax) — f(X)][f(X + Ax) — £(X)]")

Q

E(VfAxAx'VfT)

Q

= VA VET

In the casethe relationshipbetweeninput dataand final measuremeris describedby an
implicit function thenthe covarianceA, is obtainedby makinguseof the implicit functionthe-
orem[20, 36]. Furtheranalysismustbe carriedout in both, statisticaland analyticalmethodsin
the casethe transformatiorf is uncertaintoo. Whennecessaryhis casewill be addresseih the
relevantchapters.

Theadwantagén usingsuchanalyticalmethodis thatit providesa noniterative andtherefore
fastalgorithm. The main disadwantageis that it introducesan approximationof the non-linear
mappingfunction. Thereforea furtheranalysisto checkhov muchthis approximatioraffectsthe

final resultsis required.
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In the pastonly thefirst ordertheoryhasbeenused.This thesisstill usesthelinearapproxi-
mationbut only afterhaving provedthatit is sufficient for the purpose®f thiswork. The checkof
goodnessf thefirst orderanalysiss doneby comparinghefirst orderresultswith thesecondrder
onesandwith a numberof Monte Carlo simulations,.e. the statisticalmethoddescribedabove is

usedasatestof goodnes®f theanalyticalapproach.

Example

In this examplewe computethe uncertaintyin thelocalizationof a pointx’ obtainedfrom a homo-
graphicmappingof anuncertainpoint x on a differentplane. Thehomographys describedy the
matrixH (suchthatx’ = Hx) andis assumedknownn andexact. Uncertaintyis assumean theinput
pointx, its covariancebeingAy.

Analyticalmethod

Fromthefirst ordererroranalysishe uncertaintyon thelocationof thepointx’ is:
Ay =HAHT (3.9)

Validationof first orderanalysis

The statisticalMonte Carlomethodis nowv emplg/edto assesghe validity of (3.9). Thetest

algorithmis in thefollowing threesteps:

¢ 10000Gaussiamandompointscentrecaboutamearnvaluex with covariancel, aregenerated

onthefirst plane;

e eachpointis transferredbntothe secondplaneby thehomograph, thuscreatinga distritu-

tion of points;

e the covarianceof this distribution is computedrom (3.8) andcomparedo the oneobtained

from (3.9).
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Figure3.14: Example of validation of first order error analysisby using a Monte Carlo test:
(a) 10000Gaussiarpointshave beengeneratedboutthe meanpositionx with covariancel, on
the first plane. The corresponding-standardieviation ellipseis shavn. (b) distribution of the
outputpointsx’ on the secondplane. Both analyticaland simulated3-standardieviation ellipses
aredravn. They arealmostoverlappingconfirmingthevalidity of theanalyticalprediction.

Figure3.14shavstheresultsfor syntheticdata.Analyticalandsimulatedcovarianceellipses
arealmostoverlappingthusproving thevalidity of thefirst orderapproximationin this case.

Furtherdetailsandexampleson realdataarepresentedn chapter.



Chapter 4

Metrologyon planes

4.1 Intr oduction

This chapterdevelopsan algorithmto measuradistancen planarsurfaces(seealso[24]). The
position, orientationandinternal parametersf the cameraare unknavn. The imagingprocesss
modelledasin section3.3.2asa homographianappingbetweenthe world planeandthe image
plane.

Oncetheimage-to-vorld homographymatrix is determinedhe back-projectiorof animage
pointto apointontheworld planeis straightforvard. Thedistancebetweertwo pointsontheworld
planeis thensimply computedirom the Euclideandistancebetweertheir back-projectedmages.
Theestimationof thehomographynatrixis describedn sectiord.2 andthen,thatis usedto obtain
anumberof world measurements.

Estimatingthe accurag (or uncertainty)on planardistancemeasurementequiresa careful
treatmenbf the sourcef error, not just the errorin selectingthe imagepointsbut alsothe error
in thehomographymatrixitself. Thelatterarisesfrom errorin localizationof the point correspon-
dencegcomputatiorpoints)from which the matrixis computed.

The uncertaintyanalysisdevelopedherebuilds on and extendsprevious analysisof the un-
certaintyin relationsestimatedrom homogeneouequationsfor examplehomographie§94, 95|
andepipolargeometry[27, 36]. It extendstheseresultsbecausét coversthe caseshoth of where
the matrix is exactly and is over determinedby the world-imagecorrespondencesndit is not

ad\erselyaffectedwhenthe estimatiormatrix is nearsingular
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In this chapteffirst orderanalysisis provedto be sufficientin typical imagingarrangement.
It is alsoprovedto be exactfor the affine part of the homographyandonly an approximatiorfor
the non-linearpart. An expressiorfor the covarianceof the estimatedi matrix is derived in sec-
tion 4.3.2. The correctnessf the uncertaintypredictionss testedooth by Monte Carlo simulation
(sectiord.3.3)andby numerougxperimentonrealimagegsectiord.4). Examplesoninteriorand
architecturameasurementreshavn togethemwith examplesonrectificationof planesn imagesof
realscenesndpaintingsfrom theltalian Renaissance=inally, in sectiord.5somemoreproperties

of theimagerectificationprocessareinvestigated.
4.2 Estimating the homography

As seerin theintroductionthemainproblemis to estimatehehomographyFrom(3.3)eachimage-
to-world point correspondencprovidestwo equationsvhich arelinearin the H matrix elements.

They are:

hiiz + higy + h13 = h312X + h3oyX + h3z X

ho1x + haoy + has = h312Y + h3oyY + h33Y

For n correspondencese obtaina systemof 2n equationsn 8 unknavns. If n = 4 (asin
fig. 4.1) thenanexactsolutionis obtained.Otherwisejf n > 4, thematrixis over determinedand
H is estimatedy a suitableminimisationscheme.

The covarianceof the estimated matrix dependsoth on the errorsin the positionof the
pointsusedfor its computatiorandthe estimatiormethodemployed.

Therearethreestandardnethodor estimating:

i. Non-homogeneousinear solution. Oneof the9 matrixelementss givenafixedvalue,usually

unity, andthe resultingsimultaneousquationsfor the other 8 elementsare then solved usinga
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Figure4.1: Computing the plane-to-planehomography: atleastfour correspondingpoints (or
lines)arenecessaryo determinghe homographyetweertwo planes.

pseudo-iwerse.Thisis themostcommonlyusedmethod.lt hasthedisadantagehatpoorestimates

areobtainedf thechoserelementshouldactuallyhave thevaluezerd.

ii. Homogeneoussolution. The solutionis obtainedusing SVD. This is the methodusedhere
andis explainedin moredetail belav. It doesnot have the disadwantageof the non-homogeneous

methodbut it minimizesanalgebraicerrorwhich doesnot have ageometrianeaning.

iii. Non-linear geometric solution. In this casethe summedEuclideandistancesdetweenthe

measure@dndthe mappedointis minimised,i.e. minimisingthefollowing costfunctionC:

. - X; B 1 (Hx;)1 Ti | 1 (H_1X1)1 2
©- ;{K Yi ) (Hxi)3 ( (Hx;)2 ) ( Yi ) (H1X;)3 < (H1X)2 )] }

This returnsthe Maximum Lik elihood Estimationof the H matrix. This methodhasthe ad-

2
+

vantage,over the above two algebraicmethods,that the quantity minimisedis meaningfuland
correspondso the errorinvolved in the measuremengsimilar minimisationsare usedto estimate
thefundamentamatrix andtrifocal tensoff118, 131]). Thereis no closedform solutionin this case
andanumericaiminimisationschemesuchasLevenbeg-Marquard{90], is emplo/ed. Usuallyan

initial solutionis obtainedoy method(ii), andthen“polished” usingthis method.

1 This occursfor instancejf we choosehss = 1 andthe origin of theimagecoordinatesystemlies on the vanishing
line of theplaneunderconsideration.
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4.2.1 Homogeneousestimation method

Writing the H matrix asa 9-vectorh = (hy1, hia, h13, ho1, hoo, hos, ha1, k3o, h33) | the homoge-

neousequationg3.3)for n pointsbecomeih = 0, with A the2n x 9 matrix:

zr y1 1 0 0 0 —mXy -—-unXy —-Xy

0 0 0O 1T Y1 1 —:L‘1Y1 —’y1Y1 —Y1

2 y2 1 0 0 0 —z2Xo —1pXo —Xo
0 1

A= 0 0 T2 Y2 —r2Ys —yYo Y5

Tp Yn 1 0 0 0 —z,X, —ynXn —Xn
0 0 0 z yn 1 —z,Y —wn¥n -Y,

The problemof computingthe h vectoris reducedto the constrainedninimisationof the
following costfunction:

C=h"A"Ah (4.1)

subjectto the constrainthat||/h|| = 1. Thecorrespondind.agrangegunctionis :
L=h"A"Ah —X(h"h—1) (4.2)

Differentiatingit with respecto h andsettingthesederiativesequalto zerowe obtain:

oL . -
— =2A'Ah — 2)\h =
oh 0

ATAh = \h

Thereforethe solutionh is an unit eigervector of the matrix ATA and\ = h"AT Ah is the corre-
spondingeigewvalue.

In orderto minimisethe C function, only the eigewvectorh correspondingo the minimum
eigevalue A shouldbe considered This eigevector canbe obtaineddirectly from the SVD of A.

In thecaseof n = 4, h is thenull-vectorof A andtheresidualsarezero.
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Figure4.2: One-dimensionalcameramodel: the camerecentreis atdistancef (thefocal length)
fromtheimageline. Therayattheprincipalpointp is perpendiculato theimageline, andintersects
theworld line at P, with world ordinatet. w is theanglebetweertheworld andimagelines.

4.3 Uncertainty analysis

As shavn in section3.3.2if x is apointontheimageplaneits back-projectiorontotheworld plane
is given by the (3.3) (in homogeneousoordinates)However theinputimagepoint x is uncertain
becaus®f localizationerrorson theimage.Furthermorghe homographys uncertainbecausét is
obtainedrom n > 4 pairsof uncertaincomputatiorpoints(their locationis known but uncertain).
Thesetwo sourcesof error affect the localisationof the outputpoint X on the world planeand
consequentlyhedistancebetweertwo world points.

The goal hereis to modelthe uncertaintyin the localizationof a world point andin the
distancebetweentwo world points oncethe uncertaintyin the localisationof image points and

computatiorpairsis known.

4.3.1 First and secondorder uncertainty analysis

In orderto avoid unnecessarilgomplicatedalgebrathe comparisorbetweerfirst andseconcorder
analysisis developedfor aline-to-line homography(seefig. 4.2). The one-dimensionataseillus-
tratesall theideasinvolved,andthealgebraicexpressionsreeasilyinterpreted Thegeneralisation

to 3 x 3 matriceds straightforvard anddoesnot provide ary new insightshere.
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In theone-dimensionatase(3.3) reducego

(1) (1)

whereHs, o isa2 x 2 homographymatrix. For thegeometryshavn in figure4.2thematrixis given

a t
H2X2_<M 1)

fc%%) — %tan(w) andy = —%. Underback-projectioranimagepoint

by

with parametersx =

T mapsas

_huz+h  az+t

r—X = =
hoix + hoe  pzr +1

This non-lineamapping(in inhomogeneousoordinatestanbe expandedn a Taylor series.Sta-
tistical momentsf X, suchasthe variance arethencomputedn termsof the Taylor coeficients
andthemomentf z [22, 97]. It is assumedherethatthe homographys exact(no errors)andthe
measuremerdf theimagetestpointz is subjectto Gaussiamoisewith standardleviationo,. The

Taylor serieds developedaboutthe point’s meanpositiondenotedasz.

First order

If the Taylor seriess truncatedo first orderin (z — z) thenthemappingis linearised.

aT +t a—ut
N———
pT+1  (pz+1)

(z —7)

Themeanof X is
or +t

X =~ 4.3
pT +1 (43)
sincethemeanis alinearoperatar Thevarianceof X canbeshavn to be
— ut)?
0% ~ MUQ (4.4)
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Secondorder

Usually only thefirst orderapproximations usedfor error propagatior{19, 27, 36, 94, 95]. Here
the Taylor expansionis extendedto secondorderso thatthe approximatiorinvolved in truncating

to first ordercanbeboundedlt canbe shavn thatto secondrderin (z — )

zozT—i-t a— pt (z—_)—u(a_ut)(x—f)Q
pT+1  (pz+1)2 (pz +1)3

Themeanof X is

az+t  pla—pt) o

X ~ — 4.5
pZ + 1 (;ﬁ—i—l):‘aw (4.5)
andits varianceis
o (a—pt)? , 47
N — 1+ ——— 4.6
P\ e o)

Comparison

A comparisorbetweenthe first orderapproximationof the perspectiity function andthe second
orderoneis now required.We areinterestedn the errormadein the estimatiorof themeanX and
of thevariances? of theworld point X .
Biasonmean

In orderto find outwhethenthefirst orderapproximatiormeanis biasedor notabx quantity
is definedasfollow:

by = X X2 7’(‘; - ‘;;3 o2,

Thenthebiasby is justthedifferencebetweerthemeanof X computedrom thefirst orderseries
truncationandthatcomputedrom the secondrderone. The biashasdimensionf length.

The Lagrangeremaindeof the Taylor serieq116] providesanupperboundon the erroron
themeanif the seriess truncatedo first orderinsteadof usingthe completeexpansion.Usingthe

first ordertruncationof the Taylor expansionwith the Lagrangeremaindemve obtain:

o+t  pla—pt) o

X = -
pT+1  (p§+1)°

x
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with ¢ €]z, z[. Thereforethe upperboundof theerror (absolutevalue)onthemeanof X is

Thusa measureM,, canbe definedof thebiasin the meanbetweerfirst andsecondrderapprox-

imationusingtheratio of Lagrangeupperboundof themeanX to the meanitself.

_ pla— pt|(pT + 1)
_'mz+ﬂwg+nfﬁ @D

Errorin variance

Two new measurearedefinedhere.They areusedo assestheerrorin thestandardleviation
(or variance)in truncatingto first order The first, M,,, measureshe ratio of the secondorder
varianceto first orderone.Comparing(4.4) and(4.6) thisratiois

2

_ K 2
M’U1 = QWUI (48)

The secondmeasure M,,, is obtainedfrom the Lagrangeremainderof the Taylor series.
This providesanupperboundontheerrorif the seriess truncatedo first orderinsteadof usingthe

completeexpansion.FromTaylor's Theorenthevariances, is

2% (e — pt)® 4

(o — put)? "
(wE+1)8 7

(uz + 1)

2 2
ox = o+

This is the sumof thefirst orderterm andthe Lagrangeremainderwhich for some¢ such
that|z —¢| < |7 — z| is anexactequationnotanapproximationThemeasurels,, is thenobtained

astheratio of thistruncationerrorto thefirst orderterm.

2(,,5 1 4
M,, — 2%0% 4.9)

andwe computetheworstcaseof ¢ = T — o, for thisboundin therangez + o.
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Figure4.3: Comparisonof measuesof goodnes®f first order approximation vs. secondorder:
(a) biasmeasuréls; (b) first variancemeasurél/,, ; (c) secondvariancemeasuref,,, .

Typicalresults

Thesignificanceof thesemeasuress thatthey dependonly onthe elementf thehomogra-
phy matrix. Thus,oncea matrix hasbeenestimatedhe needfor a seconrderapproximatiorcan
beimmediatelyassessedill thesemeasurearedimensionlesandit makessenseo compardheir
valuesto unity.

In figure4.3agraphplot of themeasuresdefineds givenin orderto visualisetheirbehaiour
with respecto variationsof theanglew. Thethreelinearity measuresrecomputedor thefollow-
ing values: f = 8.5mm, d = 5m, t = 1m, x = 50pizels, o, = 1pizel, andw variesfrom 0° to
85° (seefigure4.2). For anglevaluescloseto 70° — 80° thenonlinearity of the projectionfunction
suddenlyincreasesindthefirst erroranalysiss nearthelimit of its usefulness.

Thesameanalysids reportedn thetablebelow for discretevaluesof theanglew.

w| 30° | 40° | 50° | 60° | 70° |  80°
My | 59x107% | 1.1 x107° [ 1.9x107° [ 3.9x107° [ 9.5 x 107> | 422 x 10~*
M,, || 1.49x107% [ 33x107%[69x107% [ 1.6x107° | 48 x107° | 3.7 x 10~*
M,, || 149 x107% [ 33x107% [ 6.9x107% | 1.6 x 107> | 4.6 x 107> | 3.4 x 10~

Note the very small valuesof the threemeasureslsofor large valuesof the anglew. That

provesthatsecondrdertermsarenotrequiredin typicalimagingsituations.
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When is first order exact?

If » = 01inequation(4.6)(for instancevhenw = 0°) thenthesecondrdercorrectionis zeroandall
thethreeabore measurearenull. With ;. = 0 thehomographyeducego anaffine transformation,
i.e.it is linear This illustratesthe generalresultthatif the homographyis affine the first order
analysids exact.

Generally the H matrix canbe decomposethto the productof matricesrepresentinginear

(affine) andnonlinear (projective) transformation®ninhomogeneousoordinatess:

H= AP
where
a1 ai2 his 1 0 0
A= a921 (9292 h23 ; P= 0 1 0
0 0 1 h3g1 hza 1

with a;; = h;j — hajhiz fori,j = 1,2,

If H is purelyanaffinity (linearoninhomogeneousoordinatesjhenp is theidentity andthe
first ordertheoryexact.

In the previous sectionthefirst ordererrorpropagatiortheoryhasbeenproved goodenough
for typical valuesin the caseof mono-dimensionatameramodel. In the following thefirst order
analysisis extendedto the bi-dimensionalcameramodelin the caseof uncertaintyaffecting also
the projective process.Then,in section4.3.3its correctnesss proved via Monte Carlo statistical

simulations.

4.3.2 Computing uncertainties

Theremaybeerrorsin theworld andimagepointsusedto computethe homographyandtheremay
be errorsin theimagepointsback-projectedo make world measurementll of thesesourceof
uncertaintymustbetakeninto accountin orderto computea cumulatve uncertaintyfor the world

measurement.
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In this sectionformulaeto computethe uncertaintyfor planarmeasurementsndervarious
errorsituationsaredeveloped.Thefirst orderanalysiss assumeduficient.

All thecomputatiorimageandworld pointsareassumedo be measuredvith errormodelled
asabi-dimensionalGaussiamoiseprocesgseefig. 3.13). A, andAx, arethecovariancematrices
of the image computationpoint x; and the world computationpoint X; respectiely. The two
sourcef error(theuncertaintyon thehomographyandtheuncertaintyin imagepointlocalisation)
arefirst consideredo operateseparatelyandfinally they aremeigedin orderto computeanunique

formulaembracingbothcases.

Uncertainty in the homography H, given uncertain computation points

Thecovarianceof thehomography estimatedrom n image-vorld pointcorrespondences com-
putedhere.

Fromsectiond.2.1we seekthe eigervectorh with smallesteigewvalue A of the3 x 3 matrix
ATA. Butif then computatiorcorrespondenceseaffectedby alocalisationerroralsothe A matrix
will beuncertainrandhencethe 9-vectorh. This vectoris thencharacterisetly a9 x 9 covariance
matrix Ay, computedasshavn in appendixA.

The algorithmin appendixA hasa doubleadwantageover other methodssuchas[19, 36]
which requiretheinverseof AT A in orderto computeAy,. Thesemethodsarepoorly conditionedf
only four correspondenceseusedr if n > 4 andthecorrespondencese(almost)noise-freeln
bothcaseghe A’ A matrixis singularandthusnotinvertible. Sincethe derivation of (A.2) doesnot

involve theinverse,it is well conditionedn bothcases.
Uncertainty in point localization
This sectionlists the formulaeusedto computethe uncertaintyfor measurementsndervarious

error situations.Thefirst orderanalysisis assumeduficient. The uncertaintyin the homography

is computedasdescribedn the previous section.
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Notation

New notationis introducedhereto simplify theformulae.Equation(3.3) canberewritten as
X =Bh

whereB is a3 x 9 matrixin theform:
x' 0" of
B=| o' x" of (4.10)
OT OT T
In thefollowing we will determinghe3 x 3 covariancematrix Ax of thehomogeneouworld
pointX. Thecorversionto a2 x 2 covariancematrix A2*? for inhomogeneousoordinatess given

by: AZ*?> = VfAxVfT whereX = (X,Y,W)" and

W 0 —-X
Vf:l/W2<0 1% —Y)

f is the function mappinghomogeneout inhomogeneousoordinates.The oppositecorversion,

from inhomogeneout homogeneousoordinatesfor animagepointx is simply givenby:
A2><2 0
A= ( 0" 0 )
It is easyto prove that,giventwo homogeneou3-vectorsx; andx, relatedby
X9 = /\X1 (411)

with X ascalefactor andtheirassociated x 3 covariancematrices\y, andAy,, thenA2x? = A2x2

whereA2X? andAZx? arethecorrespondinghhomogeneousovariancematrices In factfrom (4.11)
2 1
Ax, = XA, and V= XVfl

Sincefrom first ordererroranalysisA?(;<2 = VoA, V£, , by substitution

1

X1 )\VflT

1
AZ? = XVflAZA

andsinceV fiAx, V1| = A2<? thenA2ZX? = A2X2,
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Uncertaintyin X, givenanuncertairi andexactx

If noiseis assumeanly onthehomographyndtheinputpointx is exact,thenthecovariance

of the correspondingvorld point X is:
Ax =BARB' (4.12)

Uncertaintyin X, givenanexactH anduncertaink

Insteadjf noiseis assumeanly in theinputimagepointandthehomographys exactthen:
Ax =HAH' (4.13)

Uncertaintyin X, givenanuncertairi anduncertainx

If noiseis assumedh boththehomography andtheinputpointx thenthe covariancelx is

givenby thesumof theprevioustwo equationg4.12,4.13):

A, : O BT
AxZ(B : H) (4.14)

if Handx arestatisticallyindependent.

Uncertainty in distancemeasuement

Thedistancel betweenwo world pointsU; andU, alsohasanassociatedincertainty

Let the two endpointsof theimageof the sggmentto be measuredbeu; = (u1,v;)" and
uy = (ug,v2) ! (in inhomogeneousoordinates)Thetwo correspondingointson theworld plane
in homogeneusoordinatesre:
X, = (X,Y1,W1)T andX, = (X,,Ys, Wo)T whereX; = H(uj,v;,1) . In inhomogeneus
coordinateghey are: U; = (U;, Vi) " with U; = X;/W; andV; = Y;/W;. Thenthe Euclidean

distancebetweerthetwo pointsU; andUs ontheworld planeis

d= /(U1 — Ua)? + (Vi — Vi)?

andits uncertaintyis computedoelow.
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Uncertaintyon pointdistancegivenanuncertairtl andexactu;, us

It canbe shawvn thatthe gradientof the distancel with respecto h is:

od 1 - -
= E(Ul —Us) " (A — &y)
wherethe2 x 9 matricesh; andA are:

11 _i u; U4 1 0 0 0 —’LLZ‘UZ‘ —'UiUi _Ui
0 0 0 uw, vi 1 —wV, —v;V; -V,

W
If noiseis assumeanly in the homographythen,for thefirst orderanalysisthe varianceof

dis givenby:
03 = — Ao (4.15)

Uncertaintyin distancegivenexactt anduncertainu; andu,

Thegradientof the distancewith respecto the4-vector¢ = (uy,v1,u9,v2) ' is givenby

g—gzé(U1—U2)T(B1 E 32)

wherethe matricesB; andB, aredefinedasfollows:

B = —
! hot — h31 Vi hoga — haaVj

1 hit — h31U;  hi2 — h32U;
W;

If noiseis assumeanly in theinput pointsu;, uz, andthetwo pointsareindependenthen

thevariances? is

% Au1 . 0 @ T
a¢ | a¢
0 i Ay,

Uncertaintyin distancegivenuncertairti anduncertainu; andu,

02 = (4.16)

Finally, if boththehomography andtheinputpointsu;, us areuncertairthenthevariance

o2 is givenby thesumof (4.15)and(4.16):

A, 0O : 0 .

ad

oh

2 od : od : :
d=(z i) o a0 - (4.17)
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with Ay the 9 x 9 covarianceof the homographyand A,, andA,, the 2 x 2 inhomogeneous

covariancematricesof theinputimagepoints.

4.3.3 Validation of uncertainty analysis

Theprevioussectionshave describedicompleteheoryfor: (i) computingtheellipseof uncertainty
for thelocalizationof aworld planepointand(ii) theuncertaintyrangeof thedistancebetweertwo
world pointsgivenuncertairhomographycomputatiorpointsanduncertainmageinput points.
This sectiondemonstrateshat for typical imaging situationsthis linear approximationis
sufficiently accurate. That hasalreadybeenproven analyticallyin the mono-dimensionatase.
Now the Monte Carlostatisticaltestis appliedto the bi-dimensionatameranodeltheory In all of

thefollowing erroris assumedo bein bothcomputatiorpointsandmeasuremergoints.

Teston uncertainty of point localization

The performedMonteCarlo testis describedn table4.1:

e RepeatV times

Generater > 4 imagecomputatiorpoints(Gaussiamistributed);

Generater > 4 world computatiorpoints(Gaussiaristributed);

Computethe homographyelatingthe two setsof points.

Generat@nimagepointx (Gaussiaristributed);

Back-projecthepointx ontotheworld planepoint X..

e Computethe statisticaluncertaintyellipse of the distribution of points X and compareit with the
analyticaluncertainty

Table4.1: Monte Carlo simulation.

Figure4.4ashavs a comparisorbetweenthe covarianceellipse obtainedby the first order
analysisandthe one obtainedby a Monte Carlo evaluationof the actualnon-linearhomography
mapping.A numberN = 10000 iterationsis involved in eachsimulation. Note thatthe predicted
ellipseandthe simulatedonearealmostoverlapping. Thesefiguresare obtainedusingparameters

relatedto arealsituation.
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Figure4.4: Uncertainty in point localization: (a)H is computedrom thetheoryof sectionst.2.1

and 4.3.2usingonly 4 computationpoints. 10000image points are randomlygeneratedrom a

Gaussianlistribution centreconanimagetestpointz andthenback-projectedntotheworld plane.
The statisticalcovarianceellipseof theworld pointsis computedandplottedtogethemwith the pre-

dictedone. 3 std. dev. arevisualisedfor eachuncertaintyellipse. (b) Thefirst orderandsimulated
uncertaintyellipsesareasddecreasasthe numberof computatiorpointsincreasédrom 4 to 5to 10

asexpectedirom thetheory (c) Areasof the predictedellipsesandof the simulatedonesincrease
asthe uncertaintyof the imagecomputationpointsincreases.(d) Areasof the predictedellipses
andof the simulatedonesincreaseasthe uncertaintyof the world computatiorpointsincreases3

standardieviations(99.7% of probabilitylevel) arevisualisedn all diagrams.

Similar testhasbeenperformedin section3.6 for a homographicmappingbetweentwo

genericplanesusingsyntheticdata.
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Increasinghe numberof computatiorpoints

Figure4.4b shavs what happensf the numberof computationpoints usedto estimatethe
homographymatrixincreaseséb ellipsesaredravn, 3 have beenpredictedby the analyticaltheory
and other 3 obtainedfrom the Monte Carlo test. For eachof thesethreecasest is very hardto
distinguishbetweerthe simulatedandthe predictecellipses.

Furthermoreasexpected,ncreasinghe numberof computationpointsincreaseshe accu-
ragy of theH matrix andthentheaccuray in thefinal X point position(smallerellipses).

Increasingheimagecomputatiorpointsstandardieviations

Figure4.4cshavs how the areaof the uncertaintyellipsesincreasesvith the uncertaintyof
theimagecomputatiorpoints. Threepredictecellipsesaredravn with the correspondingimulated
ones.Thestandardleviation of the noisein theworld pointsvariesfrom 1pizel to 3pizels.

Increasingheworld computatiorpointsstandardieviations

Theincreaseof the uncertaintyellipseswith the uncertaintyin the localisationof the world
computationpointsis shavn in figure 4.4d. The threepredictedellipsesandthe corresponding
simulatedonesaredrawn alsoin this case.The standardieviation of the noisein the world points

variesfrom 1mm to 3mm.

Teston uncertainty of distancemeasuements

The MonteCarlo testperformeds describedn table4.2.

Figure 4.5 demonstratethe uncertaintyin distancemeasurementsA comparisorbetween
the Gaussiardistribution obtainedby the first orderanalysisand, again,the distribution obtained
by a Monte Carloevaluationof the non-linearhomographymappingis shavn. The predictedcurve
andthesimulatedoneareagainindistinguishable.

Increasinghe numberof computatiorpoints

Figure4.5billustrateswhathappensf thenumberof computatiorpointsusedto estimatehe
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Figure4.5: Uncertainty in distance measuement: (a) H is computedfrom the theory of sec-
tions 4.2.1and4.3.2 usingonly 4 noisy computationpoints. 10000image points are randomly
generatedrom a Gaussiardistribution centredon animagetestpointz,; andanotherl0000points
generatedrom a Gaussiarlistribution centredon anotheiimagetestpointzs. Thepointsareback-
projectedonto the world planeandthe distancedetweenthe pairsare computed. The statistical
distribution of thedistancess computedandplottedtogethemwith the predictedone.3 std. dev. are
visualisedfor eachcurve; (b) Thefirst orderandsimulateduncertaintieslecreasasthe numberof
computatiorpointsincrease$rom 4 to 8.

¢ RepeatlV times

e Computehestatisticalvarianceof thedistribution of distancegl andcomparet
with thepredictedvariance.

Generaten > 4 imagecomputatiorpoints(Gaussiaristributed);
Generater > 4 world computatiorpoints(Gaussiarlistributed);
Computethe homographyelatingthetwo setsof points.
Generat@animagepointx; (Gaussiaristributed);
Back-projecthepointx; ontotheworld planepointX; .
Generat@animagepointxs (Gaussiaristributed);
Back-projecthepointx, ontotheworld planepoint X,.
Computethedistancel betweerX; andXs.

Table4.2: Monte Carlo simulation.

homographymatrixincreases.

Four curvesaredrawn, two have beenpredictedby our analyticaltheoryandothertwo have

beenobtainedrom theMonteCarlotest. As expectedjncreasinghenumberof computatiorpoints
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original image

measurements

Figure4.6: Measuringworld distancesfrom images:thedimension®f thewindow aremeasured
directlyontheimage.

increasesheaccurag of thedistancead (smallerstandardieviation).

Figures4.4and4.5areobtainedusingdatafrom imagesof realsceneslin all thepreviousex-
amplegshe simulatecellipsesarealmostexactly overlappingthe analyticallypredictedones which

justifiesthe useof thefirst ordertheory
4.4 Application - A plane measuringdevice
In this sectiona typical applicationof thedesrcibedlanemetrologyalgorithmandthe uncertainty

theoryis presented.
4.4.1 Description
Thedevice shawn hereis meantto take distancaneasuremenisn realworld planessuchasfloors,

walls, doors justusingimagesacquiredwith corventionalvideocameras(seefig. 4.6). Theentire

measuremergrocessanbesplitin two mainstagesthecalibrationstageandthemeasuringtage.
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Calibration stage

First of all, computingthe transformatiorbetweerthe viewed planeandtheimageplaneis neces-
sary Thisis achieved via the knowledgeof a setof world-imagepoint correspondencessalready
discussed.

Oncewe have definedhow then chosenworld-planecomputatiorpointsare projectedonto
theimageit is possibleto applythe theoryof sections4.2 and4.3 to computetheH matrix andits
covariance.The choiceof computatiorpointsis not completelyarbitrary;in facttheirnumberand
locationwith respecto thecamerahave a significanteffect on measuremenincertainties.

In section4.4.2someexamplesare provided to shav the variationof the uncertaintiesac-

cordingto avariationin thenumberor locationof the computatiorpoints.

Measurementstage

Oncethe homographyhasbeencomputedtwo points on the image are selected;they are back-
projectedontothe world planeandthe distancebetweerthemcomputedandshavn (seefig. 4.7).
Theuncertaintyin thedistancebetweerthemis alsocomputedisingthe formulaepresented.

Oncethe homographyis known it is possibleto retrieve otherusefulinformation suchas
parallelismof lineslying on a plane(seetablebelon). Thereforethe applicationallows to draw
aline, draw the parallelline passingthrougha chosenpoint andretrieve the orthogonaldistance
betweerthetwo lines.

The strengthof this device is in its easyuse;the operatorinteractswith the systemjust via a
friendly graphicinterfacebothduringthecalibrationstageandthemeasuringgne. Themeasurement

gueriesaresentto thesystemvia a pointingdevice like amouse.

4.4.2 Examples

In this sectiona numberof examplesarepresentedghaving possibleusesof the describedheory

andthecorrectnessf theuncertaintyanalysison realimages.
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Figure4.7: Graphical User Interface: exampleof the measuremerdtage. It involves an easy-
to-usegraphicalinterface;the useris only requiredto selectthe two endpointsof the sggmentto
measure.

It is shawvn thatthe groundtruth measuremeniwayslie within the estimatederrorbounds.
Furthermoretheutility of theanalysids illustrated.Thecovarianceexpressiorpredictsuncertainty
giventhe numberof image-vorld computatiornpointsandtheir distribution. It is thuspossibleto
decidewherecorrespondenceare requiredin orderto achiere a particulardesiredmeasurement

accurag.

Creating new viewsof planar surfaces

Rectificationof a planarsurface

Oncethe homographybetweena world planeandthe imagehasbeenestimatedhenit is
easyto performa fronto-paallel transformatiorof theimage.Fromageometrigooint of view this
operatiormeanghe synthesiof a new image,the oneseenfrom anew camerawith its acquisition
planeparallelto theworld plane.

Figure 4.8 shavs animageof a college wall which is warpedonto a fronto-parallelview.

Notethatin thewarpedimageanglesandratiosof distancesrerecoreredcorrectly
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Figure4.8: Rectification of a planar surface: (a) original image,Keble College, Oxford; (b) the
relative locationof thefour cornersof the markedwindow have beenusedasreferenceo compute
theimage-to-verld planehomography(b) rectifiedimage;parallellinesin theworld areparallelin
therectifiedimageandanglesarepresered.

Rectificationof aplanein a painting

Figure 4.9 shavs anotherexampleof planerectification. Figure 4.9ais a painting by the
Italian RenaissancpainterPierodella Francescg1416—1492).The rectificationis possibleasa
resultof strict adherencdo Renaissanceerspectie rules by the artist. The paintingrepresents
scenegeometryalmostexactly asit would be capturedby a perspectie camerathusthe warping
techniquedescribeds valid.

Figure 4.9c shaws the rectified view of the areaof the floor hilighted in fig. 4.9b, where

Christis standing.Note thatthe geometricpattern,barelyvisible in the original imageis clearat
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Figure 4.9: Rectification of a plane in a painting: (@) the paintingLa Flagellazionedi Cristo
by PierodellaFrancesc#1460,Urbino, GalleriaNazionaledelle Marche);(b) originalimagewith
partof thefloor highlighted;(c) rectifiedimageof the highlightedarea. Notice thatthe beautiful
geometricatile patternis repeatedwice.

the bottomof therectifiedone[64]. A secondjdenticalpatternis visible (despiteocclusions)n
thetop of therectifiedimage.

The image-to-vorld homographyhasbeencomputedfrom the assumptiorof squarefloor
pattern.

Warpingplanesbetweerimages

If theinterimagehomographyelatingtwo imagess known it is possibleto warponeimage
ontotheother
An exampleis shavn in figure4.10wheretwo picturesof thesamewall have beentakenfrom

two differentviewpoints (the camerahasundegonea translationabndrotationalmovement).The
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Figure4.10: Warping planesbetweenimages: (a,b) original imagesfrom two differentpoints
of view; Crystallographytabs, Oxford. (c) firstimagewarpedonto the secondby the interimage
homography

interimagehomographyhasbeenestimatedrom correspondindeaturepointson the wall andthe
firstimagewarpedontothe secondone. All the pointswhich do not lie on the facadearemapped
into unexpectedpositions(fig. 4.10c). The parallaxeffect shavn by suchpointscanbeusedfor 3D

structuralcomputation(seechapter6).

Accuracy in point localization

Varyingthelocationof the computationgoints

Figure4.11 shavs an exampleof anindoor scene.Figure4.11ais the original imageand
in figures4.11b-dan uncertaintyellipse mapis superimposedo shav how the ellipseschange

accordingto a changein the locationof the computationpoints. The H matrix is computedusing
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Figure4.11: Accuracyin point localization: (a)originalimage.(b-d) projectively unslewedback-
projection. The computatiorpointsusedto estimate aremarked by black asterisks Thelocation
of thefour computationgointsis differentin eachimage. The uncertaintyellipsesshavn for test
pointsareatthe 9 std.dev. level for clarity.
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Figure4.12: Accuracyin point localization: (a)originalimage.(b-d) projectively unslewedback-
projection. The computatiorpointsusedto estimatel aremarked by black asterisks.The number
of computatiorpointsvariesfrom 4 to 6 to 8. The uncertaintyellipsesshavn for testpointsareat
the 9 std.dev. level for clarity.
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four computationpointsin all casesThecovariancesisedfor thecomputationsgre:

10

AX:[O.% 0 ]

(in pizel?) in theimageand

0 0.25

(in em?) in theworld.

Severaltestpointsareshavn with their uncertaintyellipses.Note thatasthe distanceof the
testpointto computatiorpointsincreasesthe uncertaintyincreasesMore spatiallyhomogeneous
uncertaintieareachieved by distributing the computatiorpointsacrosghescene.

Varyingthe numberof computatiorpoints

Figure 4.12 shawvs the samesceneas before. Figure 4.11ais the original imageand fig-
ures4.11b-dshav theuncertaintyellipsesmap.
TheH matrixis computediusingfour pointsin figure4.11b,six pointin figure4.11candeight

pointsin figure4.11d.The covariancesisedfor the computationsreasbefore:

10 025 0
A"_lo 1] Ax_l 0 0.25]

The sametest points are shavn with their uncertaintyellipses. Smalleruncertaintiesare

obtainedby increasinghe numberof computatiorpoints.

Accuracy of distances

Varyingthe numberof computatiorpoints

A similar analysisis nov conductedusingimagesof an outsidewall, computingdistances
insteadof pointlocations.
Figure4.13b-dshav lengthmeasurementr a homographycomputedfrom four, six and

eightcorrespondence$he covarianceausedfor the computationsre:

10 10
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Figure4.13: Accuracy of distances: (a) original image. (b-d) length measurementsasedon a
homographyomputedrom thepointsmarkedby blackasterisksTheuncertaintyboundis +3 std.
dev. Theactualwidth is 139c¢m.

It is worth noticing that measurementfartherfrom the setof computatiorpointspresenta
largeruncertainty Again, increasinghe numberof computatiorpointsreduceghe uncertaintiesn
all the measurementaNote thatall the estimatedmeasurementangesncludethe actualwindowv
width (139¢m).

Differentviews, samecomputatiorpoints

Figure 4.14 illustratesthat the uncertaintiesalso dependon the obserer viewpoint. The
computatiorpointsfor bothimagesarein the samezoneof theimageframebut the secondmage
is affectedby a more severe perspectie distortion. In both caseghe groundtruth lies within the
predictedmeasurememinge but thisis largerin the secondview.

The figure alsoillustratesthe computationof parallelworld lines (seebox belav). Oncea

line is selectedn the image,the one parametefamily of lines parallelto it on the world planeis
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Figure4.14: Differ ent views,samecomputation points: (a) and(b) two imagesof KebleCollege,
Oxford. The computationpointsarethe same but the viewpoint distortionis more severein (b).
This is reflectedn thelarger (3 std.dev.) uncertaintiesThe actualwidth of the upperwindows is

176¢m. Notethe computedoarallellines.

computedrom theestimatedi, andwhenoneof themis fixedthedistancdas computedandshavn.

Computing imagesof parallel lines and measuringtheir distance. Giventhe image-to-vorld
homography andaline 1 ontheimagethe oneparametefamily of linesparallelto1 in theworld

is defined.
In fact, givenaline 1 anda point x in theimagewe canfind theline 1' throughx whoseback-

projectionL’ is parallelto the back-projectiorof 1 ontotheworld plane.Thisis simplyl’ = x x v
wherev is thevanishingpointfor thatdirection;v is givenby v = H~'RH~ 1 with R thefollowing

filter matrix:
010
R=| -1 0 O
0 00

Onceapair of linesl, ' is selectedheirworld distancecanbe easilycomputedy applying(3.3).

Differentviews, differentcomputatiorpoints

Figure4.15shaws, again,two differentviews of a wall. Four differentcomputationpoints
areusedin thetwo images All the measuremenretakenbetweerparallellinesandalthoughthe
anglebetweercameraandwall planeis large, the parallellinesarecorrectlycomputed.

Note that the distancemeasurementareinvariant to the choiceof computationpoints,the
groundtruthis alwaysin theuncertaintyrangereturnedby the system(seecaption).Notice alsoin

this casethe computatiorof the parallellines.
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“ 902 +/- 166

Figure4.15: Differ ent views, differ ent computation points: (a) and(b) two imagesof thecrystal-
lographylabsin Oxford. Theactualheightof all thewindows is 174¢m, the doorwidth is 100¢em.

Mosaicing and measuring

If the interimage homographybetweentwo views is knovn thanoneimage can be warpedand
stitchedto the otherthus makinga mosaicimage. Note, though,thatin generalonly the points
lying onthesameplaneareregisteredcorrectlyby the homographywhile the onesoff the planeare
warpedinto unexpectedpositiong11].

In the caseof a purelyrotatingcamerano parallaxcanbedetectecindthereforeall the points
areregisteredcorrectlyby thehomographyAn exampleof amosaiccreatedrom arotatingcamera
is shawn in figure 4.16. Figure 4.16a,baretwo differentimagesof an indoor scenetaken from
the samepoint of view (no parallaxeffect). The interimagehomographyis computedfrom the
overlappingareabetweerthetwo imagesandthesecondmagewarpedandstitchedto thefirst one
to make the mosaicin figure4.16c. If the homographypetweerthe originalimagesandthe world
planeis known, then,from the mosaicingprocesghe homographyetweerthefinal imageandthe
world planecanbe computedand measurementsaken directly on the mosaicimageasshawvn in

figure4.16d.

4.5 Duality and homologies

In the last sectionof this chaptersomeinterestingpropertiesof the planerectificationprocessare

investigated.
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Figure4.16: Mosaicing two images: (a) and(b) originalimagesof The Queens College MCR in
Oxford; thetwo imagesaretaken from the sameviewpoint (no parallaxeffect); (c) mosaicimage;
(d) mosaicwith measurementsuperimposed.

In animageof a planarsurfacein generabositionthe planeappeargrojectively warpedithe
imageplane,instead,s by definitionfront-on. By rectifying theimageof the world planevia the
estimatechomographya new imageis obtainedwherethe world planeis front-on but the original
imageplaneis now projectvely skewed;its boundaryrectanglds warpednto aprojectiely skewed
guadrilateralthe solid quadrilaterabroundthe imagein fig. 4.17c¢). The relationshipbetweenthe
imageplaneandtheworld planeis investigatedzia anexampleon arealscene.

Figure4.17bshawvs the perspectie imageof a planarwall (seenalreadyin fig. 4.8a),the
imageplaneis front-on(solid rectangle) Figure4.17cis theimageobtainedby rectifying the wall

plane.The edgesof theimagenow make a non-rectangulaquadrilateral This is the perspectiely
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Figure4.17: Duality betweenan imageof a plane and its rectification: (a) originalimage ,Keble
College, Oxford; (b) the vanishingline of the planeof the wall hasbeencomputedand superim-
posed;(c) rectifiedimage;this configurationis dualto the onein (a), seetext. The boundarie®of

theimagearethe intersectionf the original visual pyramid with the planeof thewall. Joining
theintersection®f the oppositesidesof this quadrilateraive obtaintheline 1, the dualof the plane

vanishingline.

distortedversionof the rectangulaboundaryof theimagein fig. 4.17a;it canbeinterpretedasthe
intersectiorof thevisualpyramidwith the planeof thewall.

In figure 4.17bthe vanishingline 1 for the wall plane hasbeencomputedby joining the
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intersectionf two setsof parallelworld edgedying on thewall. Theline 1 is theimageof the
axis of the pencil of planesparallelto the wall andalsothe intersectionof a planeparallelto the
wall throughthe cameracentrewith theimageplane.Algebraically if H is theimage-to-verld plane
homographyuchthatX = Hx wherex is animagepointandX thecorrespondingvorld pointthen
1 is thethird row of thematrix H.

On the otherhandthe line 1 in figure 4.17cjoins the intersectionf the oppositesidesof
the external quadrilateral. 1 is the intersectionof the focal planewith the planeof the wall and
canbe consideredasthe dual of the planevanishingline 1. Algebraicallyl is the third row of the
matrixH 1.

Furthermore section3.3.3 hasshavn that imagesof parallel planesrelatedby a parallel
projectionarerelatedby a planarhomologywhoseaxisis the planevanishingline andvertex is the
vanishingpoint of the directionof projection. Dually we canimaginehaving a pencil of parallel
image planes;that correspondgo having a sequencdaken by a purely translatingcamera. By
rectifyingall theimagesn thesequencegia thehomographiesiducedby theworld planewe obtain
theconfigurationllustratedin figure4.18b Thecornersof thewarpedmageboundariesirerelated
by a planarhomologywhoseaxis s the line 1 andvertex is the rectifiedepipole. Figures4.18a,b

shav anexampleof a specialcasewherethe cameras translatingowardsthe college wall.
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Figure4.18: (a) original imageshaving furtherimageplanesfor a forwardtranslatingcamera.ln
this specialcasethecentreof theimagesds theepipole.(b) thetransformedoundaryquadrilaterals
obtainedfor a sequencef imagesfrom a forward translatingcameraare relatedby a homology
whoseaxisis theline 1 andthevertex is the point v (warpedepipole).



Chapter 5

Singleview metrology

5.1 Intr oduction

The previous chapterhasinvestigatechow planarmeasurementsan be taken from uncalibrated
images. However, the world is not just onebig plane;it is a complex 3D structure. Thereforea
moregeneralnalysisof thethree-dimensionalcends requiredihisis achievedin this chapterin
particular this chapterdescribeow aspect®f theaffine 3D geometryof ascenanaybemeasured
from a single perspectie image (seealso [25, 26]). The techniquesdescribedstill concentrate
on scenescontainingplanesand parallel lines, althoughthe methodsare not so restricted. The
algorithmsdevelopedhereextendandgeneralisgreviousresultson singleview metrology[56, 65,
91, 95).

In this chapterwe assumehat the vanishingline of a refeenceplanein the scenemay be
determinedrom theimage togethemwith avanishingpointfor arefeencedirection(not parallelto
theplane).We arethenconcernedvith threecanonicakypesof measurementi) measurementsf
thedistancebetweerary of the planeswhich areparallelto thereferenceplane;(ii) measurements
on theseplanes(and comparisorof thesemeasurement® thoseobtainedon ary parallelplane);
and(iii) determininghecameras positionin termsof thereferenceplaneanddirection.

The measuremennethodsdevelopedhereareindependenof the camerainternal parame-
ters:focallength,aspectatio, principalpoint, skew (uncalibratedameraunknavn internalparam-
eters).We analysesituationsvherethe projectionmatrix (externalcalibration)canonly be partially

determinedrom scendandmarks.Thisis anintermediatesituationbetweercalibratedreconstruc-
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Figure 5.1: Measuring distancesof points from a reference plane (the ground) in a single
image: (a) the four pillars have the sameheightin the world, althoughtheir imagesclearly are
not of the samelengthdueto perspectie effects; (b) asshavn, however, all pillars are correctly
measuredo have the sameheight.

tion (wheremetricentitieslike anglesbetweerrayscanbe computedandcompletelyuncalibrated
cameragwhereareconstructiortanbe obtainedonly up to a projectie transformation).

Theideasin this chaptercanbe seenasreversingthe rulesfor draving perspectie images
given by Leon BattistaAlberti [1] in his treatiseon perspectie (1435). Thesearethe rulesfol-
lowed by the Italian Renaissanceaintersof the fifteenth century and indeedthe correctnes®f
their masteryof perspectie is demonstratedby analysing“La Flagellazionedi Cristo” by Piero
dellaFrancescifig. 4.9a).

Section5.2 givessimplegeometriaderivationsof haw, in principle,threedimensionabffine
informationmay be extractedfrom oneimage(fig. 5.1). Section5.3introducesanalgebraiaepre-
sentatiorof the problemandshavs thatthis representationnifiesthethreecanonicameasurement
types,leadingto simpleformulaein eachcase.Section5.4 describedow errorsin imagemeasure-
mentspropagateo errorsin the 3D measurementsndhencehow to computeconfidencentenals
onthemeasurements.e. a quantitatve assessmemf accuray. A generalizatiorof the algorithm
to recaveringaffine 3D structures presentedh section5.5. Thework hasa variety of applications,
andthreeimportantonesare presented:forensicmeasurementsjirtual modelling and furniture

measurements section5.6.
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5.2 Geometry

The cameramodelemplo/ed hereis againcentralprojection(seesection3.3.1). We assumehat
the vanishingline of a referenceplanein the scenemay be computedrom imagemeasurements,
togethemith avanishingpointfor adirectionnotparallelto theplane(seesection3.5). Effectssuch
asradialdistortionwhich corruptthe centralprojectionmodelcangenerallybe removed asshavn
in section3.4 and are thereforenot detrimentalto our methods. Although the schematidigures
shav the cameracentreat a finite location, the resultsderived apply alsoto the caseof a camera
centreatinfinity, i.e. wheretheimagesareobtainedby parallelprojection.

The basicgeometryof the planes vanishingline andthe vanishingpoint areillustratedin
figure 5.2. The vanishingline 1 of the referenceplaneis the projectionof the line at infinity of
the referenceplaneinto the image. The vanishingpoint v is the imageof the point at infinity in
thereferencedirection. Note thatthe referencedirectionneednot be vertical, althoughfor clarity
we will oftenreferto the vanishingpoint asthe “vertical” vanishingpoint. Thevanishingpointis
thentheimageof thevertical“footprint” of thecameracentreonthereferenceplane.Likewise,the
referenceplanewill often,but notnecessarilypethegroundplane,in which casethevanishingline
is morecommonlyknown asthe“horizon”.

It canbe seen(for example, by inspectionof figure 5.2) that the vanishingline partitions
all pointsin scenespace. Any scenepoint which projectsonto the vanishingline is at the same
distancefrom the planeasthe cameracentre;if it lies “above” theline it is fartherfrom the plane,
andif “below” thevanishingline, thenit is closerto the planethanthe cameracentre.

Two pointson separat@lanes(parallelto the referenceplane)correspondf theline joining
themis parallelto the referencalirection; hencethe imageof eachpoint andthe vanishingpoint
arecollinear(fig. 5.3b). For example,if thedirectionis vertical,thenthetop of anuprightpersons
headandthesoleof his/herfoot correspondlf theworld distancebetweerthetwo pointsis known,

wetermthis arefeencedistance
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Figure5.2: Basicgeometry. the planes vanishingline 1 is theintersectiorof theimageplanewith
aplaneparallelto thereferenceglaneandpassinghroughthecameracentreC. Thevanishingpoint
v is theintersectionof the imageplanewith a line parallelto the referencedirectionthroughthe
camerecentre.

5.2.1 Measurementsbetweenparallel planes

We wish to measurghe distancg(in thereferencalirection)betweertwo parallelplanes specified
by theimagepointsx andx’. Figure5.3 shavs the geometrywith pointsx andx’ in correspon-

dence.Thefollowing theoremholds:

Theorem 1 Giventhe vanishingline of a refeenceplane and the vanishingpoint for a refeence
direction,thendistancesrom the refeenceplane parallel to the refeencedirectioncan be com-
putedfromtheirimagedendpointsup to a commorscalefactor Thescalefactorcanbedetermined

fromoneknownrefeencelength.

Proof

The four pointsx, x/, ¢, v marked on figure 5.3bdefinea cross-ratid112]. The vanishing
pointis theimageof apointatinfinity in thesceneandthepointe, sinceit liesonthevanishingline,
is theimageof apointatdistanceZ, fromtheplaner, whereZ, is thedistanceof thecameracentre
from 7. In theworld thevalueof the cross-ratigorovidesan affine lengthratio; which determines
thedistanceZ betweertheplanescontainingX’ andX (in fig. 5.3a)relative to thecameras distance

Z. from theplaner (or 7' dependingn the orderingof the cross-ratio) .Note thatthe distanceZ
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Figure5.3: Distancebetweentwo planesrelative to the distanceof the cameracentre from one
of the two planes (a) in theworld; (b) in theimage.Thepointx ontheplaner correspond$o the
pointx’ ontheplanen’. Thefour alignedpointsv, x, x’ andtheintersectionc of theline joining
themwith the vanishingline definea cross-ratio.The valueof the cross-raticdetermines ratio of
distancedbetweemlanesn theworld, seetext.

canalternatvely be computedusinga line-to-linehomographyavoiding the orderingambiguityof

thecross-ratio For the casein figure5.3bwe obtain

(5.1)

whered(x1, x2) is distancebetweertwo generidmagepointsx; andxs.

The absolutedistanceZ can be obtainedfrom the distanceratio (5.1) oncethe cameras
distanceZ, is specified. However it is usually more practicalto determinethe distanceZ via
a secondmeasuremenin the image, that of a known referencelength. In fact, given a known
referencedistanceZ,, the distanceof the cameraZ. canbe computedfrom (5.1) and thenthe
distanceZ determinedy applying(5.1)to anew pair of endpoints. O

Theoreml canbegeneralisedo thefollowing:

Theorem 2 Givena setof linked parallel planes the distancebetweerany pair of planesis sufi-
cientto determingheabsolutedistancebetweeranyotherpair. Thelink beingprovidedby a chain

of point correspondencesetweerthe setof planes.
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Figure5.4: Distancebetweentwo planesrelative to the distancebetweentwo other planes (a)

in theworld; (b) in theimage.The pointx ontheplanen correspond$o the pointx’ ontheplane
7'. Thepoints; correspond$o the points,. Thepointr; correspondso thepointr,. Thedistance
Z, in theworld betweerR; andR; is knovn andusedasreferencdo computethedistanceZ, see
text.

Proof
Figure5.4 shavs a diagramwherefour parallelplanesareimaged. They all sharethe same
vanishingline which is theimageof the axis of the pencil. The distanceZ, betweerntwo of them

canbeusedasreferencdo computethedistanceZ betweerthe othertwo asfollows:

e Fromthecross-ratiadefinedby thefour alignedpointsv, ¢, ry, r; andthe known distance
7, betweertheworld pointsR; andR, the distanceof the camerdrom the planer,. canbe

computed.

¢ That cameradistanceand the cross-ratiodefinedby the four alignedpointsv, c;, ss, s,
determinghedistancebetweertheplanesr, andw. ThedistanceZ, of thecamerdrom the

planer is, thereforedeterminedoo.

e ThedistanceZ, cannow beusedin (5.1)to computethe distanceZ betweerthe two planes

7 andn’.
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Figure5.5: Measuring the height of a personfrom singleview: (a) originalimage;(b) the height
of the personis computedrom the imageas178.8cm;the true heightis 180cm,but notethatthe
personis leaningdown a bit on his right foot. The vanishingline is shavn in white; the vertical
vanishingpointis not shavn sinceit lies well belowv theimage. The referencealistanceis in white
(theheightof thewindow frameon theright). Comparehe marked pointswith the onesin fig. 5.4.

Section5.3.1present@analgebraicderivation of theseresultswhich avoidsthe needto com-
putethe distanceof the cameraexplicitly andsimplifiesthe measuremenirocedure.
Example. Figure5.5shavs thata persons heightmaybe computedrom animagegivenavertical
referenceadistanceelsevherein the scene.The groundplaneis reference The heightof the frame
of the window hasbeenmeasuredn site and usedas the referencedistance(it correspondgo
the distancebetweenR; andR, in theworld in fig. 5.4a). This situationcorrespondso the one
in figure 5.4 wherethe two pointsS; andR; (andtherefores, andr;) coincide. The heightof
the personis computedrom the cross-ratiodefinedby the pointsx’, ¢, x andthe vanishingpoint
(figure5.4b)asdescribedn the proofabove. Sincethe pointsS, andR,; coincidethederivationis

simpler
5.2.2 Measurementson parallel planes

If thereferenceplane is affine calibrated(its vanishingline is known) thenfrom imagemeasure-

mentswe cancompute:

1. ratiosof lengthsof parallelline segmentsontheplane;
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Figure5.6: Homology mapping betweenimagedparallel planesrelatedby parallel projection:
(@) A pointX ontheplaner is mappednto the point X’ on =’ by a parallelprojection. (b) In the
imagethe mappingbetweertheimagesof thetwo planess ahomology wherev is thevertex andl
theaxis Thecorrespondence — r' fixestheremainingdegreeof freedomof the homologyfrom
the cross-ratiof thefour pointsv, ¢,, r' andr.

2. ratiosof areaontheplane.

Moreover thevanishingline is sharedy the pencil of planesparallelto thereferenceplane,hence
affine measurementfay be obtainedfor ary otherplanein the pencil. However, althoughaffine
measurementsuchasanarearatio, maybe madeon a particularplane the areasof regionslying
ontwo parallelplanescannotbe comparediirectly. If theregionis parallelprojectedin the scene
from oneplaneonto the other affine measurementsanthenbe madefrom the imagesinceboth
regionsarenow on the sameplane,andparallel projectionbetweenparallelplanesdoesnot alter
affine properties.

A mapin theworld betweerparallelplanesinducesa mapin the imagebetweenmagesof
pointson the two planes. As statedin section3.3.3this imagemapis a planar homolagy. The
geometryis illustratedin figure 5.6. In this casethe vanishingline of the plane,andthe vertical
vanishingpoint, are,respectiely, theaxisandvertex of thehomologywhichrelatesa pair of planes

in the pencil.
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ThehomologyH canthenbe parametrizedsin (3.5):

-
H= I—I—ui (5.2)

v-1

wherev is thevanishingpoint,1 is the planevanishingline andy is thecharacteristicatio. Thusv
andl specifyfour of thefive degreesof freedomof thehomology Theremainingdegreeof freedom
of thehomology u, is uniquelydeterminedrom ary pairof imagepointswhichcorrespondbetween
the planeg(pointsr andr’ in figure5.6).

OncethematrixH is computedeachpointonaplanecanbetransferrednto thecorresponding
pointonaparallelplaneasx’ = Hx. An exampleof this homol@y mappingis shavn in figure 3.7.
Consequentlyneasurementmadeon two separatelanescanbe compared.n particularwe may

compute:

1. theratio betweerntwo parallellengths,onelengthoneachplane;

2. theratio betweertwo areaspneareaon eachplane.

In factall pointscanbetransferredrom oneplaneto thereferencelaneusingthehomology Since
thereferenceplanes vanishingline is known, affine measurementis the planecanbe made(e.g.
parallellengthor arearatios).

Example. Figure5.7 shavs anexample. The vanishingline of thetwo front facingwalls andthe
vanishingpointareknown asis the point correspondence, r’ in thereferencedirection. Theratio
of lengthof parallelline segmentss computedy usingformulaegivenin sections.3.2.Noticethat
errorsin the selectionof point positionsaffect the computationsthe veridical valuesof the ratios
in figure 5.7 areexactintegers. A propererror analysisis necessaryo estimatethe uncertaintyof

theseaffine measurements.

5.2.3 Determining the cameraposition

Section5.2.1 computedistancedetweenplanesasa ratio relatve to the cameras distancefrom

thereferenceplane. Corversely the cameras distanceZ, from a particularplanecanbe obtained
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Figure5.7: Measuring ratio of lengths of parallel line segmentslying on two parallel scene
planes Thepointsr andr’ (togethemwith the planevanishingline andthe vanishingpoint) define
thehomologybetweerthetwo planeson thefacadeof the building.

knowing a singlereferencelistanceZ,.

Furthermorefigure 5.2 shaws thatthe locationof the camerarelative to thereferenceplane
is the back-projectiorof the verticalvanishingpoint ontothereferenceplane.This back-projection
is accomplishedy a homographywhich mapsthe imageto the referenceplane (andvice-versa).
Althoughthe choiceof coordinateframein theworld is somavhatarbitrary fixing this frameim-

mediatelydefineshe homographyniquelyandhencethe camergosition.
5.3 Algebraic representation

The measurementdescribedn the previous sectionare computedn termsof cross-ratios.This
sectiondevelopsa uniform algebraicapproachto the problemwhich hasa numberof adwantages
over directgeometricconstruction:first, it avoids potentialproblemswith orderingfor the cross-
ratio; second,it allows to dealwith both minimal or over-constrainedconfigurationsuniformly;
third, differenttypesof measuremerareunifiedwithin onerepresentatiorandfourth,in sectiorb.4

this algebraiaepresentatiois usedto developanuncertaintyanalysisfor measurements.
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To begin, anaffine coordinatesystemX'Y 7 is definedin spacd66, 93]. Lettheorigin of the
coordinatdramelie onthereferenceplane,with the X andY -axesspanningheplane.The Z-axis
is thereferencalirection,whichis thusary directionnotparallelto theplane. Theimagecoordinate
systemis theusualzy affine imageframe,anda point X in spacds projectedo theimagepoint x

viaa3 x 4 projectionmatrixP as:

X=PX=[P1 P2 P3 P4]X

wherex andX arehomogeneousectorsin theform: x = (z,y,w)’, X = (X,Y,Z,W)T, and
“=" meansequalityupto scale.

Denotingthe vanishingpointsfor the X, Y and Z directionsas(respectiely) vx, vy and
v, it is clearby inspection36] thatthefirst threecolumnsof P arethevanishingpoints:vx = p1,
vy = pg andv = pg, andthatthe final columnof P is the projectionof the origin of the world
coordinatesystem,o0 = p4. Sinceour choiceof coordinateframehasthe X andY axesin the
referenceplanep; = vx andp, = vy aretwo distinct pointson the vanishingline. Choosing
thesdixesthe X andY affine coordinateaxes. Thevanishingdine is denotedy 1, andto emphasize
thatthevanishingpointsv x andvy lie onit, we denotethemby 1{, 13-, with 1 - 1 = 0.

Columnsl, 2 and4 of the projectionmatrix arethe threecolumnsof the referenceplaneto

imagehomographyThis homographynusthave rankthree otherwisethereferenceplaneto image
mapis degenerate Consequent|ythe final column(the origin of the coordinatesystem)mustnot
lie onthevanishingline, sinceif it doesthenall threecolumnsarepointson the vanishingline, and

thusarenotlinearlyindependenttHencewe setit to beo = py = 1/||1|| = 1.

Thereforethefinal parameterizationf the projectionmatrixP is:
P=[1f I av I | (5.3)

whereq is ascalefactor which hasanimportantrole to play in theremaindeof thechapter

Notethattheverticalvanishingpointv imposegwo constraint®ntheP matrix,thevanishing



5.3 Algebraic representation 91

v

a b

Figure5.8: Measuringthe distanceof a planen’ from the parallelreferenceplanex: (a) in the
world; (b) in theimage.

line 1 two andthe @ parameteronly one for a total of five independentonstraints. In general
howvever the P matrix haseleven degreesof freedom,which canbe regardedas comprisingeight
for theworld-to-imagehomographynducedby thereferenceplane two for thevanishingpointand
onefor the affine parameterv. In our casethe vanishingline determineswo of the eightd.o.f. of
thehomography

The following sectionsshav how to computevarious measurementfom this projection
matrix. Measurementsf distancesetweenplanesare independendf the first two (in general
underdetermined)columnsof P. If v andl are specifiedthe only unknavn quantity for these
measurements «. Coordinatemeasurementwithin the planesdependon the first two andthe
fourth columnsof P. They defineanaffine coordinatdramewithin theplane.Affine measurements
(e.g.arearatios), though,areindependenof the actualcoordinateframe anddependonly on the
fourth columnof P. If ary metricinformationon the planeis known, that canbe usedto impose

constrainton the choiceof theframe.
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5.3.1 Measurementsbetweenparallel planes

Distanceof a plane from the referenceplane =

We wish to measurethe distancebetweensceneplanesspecifiedby a point X and a point X'
in the scene(seefig. 5.3a). Thesepoints may be chosenasrespectiely X = (X,Y,0)" and
X' = (X,Y,Z)7, andtheirimagesarex andx’ (fig. 5.8). If P is the projectionmatrix thenthe

imagecoordinatesire

X X
| Y _pl ¥
T lo |0 *T5| z
1 1
Theequationsabove canberewritten as
x = p(Xp1+Yp2+p4) (5.4)
x' = p(Xp1+Yp2+ Zp;s+ pa) (5.5)

wherep andp’ areunknavn scalefactors,andp; is thei® columnof theP matrix.
Sincep; -1 = py -1 = 0 andp, - 1 = 1, taking the scalarproductof (5.4) with 1 yields
p = 1. x, andcombiningthis with thethird columnof (5.3) and(5.5) we obtain

I x ]
7= xXX] 5.6
%=~ Tox)v x ] 0)

SinceaZ scaledinearly with a we have obtainedaffine structure.If « is known, thenwe
immediatelyobtaina metricvaluefor Z as:

I x x|
7 = _ 5.7
(1 0Ips x| 5.7)

Corversely if Z is known (i.e. it is a referencedistance)then (5.6) providesa meansof

computinga, andhenceremoving the affine ambiguity

Metric calibration from multiple references.
If morethanonereferencalistancas known thenanestimateof o canbedervedfrom aner

ror minimizationalgorithm.Hereaspeciakasés consideredvhereall distancesremeasuredrom
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the samereferencelaneandanalgebraicerroris minimized. An optimalminimizationalgorithm
will bedescribedn section5.4.2.
For the i*" referencedistanceZ; with end pointsr; andr} we define: 8; = ||r; x rf]],

pi =1-1;, v = ||[v x r}||. Thereforefrom (5.6):

aZpiy; = —B; (5.8)

Note thatall the pointsr; areimagesof world pointsR; on thereferenceplanen. By reoganis-

ing (5.8)thefollowing matrix A is defined:

Zipim B
A= | Zipivi B
ann'Yn Bn

wheren is thenumberof referencelistances.
If the referencesare not affected by measuremenerroror n = 1 thenAs = 0 where

s = (51 sy )'isahomogeneoug-vectorand

S1
oa=—

(5.9)

82
In generaln. > 1 anduncertaintyis presentin the referencedistances.In this casewe find the
solutions whichminimizes||As||. Thatis theeigevectorof the2 x 2 matrixM = AT A corresponding
to its minimum eigemwvalue. The parameter is finally computedrom (5.9). With morereference
distances;, « is estimatednoreaccurately(seesection5.4),but no moreconstraintareaddedon

theP matrix.
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Figure5.9: Measuring heightsusing parallel lines: Theverticalvanishingpointandthevanishing
line for the groundplanehave beencomputed.The distanceof the top of thewindow on the left
wall from the groundis known andusedasreferenceThedistanceof thetop of thewindow onthe
right wall from the groundis computedrom the distancebetweerthe two horizontallines whose
imagesarel, andl,. Thetoplinel,: is definedby thetop edgeof thewindow, andtheline 1, is the
corresponding@neonthegroundplane.Thedistancebetweerthemis computedo be 294.3cm.

—worked example—
Objective in figure5.9thedistanceof ahorizontalline from the groundis measured.

e Theverticalvanishingpointv is computeddy intersectingvertical (sceneedges;

All imagesof linesparallelto thegroundplaneintersecin pointsonthehorizon,therefore:

e avanishingpointv; onthehorizonis computedby intersectinghe edgesof the plankson theright
sideof theshed;

e asecondsanishingpointvs is computedy intersectingheedgesf the planksontheleft sideof the
shedandtheparalleledgeson theroof;

e theplanevanishingline 1 is computedy joining thosetwo points:1 = vi X va;

o thedistanceof thetop of theframeof thewindow ontheleft from the groundhasbeenmeasuredn
siteandusedasreferencao computen asin (5.6).

e thelinel,, theimageof ahorizontalline, is selectedn theimageby choosingary two pointsoniit;
e theassociatedanishingpointvy, is computedasvy, =1,/ x I;

e theline 1., whichis theimageof aline parallelto 1, in the scends constrainedo passthroughvy,
thereford,, is specifiedby choosingoneadditionalpointonit;

e apointx’ is selectedalongtheline 1, andits correspondingpoint x on the line 1, computedas
x:(xIXV)Xlz;

e equation(5.7)is now appliedto the pair of pointsx, x’ to computethedistanceZ = 294.3cm.

Distancebetweenany two parallel planes

TheprojectionmatrixP from theworld to theimageis definedin (5.3)with respecto a coordinate
frameonthereferenceplane(fig. 5.8). In this sectionwe determingheprojectionmatrix P’ referred

to theparallelplanen’ andwe shav how distanceg$rom theplanen’ canbe computed.
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Tt

Figure5.10: Measuringthe distancebetweenary two planesn’ and =" parallelto the reference
planer; thegeometry

Supposeheworld coordinatesystemis translatedy Z, from the planew ontotheplanen’

alongthereferencalirection(fig. 5.10),thenthe new projectionmatrix P’ canbe parametrizeds:

PI:[ P1 P2 P3 Z;P3+ P4 ] (5.10)

Notethatif Z, = 0 thenP’ = P asexpected.
ThedistanceZ’ of theplanen” from theplanen’ in spacecanbe computedas(cf. (5.7)).

II|| p4_xl

1+7Z:p3-ps4

x' xx .
ol a0 with p = (5.11)

~ pllps x x

—worked example—
Objective in figure5.11the heightof afile onadeskis computedrom the heightof the deskitself
e Thegroundis thereferenceplanesr andthetop of the deskis the planedenotedas#’ in figure5.10;

e the planevanishingline andvertical vanishingpoint are computedas usualby intersectingparallel
edges;

o thedistanceZ, betweerthe pointsr andr’ is known (the heightof the deskhasbeenmeasurean
site)andusedto computethe o parametefrom (5.6);

e equation(5.11)is now appliedto the endpointsof themarked segmentto computethe height
Z' =32.0cm.
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Figure5.11: Measuring heights of objects on separateplanes the heightof the deskis known
andtheheightof thefile onthedeskis computed.

5.3.2 Measurementson parallel planes

As describedn section5.2.2,given the homologybetweentwo planeswr and«’ in the pencilwe

cantransferall pointsfrom oneplaneto the otherandmake affine measuremenis eitherplane.
The homologybetweenthe planescan be derived directly from the two projectionmatri-

ces(5.3)and(5.10). The plane-to-imagdomographiesnay be extractedfrom the projectionma-

tricesignoringthethird column,to give:

!

H:[m P2 P4 ] Hz[p1 P2 er3+p4]

ThenH = H'H~! mapsimagepointsontheplaner ontopointsontheplanen’ andsodefines
the homology By inspectionsincep; - p, = 0 andp; - p, = 0 then(I + Z,pspJ )H = H, hence
thehomologymatrixH is:

H=1+ Z'rp3pz—1r (5.12)

Alternatively from (5.3) the homologymatrix canbe written as:
~ =T
H=T1+¢vl (5.13)

with ¢ = aZ,.
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If the distanceZ, andthe lasttwo columnsof the matrix P are known thenthe homology
betweerthe two planesw and#’ is computedasin (5.12). Otherwise,if only v andl areknown
andtwo correspondingointsr andr’ areviewed,thenthehomologyparametet) in (5.13)canbe
computedrrom (5.6) (in factaZ, = ) without knowing eitherthe distanceZ, betweerthe two
planesor thea parameter

Exampleof homologytransferandaffine measuremen@reshavn in figures5.7and5.12.

—worked example—
Objective in figure5.12theratio betweerthe areasof two windows ﬁ—; in theworld is computed.

e Theorthogonaklanishingpointv is computedy intersectinghe edgesof the smallwindows linking
thetwo front planes;

e the planevanishingline 1 (commonto both front planes)is computedby intersectingtwo setsof
paralleledgesonthetwo planes;

¢ theonly remainingparametet) of thehomologyi in (5.13)is computedrom (5.6) as

po_lex]
T 0)llv x o]

o eachof the four cornersof the window on theleft is transferredoy the homologyH ontothe corre-
spondingpointson the planeof the otherwindow (fig. 5.12b);
Now we have two quadrilateral®n the sameplane
e theimageis affine-warpedpulling the planevanishingline to infinity [75];

o theratio betweerthe two areasn theworld is computedastheratio betweerthe areasn the affine-
warpedimage.We obtain 4t = 1.45.

5.3.3 Determining the cameraposition

Supposéghe cameracentreis C = (X,,Y,, Z.,W,) " in affine coordinategseefigure 5.2). Then

sincePC = 0 we have

PC = p1X; + p2Ye + p3Z. + paWe =0 (5.14)

Thesolutionto this setof equationss given (usingCramersrule) by
Xcz—det[ P2 P3 P4 ], Yc:det[ P1 P3 P4],

Ze = —det[ P1 P2 P4 ] , We= det[ P1 P2 P3 } (5.15)
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Figure5.12: Measuring ratios of areason separateplanes: (a) originalimagewith two windows
hilighted; (b) the left window is transferrecbnto the planeidentifiedby r’ by the homologymap-
ping (5.13). Thetwo areasnow lie on the sameplaneandcan,therefore be compared.Theratio
betweertheareasf thetwo windows is thencomputeohs:ﬁ—; = 1.45.

if P is entirelyknown the locationof the cameracentreis metricdefined.If « is unknavn we can

write:

Xc:—det[ P2 Vv p4], Yc:det[ P1 Vv p4],
aZC:—det[ P1 P2 p4], Wc:det[ P1 P2 v] (5.16)

andobtainthe distanceZ,. of the cameracentrefrom the planeup to the affine scalefactora. As
before,the distanceZ,. canbe upgradedo metric with knowledgeof «, or useknowledgeof the
cameraheightto computex andupgradetheaffine structure.

Notethataffine viewing conditiong(wherethecameraentreis atinfinity) presenhoproblem
in expressiongs.15)and(5.16),sincein thiscasevehavel = [ 0 0 = ]T andv = [ * x 0 ]T.
HenceW, = 0 thusa cameracentreon the planeatinfinity is obtained asexpected.This pointon
T oo Fepresentgheviewing directionfor the parallelprojection.

If theviewpointis finite (i.e. not affine viewing conditions)thenthe formulafor aZ, maybe

developedfurtherby takingthe scalarmproductof bothsidesof (5.14)with thevanishingline 1. The
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Figure5.13: Computing the location of the camera equationg5.15)areusedto obtain: X, = -
381.0cmy, =-653.7cm,Z. = 162.8cm.

resultis

aZ,=—(1-v)! (5.17)

—workedexample—
Objective in figure 5.13the positionof the cameracentrewith respecto the chosenCartesiarcoordinate
systemis determinedNotethatin this casewe have choserp4 to bethepointo in thefigureinsteadof 1.

e Thegroundplane(X,Y plane)is thereference;
e theverticalvanishingpointis computedy intersectingverticaledges;

o the two sidesof the rectangulabaseof the porch have beenmeasuredhus providing the position
of four points on the referenceplane. The world-to-imagehomographyis computedfrom those
points[24];

¢ thedistanceof thetop of theframeof thewindow ontheleft from the groundhasbeenmeasuredn
siteandusedasreferencao computen asin (5.6).

o the3D positionof thecameracentres thencomputedsimply by applyingequationg5.15). We obtain

X, = —-381.0cm Y. = —653.7cm Z, = 162.8cm

In figure5.23c,the camerahasbeensuperimposethto avirtual view of thereconstructedcene.

5.4 Uncertainty analysis

Featuredetectionand extraction,whethermanualor automatic(e.g. usingan edgedetector),can
only be achieved to a finite accurag. Any featuresextractedfrom animage,therefore,are sub-
jectto measurementsrrors. In this sectionwe considerhow theseerrorspropagatehroughthe
measuremerformulaein orderto quantifythe uncertaintyon thefinal measurement86]. Thisis

achiered by usingafirst ordererroranalysigseesection3.6).
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Theuncertaintyon the projectionmatrixis analysedirst andthentheuncertaintyon distance

measurements.

5.4.1 Uncertainty on the P matrix

The uncertaintyin P dependn the location of the vanishingline, the location of the vanishing
point,andon «, the affine scalefactor Sinceonly thefinal two columnscontritute, the uncertainty
in P is modelledasa 6 x 6 homogeneousovariancematrix, Ap. Sincethetwo columnshave only
five degreesof freedom(two for v, two for 1 andonefor «), the covariancematrix is singular with
rankfive.

Assumingstatisticaindependencbetweerthetwo columnvectorsps andp, the6 x 6 rank

five covariancematrix Ap canbewritten as:

Ap = < Ags AO ) (5.18)

P4

Furthermoreassumingstatisticaindependencbetweenx andv, sinceps = av:
Ap, = o?A, + aivv—r (5.19)

with A, thehomogeneous x 3 covarianceof thevanishingpointv, andthevariances? computed

asin appendixD.

AL

T its covariances:

Sincep, =1=

_ Ops, Ops '

Ap, = SN2 (5.20)

wherethe3 x 3 JacobiarP® is
ops  1-11-17
ol (1-1)3

5.4.2 Uncertainty on measuementsbetweenplanes

When making measurementbetweenplanes(5.7), uncertaintyarisesfrom the uncertainimage

locationsof the pointsx andx’ andfrom the uncertaintyin P.
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The uncertaintyin the endpointsx, x’ of thelengthto be measuredresultinglargely from
thefinite accurag with whichthesefeaturegnaybelocatedin theimage)is modeledoy covariance

matriceshy andA,..

Maximum lik elihood estimation of the end points and uncertainties.

In this sectiontheP matrix is assumedhoise-freethis assumptioris removedbelov (5.23).

Sincein the errorfree casex andx’ mustbe alignedwith the verticalvanishingpoint v the
MaximumLikelihoodestimategx andx’) of theirtruelocationscanbe determinedy minimizing
the sumof the Mahalanobislistancedetweertheinput pointsx andx’ andtheir MLE estimatesk
andx’

min [(x — %2) TA5) (x2 — %2) + (xh — ) T (xh — %)) (5.21)

o ol
X2,Xy,

subjectto thealignmentconstaint
v-(xxx)=0 (5.22)

(thesubscript indicatesnhomogeneou&-vectors).
This is a constrainedminimizationproblem. A closedform solution canbe found (by the

Lagrangemultiplier method)in the specialcasethat
Ay = 7 Ay,

with y ascalay but, unfortunatelyin thegeneratasehereis noclosedorm solutionto theproblem.
Neverthelessin the generalcase aninitial solutioncanbe computedoby usingthe approximation
given in appendixB andthenrefining it by runninga numericalalgorithm suchas Levenbeg-
Marquardt.

Oncethe MLE endpointshave beenestimatedstandardechniqueg20, 36] areemplo/ed
to obtaina first orderapproximationto the4 x 4, rank-threecovarianceof the MLE 4-vector

¢ = (&) %] ). Figure5.14illustratestheidea(seeappendixC for details).
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Figure5.14: Maximum Lik elihood estimation of the end points: (a) Original image(closeupof
fig. 5.15). (b) Theuncertaintyellipsesof theendpoints,Ax andA,, areshavn. Theseellipsesare
definedmanually;they indicatea 3-standardieviation confidenceegion for localizing the points.
(c) MLE endpointsx andx’ arealignedwith theverticalvanishingpoint (outsidetheimage).

Uncertainty on distancemeasuements.

Assumingnoisein both end pointsand projectionmatrix and statisticalindependenceetweent
andP we obtaina first orderapproximationfor the varianceof the distanceZ of a point from a

plane:

AA
02 =V ( ¢ 0 ) \v o (5.23)
0 Ap

whereV z isthel x 10 (A& is4 x4 andAp is 6 x 6) Jacobiammatrix of thefunction(5.7)which
mapsthe projectionmatrix andthe endpointsx, x’ to their world distanceZ. The computatiorof

V z is explainedin detailin appendixC.

5.4.3 Uncertainty on cameraposition

Thedistanceof the cameracentrefrom thereferenceplaneis computedaccordingto (5.17)which

canberewritten as:

Z.=—(ps-p3)~" (5.24)

If anexactP matrixis assumedthenthe cameradistances exacttoo, in factit depend®nly

on the matrix elementf P. Similarly, the accurag of Z, dependnly on the accurag of theP
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matrix.
Equation(5.24) mapsR® into R, andthe associated x 6 Jacobiammatrix V Z, is readily

derivedto be

and,from afirst orderanalysishevarianceof Z, is
2 _ T
oy, =VZMVZ, (5.25)

wherelp is computedn section5.4.1.
Thevariances;%c andof,c of the X, Y locationof the cameracanbe computedn a similar

way [24].
5.4.4 Example- uncertainty on measuringheightsof people

In this sectionwe shav the effectsof thenumberof referencalistancesndimagelocalizationerror
onthepredicteduncertaintyin measurements.

An imageobtainedrom a poorquality securitycamerds shovn in figure5.15a.1t hasbeen
correctedor radial distortionusingthe methoddescribedn section3.4,andthefloor taken asthe
referenceplane. Vertical and horizontallines are usedto computethe P matrix of the scene.The
vanishingline for thegroundplaneis shavn in white atthetop of eachimage.

The scenes calibratedby identifying two pointsvy, v, on thereferenceplanes vanishing
line (shavn in white at the top of eachimage)andthe vertical vanishingpoint v. Thesepoints
are computedby intersectingsetsof parallellines. The uncertaintyon eachpoint is assumedo
be Gaussiarandisotropicwith standarddeviation 0.1pizels. Theuncertaintyof the vanishingline
is derived from a first orderpropagatiorthroughthe vector productoperationl = v; x vy. The
projectionmatrix P is thereforeuncertainwith its covariancegivenby (5.18).

In additionthe endpointsof the heightto be measurecéreassumedo be uncertairandtheir

covariancesestimatedasin section5.4.2. The uncertaintiesn the heightmeasurementshavn are
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Figure5.15: Measuring heights and estimating their uncertainty: (a) original image;(b) im-
agecorrectedfor radial distortionand measurementsuperimposedWith only onesuppliedref-
erenceheightthe mans heighthasbeenmeasuredo be Z = 190.4+ 3.94cm,(cf. groundtruth
value190cm).The uncertaintyhasbeenestimatedy using(5.23) (the uncertaintyboundis at + 3
std.de.); (c) with two referenceheightsZ = 190.44+ 3.47cm;(d) with threereferenceneightsZ =
190.4+ 3.27cm.In thelimit Ap = 0 (errorfreeP matrix) the heightuncertaintyreducedo 2.16cm
for all (b,c,d);theresidualerror, in this casejs dueonly to theerroron thetwo endpoints.

Figure 5.16: Measuring heights and estimating their uncertainty, secondpoint of view: (a)
original image; (b) the imagehasbeencorrectedfor radial distortion and height measurements
computedandsuperimposedwWith onesuppliedreferenceheightZ = 190.2+ 5.01cm(cf. ground
truth value190cm);(c) with two referencéneightsZ = 190.4+ 3.34cm.Seefigure5.15for details.
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computedas3-standardleviationintenals.

In figure 5.15bonereferenceheightis usedto computethe affine scalefactora from (5.6)
(i.e. the minimum numberof references)Uncertaintyhasbeenassumedn the referenceheights,
vertical vanishingpoint andplanevanishingline. Oncea is computedothermeasurements the
samedirectionare metric. The heightof the manhasbeencomputedandshawn in thefigure. It
differsby 4mm from theknown truevalue.

Theuncertaintyassociatedvith the heightof themanis computedrom (5.23)anddisplayed
in figure5.15b Notethatthetrueheightvaluefalls alwayswithin thecomputeB-standardieviation
rangeasexpected.

As the numberof referencedistancess increasedseefigures5.15c,d),the uncertaintyon
P (in factjust on «) decreasegesultingin a decreasen uncertaintyof the measuredeight, as
theoreticallyexpected(seeappendixC for details). Equation(5.9) hasbeenemplg/ed, here,to
metriccalibratethe distancefrom thefloor.

Figure 5.16 shavs imagesof the samescenewith the samepeople,but acquiredfrom a
differentpoint of view. As beforethe uncertaintyon the measuremenidecreaseasthe numberof
referenceincreasegfig. 5.16b,c). Themeasuremeris the sameasin the previousview (fig. 5.15)
thusdemonstratingnvarianceto camerdocation.

Figure5.17shavs anexample wheretheheightof thewomanandtherelateduncertaintyare
computedor two differentorientationf theuncertaintyellipsesof theendpoints.In figure5.17b
thetwo inputellipsesof figure5.17ahave beenrotatedby anangleof approximatelyl0?, maintain-
ing thesizeandpositionof the centres.The anglebetweerthe directiondefinedby the majoraxes
(directionof maximumuncertainty)of eachellipseandthe measuringlirectionis smallerthanin

fig. 5.17aandthe uncertaintyin themeasurementgreaterasexpected.
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Figure5.17: Estimating the uncertainty in height measuementsfor different orientations of
the input 3-standard deviation uncertainty ellipses (a) croppedversionof image5.15bwith
measurementsuperimposedZ = 169.8+ 2.5cm(at 3-standardieviations). The groundtruth is
Z =170cm,it lies within the computedange;(b) theinput ellipseshave beenrotatedkeepingtheir
sizeandpositionfixed: Z = 169.8+ 3.1cm(at 3-standardieviations). The heightmeasuremeris
lessaccurate.

5.4.5 Validation of uncertainty analysis

In thissectionthefirst ordererroranalysigreviously describeds validatedoy computingheuncer
tainty of the heightof themanin fig. 5.15eusingMonte Carlosimulationsasdescribedn table5.1
andcomparingt to first orderanalyticalresult. Specifically the statisticalstandardieviation of the
mans heightfrom areferencelaneis computecandcomparedvith thestandardleviation obtained
from thefirst ordererroranalysis.

Uncertaintyis modeledas Gaussiamoise and describedoy covariancematrices(seesec-
tion 3.6). Noiseis assumedn the end points of the threereferencedistancesand also on the
verticalvanishingpoint, the planevanishingine andontheendpointsof the heightto bemeasured.

Figure5.18shawvs theresultsof thetest. The basepointis randomlydistributedaccordingo
a 2D non-isotropicGaussiaraboutthe meanlocationx (onthefeetof the manin figure5.15)with
covariancematrix A, (figure5.18a).Similarly thetop pointis randomlydistributedaccordingto a
2D non-isotropicGaussiaraboutthe meanlocationx’ (onthe headof the manin figure5.15),with

covariancel, (figure5.18b).
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—————— Monte Carlo

—————— First Order
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Figure5.18: Monte Carlo simulation of the examplein fig. 5.15d: (a) distribution of the input
basepoint x andthe correspondin@-standardieviation ellipse; (b) distribution of the input top
pointx’ andthe corresponding@-standardieviation ellipse. Figures(a) and (b) aredravn at the
samescale;(c) the analyticaland simulateddistributions of the computeddistanceZ. The two
curwesarealmostperfectlyoverlapping.

e for j=1to N (with N = numberof samples)

— For eachreferencegiventhe measuredeferenceendpointsr (onthereferencelane)andr’,
generatea randombasepointr;, arandomtop pointr; anda randomreferencedistanceZ,
accordingo theassociatedovariances.

— Generat@arandomvanishingpointaccordingo its covariancely .
— Generaterandomplanevanishingline accordingo its covariancel,.
— Computethea parameteby applying(5.9)to thereferencesandthe currentP matrix (5.3).

— Generatearandombasepoint x; andarandomtop pointx} for the distanceto be computed
accordingto their respectie covarianced\x andi,:.

— Projectthe points x; and x; onto the bestfitting line through the vanishing point (see
sect.5.4.2).

— Computethe currentdistanceZ; by applying(5.7).
e Thestatisticalstandardieviation of the populationof simulatedZ; valuesis computedas
PR IR
z- N -1

andcomparedo theanalyticalone(5.23).

Table5.1: Monte Carlo simulation.
Thetwo covariancematricesarerespectiely:
r ( 10.18  0.59 ) h = ( 4.01 0.22 >
0.59 6.52 0.22 1.36
Suitablevaluesfor the covariancef the threereferencesthe vanishingpoint andthe van-

ishingline have beenused.Thesimulationhasbeenrunwith N = 10000 samples.

Analyticalandsimulateddistributionsof Z areplottedin figure5.18c;thetwo curesareal-
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mostoverlapping.Any slightdifferences dueto theassumptionsf statisticaindependencé. 18,
5.19,5.23)andfirst ordertruncationintroducedoy the erroranalysis.
A comparisorbetweenstatisticalandanalyticalstandarddeviationsis reportedin the table

belav with the correspondingelative error:

relative error

loz—o%|

First Order | MonteCarlo
oz o'y

9z
1.091cm | 1.087cm | 0.37%

Notethat Z = 190.45cm andthe associatedirst orderuncertaintyd « oz = 3.27cmis shavn in
fig. 5.15d.

In thelimit Ap = 0 (errorfreeP matrix) the simulatedandanalyticalresultsareevencloser

This result shavs the validity of the first order approximationin this caseand numerous
other exampleshave followed the samepattern. However somecaremustbe exercisedsinceas
theinput uncertaintyincreasesnot only doesthe outputuncertaintyincreasebut therelatve error
betweenstatisticalandanalyticaloutputstandardieviationsalsoincreasesFor large covariances,
theassumptiorof linearity is poorly foundedihereforethefirst orderanalysisno longerholds.

Thisis illustratedin the tablebelov wheretherelatve erroris shavn for variousincreasing
valuesof theinputuncertaintiesThe uncertaintie®f referenceslistancesindendpointsaremul-
tiplied by the increasingfactor+y; for instancejf Ax is the covarianceof the imagepoint x then
Ax(y) = 'YQAx-

y | 1] 5|10 2] 30
2% (%) | 037] 168 3.15| 8.71 | 16.95

In the affine case(whenthe vertical vanishingpoint andthe planevanishingline areat in-
finity) thefirst ordererror propagatioris exact (no longerjust an approximatiorasin the general

projective case)theanalyticandMonte Carlosimulationresultscoincide.
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5.5 Three-dimensionalmetrologyfrom a singleview

This sectiondescribes very simplebut effective generalizatiorof thetheorydescribedabore.
The singleview techniquegor measuringdistancesbetweentwo planesin a pencil are ex-

tendedo makingfull 3D measuremenia theobseredscene Thekey ideais anew descriptiorof

the 3D spaceasa collectionof threepencilsof parallelplanesn threedifferentdirections[7]. That

leadsto acomplete3D reconstructiorirom singleimages.

5.5.1 The 3D spaceasa collectionof pencilsof parallel planes

If v, vy andv, arethethreevanishingpoints(with unit third coordinate)or threedirectionsin
spacgnot necessarilprthogonato eachother)ando is the origin of theimagecoordinatesystem,

thenthe P matrix canbewritten as[36]:
P:[ QzVg QyVy Q,V, O ] (5.26)

with a,, ay, a, threeunknavn scalefactors.

Equation(5.26)generalise$5.3) andallows usto extendthetheorydiscussedn section5.3
to parametrizinghe spaceasthree pencilsof planesratherthanonly one. Measurementsannow
be computedn threedirectionsthusspecifyingcomplete3D affine positionof world points.

As explainedin section5.3 attentionmustbe paid to the factthatthe imagepoint o canbe
chosenrarbitrarily but, in orderto avoid degeneraciedn the parametrizationit mustnot lie on ary

of thethreevanishinglinesidentifiedby thethreevanishingpointsv, vy, v, i.e.
0-(vixvj)#0 Vi,j=u,y,z

A possiblechoiceof the point o maythenbethe average(centreof mass)of the threevan-

ishingpointsin homogeneousoordinates:

— Ei:wayvz VZ
3
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Figure 5.19: Complete affine 3D reconstruction from single images: The 3D spaceis

parametrizedsthreepencilsof parallelplanes(only oneplanefor eachpencilis shavn, thethree
pencilsdonotneedo beorthogonato eachother). Thelocationof aworld pointQ canbecomputed
by applying(5.27)(seealso(5.6)).

5.5.2 3D location of points

Generalizing(5.6) the X, Y, Z location of a 3D point Q may be computedfrom single images

applyingthefollowing formulae(seefig. 5.19):

Qyz - lyz ||Vm X Q||

O'Iavz ‘szxq”
qzz - e ||Vy X QH
0-luy |lqzy x q|
Aoy * Loy |[v2 x q]

oY = —

o, = —

Whereq is theimageof theworld pointQ, 1;; = v; x v; andqy; is theintersectiorof the
planespannedby theaxisi andj with theline throughQ paralleltothedirectionk (Vi, j, k = z,vy, 2).
If the o; parameterareknown thenmetric structurecanbe computedfor the point Q; otherwise

only affine structurecanbe obtained.

Only oneof the points qgzy, q,, and q,, is necessary
In imagesof realscenest is quiterareto find a situationin which thethreebasepointsqy,,

qy. andq,, areall visible. We now shav thatonly oneof thosepointsneedso be knowvn andthat
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Figure5.20: Geometric construction of the point q,,: thepointsq, qzy, vz, v, andtheline a,
areknowvn andthe point q, , is constructedy linesintersections Similar constructiorappliesfor
thepointq,.

theothertwo canbe computed.
For instance,it is easyto prove thatif q, is knowvn anda, anda, arethe imagesof the

choserworld coordinatesixes X andY respectrely then:

Qyz = (@ X Vg) X (v X (ay X (Qzy X Vz))) (5.28)

Qzz = (q X vy) X (vz X (ax X (wa X vy))) (5.29)

Theimagepointsq,, andq;, canalsobe constructedyeometricallyasillustratedin figure 5.20.
Theseoperationscorrespondin theworld, to parallelprojectionsof the 3D point Q into the plane
Y Z alongthe X -directionin (5.28);into theplaneX Z alongtheY -directionin (5.29). Symmetrical
formulaecanbederiedin thecasesy,, or q,, areknown.

Equations(5.28), (5.29) (or the symmetricalones)may be substitutedn (5.27) to obtain

formulaewhich dependn onebasepointonly.
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5.5.3 3D location of the camera

Equationg5.15)to computethe camerdocationstill hold. But they canberewritten atthelight of

this new parametrizationin the caseof unknawvn o parameterss:
ay X, :—det[ Vy V. P4 ], ach:det[ Vy V, P4 ],

a, 7. = —det[ Vz Vy P4 ] , W.= det[ Vg Vy Vg ] (5.30)

andthustheaffinelocationof thecameracentreis computed As before metricstructurds obtained

if thea parameterareknown.

5.5.4 Cameracalibration

Given a world coordinatesystemXY Z with origin in O andanimagecoordinatesystemzy. If
we knaow thethreevanishingpointsfor the X, Y andZ directionsandat leastoneworld distance
measuremenrdlong eachdirection, by applying (5.27) the threecalibrationparametersy; canbe
computedseesection5.3.1). We canchoosehe origin o to betheimageof O andfrom (5.26)the
full world-to-imageprojectionmatrix P is determinedandthe scenecalibrated.In factthe origin o
andeachvanishingpoint provide 2 d.o.f. Thethreescalarso; provide 3 mored.o.ffor a total of
11lindependentiegreesof freedom.Full externalcameracalibrationis, therefore pbtainedfrom a
singleimage.

Oncethe scenehasbeencalibratedmetric structureof pointsandcamerasanberecosered
from (5.27)and(5.30)respectiely. Moreover the threeimage-to-verld homographie$or eachof
the planescanbe extracteddirectly from (5.26).

If thehomographyetweeraworld plane(e.g.theplanez, y) andtheimageis known, then
only the o parameteffor the directionnot on that plane(e.g. «,) mustbe known to computea
completemetric 3D reconstructionsincecomputingthe two remainingcalibrationparameterga,,

anday,) from theknown homographys straightforvard.
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Partial calibration.  Theremay be situationswhereonly someof the calibrationparameters
areknown. In that casewe obtainanintermediatepartially affine and partially metric structure.
Partial calibrationleadsto a partialreconstructiorof the scene For instancethesituationanalysed
in section5.3.2is characterizedby affine calibrationon the planeandmetric off the plane(if « is
known). Thathasbeensufiicient to computemetric distancegrom the referenceplane(andonly

affine measurementsn the plane).

Thetheorydevelopedin section5.3.1concerningheuseof homologiedo transfermeasure-
mentsand pointsfrom one planeto a parallelone,andin section5.4 concerningthe uncertainty
analysison distancesbetweenplanesstill apply with the necessanattentionto which pencil of

planess currentlyunderinvestigation.

5.6 Applications

Thevalidity of the metrologyalgorithmpresenteds demonstratech this sectionwith a numberof

practicalapplications.

5.6.1 Forensicscience

A commonrequirementin surneillanceimagesis to obtainmeasurementsom the scene suchas
theheightof a suspectAlthough,the suspechasusuallydepartedhe scenereferencdengthscan
be measuredrom fixturessuchastablesandwindows.

Figure5.21lillustratesthe computationof the heightof the personstandingnext to a phone
box. The groundis thereferenceplaneandthe verticalis the referencalirection. The edgesof the
paving stonesareusedto computethe planevanishingline, the edgesof the phonebox to compute
the vertical vanishingpoint andthe heightof the phonebox providesthe metric calibrationin the
vertical direction (figure 5.21b). Only one referenceheight (minimal set) hasbeenusedin this

example. The heightof the personis thencomputedusing (5.7) andshawvn in figure 5.21c. The



5.6 Applications 114

Figure5.21: The height of a personstanding by a phoneboxis computed (a)originalimage;(b)
thegroundplaneis thereferenceplane andits vanishindine is computedrom the paving stoneon
thefloor. Theverticalvanishingpointis computedrom the edgesof the phoneboxwhoseheight
is knovn andusedasreference.Vanishingline andreferenceheightareshavn; (c) the computed
heightof the personandthe estimateduncertaintyareshavn. The veridical heightis 187cm,note
thatthe personis leaningslightly on hisright foot.

groundtruthis 187cm, noticethatthe personis leaningslightly dowvn on hisright foot.

The associatedincertaintyhasalsobeenestimatedtwo uncertaintyellipseshave beende-
fined manually oneon the headof the personandoneon the feetandthen propagatedcrosshe
chainof computationssdescribedn section5.4to give the2.2cm 3-standardieviation uncertainty

rangeshawvnin figure5.21c.

5.6.2 Furnitur e measuements

In this sectionanotherapplicationis describedHeightsof furniturelike shehes,tablesor windows
in anindoorervironmentaremeasured.

Figure5.22ashavs a deskin The Queens College upperlibrary in Oxford. Thefloor is the
referenceplaneandits vanishingline hasbeencomputedoy intersectingedgesof the floorboards.
Theverticalvanishingpoint hasbeencomputedy intersectinghe verticaledgesof the bookshelf.
Thevanishingline is shavn in figure 5.22bwith thereferenceheightused.

Thecomputedheightsandassociatedncertaintiesireshavn in figure5.22c. Theuncertainty
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Figure5.22: Measuring height of fur nitur e in The Queen’s College Upper Library , Oxford:

(a) original image;(b) the planevanishingline (white horizontalline) andreferencéheight(white

verticalline) aresuperimposedntheoriginalimage;themarkedshelfis 156cm high; (c) computed
heightsandrelateduncertaintiestheuncertaintypoundis at+3std.dev. Thegroundtruthis: 115cm

for theright handshelf, 97cm for the chairand 149cm for the shelfon the left. Obsenre thatthe
groundtruth alwaysfalls within thecomputeduncertaintyrange.

boundis +3 standarddeviations. Note that the groundtruth always falls within the computed

uncertaintyrange.The heightof the cameras computedas1.71m from thefloor.

5.6.3 Virtual modelling

Figure5.23shavs anexampleof complete3D reconstructiomwf arealscendrom singleimage. Two
setsof horizontaledgesare usedto computethe vanishingline for the groundplane,andvertical
edgewsedto computetheverticalvanishingpoint.

The heightof the window frame, andthe heightof oneof the pillars are usedasreference
heights. Furthermorghe two sidesof the baseof the porchhave beenmeasuredhusdefiningthe
metriccalibrationof thegroundplane.

Figure5.23bshavs a view of the reconstructednodel. The personis representedsa flat
silhouettesinceit is notpossibleo recoser volumefrom oneimageonly. Thepositionof thecamera

centreis alsoestimatecandsuperimposedn a differentview of the 3D modelin figure5.23c.

5.6.4 Modelling paintings

Figureb.24shavs amasterpiecef ItalianRenaissancggainting,La Flagellazionedi Cristoby Piero

dellaFrancesc#1416- 1492). The painting,thanksto the artist's famousmathematicaskills [30],
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Figure5.23: Complete 3D reconstruction of a real scene (a) original image;(b) a view of the
reconstructe@D model;(c) aview of thereconstructe@D modelwhich shavs thecamergosition
andheightwith respecto thescene.

faithfully follows the geometricrulesof linear perspectie, andthereforethe techniqueslescribed
canbeappliedto computethe structureof thescene.
Unlike othertechnique$56] whosemainaimis to createcorvincing new views of the paint-

ing regardlesof the correctnessf the 3D geometryherea geometricallycorrect3D modelof the
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Figure 5.24: Complete 3D reconstruction of a Renaissancepainting: (a) La Flagellazionedi

Cristo, (1460, Urbino, GalleriaNazionaledelle Marche); (b) heightmeasurementare superim-
posedon the original image. Christ’s heightis taken asreferenceandthe heightsof all the other
peopleare expressedas percentdifferences. The vanishingline is dashed;(c) a view of the re-

constructed3D model. The patternedloor hasbeenreconstructedn areaswhereit is occluded
by taking advantageof the symmetryof its pattern;(d) anotherview of the modelwith the roof

removedto shav therelative positionsof peopleandarchitecturaklementsn the scene .Notethe
repeatedyeometricpatternon the floor in the areadelimitedby the columns(barelyvisible in the
painting). Note thatthe peoplearerepresentedimply asflat silhouettessinceit is not possibleto

recovertheirvolumefrom oneimage they have beencutoutmanuallyfrom theoriginalimage.The
columnshave beenapproximatedvith cylinders.
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viewed scends reconstructedseefig. 5.24c,d).

In the paintinganalysecdhere,the groundplaneis chosermasreferenceandits vanishingline
computedrom thesereralparallellinesonit. Theverticalvanishingpointfollows from thevertical
linesandconsequentlyhe relative heightsof peopleandcolumnsis defined. Figure5.24bshavs
the paintingwith heightmeasurementsuperimposedChrist's heightis taken asreferenceandthe
heightsof the otherpeopleareexpressedsrelative percentagelifferencesNoticethe consisteng
betweerthe heightof the peoplein theforegroundwith the heightof the peoplein thebackground.

By assuminga squarefloor patternthe groundplaneis rectified and the position of each
objectestimated24, 74]. The scaleof the floor relative to heightsis setfrom the ratio between
heightandbaseof the frontoparallelarchway. The measurementsip to anoverall scalefactorare
usedto computea threedimensionamodelof the scengscalecEuclideanstructure).

Figure5.24cshavs a view of the reconstructednodel. The peoplearerepresentedagain,
asflat silhouettes The columnshave beenapproximatedvith cylinders. The partially seenceiling
hasbeenreconstructedorrectly Figure5.24dshavs a differentview of the reconstructeanodel,

wheretheroof hasbeenremaovedto shav therelative positionof the peoplein the scene.

5.7 Missing basepoint

A restrictionof the single-viev measuremenrdlgorithm presentedn this chapteris the needto

identify correspondingointsbetweermplanes.

The problem. Onecasewherethe methoddoesnot apply therefore,is that of measuringhe
distanceof a general3D point to a referenceplanewherethe correspondingoint on the floor in
undefined(seefig. 5.25). Herethe homologyis underdeterminedandthe line joining the image
of this point with the vertical referencevanishingdirection gives the locus of pointswhich may

correspondthereforeanuncertaintyrangefor the heightmaystill becomputed).
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a | b

Figure5.25: Single view metrology cannot be applied when the basepoint is not defined: (a)
originalimage:thelecternin The Queens College chapel;(b) we wantto measurdghe distanceof
thebeakof theeaglefrom thefloor, buttheintersectiorof thegroundplanewith theverticalthrough
thetip of the beakis notdefinedandthereforethe singleview metrologycannotbe applied.

Possiblesolutions. A secondview providesanotherocus, andthe intersectionof theseloci in
eitherview (transferredy the interimagehomographyinducedby the referenceplane)uniquely
defineghe correspondingoint onthereferenceplane.This constructiorwasusedin [95] to deter
minetheverticalprojectionof afootball ontothegroundplane(seealso[98] for a similar construc-
tion). Thedistancanaythenbecomputedasdescribedn themainbodyof this chapteror by using
moredirectformulaedevelopedin the next chapter(seealso[59]).

Hereoneintermediateaseof interesis explored;whenonly oneview is providedandalight-
sourcecastsshadws ontothereferenceplane. Thelight-sourceprovidesrestrictionsanalogougo
a secondviewpoint[122], thusthe projection(in the referenceadirection)of the 3D point ontothe
referenceplanemay be determinedasthe intersectiorof a pair of one-dimensiondbci (fig. 5.26).

In [96] this methodwasusedto computethetrajectoryof afootball.

5.7.1 Usingshadons

We wish to computethe distanceof a 3D point X from a referenceplanes but the intersection
of the verticalline throughX with the plane(basepoint X’) is not defined. (figure 5.26ashavs a

schematiof thedescribedituationasit appear®nanimage).Thereforehesingleview metrology
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algorithmis no useunlessheimagebasepointx’ canbecomputed.

A referenceheightneedso be consideredvheretop andbasepointscanbe identified (fig-
ure5.26a).Thelight sources castsashadav x; onthereferenceplanefor thepointx andsimilarly
it castsa shadw r, for the referencepointr. The pointr’ correspondso r alongthe reference
direction.

By representingpoints ashomogeneou8-vectorsthe intersectionof theline < XR > in
spacewith the planeswr canbe computedn theimageasp = (x x r) x (x5 x r;) (referredto as
the piercing point, seefig. 5.26b). If we assumdight sourceat infinity thenthe two shadw lines
< R'R; > and< X'X; > areparallelto eachotherin spaceandthe point v}, is the vanishing
point of their direction. The point v;, canbe computedby intersectingthe referenceshadav line
andthevanishingline: v, = (rs; x r’) x 1. Thereforetheimagepointx’ on the planew canbe
computedasx’ = (x5 X v;) X (p x r’). Thealgorithmdescribedn section5.3.1may, now, be
appliedto computetheworld distancebetweenx andx’. Furthermorethevanishingpointv for the
referencalirectionmaybe computedasv = (r x r') x (x x x).

Thedescribectonfiguratioris analogouso the caseof having oneperspectie andoneaffine

cameradescribedy Zhangetal. in [130].

Planar homology It is interestingto noticethatthe two trianglesr, r’, rs andx, x’, x; arein a
Desaguesconfigurationandthereforethey arerelatedby a planarhomologywhosevertex is the
piercingpointandtheaxisis theline < svy > (figure5.26c). Therefore analternatve, algebraic

way to computethepointx’ is:

¢ estimatinghehomologyH from its vertex (the point p), axis(theline < sv; >) anda pair of

correspondingoints(e.g.r, x or ry,x,) by applying(3.4);
e computingthebasepointx’ from the homologyprojection:

x' = Hr' (5.31)
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Figure5.26: Using shadavs to compute distancesin single views: (a) we wish to computethe
distanceof the point x from the plane# but the basepointis not defined. The referencepoint r
(off the plane)andits baser’ (on the plane)correspondilongthe referencedirection. The light
sources (atinfinity) castsheshadav pointsr, andx, ontothereferenceplane;(b) the positionof
the basepointx’ is computedby makinguseof the shadas on the planer (seetext); (c) thetwo
trianglesr, r’, r, andx, x', x, arerelatedby a planarhomologyH. Thepiercingpointp (imageof
theintersectiorof theline < XR > with theplaner) is its vertex andtheline joining the pointss

andvy, its axis.
FromDesaguestheoremthevanishingpoint v for thereferencedirectionlies on the axis of
thehomologytoo: v - (s x v;,) = 0. Oftenbothv ands areknown. In this casethepositionof the

pointx’ is over-determinedandit canbe computecemplg/ing a MLE algorithm.
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The caseof finite light source. In the casewherethe light sourceis finite thenthe two shadav
lines< R'R; > and< X’X; > areno longerparallelto eachotherandthereforethe vanishing
pointv;, cannotbecomputed.

Neverthelessf the vertical vanishingpoint v for the referencedirectionis known thenthe
axisof the homologyis still defined:a = v x s; andthehomologyH canbe computed Hencethe
pointx’ canbecomputedrom (5.31). Computingtheworld distanceof x’ from thereferenceplane

is now straightforvard.



Chapter 6

Metrologyfrom planarparallax

6.1 Intr oduction

This chapterexploresthe geometryof two andthreeviews in a plane-plus-paallax framework.
Algorithmsfor structureandcameracomputatiorare developedandthe resultscomparedvith the
singleview metrologydescribedn the previous chapter(seealso[23]; similar, independentvork
canbefoundin [59]).

In particular we addresghe problemof computingdistancesf pointsfrom planeswhen
the intersectionof the planewith the line throughthe point parallelto the referencedirectionis
not defined(seefig. 5.25). In sucha casethe singleview metrologyapproachis not suficient. In
section5.7we have shawvn how to overcomethe problemwhenalight sourcecastsa shadev ontoa
plane.In thecasewhereno shadavs canbe detectedhenonemoreview providesthe solution.

The plane-plus-pointgonfigurationhasreceved significantattentionin the past,not least
becausét arisesfrequentlyin everydayscenesA usefulandpopularapproacho the problemde-
composegheimagemotioninto aplanarhomographidransfemplusaresiduaimageparallaxvector
[58, 59, 69, 100. Thisdecompositiohasthe advantagethatit partially factorsout dependencen
thecameraelative rotationandinternalparameters.

In recentwork CarlssorandWeinshalletal. [13, 14,125 127] have demonstratethefunda-
mentalduality of the 3D reconstructiomproblem.They shav thatfor pointsandcamerasn geneal
position the problemof computingcamerdocationsfrom n pointsin m views is mathematically

equivalentto the problemof reconstructingn + 4 pointsin n — 4 views. This chapteranalyzesin



6.1

Intr oduction

124

T determinedupto a
3-fold ambiguity

nofurtherconstraints

m n i |
views | pts generabosition coplanar
2 7 3n+7 = 28d.o.f. 3n—1+7 = 27d.o.f.
2mn = 28constraints 2mn = 28constraints
F determinedupto a F determinediniquely
3-fold ambiguity motionconstrainione)in addition
no furtherconstraints 3 homolgy. mapsbetweernviews,
vertex is epipole, i.e. intersectionof plane and
camerabaseline,
axisis intersectiorof planewith planecontaining
remainingthreepoints.
3 6 | 3n+18 = 36d.o.f. 3n—1+18 = 35d.o.f.
2mn = 36constraints 2mn = 36constraints

T determinediniquely
structureconstrainfone)in addition

3 homolagy: mapsbetweerpoints,

vertex is intersectiorof planeandline joining the
remainingtwo points,

axisis intersectiorof planeandplanecontaining
thecameracentres.

Table6.1: Camera/point duality resultsfor (i) pointsin generapositionand(ii) four pointslying
onadistinguisheglane.ThefundamentamatrixF has7 degreesof freedomandthetrifocal tensor

T has18d.o.f.

particular the geometryof two views of sezenpoints,four of which arecoplanarandthegeometry

of threeviews of six points,four of which arecoplanar We alsoprove thatthe two configurations

aredual,andthatthe fundamentafjeometricconstraintsn eachcaseareencapsulatetly a planar

homology[101, 121]. A summaryof the duality resultscontrastedvith the generalpositioncases

is shavn in table6.1.

The work hereunifiesa numberof previously diverseresultsrelatedto planarparallax[58,

69, 100, duality[13, 14, 125 127] andplanarhomologieq121].

Formulaefor computingthe distanceof the cameradrom a distinguishedworld planeand

formulaefor structurecomputationsandassociatedincertaintyare presentedn the secondoartof
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this chapterwherealsothe trifocal tensor[53, 106 111] is derived in the plane-plus-pointgase,
shawing thatit is obtaineduniquely Structureandcameracomputationsreobtaineddirectly from
imagemeasurementsg. the parallaxvectors withoutneedingo computethe epipolargeometry
The remainderof the chapteris organisedasfollows. We begin with a discussiorof back-
groundmaterial,notationand parallaxgeometry Thenthe geometryof two views, sesen points,
four of which arecoplanaiis describedWe shav thatthereexistsahomologyon the planerelating
the two views andderive necessargonditionsfor the homologydirectly in termsof the parallax
measurements$ection6.3.2shavs theduality of the geometryof threeviews, six pointsto thetwo
view, sevenpointcase andhenceobtainanalogousmecessargonditions.We alsoderive thetrifocal
tensorandshaw thatit is over-constrained Section6.4 dervesexpressiondor the distanceof the
cameradrom the distinguishedlaneandthe structureof pointsin termsof affine invariantsand
we shav how the plane-plus-parallageometrycanbe emplo/edto computetheline of intersection
betweenwo planes.An uncertaintyanalysison thosemeasuremenis performedn section6.5to
estimatehe confidencenterval aroundeachdistancemeasuremeniThis analysids validated.once
more,by comparingheresultsto Monte Carlostatisticakests.Severalexamplesonrealimagesare

presented.

6.2 Background

6.2.1 Notation

Theareaof atrianglewith generalerticesa, b, andc is denotedA,, andcanbedeterminedria
theformuladape = %|abc\ wherethepointsa, b, ande arerepresentedshomogeneous-vectors
with lastcomponenequalto one.

Numberedsubscriptsare usedto distinguishdifferentviews, with the first cameracentre
given by O4, the secondby Q5 andthe third by O3. The projectionof animagepoint onto the

distinguishedvorld planefrom thei*” view is denotedp;.
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Figure6.1: Parallax geometry: (a) generalconfiguration;(b) viewed on the distinguishedplane.
Theparallaxvector< x;x, > passeshroughtheepipolee;,.

Superscriptsdentify projectionsof a 3D point onto differentviews, thusthe 3D point X is

imagedasx in the first image,x’ in the secondandx” in the third. The symbols‘ "’ and
indicatethe homographigrojectionof a point from the secondor third imageinto the first one,
respectiely; thusx = Hy;x’ andx = Hz;x” whereH,; is the homographythat mapspointsfrom

thesecondmageontothefirstoneandHs; is thehomographyhatmapspointsfrom thethird image

ontothefirst one.

6.2.2 Planar parallax

The underlyingparallaxgeometryis shavn in figure 6.1; two views anda referenceworld plane
areshavn. Thedistinguishedvorld planeinducesa homographybetweerthe two views meaning
thattheimagesof pointson the planecanbe transferredvia the interimagehomographybetween
views 1 and2 (seesec.3.3.2). The homographycanbe determinedasusualfrom a minimum of
four correspondences thetwo views of points(or lines)onthedistinguisheglane.
Theparallaxvectorin thefirst view is thevectorjoining theimagex of aworld pointX with
thetransferredocationx of X'simagein theotherview (thepointx’). Furthermoresincethethree

planes(distinguishedwvorld planeandtwo imageplanes)are equivalentup to a planeprojectuity,
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we canalsomeasuregarallaxin the secondview, or, if theimage-to-verld planehomographieare

known, onthedistinguishedvorld plane.In factit is particularlyclearto work with theworld plane.
In this caseall dependencen the rotationaland internal parameter®f the camerads removed

(aggrgatedinto theimage-to-vorld planehomographiedeaving only adependencenthe camera
centres.

Sincetheclarity of theunderlyinggeometryis greatlyincreasedwe depictall relevantpoints
andvectorson theworld planein all of the figures. However, the computationslo not requirethe
image-to-verld homographieso beknown andthey canbecarriedoutfrom imagesdirectly.

The parallaxvectoris directedtowards(or away from) the epipole(seefig. 6.1b), thustwo
suchvectorsaresuficientto computdts position,andthefull epipolargeometryfollows[6, 77,82].
Themagnitudeof the parallaxvectoris relatedto the distanceof theworld pointandcameragrom
theworld plane. Although othershave describedhis functionin detail [58, 69, 100 we re-dernve

therelationshipn section6.4.

6.3 Geometryand duality

6.3.1 Geometry of two views

Let us considerthe caseof imaging seven points, four of which are coplanarfrom two distinct
viewpoints. Eachof the non-coplanathreepointsP, Q and X not on the planegivesriseto a
parallaxvector whichis depictedon theworld planein figure6.2.

TheplanePQX (referredto asthetripoint plané, intersectsheworld planein aline (referred
to asthetripoint line), andthe camerabaselinantersectghe world planein a point, the epipole.It
canbeseerby inspectiorof figures6.2and6.3thatthegeometryunderconsideratiorfsevenpoints,
two views) leadsdirectlyto a Desaguesconfiguration(seesection3.3.3)in whichthe epipoleis the
vertex of the homologyandthe tripoint line is the axis of the homology The two trianglesin the

Desaguesconfigurationarethe two “shadavs” of the spacetrianglePQX. This key obseration
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Cameral O,

Camera2 O

2 World plane

Figure6.2: The geometryof threepoints in two views: (a)thetrianglep;q;x; is the“shadav” of
PQX underthe cameraQ;; (b) the axis of the homologyis given by the intersectiorof the plane
PQX with theworld plane ,andthe vertex (epipolees) by theintersectiorof the baselinewith the

world plane.

vertex

Figure 6.3: Desalguesconfiguration in the two view - three point (off the plane) case: three
pointsin two views relative to a knovn planeleadsdirectly to a Desaguesconfigurationon the

plane.

underpingheresultswhich follow.

As statedn section3.3.3,ahomologyhasfive degreesof freedom,andthereforethreepoint
correspondenceaver-determineit. The extra constraintavailable can be usedas a testfor the
rigidity of the sceneandis equivalentto theepipolarconstraint.

Clearly the constraintcan be testedgeometricallyby using point correspondencesitherto
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constructthe intersection®f correspondingidesandtestingtheir collinearity or testingthe con-
currenceof the parallaxvectors. Alternatively an algebraictestcould, for example,computethe
epipoleusingtwo point correspondencesisethe epipoleplus the threepoint correspondences
solve for a generalhomographythentestthe homographyto determineif it is a homology (two
identicaleigewvalues).

The geometridesthasthe disadwantageof requiringthe constructiorof featuresvhich may
be far removed from the measuredmagefeatureshemseles, while the algebraictestgiveslittle
insightinto the underlyinggeometry

Below wederive novel bilinearandtrilinearconstraintavhicharenecessargonditionsonthe
homology Wereferto theseasmotionconstaintsandthey areequialentto theepipolarconstraint,
but have the advantagethat the computationsnvolve only thosefeatureswhich canbe measured

directly, namelythe parallaxvectors.

Motion constraints

Six points(four of which arecoplanar)n two views uniquelydefinethe epipolargeometry There-
fore the two imagesof onemorepoint off the planeareconstrainedo lie on eachothers epipolar
lines.

Herewe give necessargonditionsfor thehomology(whicharethereforenecessarfor scene
rigidity in two views) in the form of anidentity involving only areasof trianglesdefinedby three
vertices,computabldrom the parallaxvectors.Two suchconditionsandtheir symmetricformscan
bedeterminedThefirstis derivedfrom thecollinearityof theepipolee;, andcorrespondingoints
andis bilinearin the areas.The seconds derived from the collinearity of the pointsa,,, a,; and
a,, (fig. 6.2b)andleadsto aconstraintwhichis trilinearin theareas.

Details aboutthe derivationscanbe found in appendixE. The resultsare summarisedn
table 6.2 which shawvs formulaefor both the distinguishedolane form (6.1 — 6.5) andthe image

form (6.6—6.10). In the planeform areasof trianglesarecomputecdbn the distinguisheclaneand
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| MOTION CONSTRAINTS |

Distinguishedplaneform
By Ap1pax2 Aqrazxi = Apipaxi Aqiqaxa (6.1)
By AxixapaAqiazpr = Axixzp1 Aqiazp: (6.2)
Bj Apip2az Axix2q1 = Apipaar Axixzqz (6.3)
Ty Ap1paxs Aqrazpr Axixzar = Apip2ar Aqiqexs Axixaps (6.4)
Ty Apipaxa Aqiqzp2 Axixaqz = Apipaqz Aqiqaxs Axixzp2 (6.5)
Image form
By AppiAqax = AppxAqax (6.6)
By AxipAqap = Axsip Aqap (6.7)
Bs AppgAxxq = AppaAxiq (6.8)
T AppxAqap Axiq = AppgAqaxAxsip (6.9)
T AppxAqap Axig = AppaAqaiAxsp (6.10)

Table6.2: Motion constraints two view bilinear (B;) andtrilinear (T;) motion constraintequiv-
alentto the epipolarconstraint;,computedon the planeand on the image. Bilinear andtrilinear
constraintareprojectie invariant.

thereforethe knovledgeof eachworld-to-imagenomographys required;while in theimageform
areasf trianglesare computeddirectly in the first image(but eitherimagecanbe used)andonly
theknawledgeof theinterimagehomographys necessary

Violation of ary of (6.1 — 6.10)is a clearindicationthat there hasbeennon-rigid motion
betweenthe views. However if ary (or all) of the pointsP, Q andX movesin its own epipolar

planethenthe equationsarestill satisfiedandnon-rigidity is notdetected.

Example. An exampleof motiondetectionis shavn in figure6.4. Herewe demonstratéwo view
independeninotion detectionusingthe describedalternatve forms of the epipolarconstraint. In
this examplethe homographybetweenthe views inducedby the world plane(the wall) hasbeen
computedusingfour imagecorrespondencesn eachview. Two pointsnot on thewall have then

beenselectechndusedasreference.
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Figure6.4: Consistencywith the epipolar geometry: (a) and(b) left andright view of anindoor
scendn which the persorhaschangedis position. Four pairsof correspondingpointson thewall
(white circles)have beenusedto computeheinterimagehomographyTwo pairsof corresponding
pointsnoton thewall plane(white boxes)have beenusedto computethe parallaxgeometry(points
p, P, q andq’ in text). (c) and(d) somepointshave beenselectedntheleft image(white crosses,
pointx in text) andthe correspondingpipolarlinesshavn ontherightimage. The corresponding
points (x’ in text) have beenselectedon the right image. The pointswhich conformto the mo-
tion of the camera(they satisfy(6.6)) aremarked with white crossesthe oneswhich undego an
independenmotion(they do not satisfy(6.6)),aremarkedwith blackcrosses.

The motion constraint(6.6) is appliedto eachpair of correspondingointsselectedn fig-
ures6.4c,d. Theindependeninotion of the persorhasbeendetectedcorrectly(blackmarks). The
epipolarlines have beenshavn for clarity in figure 6.4 but no explicit computatiorof the epipolar

geometryis necessarjn our formulationof the motionconstraint.
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Oy O
O3 O3
O
! |

world plane world plane

Figure6.5: The geometryof threeviewswith two points off the plane: (a) thetrianglespipaps
andq;qqqs are“shadavs” of 01 0,03 underthepointsP andQ respectiely; (b) thethreeepipoles
arecollinear lying onthetrifocal line whichis theintersectiorof theplaneO; 02 O3 with theworld
plane.Thepiercingpointa,, is theintersectiorof theline < PQ > with theworld plane.

6.3.2 Geometry of threeviews

We now considetthe geometryof six points,four of which arecoplanarin threeviews. Thisis the
situationaddressedly Irani andAnandanin [58]. Thegeometryis shavn in figure6.5.

We begin by demonstratinghe duality of this caseto thetwo view casedescribedn section
6.3.1,andobtainastructual constaint directlyfromthemeasureimagefeatures Thenthetrifocal
tensoris derivedfor thethreeview, six point (four coplanar)ase.Sincethetrifocal tensoris over
constrainedby six points,four of whicharecoplanaranotheform of thestructureconstrainis also

obtained.

Duality

It is clearby inspectionof figure 6.5 thatthe threeview geometryis dualto thatof figure 6.2 in
which pointsoff the planehave beenexchangedor camergpositions.The vertex of thehomology
is given by the intersectionof theline < PQ > with the world plane(referredto asthe piercing
point, a,,), andtheaxisby theintersectiorof thetrifocal planecontainingthethreecamerecentres
04, 0,, O3 with theworld plane(referredto asthetrifocal line). (seealsofigure 6.6).

Having establishetheduality of thetwo situationswe arenow in apositionto invoke duality
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e13

vertex a

Figure6.6: Desaguesconfiguration in the threeview - two point case:the planargeometryin
thethreeview two point caseis alsoclearly a Desaguesconfigurationandpoint correspondences
P1 < q1, P2 < q2 andps < qsz arerelatedby ahomology This situationis clearlydualto thatin
figure6.3.

in orderto prove furtherresults.We make the substitutiongeportedn table6.3 into the equations
in table 6.2 andthe dualtrilinear andbilinear constraintgyiven in table 6.4 follow. Note thatthe
bilinearconstraintg6.11)— (6.13)areexactly the constraintgjiven by Irani andAnandan58]. All
the otherconstraintarenew.

Geometricallythestructureconstrainsimply meanghatit is not possibleto arbitrarily select
the imagesof two pointsoff a planefrom threeviews. The imagesof the two pointsarein fact
constrainedFor example,on the distinguisheplane(seefig. 6.5) oncethe projectionsp,, p2 and
p3 for the point P andthe projectionsq; andq. of the point Q areknown, thenthe point qs is

constrainedo lie ontheline < psa,, > (dual of theepipolarline).

The trif ocal tensor

This sectiondemonstratethat the trifocal tensoris uniquely determinedrom threeviews of six
points,four of which arecoplanar We begin with a familiar form of thetrifocal tensor(after[51])
in which we considertheimageprojectionmatricesandimagepointlocations.We thenshav how

the form of the tensoris simplified whenwe considerall geometricobjects(lines, points, etc.)
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\ DUALITY SUBSTITUTIONS \
Distinguishedplaneform
2views | p1 | P2 | X1 | X2 | q1 | Q2
3views | p1 |qi | P2 | Q2 | P3| Q3
Image form
2views | p | P | x| x| q | q
Bviews | p |q | P |9 [P | 4

Table6.3: Duality substitution of symbolsfor both the distinguishedplaneform andthe image
form. Theepipolee;, in thetwo-view cases dualto the piercingpointa,, in thethree-viev case.

| STRUCTURE CONSTRAINTS |
Distinguishedplaneform
By Aq1q2p1Ap2psas = Apipaai Agzasps (6.11)
By Aqiq2p2Ap1psas = Apip2a2Aaiasps (6.12)
Bs AqiaspiApzpsaz = Apipsai Aqzasp: (6.13)
T Apip2a1 Apipsas Ap2psaz = Apipsar Ap2psas Apipaqs (6.14)
Ty Aqiq2p1Aqiasps Aqzqsp2 = Aaraspi Aazasps Aarazp: (6.15)
Image form
B AqapAppa = Appadaip (6.16)
B, AqapAppy = AppaAaap (6.17)
B3 AqipAppa = Appadaip (6.18)
Ty AppaAppadppa = Appadppadppg (6.19)
T, AqapAqapAgap = AqapAaap Aqap (6.20)

Table6.4: Structure constraints. threeview bilinear (B;) andtrilinear (7;) structureconstraints;
computedntheplaneandontheimage.Bilinear andtrilinear constraintsareprojective invariant.

projectedontothedistinguishedlane.
Imageform

Supposdahe homographiesnducedby the planeof the pointsareH;, andH;3, suchthat
x' = Hiox andx” = Hy3x for imagesof pointson the plane. Thesehomographiesire computed

from theimagesof the four coplanarmpoints.
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The imagesof the first cameracentrein the secondand third images,denotede’ and e”
respectiely, aretheepipoles.They aredeterminedy intersectingparallaxvectors,asdescribedn
section6.3.1,sothatFio = [€/|xHi2, andFi3 = [e”]xHi3. It is straightforvard to shav thatthe

threecamergorojectionmatricescanbe choseras
P=[I]0], P =[Hj|€], P"=[Hs3]|Xe] (6.21)

up to ahomographyof 3-spacewhere) is anunknavn scalar This unknavn scalaris determined
by line transfer

The line throughthe (non-coplanarpoints P, Q, is imagedasl = p x q, ' = p’ x ¢/,
I = p" x q" in thefirst, secondandthird views respecitiely. It is thenstraightforvardto shav that

linestransferasfollows (alternatvely pointtransfermaybe considered):
1= /\(e" - 1”)H12Tll — (e' - 1’)H13T1” (622)

The scalar) is the only unknavn in this equation. It is determinedby taking the vector product
with 1.

Ae” 1M1 x (Hp 1) = (e - 1)1 x (H;3'1") (6.23)

This providestwo equationsn the oneunknavn A and sowe cansolve uniquelyfor the trifocal

tensorandobtainonefurther constraintnamelytherigidity conditionthattheimagedintersection
of theline throughP, Q is thesamewhencomputedrom views oneandtwo (1 x (Hy, 1)) asfrom

views oneandthree(l x (H;3 '1")). Thisis yet anotherform of the constraint{6.11— 6.20). The
scalefactor A is obtainedby normalisingboth sidesof (6.23):

_ (e’ - 1)1 x (Hy5 1)
(e 1) x (Hi D)

(6.24)

Distinguishedplaneform

OnthedistinguisheclaneHd;s = Hi3 = I, sotheequialentof (6.22)for pointtransferis

x3 = Aeqz(la - x1) — (e12 - Io)x (6.25)
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wherex;, x2, x3 arethe distinguishedplaneimagesof a general3D point X, andl, is ary line
throughxs. This equationdepend®nly onthe positionsof the epipoleson thedistinguishedlane,
with all dependencen camerainternalsand relative rotationshaving beenfactoredout into the
image-to-planéaomographies.

Additionally the projectionmatriceshave thevery simpleform

Py=[I|0], Py=[I|ep], Ps=][I]Aes] (6.26)

T

Hence,representinga general3D pointasX = ( p ) we determinethe distinguishedplane

imagedo be:
x; =P1X, x9=PyX =x1 +pe2, X3=P3X=x1+ples (6.27)

We now give aninterpretatiorof p and onthedistinguisheglane(seefigure6.7).

Theratio A dependsnly on the cameracentresnot on the points,and canbe determined
as\ = d(eio,eq93)/d(e13, e23) Whered() is the distancebetweenthe pointson the distinguished
plane. The parametep is therelative affine invariantof Shashud105], andis relatedto the point
depth.Onthedistinguishedplaneit is obtainedasp = d(xa,x1)/d(x2, €12).

So point transferusing the trifocal tensorsimply involves computingthe ratio p from x;,
x9 andejo andemploying A to definethe transferredooint x3 on theline betweene 3 andx; as
x3 = X1 + pAeys in (6.27). This is identicalto the point transferof (6.25), ascanbe seenby
consideringsimilar trianglesin figure6.7.

Trifocal transferin the caseof collinearcameracentress notdegenerate

In thecasethatthethreecameracentresarecollinearthenthethreeepipolese; s, eas andeqo
coincideandthe epipolartransferwouldfail. Thetrifocal transferinstead doesnot presensucha
degeneray. It is still well definedin the caseof threeconcurren{or almostconcurrentepipoles.

In fact,theratio A is definedandcanbe obtainedusingthe distinguisheglaneequialentof (6.24).
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Figure6.7: Point transfer: theratiosof thedistancebetweenx,, x, ande;o andthethreeepipoles
definethetransferof the pointx; to x3. Thescalars\ andp (seetext) canbemeasuredsratiosof
pointdistanceas:)\ = d(612, 623)/d(613, 623) andp = d(XQ, Xl)/d(XQ, 612).

6.4 Scenereconstruction

In this sectionwe discussa numberof useful structuralcomputationsvhich canbe achieved us-
ing ratiosof areas.This requiresaffine measurementsn the world plane,which canbe obtained
eitherfrom four world planepointsknown up to an affinity (andhencethe image-to-verld plane
homographieghisis distinguisheglaneform casg, or from theinterimagehomographyetween
two views andthe vanishingline of the world planein eitherimage(this is image form casg. In
eithercasewe obtainresultsfor the scenestructurewithout resortingfirst to computethe epipolar
geometry

A significantnovel aspecof theformulaegivenin sectionss.4.1and6.4.2is thatmeasure-
mentscanbecomputedvithoutknowing thevanishingpointfor thereferencealirectionandwithout
seeingthebasepointin theimageunlike in the singleview metrologyapproactdescribedn chap-
ter5.

We bagin by re-derving the basicparallaxrelationshipfor the caseswvherethe parallaxis

measurean thedistinguishedvorld plane(6.30)andon theimage(6.31).
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world plane
P2

Figure6.8: Parallax geometryof two points off the plane.

Distinguished plane form. Consideringfigure 6.8 andwriting p; = O; + ZZ"l (P — 0y),

p2 = Og + ZO (P 0,) ande;s = Oy + ZO - (01 — O3). TheneliminatingO; andO,

yields
Zy Ay,

Hp = ZO2 Z ZO1 (pl - 912) (628)

whereu, = p2 — p1 is the planarparallaxvectorand Az, = Zop, — Zp, is the componenof

camerdranslationtowardsthe plane.

Let v be the ratio of the distanceof a point to the planeandthe point to the first camera
(measuredn the samedirection),i.e. v, = ﬁ and-y, = ﬁ thencombiningthe basic

parallaxequation(6.28)for two pointsP andQ gives

Ay
Yabp = Toba = NVa 7 - Z(p2 — q2) (6.29)

Finally, takingthe crossproductof bothsidesof theequationwith p» — qo andtakingmag-

nitudesyieldsanexpressiorfor 3—;1) asaratio of areagseefigure6.9) of theform

Yo _ lpg X (P2 —a2)|  Aqiaap: (6.30)

Yo o lp X (P2—a2)|  Apipaqs

Thisratiois computablesolelyfrom the parallaxmeasurementand,beingaratio of areasis clearly

affine invariant.
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Figure 6.9: Therelative structure;’—; can be expressedas a ratio of areason the world planeas
in (6.30).

Image form. In the casethe image-to-verld homographiesre unknavn, sincep = Hy1p’ and

q = Hy1 ' equation(6.30)becomegseesectionE.2in appendixE for details):

Yo _ Aaap(1-P) (6.31)
Y Appa(l-a)

with 1thevanishingline of thereferenceplanein thefirstimage.A similarformulacanbeobtained

with referencdo the secondmageinsteadof thefirst one.

This deriationis equivalentto Irani and Anandars construction[58], but notethatin our
formulation only affine constructshave beenused(no orthogonalityhas beenassumedand the
formulaeare homogeneous)Furthermorethanksto the affine invarianceof ratiosof areasif the
vanishindine 1 of thereferencelaneis known in eitherimagethentheratio (6.30)canbecomputed
from imagemeasurementsnly, thusobtaining(6.31).

Theseresultsarederived for thetwo view, seven point case.However becaus®f thefunda-
mentalduality provedin section6.3.2,they areequallyvalid (with appropriatesymbolsubstitutions,
seetable6.3)in thethreeview, six pointcase For example(6.38)canbeusedio computeheheight

of athird pointgiventwo otherknown heightsin thetwo view, sevenpointcasedually, in thethree
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view, six pointcasejt canbeusedto obtainthe heightof athird cameragiventhe othertwo camera

heights.

6.4.1 Determining the position of the cameras

This sectionpresentsormulaeto computethe positionof the camerasfrom a pair of imageswith

respecto thereferenceplane.

Ordinal distances

To begin, we shawv that, the positionof the epipolese ande’ andthe planevanishinglines1
and!’ in thetwo imagesprovide usefulinformationabouttherelative locationof thetwo cameras.
Giventhevanishingline 1 of thereferenceplaneonthefirstimage,its correspondinganishingline
I’ in the secondmageis computedas: I’ = HI‘QTI (wherex’ = Hy9x for imagesof pointson the
referenceplane).

As notedin section5.2 the vanishingline of a planepartitionsthe scenepointsinto the ones
which are closerto the planethanthe cameracentreandthe oneswhich arefarther This simple

considerationgeneralizedn thetwo view case)eadsto thefollowing result:

e e-1=0+«<= ¢ -1 = 0 andin this casethetwo camerashave the samedistancefrom the

distinguishedlaner, Zp, = Zo,;

o if e -1 0 onecameras higherthanthe other;for instanceif e lies abore thevanishingline

thene’ liesbelov andZp, > Zo,. Thevice-versais alsotrue.

Thereforewe obtainorderingfor the distance®f thecameragrom the planew.

Affine distances
If two referencepointsareseenin bothimagesthenaffine distancef the camerasanbe
computed.The vanishingpoint of the measuringlirectionis not required. The following theorem

holds:
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Theorem 3 Giventhe planar parallax vectos of two refeenceworld pointsP and Q, theratio of
distancesf thesepointsfrom the world plane g—fq’ (measued in the samebut arbitrary direction,
with Z, # Z,), and affine measuementson the world plane; thenthe affine distanceof either

camea to theworld plane(measuedin thesamedirectionas Z, and Z,) canbe computed.

Distinguishedblaneform. Rearranging6.30) provides the following expressiondor the

distanceof thecameradrom theplane:

Zo, _ Ap1p2q2 — Aq1q2p2 (6.32)
Zp Apipaaz — %Aqlquz

Z0, _ Ap1p2q1 — Aq1q2p1

Zp Apiprar — %A‘nqul

Imageform. Takinginto account(6.31)the previous equationanbe computedirectly in

theimageas:
Zo, _  (1-@)Appa — (1-P)Aqap (6.33)
—_ Z )
Zy (I @) Appg — 72 (1 P) Aqap
Zo, _ (V-d)Appq— (- P')Aqqp
Z, V- q)Appq — g—;”(l’ *P')Agap

SinceZZ—O; andZZ—O; scalelinearly with Z,, (unknavn) we have obtainedaffine structure.

Euclideandistances
An immediatecorollaryfollows from the previoustheorem.In fact,if thevaluesof therefer
encedistancesz, andZ, areknown thenthe abose measurementsanbe upgradedo Euclidean.

Distinguishedplaneform. From(6.32)we obtain:

Zo, = ZpZq(Apipraz — Aqrazps) (6.34)
1 .
Z4Apip2az — ZpAaiazpa

ZO _ ZPZQ(Aplpth B Aq1q2p1)
2
ZgApypzar — ZpAqiazps
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O

world plane

Figure6.10: Computing ordinal heightsof points from parallax vectorsand piercing point: if
d(piapg) > d(qiap,) thenZ, > Z, andvice-versa.

Imageform. And from (6.33):

ZpZy[(1-q)Appg — (1- P) Agap)
ZO — pP<q PPq qqp (635)
' Zy(1- @) Appg — Zp(1- p)Aqap
ZpZy [(r- ql)Apf)q — (- PI)Aqflp]

Zq(ll . ql)Apr')q - Zp(ll . Pl)Aqdp

Zo,

Example
In theexamplein figure6.14we have used(6.34)to computeheheightsof thecameraabove

thefloor as566cmand586cm(left andright views respectiely).

6.4.2 Distancesof points from planes

Ordinal distances

If two pointsoff thedistinguisheglaneP andQ areviewedin two imagesthenit is possible
to obtainorderingfor their distancedrom the plane.Thisis obtainedrom comparinghelocations
of the projectionsof the pointsontothe planeandthe piercingpoint. By inspectionof figure 6.10
if d(p1,apg) > d(a1,a,,) thenZ, > Z, andvice-versa. Similar computationcanbe performed

directly ontheimages.



6.4 Scenereconstruction 143

Affine distances
This sectiondemonstratethat affine heightof pointscanbe computedrom two references.
As before,the vanishingpoint for the referencedirectionis not required. The following theorem

holds:

Theorem4 Giventhe parallax vectos of three world pointsP, Q and X, theratio of distances
of two of thesepointsg—s fromtheworld plane(measued in the samebut arbitrary direction,with
Zy # Z4), andaffine measuementson the world plane; thenthe affine distanceof the third point

X fromtheplane(measuedin thesamedirectionas Z, and Z,;) canbe computed.

Distinguishedplaneform. From (6.30) we have that% = f;‘l& and 2z = “xxau

P1P2X1 Ya Aqyazxy

After eliminatingthe cameradistancebetweertheseequationave obtainanexpressiorfor theratio

Zy|Zy WwhereZ, is thedistanceof the point X from theplane:

Zy My
Z_p_@ (6.36)
where
A A AX1X2q1 Aq1q2X1 Aq1q2X1
M1: Ax1x2q1 Aq1q2x1 ; MQ: Zp/Zq 0 —1
P p1paL AP1P2X1 AP1P2X1 AX1X2P1
Imageform. Theratio g—; in (6.36)canbecomputedlirectly in theimageas:
Zy My
A 6.37
Z, " I (637
where
3 g (I Q) Axig  Aqax (1-%)Aqax
= E}-g;ﬁxﬁ jq(.b.c , My = Zp|Zq 0 —1
P TP (I x)Appx  Appx  (1-P)Axip

thusaffine structures recovered.
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Euclideandistances
As for the cameraalsoin this casethe formulaeabore canbe upgradedo Euclideanif the
absolutedistance®f thetwo referencepoints Z, andZ, areknown.

Distinguishedblaneform. From (6.36)we obtain:

_ M

Z, = 6.38
) (6.38)
where
A A AX1X2q1 Aq1q2X1 Aq1q2X1
My = ZpZq4 AXIX2q1 Aq1q2x1 , Mg = Zp 0 —Zy
X1X2P1 P1P2X1 Ap1p2x1 Ap1p2x1 Ax1X2p1
Imageform. And from (6.37):
||
7z == 6.39
"= 1y (6.39)
where
A (I Q) Axxg  Agqgx  (1-%)Aqax
=2,7, |3 e |7, 0 g,
(1) Apysc Appsc (1 P) i

Derivationsof theseformulaeareshavn in appendixE.

Ambiguity in structure computation

As mentionedhedistanceZ, is computedalongthedirectionof thetwo referencalistances
Z, andZ, (parallelto eachotherin ary fixeddirectionnotonthereferenceplane fig 6.11).Butthe
referencalirectionis notknown (its vanishingpointis notneededn (6.39),(6.38))andthe position
of the projectionof the point X on the plane(its X andY coordinatesannotbe completely
determinedln canbeproven,though thatthe X, Y positionof thepoint X canberetrievedupto a
one-parametefiamily.

In orderto retrieve the complete3D reconstructiorof a point X the X, Y coordinate®f at
leastone of the two referencepoints (P or Q) is necessary Similar analysisappliesto camera

computation.
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world plane

Figure6.11: Ambiguity in the reconstruction using a plane-plus-parallax approach: the dis-
tanceZ, of thepointX from theplanern is computedising(6.38)or (6.39)butits X, Y coordinates
arenot definedsincethereferencalirection(off theplane)is notdefined.

Degeneracy

Notethatin the caseZ, = Z, the matricesabove aresingularand(6.32— 6.39)aredegen-
erate.However this situationcanbe avoidedin practice.Thedegenerag is understoodn termsof
thegeometryasfollows. In generalwve obtainprojective structure(sinceF is determinediniquely).
If in additionZ, # Z, (fig. 6.12a),theline < PQ > intersectsr, in the point v,, which canbe
identifiedin bothimagessincethefour alignedpointsp, q, a,, andv,, definea cross-raticandthe
ratio g—‘q’ is known (fig. 6.13). The point v,,, andthe vanishingline of theworld plane,1, determine
T, Nencewe canobtainaffine structure WhenZz, = Z, (fig. 6.12b)thentheline < PQ > inter
sectsr, onl andsono additionalinformationaboutr , is obtained;t is determinednly upto a

oneparametefamily (the pencilof planeswith 1 asits axis).

Examples

Figure6.14shavs anexamplein which point distancegrom the floor have beenestimated.
Thefloor tiling andthe perpendiculaheightsof two otherpointswere measuredy handwith a
tapemeasureandusedasreference.Correspondenceas the patternedloor tiling have beenused
to computethe interimagehomographyandthe vanishingline of the floor in the left image. The

distance®f several pointshave beencomputedwith the methoddescribedabore andshavn in the
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plane at infinity

tripoint fine

tripoint plane a.

world plane

tripoint line'~.

world plane

a b

Figure6.12: The plane-plus-parallax approach is degenerateif the two referencedistances
coincide: (a) if Z, # Z, thepointv,, doesnotlie onthe planevanishingline 1, thenthe planeat
infinity is defined.(b) if Z, = Z, the pointv,, lies on the planevanishingline 1 andthe planeat
infinity is notdefined.

Za Apq

world plane

(e}

Figure 6.13: Computing the vanishing point v,,. The position of the vanishingpoint v,, in

; _ratin-d(Psapg) d(PyVpe) _ d(P,Apg) _ Zp
figure6.12acanbe computedrom the cross-ratio: dlaa) favey = dg Ay = 7

figure. A secondexampleis shavn in figure6.17.

6.4.3 Intersection betweentwo planar surfaces

This sectionshavs anotherapplicationof the plane-plus-parallageometry:computingthe line of

intersectiorbetweertwo planarsurfacesirom two views.

Usingtwo inter-imagehomographies.  Giventwo views of two planarsurfacessr; andm, and
therelatedinterimagehomographiebetweerthetwo imagestheline of intersectiorl betweerthe
two planescanbe computedn bothimages.

LetH; bethehomographyvhich mapspointson 7, onthefirstimageinto thecorresponding

planein the secondmageandH, the homographywhich mapspointson 75 in thefirst imageinto
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11.4 cm

739 cm

c

Figure6.14: Estimating the heights of points from two views of The Queen’s Collegedining
hall: (a) and(b) originalleft andright images;(c) and(d) the heightsof the two referencepoints,
shawvn blackonwhite, weremeasuredby handto be 76cm(tabletop),and230cm(fireplace).Note,
for instancethatthe stepwascomputedo be 11.4cmhighandmeasuredby handas11.0cm.

the correspondingoneson the secondmage(seefig 6.15). Furthermorelet 1 be the intersection

line in thefirstimageandl’ thecorrespondingdine onthe secondmage then
V=1, 1'=H;"1 (6.40)

fromwhich[110]

fl = A1l (6.41)

with H = HJ H] T. The3 x 3 matrixfl representahomology sinceit hasarepeate@igewalue(see

section3.3.3). Theline 1 onthefirst imageis the uniqueeigetvectorcorrespondingo the different
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CHL o H,
T
image 1 mage 2

Figure6.15: Computing the line of intersection betweentwo planar surfacesusingplanarho-
mographiesandtwo views.

eigewvalue of the matrix H. The intersectionline I’ on the secondimageis computedsimply by

applying(6.40).

Using plane-plus-parallax. In the previous approachthe interimagehomographiesor both
planesarerequired. Employing the plane-plus-paralla&pproachhe problemof computingtheline

of intersectiorbetweertwo planesreducego:

e choosingoneplaneasreferenceandcomputingthe interimagehomographynducedby that

planebetweerthetwo imagegasusualfrom atleastfour correspondences);

e definingthreepairsof correspondingointson the secondoblane(they definethe imagesof

thetripoint plane);

e projectingthosepointsinto the otherimagevia the homographythusdefiningthe othertwo

shadev triangles;

e theintersectiorinesl andl’ aretheimagesof thetripoint line andarecomputedy fitting a
line throughthe pointsof intersectiorof correspondingidesof the two shadav trianglesin

eachimage.
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Thisapproactastheadwantagehattheinterimagehomographynducedby thesecondlanedoes
not needto beknown, with only threepoint correspondencesificient (affine mapping).Likewise
it is straightforvardto prove thatalsotwo line correspondenceam the secondplanearesuficient.

Figure6.16shavs anexample.Figuresb.16aand6.16bshav two imagesof anindoorscene,
taken from two differentpointsof view. Figures6.16cand6.16dshav the sameimageswvherewe
have marked the four pointsused(cornersof the poster)to computethe interimagehomography
inducedby theleft wall, andthetwo trianglesandthe computedntersectiorines.

Sincethe two shadev trianglesin eachimageare in a Desaguesconfigurationthe lines
throughcorrespondingerticesintersectin the epipole. Thereforethe trianglesarerelatedin each
imageby ahomologywhosevertex is theepipoleandthe axisis thetripoint line.

An alternatve derivation of theintersectiorine is asfollows: from 6 points(4 coplanarthe
F matrixandtheinterimagehomographyor oneof thetwo planesaredeterminedFromonemore
pointoff theplanetheinterimagehomographynducedby thesecondlaneis definedandtherefore

thefirst methodcanbeapplied.
6.5 Uncertainty analysis

As in section5.4 herewe analyzehow input errorspropagatehroughthe computationsn orderto
estimatethe uncertaintyon the final distancemeasurementsrhis is achiered by emplg/ing, once
more, first ordererror analysis. The validity of the approximationis assesseth section6.5.4 by
Monte Carlostatisticaltests.

Theuncertaintyanalysishasbeendevelopedherefor the caseof distancegomputediirectly

from theimages.Howeverit canbeeasilyextendedo thedistinguishedglanecase.

6.5.1 Uncertainty on cameradistances

Whencomputingdistance®f cameragrom planes(6.35)uncertaintyarisesfrom the uncertaino-

cationsof the referencepairsp, p’, q, ¢, the uncertaintylocation of their 3D counterpartsthe
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Figure6.16: Computing the line of intersectionbetweentwo planar surfaces:(a)and(b) original
left andright views of a cornerof aroom;(c) and(d) thefour verticesof the posteron theleft wall

(markedwith white circles)have beenusedto computetheinterimagehomographynducedby the
left wall; thethreecorrespondingointson theright wall (blackcircles)definethetripoint triangle;
thesepointshave beenprojectedvia the homographyinto the otherview (black squares)the two

shadav trianglesare shavn (dashed);the lines of intersectionbetweenthe two walls have been
computeddy intersectinghe correspondingidesof thetwo shadev trianglesin eachview.
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uncertaintyin the interimagehomographyandthe uncertaintyin the planevanishingline 1. Un-
certaintiesgn imagereferencepointsandplanevanishingline aremodelledby 3 x 3 homogeneous
covariancematrices.Theuncertaintyof theinterimagehomography is definedby a9 x 9 homo-
geneougovariancematrix andcanbe computedasin sec.4.3.2.

By usingafirst orderpropagatiorthe varianceof the distanceZp, of thefirst camerarom
thereferenceplaneis givenby

-
%0, = V20,0V 75, (6.42)
wherethe26 x 26 covariancematrix A is
T 2 2
A= dla‘g (Ab Ah7 UZpa Apa Ap’ ) Uan Aq7 Aq’ ’ )

with all the covariancematriceshomogeneouandthe 1 x 26 JacobiarV z,,

v . 3Zol 3201 3Zol 8Zol 8201 3Zo1 0Zol 3Zol
Zoy — a1 dh 7 ap ap’ 974 aq aq’

Thecomputatiorof V2, is describedn appendiX-. Similaranalysisappliesfor the estimatiorof

2
O'ZOZ.

6.5.2 Uncertainty on distanceof points

Whencomputingdistanceof pointsfrom planes(6.39), uncertaintyarisesfrom the sourcesana-
lyzedin the previous sectionand from the uncertainimagelocationsof the pointsx andx’. The
uncertaintyin eachof the pointsx, x’ (resultinglargely from thefinite accurag with which these
featuresmay be locatedin theimage)is modelledby 3 x 3 homogeneousovariancematricesiy

andiy.

Maximum Lik elihood Estimation of the input points. Note thathere,asin chapters, a con-
strainton the location of the two input pointsx andx’ exists. In this casethe epipolargeometry
constrainghetwo pointsto lie on eachothers epipolarline. Thereforeasin section5.4.2a Maxi-

mum LikelihoodEstimateof thetruepointsx andx’ canbeperformed54].
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Not consideringhisintermediatestepintroducesafurtherapproximationnto theuncertainty
propagatiorprocedure.Neverthelessthe degradationof the resultsdueto neglectingthe ML es-
timation hasproven smallerthanthe approximatiorintroducedby the first ordertruncationin the
casethatthetwo pointsx andx’ aresuficiently closeto therelative epipolarlines.

In orderto keepthe uncertaintyanalysissimple,then,the ML estimationof thetrue position
of the input pointshasnot beenperformed. The validity of the analysisis, asusual,assessedy

Monte Carlostatisticaltests.

Variance of distance. By usinga first orderuncertaintypropagatiorandassumingstatisticalin-

dependence all the differentsourcesf errorthevarianceof Z, is givenby
0%, =Vz, AV, (6.43)
wherethe 32 x 32 covariancematrix A is
A = diag (Al, A, 0%, Ay Ayt 05, Mg, A, D, Ax:)

with all the covariancematriceshomogeneouandthel x 32 JacobiarV z,

dZ. dZ. dZ. Z. Z. 9Z dZ. dZ, dZ, Z.
v.=(% % % % o % % B B %) (64

x

Detaileddescriptionof the computatiorof V _ is givenin appendix~.

6.5.3 Example

Figure6.17shavs anexamplewhereheightsof pointsandtheassociatedncertaintiesrecomputed
for anindoorscene Figure6.17aand 6.17bare,respectiely, left andright views of theinterior of
achapel.We wishto measurgerpendiculadistance®f pointsof thelecternfrom thefloor.

Two perpendiculaheightshave beermeasuredthy handasreferencémarledaswhite boxes).
Theinterimagehomographypetweerthe two imageshasbeenestimatedrom four corresponding

pointsonthefloortiling. Distance®f seserallecternpoints(markedaswhite circles)from thefloor
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have beencomputedby usingthe describedparallaxmethod. A 3-standarddeviation uncertainty
ellipsehasalsobeendefinedfor eachpointandthenthe 3-standardleviation uncertaintyassociated
with the final measuremerttasbeenestimatedanddisplayed.Noticein fig. 6.17cthatthe ground

truth alwaysfalls within the computeduncertaintyrange.

6.5.4 Validation of uncertainty analysis

This sectionvalidateghefirst ordererroranalysisdescribedabove by estimatinghe uncertaintyin
heightof the beakof the eaglein thelecternin fig. 6.17.1t comparesheresultsfrom thefirst order
analyticalmethodto the uncertaintyderived from Monte Carlosimulationasdescribedn table6.5.
Thediagramsdn figure6.18illustratetheresults.

In the simulationsGaussiamoiseis assumean the imagepointsof the two referencelis-
tancesandon their world height. Uncertaintyis assumedlsoon the planevanishingline, on the
interimagehomographyandon theimagepointsof the heightto bemeasured.

Theinput pointx on theleft imageis randomlydistributed accordingto a 2D non-isotropic
Gaussiaraboutthe meanlocation,with covariancematrix A, (figure 6.18a). Similarly the corre-
spondingpointontherightimageis randomlydistributedaccordingo a 2D non-isotropidGaussian

aboutthemeanlocationx’, with covariance, (figure6.18b).

Thetwo covariancematricesfor the pair of input pointsarerespectiely (valuesin pizel?):

A — 0.255081  —0.0237127 _ [ 0.484301 —0.14857
x —0.0237127  0.265752 * | —0.14857  0.56621

Suitablevaluesfor the covariancesof the two referencesandthe vanishingline have been
used. The covarianceof the interimagehomographyhasbeencomputedasin section4.3.2. The
simulationhasbeenrunwith N = 10000 samples.

Analytical and simulateddistributions of Z, areplottedin figure 6.18c;the two curvesare
almostoverlapping.Any slight differences dueto theassumptionsf statisticalindependencand

first ordertruncationintroducedby the erroranalysis.
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Figure6.17: Estimating heightsand associateduncertainties from two views of the lectem in
The Queen’s Collegechapel: (a) and(b) original left andright images;(c) and(d) the heightsof
the referencepoints (white squaresyvere measuredy hand(+ 0.5cm)to be 150cm(top edgeof
lectern),and35cm(heightof foot stool). In (e), all heightmeasurementgregivenin centimetres.
Theerrorbetweerthe heightscomputedusingthe imageparallaxandthe onesmeasuredananually
is alwayslessthanonecentimetre The 3-standardieviation uncertaintie®f the computecheights
areshavn too. Notethatthe groundtruth falls alwayswithin the computeduncertaintyrange.
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Figure 6.18: Monte Carlo simulation of the examplein fig. 6.17: (a) distribution of the input

pointx ontheleft imageandthe correspondin@-standardleviation ellipse. (b) distribution of the

input point x’ on the right imageandthe corresponding-standardieviation ellipse. Figures(a)

and(b) aredrawn at the samescale;(c) the analyticalandsimulateddistributions of the computed
distanceZ. Thetwo curvesarealmostperfectlyoverlapping.
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e for j=1to N (with N = numberof samples)

— For eachof the two referencesgiven the measuredeferencepointson left andright image,
generatea randompoint on the left image,a randompoint on the right imageand random
referencalistanceaccordingo theassociatedovariances.

— Generaterandomplanevanishingline accordingo its covariancel,.

— Generateandomvaluesfor the inter-imagehomography accordingto the computed x 9
covariancematrix Ay,.

— Generatea randompoint x; on the left image and a randompoint x;- on the right image
accordingto their respectie covarianced\x andi,:.

— ComputethecurrentdistanceZ; by applying(6.35).
¢ Thestatisticalstandardieviation of the populationof simulatedZ.,; valuesis computedas

N _
0_12 _ Zj:l(Zj - Z)2
z= N-1

andcomparedo theanalyticalone(6.43).

Table6.5: Monte Carlo simulation.

A comparisorbetweenstatisticalandanalyticalstandarddeviationsis reportedin thetable

below with the correspondingelative error:

FirstOrder | MonteCarlo | relative error

/
! loz, _UZE‘

O-Zm O.Zm 0_'
Zy

0.7039cm | 0.70561cm |  0.24%

Themeasuremenf = 191.8cm andthe associatedirst orderuncertainty3 * oz, = 2.1lem is
shawvnin fig. 6.17d.

Similar testson several otherexamplesconsistentlyyield the sameresults. This shavs that
alsoin theplane-plus-parallaapproachfor typicalimagingsituationsthefirst orderapproximation
isavalid one.

As usual,somecaremustbe exercisedsincethe relative error betweenstatisticaland ana-
lytical outputstandarddeviationsincreasesvith the input uncertainty For large covariancesthe

assumptiorof linearity becomedesswell founded.



Chapter 7

Galleryof examples

7.1 Intr oduction

This chaptershavs examplesof reconstruction®btainedemplg/ing the techniquegdescribedn
chapterst and5. Thetechniquesave beenappliedto bothreal scenesand perspectiely correct

paintings.Corvincing animationsandfly-throughshave alsobeencreated.
7.2 Reconstructionfrom photographs

Colourimagesof thethreedimensionamodelof a gardernshedreconstructedrom a singlephoto-
graphappeaiin figure7.1. Thereconstructioralgorithmemplo/edis describedn section5.6.

The heightand positionof the personis computedcorrectlybut, sinceit is not possibleto
recover volumefrom oneimagealone the personis representedsa flat silhouette.The outline of

thesilhouettewasextractedby fitting a splinecurve to the contourof theimage.
7.3 Reconstructionfrom paintings

LinearPerspectie canbedescribednathematicallypy Projectve GeometryIf a paintingconforms
to therulesof LinearPerspectie (seesectionl.4.3)thenit behaesgeometricallyasa perspectie
imageandit canbe treatedasa photograph.The metrologytechniquegpreviously describeccan
thus be appliedto computethe structureof the scene. Sinceno Euclideanscenemeasurements

areknown (usuallythe scenedepicteddo not exist), the modelsare obtainedup to a similarity

! Thereconstructe@D ervironmentscanbe“virtually explored”in theVR-CUBE atKTH, Stockholm.VRML three-
dimensionamodels andMPEG animationsanalsobe viewed at the following web page:
http://ww. robots. ox. ac. uk/ ~vgg/ pr oj ect s/ Si ngl eVi ew
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|

Figure7.1: 3D reconstructionof a garden shed: (a) and(b) two views of thereconstructethree-
dimensionamodelof the shedin figure5.23a.The personis representedsa flat silhouettesince
it is not possibleto recorer its volumefrom oneimage. The silhouettehasbeencut out manually
from the original imageandpositionedin the correctplace;(c) and(d) two moreviews of the 3D
modelshaving thecomputedcamergposition.

c d

transformation. This level of reconstructioris preciselythat requiredfor a graphical3D model
wheretheabsolutgposeandscalearenot necessarfor visualization.

Thecorrectnessf theperspectiein thepaintingsconsideredhasbeenassesselly computing
thelocationof vanishingpointsandvanishingines. Perspectie distortionin repeategbatternge.g.

the rate of diminution of the coffers on the curved vault in fig. 7.2aor the tiles on the floor in
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fig. 7.4a)hasbeenchecled usingcross-ratios.

7.3.1 La Trinita

La Trinita (in fig. 7.2a)is afresco. It is, arguably thefirst perspectie imagein history; the first
exampleof theapplicationof Filippo Brunelleschi rulesof perspectie.

A three-dimensionahodelof the chapelrepresenteth the top half of the frescohasbeen
computechereby applyingthe algorithmdescribedn chapters. Differentviews of the modelare
shavnin figure7.2b-e.Noticethehemi-g/lindrical vault. Thepartsof thevaultwhich areoccluded
by the capitalsandby theheadof Godhave beenleft blank. Theirtexture canbefilled in by making

useof theregularity of the pattern.

Ambiguity in recovering depth. Sinceoneimagealoneis usedandno scenemetricinformation
is known (the chapelis not real), an ambiguity arisesin the reconstruction.lt is not possibleto
recover thedepthof the chapelwithout makingsomeassumptionaboutthe geometryof thescene.
Two equallyvalid assumptionsanbe made:eitherthe coffers on the vault of the chapelaresquare
(thisis theassumptiorusedin themodelin fig. 7.2) or thefloor is square.

Both modelshave beencomputedthe two reconstructionaremathematicallyelatedby an
affinetransformationascalingin onedirection).Imagesof thefloor of thechapelandof thepattern
onthecylindrical vaultareshavn in figure 7.3from bothcases.

This shaws thatthe two assumptiongannotcoexist in the samereconstructioreventhough
theambiguityis notapparento thenave obserer. Speculationsiboutwhich of thetwo configura-

tionsis theonethatmostlikely the artistwantedto represenareleft to thereader

7.3.2 La Flagellazionedi Cristo

La Flagellazionedi Cristo (in fig. 7.4a)is oneof the moststudiedpaintingsfrom theltalian Renais-

sanceperiod; mostly becausef the “obsessie” correctnessf its perspectie [64]. In the pastthe
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e d

Figure 7.2: 3D reconstruction of “La Trinita”: (a) La Trinita (1426, Florence,SantaMaria
Novella); frescoby Masaccio(1401-1428);(b) view of the reconstructe@D modelof the chapel
from theright. Noticethe hemi-glindrical vault; (c) view of the modelfrom the left; (d) view of
themodelfrom below; (e) amoreextremeview from theleft side. Theleft wall hasbeenremored
to shaw theinsidestructureof thechapel.
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c d

Figure7.3: Comparing two possiblereconstructionsof “La Trinita": (a) and(b) view of the
vaultandview of thefloor assumingsquae coffers. Thebaseplaneis rectangular(c) and(d) view
of thevaultandview of thefloor assumingquae floor. ThecoffersarerectangularA simpleaffine
mappingrelateshe two reconstructions.

paintinghasattractedhe interestof seseral artistsandart historianswho, in differentways, have

beenstudyingits carefullyrepresentegeometry
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Figure7.4: 3D reconstruction of “La Flagellazionedi Cristo”: (a) La Flagellazionedi Cristo

(1460,Urbino, GalleriaNazionaledelle Marche);by PierodellaFrancescé1416-1492)(b) aview

of thereconstructe@D modelwith the roof removed to shaw therelative positionsof peopleand
architecturaklementsn the scene Theocclusionsonthefloor have beenleft blankandthe people
arerepresentedsflat silhouettes.The columnshave beenapproximatedy cylinders;(c) another
view of thereconstructe@D modelwherethepatternedioor hasbeernreconstructeth areasvhere
it is occludedby taking adwantageof the symmetryof its pattern. Note the repeatedgeometric
patternonthefloor in theareadelimitedby the columns(barelyvisible in the original painting)(d)

anothewiew of themodelwith theroof. The partially seernceiling hasalsobeenreconstructed.

Sincethis paintingconformsfaithfully to therulesof Linear Perspectie the depictedscene
can correctly be reconstructedn threedimensions. Imagesof the computedmodel, taken from

differentviewpointsareshavn in figure 7.4b-d.
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7.3.3 StJeromein his Study

StJeromein his Study(in fig. 7.5a)is anoil paintingby theDutchartistH. Steinwick(1580-1649)It
is particularlyinterestingor two reasonsthe correctnessf the perspectie (whenthis masterpiece
wasrealizedLinear Perspectie was a well establishedheory) and the amazingmanagemenof
light andshading.The sunlightstreaminghroughthewindow givesthe paintinga beautifulphoto-
realistictouch.

Numerougarallellinesandplanarsuriaceshave beendetectecandemployedto producethe

reconstructiomesultsillustratedin figure 7.5b-f.

Detectinginconsistenciedn the perspectiverendering Figure7.6ashavsafronto-paralleiiew
of thebig window ontheleft wall of thescene Thisimagehasbeenobtainedasusual by rectifying
theoriginaltexturein thepaintingby inferring affine andmetricinformation(parallellinesandright
anglespnthewall plane.

Notice thatwhile parallelismandangleshave beenrecoreredcorrectly(look at the window
pattern)astrangeasymmetriccunatureof thetop archcanbedetectedThatis dueto thefactthat
theartisthaspaintedafairly complicateccurve onavery slantedview of thewindow (comparewith
theoriginal paintingin fig. 7.5a). Large uncertaintycharacterizethe localizationof pointsin such
a situation(cf. examplesin section4.4.2). Theerroris lessevidentin views taken from locations

closerto theoriginal viewpoint (figure 7.6b).

7.4 Discussion

At this point | would like to invite the readerto reflecton a particularaspectof the relationship
betweerscienceandart.
SomeComputerVision researcherdescribetheir field asa combinationof maths, science

andengineering[79]. Butis thatall ? Is thereary spacdeft for art? Canart helpusunderstand
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d

Figure7.5: 3D reconstruction of “St Jerome in his Study”: (a) StJeromein his Study(1630,
JosephR.RitmanCaollection) by Henry V Steinwick (1580-1649);(b-f) differentviews of the re-

constructed8D model; (b) the left wall; the texture of the partially seenwindows hasbeenrecon-
structedoy makinguseof thesymmetricapatternin theirtexture;(c) the cornerwhereSt Jeromes

working; (d) view of thewhole studyfrom abore; (e) view of thefireplacefrom above; (f) another
view of thefireplace.

vision or vice-versa?
For instancewhenlooking at photographef a scenevisualcuessuchasconverging straight
lines, shadingeffects, texture, shadws, and specularitiesare processedy our brain to retrieve

consisteninformationaboutthe surrounding3D world.
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a b

Figure7.6: Comparing two viewsof awindow in a reconstructionof “St Jeromein his Study”:
(a) afronto-parallelview of the window on theleft wall of thereconstructednodelof “St Jerome
in his Study”. Theright partof thearchis not correct;(b) it is harderto noticethe errorin thearch
cunaturefrom a point of view closerto the original one.

The samecuesare emplg/ed by artistsin their paintings. However, sincetheseworks of
art are not createdby an automaticimaging procesqsuchasa camera)out by the skilled hands
of a painter they areproneto personainterpretatiorandinaccuraciesThesevisual signalsmight
thereforenot be consistenwith eachother(e.g.imagesof parallellines may not intersectin the
samepoint). However, they mightstill corvey thedesiredthree-dimensionallusion (cf. fig. 7.7a).

A numberof questionsarise: which perceptuatuesare moreimportantto the 3D illusion?
To whatextentdo humangorgive wrongcues?Sincepaintingsandsinglephotographsirecapable
of corveying anillusion of the 3D spacehow necessarys stereovision? Thesepointsmay also
leadtheway to furtherphysiologicalspeculations.

On the otherhandProjectve Geometrycan provide artistsand art historianswith fastand
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powerful mathematicatools (e.g. planarprojections cross-ratioYo answerquestiondike: howv do
I constructhe geometryof the paintingsuchthatthe perspectie looks correctwhenviewed from
sucha viewpoint? How correctis the perspectie (e.g.vanishingpoints, perspectie distortion)in
Luca Signorellis La Circoncisione(fig. 7.7b)? What doesthe patternon the floor in Domenico
Veneziana Pala di Santalucia (fig. 7.7c)look like? s the heightof theforegroundfiguresconsis-
tentwith theheightof thebackgroundiguresin Raffaello’s Il MatrimoniodellaVergine(fig. 7.7d)?
In my opinionComputetVision, Art andArt History arewell distinguishedields, eachwith
its own aimsandmotivations. Neverthelesseachmight learnfrom andbe enrichedby the others.

Furthermorethetoolsdevelopedin oneareamaybe usefulin another
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c d
Figure7.7: (a) TheArnolfini Marriage (1434,London,National Gallery) by Janvan Eyck (active
from 1422-1441). (b) La Circoncisione(London, National Gallery) by Luca Signorelli (1445—

1523).(c) Pala di SantalLucia (1444,Firenze Uffizi) by DomenicoVeneziand1400-1461)(d) Il
Matrimoniodella Vergine (1504,Milano, Brera)by Raffaello (Raffello Sanzio)(1483-1520).



Chapter 8

Conclusion

8.1 Summary

This thesishasdevelopednew, flexible andaccuratealgorithmsfor the useof a cameraasa 3D
measuringlevice.

A solid theoreticalframevork emplg/ing techniquesiravn from Projectve Geometryhas
beendevelopedto computemeasurementsom singleandmultiple uncalibratedriews.

The processof measuringhasbeentreatedas a true engineeringask, thereforeparticular
attentiorhasbeenpaidto predictingtheuncertaintyonthefinal measurementtueto theuncertainty
ontheinputdata.

The theoryin this thesishasbeendevelopedin steps: from simpler metrologyon planar

surfacesto morecomplicatedhree-dimensionaheasuremen@andfrom singleto multiple images.

Metrology on planes. At the beginning of the thesiswe have shavn how to computemeasure-
mentson planarsurfaceqchapter). Distancedbetweerpointsandparallellines,imagerectification
andimagemosaicinghave beendemonstrated.

The effectivenessof suchtechniquesiasbeendemonstrateavith an applicationcapableof
computingmeasurementBom singleimagesof indoor and outdoorscenesaswell asrectifying
projectively distortedviews andmosaicingogetherseveralimagesof a planarstructure.

Planarprojective mappingssuchas homographiesnd homologieshave proven extremely

useful,simpleandpowerful mathematicaloolsandthey have beenemplo/edthroughouthethesis.
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Singleview metrology.  We have alsoexploredhow three-dimensionaiffine measurementsan
be retrieved from singleviews (chapters). The key hasbeenthe novel parametrizatiorof the 3D
spaceasa collectionof pencilsof parallelplanes.3D geometryhasbeensuccessfullydescribedn
termsof therelationshipdetweerhomographieshomologiesand3D-2D projective mappings.

This approacthasmadepossiblethe reconstructiorof the 3D spacein a stratifiedfashion.
The available sceneinformation may be usedto upgradethe computedstructurefrom affine to
Euclidean.

Thiswork hasbeenappliedsuccessfullyo anumberof differentareasscientific,artisticand
commercial. Applicationsemplg/ing someof the presentedlgorithmshave beendevelopedand

they arecurrentlyusedby forensiccompanies.

Metrology from planar parallax. = Theuseof amulti-view approachn casesvheresingleview
techniquesirenot suflicienthasbeenaddressed.

We have investigatedhe useof a plane-plus-paraliaapproacho make optimal useof the
redundanciebetweendifferentviews of a scene.This hasled to the discovery of elegantduality
relationshipdetweerconfigurationof pointsandcamerassdescribedn chaptel6.

Furthermorewe have demonstratethatthefundamentagjeometricconstraintgepipolarge-
ometryandtrifocal tensor)arecapturedoy a planarhomologyrelatingtheimagesof pointsacross
views. Consequent|ya numberof previously diverseresultsrelatedto planarparallax,duality and
planarhomologieshave beenunified.

Formulaefor determiningdistancesf camerasand points from a world plane have been

presentedwith the properuncertaintyanalysisandhave beentestedon realimages.
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8.2 Discussion

Advantage@nddisadwantage®f the proposednetrologyalgorithmsarediscussedh this section.

An accurateandreliable measuringdevice.  Camerdnternalparameterarequiteunstableand
sensitve to variationin temperatur@r mechanicashock.Metrologyalgorithmswhich rely onthe
camereacalibrationarethereforestronglyaffectedby suchinstability.

The proposedalgorithmsdo not malke use of internal calibration, thus leadingto greater
robustnessandreliability. Sinceno knowledgeaboutthe camerass neededhe algortihmscanbe
appliedto existingimages.

Theaccurayg of themeasuringlevice describedn this thesishasbeenmodelledmathemati-
cally, thusproviding atool to assesghe precisionof the outputmeasuremengivenuncertainnput
dataandtransformationsMoreover, the uncertaintyanalysisprovidesa powerful tool to increase
theaccurag onthemeasurementsn fact,by observinghebehaiour of thepredictedaccuray, the
ideallocationof cameraandreferencesanbechosersuchthattheoutputuncertaintyis minimized.
This makesthedevice particularlyeffective in typical engineeringr architecturabpplicationsuch
asmodellingbuildingsandinterior design(seesec.4.4).

As expectedthe quality of theresultsincreasesvith theresolutionof theimages.Neverthe-

less,a1024 x 768 resolutionhasprovensuficientfor theapplicationsonsidered.

Robustnessfor noisyimages.  Theimagesthe metrologydevice is requiredto dealwith may
containalargeamountof randomnoise.Thishappensjuiteoftenin forensicdata,wheretheimages
arerecordedn old tapes.

Neverthelessusefulgeometriccues(like edges)anstill be detectedeven for large amount
of noise. The precautiongluring the processof detectinglines andvanishingpoints (Canry edge

detection straightline fitting, edgemeiging andML estimatef intersectionpoints, cf. sec.3.5)
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provide the proposednetrologyalgorithmswith anincreasedobustnessandinsensitvity to noise.

Flexibility.  Sincenointernalcameracalibrationis requiredatary timethis device canbeapplied
to awide rangeof inputimages:old footage archived photographspostcard@ndeven paintings.
Effectively the algorithmscandealwith ary perspectie image,no matterhow thatis obtainedor
whereit comesfrom.

This is demonstratedin particular by the interestshavn by researchern fields like Art
History towardsthe capabilitiesofferedby suchtechniquesArtists andart historiansarebecoming
increasinglyawareof the potentialof moderntechnology Someof themostfascinatingapplications
suchastakingmeasurementsn a paintedscengreal or not), reconstructingt asa Virtual Reality
modelandcreatinganimationsandfly-throughshave beenpresentedh thisthesis.

As mentionedabove, thesestronglygeometricatechniquesanonly beappliedto projective
images. Thereforethey are particularlyusefulwhenappliedto paintingsfrom the Italian Renais-
sancewhosemastersinventedLinear Perspectie [1]. Numerousperspectie paintingsare also
foundamongsthe Dutchmasterpiecesf theseventeenttcenturyandin somecontemporaryvorks
of art.

Apartfrom the obviousapplicationsn Art History andComputerGraphics analyzingpaint-

ingscanbea usefulaid to theunderstandingf vision andthe perceptiorof theworld aroundus.

Radial distortion correction. Whenacamerabecomegpartof ameasuringlevice theaccurag
andsensitvity of thecamerdtself hasto beinvestigatedln particular high quality lensesandhigh
resolutionCCD arraysmayberequiredin orderto getthemostprecisenformationfrom theviewed
scene.

Quiteoftenimagegakenwith wide anglelensecameragoftenpicturesof indoorscenesare
corruptedby lens-generatedistortionslik e radial distortion. Theseimages therefore arenot per

spectve. A blind applicationof calibratedor uncalibratednetrologytechniquesvouldyield wrong



8.3 Futurework 172

results.This problemhasbeenovercomen this thesis,by emplging a simpleandrobustprepro-
cessingstagewherea radial correctionalgorithm(section3.4) warpsthe imageinto a perspectie
one.

This correctionalgorithm,though,is no usewhenthe camerdensesshav morecomplicated
aberrations. Most of the moderndigital still or video camerasdo not suffer this problem,and

thereforethe correctionstepis unnecessary

Automation. The proposedmetrologyalgorithmsmustbe supervised.In fact,imageinterest
featurege.g.edgesandcorners)aredetectechutomaticallyandlocalizedwith greataccurag, but
interactvity is necessaryo make the right inferencefrom the images: selectinga setof parallel
lines or a setof planarpoints(orthogonalityis not necessary)identifying referencedistancesand
selectinghe endpointsof thelengthto be measured.

While completeautomationis desirablein the long term, and indeedsomeof the stages
which are currently superviseccould be automatede.g. detectingconcurrentines and vanishing

points[92]), thiswasnota centralissuein thisthesis.

8.3 Futurework

Thedescribedneasuremergndstructurerecovery algorithmswork particularlywell for man-made
ervironments. It is morecomplicatedto apply thosetechniquego imagesof scenesvherefewer
regular structuresandwell definedgeometriccues(e.g. parallellines and planes)are present.In

suchcasedlifferentsourcef geometridnformationmustbe used.

Useof shadows, reflections,symmetriesand repetitionsin singleviews.  As mentionedin
section5.7 shadws, reflections symmetriesandrepetitionsconstituteanimportantsourceof pure
geometricinformation(seefig. 8.1). Thesecuesprovide restrictionsanalogoudo a secondview-

point. It hasbeenproven that projective or affine structurecanbe computedfrom singleimages
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Figure8.1: Reconstructing curved surfacesfrom single views using reflections: a view of the
bridgein the University Parksin Oxford. The reflectionof the bridge on the water of the river
providesinformationaboutthe geometryof thebridgeitself.

with a planeof symmetry(e.g.a mirror, alake) [57, 99). Curved surfacesandnon planarobjects
canbereconstructedrom singleviews by makinggooduseof thosegeometriccues.

Shadws, reflections symmetrieof planesandrepetitionscanbe describedy homologies.
Oneof the future goalsof this work is thento build a systematidnterpretationof the singleview
approachwhich makesfurtheruseof the generalityof the homologymapping.

A possibleapplicationis thereconstructiorof complicatedvault structuresn churchegrom
postcardsgravingsandpaintings.For instancein figure 8.2thesymmetryandrepetitionof the 3D
patternin thevaultscarry usefulinformationabouttheir shapeandgeometry .

Being ableto recover the shapeof non-planarandgenerallycurved objectsmay leadto an

increasen theamountof detailpresenin reconstructedcenes.

Analyzing natural scenes.  Currentlywe are trying to addresghe problemof dealingwith

“natural” sceneswhereno “strong” geometriccuesor straightforvard geometriaelationshipge.g.

'Notethatthearchesn fig. 7.2 andfig. 7.5 have beeneasilyreconstructedecausehey lie on fronto-parallelplanes.
In figure7.2thearchis simply a semicircle.
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Figure 8.2: Reconstructing curved surfacesfrom single views using symmetry: (a) a post-
card shawing the interior of the BodleianLibrary in Oxford; (b) Interior of St.Bavas church at
Harlem(1648), The National Galleriesof Scotland,an oil painting by PieterJansz. Saenradam
(1597-1665);Reconstructinghe beautiful and fairly complicatedvaults from single imageis a
challenge.

homologies)anbeidentified. This will probablyrequirea statisticalinterpretatiorof texture and
shadingof surfaces.

Lessstrictly geometry-basedpproachesnay be appliedin interpretingimagesof coun-
tryscapesand paintings. Theseimagesdo not presentmary reliable geometricfixtures, but other
lesswell defined‘cues” maycorvey theperceptiorof depth,distanceandshapeof surfaces.Shape
canbe perceved, for instance from the texture of surfaces[46, 63] (seefig. 8.3) anddepthand
distancefrom the variation of the intensity andsaturationof the light 2. This “atmosphericcue”
might prove usefulnot only to measureaelative distancedetweerobjects(like buildings[87]) but,

if referencalistancesareknown, to measurghe humidity or pollution of theair itself.

2“There is anotherkind of perspectivewhich | call aerial, becauseby the differencein the atmosphes oneis able
to distinguishthe various distanceof different buildings, which appearbasedon a singleline” Leonado da Minci
(1452-1519)(cf. Leonardos paintingTheVirgin of the Roks 1508,NationalGallery, London.)
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Figure 8.3: Recovering surface orientation from texture: (a) a photographof the pondin the
University Parksin Oxford; (b) Water lilies (1906),The Art Instituteof Chicago,anoil paintingby
ClaudeMonet(1840-1926).Thedistribution andshapeof the waterlilies provide geometricclues
to identify the orientationof the surfaceof thelake.

Uncertainty analysiswith bootstrap methods. Ontheerroranalysisront we areinvestigating
alternatve methoddgor predictingthe uncertaintyon thefinal measurementshich avoid thesome
timestediouscomputatiorof Jacobiammatricegequiredby first ordererrorpropagatioriechniques.
One possibility is emplg/ing humericalalgorithms. Bootstap methods[80] are currently
underinvestigation.Thesetechniquesrevery similar to the Monte Carloapproachwith the main
differencethat no knowledgeaboutthe statisticaldistribution of the input datais required(in this
thesisGaussiamoisehasbeenassumedn the input data). Bootstrapalgorithms however, like the
Monte Carlo ones,are basedon aniteratve refinementof the solutionandthereforecanbe very

slow.
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“Questaconclusionepencle trovatada poveragente,c’e parsa
cos giusta,cheabbiampensatadi metterlaqui, comeil sugodi
tuttala storia.

La quale,senonv’ e dispiaciutaaffatto,vogliatenebeneachil’ha
scritta,e ancheun pochinoachi I’ha raccomodataMa sein vece
fossimoriusciti adannoiarvi,credetechenons’e fattoappostd.

dal PromessBSposi(1826)di A.Manzoni(1785-1873)

“This conclusionthoughwritten by simplepeople,seemsso apt
thatwe have thoughtof puttingit here,asthe saucefor thewhole
story.

Which, if youdid notdislikeit, thenshov somesympathyto those
whowroteit, andalsoalittle to thosewho mendedt. If, instead,
youfoundit tiresomepelieve thatwe did notdo it on purpose.

from TheBetrothal (1826)by A.Manzoni(1785-1873)
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Appendix A

Metrologyon planescomputing
homograpk uncertainty

In section4.2.1,in orderto computethe planarhomography, we seekthe eigervector h with
smallesteigevalue A of the matrix ATA. If the measuregointsare noise-free,or n = 4, then
h = Null(4), andin generait canbe assumedhatfor h theresidualerrorh"ATAh = X\ = 0.

We now usematrix perturbationtheory[47, 115 12§ to computethe covarianceAy of h

basednthis zeroapproximationLet usdefine

T
Z=<$1 Yy T2 Y2 T3 Y3 -+ Tnp yn)

the vector of the 2n component®f the n noisy image computationpoints, referredto animage

coordinatesystem Becausef the noisewe have:
~ ~ ~ B ~ _ B B B T
z= z+0z= (xl Y1 T2 Yo Iz Yz - In yn) +
-
(5301 dy1 Oxo dyz Oxz dyz - Oz, 5yn)
wherethe ” indicatesnoiselesgjuantities. Similarly for the world planecomputationpointswe

define

.
z:(X1 Y, Xo Yy X3 Y3 - X, Yn)

thevectorof the 2n component®f then noisyworld planecomputatiorpointsreferredto aworld

coordinatesystemand
~ ~ ~ ~ ~ ~ ~ ~ T
Z—= 74067 = <X1 Vi Xo Vo X3 V3 --- X, Yn) +

.
(6X1 §Y, 6Xy 6Yy 6X3 6Y3 oo 06X, 6Yn)
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We assuméhatthe noiseis Gaussiarwith null meanandthatthereis no correlationbetween
the noiseof differentcomputatiorpoints. Thatmeans:E(dz;0z;) = 807 andE(6Z;0Z;) = ;L2

whered;; is theKronecler delta

0 2#35 . .

Thegenericoddrow 1 x 9 vectorof the A matrixis
aZi—1:(37i y 1 0 0 0 —z;X; —yX; _Xz')
andtheevenrow 1 x 9 vectoris
a=(000 z y 1 —zY —yY% —% )

withi =1---n.

Butag; 1 = a9;_1 + dag;_1 anday; = ay; + dasg; andtherefore

Jagi_1:(5xi dy; 0 0 0 O —(5$iXi+.’L‘i(5Xi) —(5inZ-—I-yZ~5XZ-) —6XZ')

and
dazi=(0 0 0 dm Oy 0 —(0mYi+mdY) —(OuYi+ydY;) —oY; )
It's easyto prove that
E(6a;_15a2j_1) = 5ijSZ-o
E(&a;—iéan) = 5ijS§ .
E(éa;_léagj) = 5ijsioe Vi j=1--:n
E(6a;6a2j_1) = 51']'3,?0
where
A, O — XAy, 0 0 0
S = 0 o 0 , S¢=10 A —Y;h,,
—Xiby, 0 X7hy + %% xix] 0 —Yihy, YAy + 5% xix]
0 Axi _YiAxl
s*=1]0 0 0 , Se =gl
0 _Xz'Ax,- XZ'Y{Axi-I-EXYiXiXZT
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with Ay, the homogeneousovariancematrix of theimagepointx; = (z;,y;,1)" andAx, the

homogeneousovariancematrix of theworld pointX; in theform:

05 Oay O % Zxv 0
A, = | 0oy 0p, 0|, Ax,=| Zxy; %% 0
0 0 0 0 0 0

In the caseof homogeneouandisotropicnoisethe abose equationsimplify.

Furthermoref we definethematrixM = AT A then
M= (A+60)T(A+0A) =4 K+6ATA+A 0A+5ATdA

ThusM = i + §M andfor thefirst orderapproximationsM = 6ATA + & ' 5.
Now let usdefineu; asthe eigewectorcorrespondingo the null eigewvalueof the matrix M
(the solutionvectorh). The othereigensolutionsre: Mi; = \;ii; with j = 2---9. It hasbeen
proven [47, 102 that the variation of the solutionis relatedto the noiseof the matrix asin the
following formula:
9 - T

uiu -
(5111 = — E k~ k 5Mu1
k=2 )\k

but 6Mii; = 6A T Kir, + A ' 6A#; andwe know thatki, = 0 thus

oMit; = & ' 6A@,

. - i,
from wheredu; = JATéAﬁl withJ = -5, LAIL
k
Therefore:
Ap = Au, =B (Jurou] ) = IB (K oai ] 0aTA) 37 = (A.1)

=1

2n 2n
JE (Z & (0a; - a1)(> &(64; - ﬁl)) it =
i=1
2n 2n T
JE ) &' (O & (64 6a)m) | I =
i=1 j=1

2n 2n
hj (Z a (3 a;u E(6a 65j)ﬁ1)) i
i=1 j=1
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having usedthat (84, - ;) (64, - ;) = G (08, 64,)1;.

Now consideringhatJ is asymmetricmatrix (3| = J) equation(A.1) canbewritten as
Ap = JSJ

wheres is a9 x 9 matrix obtainedasfollows:
n
T = ~T =T 5= ~ sTa ~T <Tex \x
S = Z(a%_lagi_lul E(day_,080i—1)01 + aya90, E(daydag)a; +
i=1
T <~ =T T cx \m ~Tx ~T ~Tex ~
azi_laQiul E(5a2i_15agi)u1 + a2ia2i71ul E(JaQi(SaQifl)ul)
yielding
n
T = ~ T o T =Taex =T = ~Taoex ~Tx ~ T aeo
S = Z (azi_1a2i—1111 S701 + ag;a2;0) S{U1 + 8g;_182;0; S7°U; + Ag;80;—11 Sf“m)

=1

Notethatmary of theabove equationgequirethetrue noise-freegquantitiesyhichin general
arenot available. Wenget al. [126] pointedout thatif onewrites, for instanceA = A — §A and
substituteghis in the relevant equationsthe termin JA disappeardn the first order expression,
allowing A to besimplyinterchangeahvith A, andsoon.

Finally the9 x 9 covariancematrix Ay, is
Ayn = J8J (A.2)

whereJ = — 2222 Ek/\—“kki with uy, thek*" eigervectorof theA ™ A matrixand); thecorresponding

eigevalue.The9 x 9 matrixs is:
n
S = Z (a;—i_la%_lh—rsgh + aQTiagihTSZQh + aQTi_lagihTSfeh + a;—iagi_lhTSfoh) (A3)

i=1

with a; i** row vectorof the A matrix; n is thenumberof computatiorpoints.



Appendix B

Maximumlik elihoodestimation
of endpointsfor isotropic
uncertainties

Giventwo imagepointsx andx’ with distribtutions A, and A, isotropicbut not necessarilyequal
(fig. B.1), we estimatethe pointsx and x’ suchthat the cost function (5.21) is minimized and
the alignmentconstraint(5.22) satisfied. It is a constrainedninimizationproblem;a closedform
solutionexistsin this case.

The2 x 2 covariancematricesiy, andA, for the two inhomogeneousnd pointsx andx’
definetwo circleswith radiusr = o, = o, andr’ = o, = o,y respectiely. Theline 1 throughthe
vanishingpoint v thatbestfits the pointsx andx’ canbe computedas(in homogeneoufrm):

L+ Vite rdydy + rdyd,

:2 U U
TR Tty ) BB ]

1=
Y

where

Notethatthis formulationis valid if v is finite.

Therequiredestimates andx’ aretheorthogonabprojectionsof thepointsx andx’ ontothe

linel:
Ly(x - F1) — Iy ly(x" - F1) — Izl
x=| —lp(x-Fl)—1lyl, |, % = | —l(x'-Fl) — lyly (B.1)
L+l 2+
. 0O 1 0
with F = l 10 0]
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\Y

FigureB.1: Maximum lik elihood estimation of thelocationof two pointssubjectto thealignment
constraint.Theuncertaintyof theinput pointsx andx’ is Gaussiarandisotropic. The pointsx and
%' arethe ML estimates.

Thepointsx andx’ obtainedabove areusedto provide aninitial solutionin thegenerahon-
isotropic covariancecase for which closedform solutiondoesnot exist. In the generalcasethe

non-isotropiccovariancematricesi, andA,s areapproximatedvith isotropiconeswith radius
r=|det(hy)|/* 7 = |det(Ay)|H4

then(B.1)is appliedandthesolutionendpointsarerefinedby usingaLevenbeg-Marquardnumer

ical algorithmto minimizethe costfunction(5.21)while satisfyingthealignmentconstrain(5.22).



Appendix C

Singleview metrology variance
of distancebetweemlanes

C.1 Covarianceof MLE end points

In AppendixB we have shavn how to estimatethe MLE pointsx andx’ giventwo endpointsx
andx’ characterizethy non-isotropicuncertaintiesThis sectiondemonstratekow to computethe
4 x 4 covariancematrix of theMLE 4-vector¢ = ( % %7 )T from the covariancef theinput
pointsx andx’ andthe covarianceof the projectionmatrix.

In orderto simplify thefollowing formulaewe definethe points: b = x (referredto asbase
poinf) ontheplaner; andt = x’ (referredto astop poinf) ontheplaner’ correspondingo x.

It canbeshawn thatthe4 x 4 covariancematrix A, of thevector¢ = ( by by, 1. 1, )T
(MLE top and basepoints, seesection(5.4.2)) can be computedby using the implicit function
theoem][20, 36] as:

A = A~'BABTATT (C.1)

.
where¢ = (by by, ts t, pis pas px ) and

A, O O
Ae=| 0 A O (C.2)
0 0 Ay,

Ap and A arethe 2 x 2 covariancematricesof the imagepointsb andt respectiely and Ay, is
the3 x 3 covariancematrix of thevectorps = av definedin (5.3). The assumptiorof statistical

independencm (C.2)is avalid one.
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Thematrix A in (C.1)is thefollowing 4 x 4 matrix

—ep - 0y —eR - & —Ap330t, Ap330t,
_ Oe, Ob, de,0p, — TAP33  —Tel) — Ap33dy, —Tely — Ap3ady,
TAD33 — 563; (5bm _5ey (Sbm —T€§2 + )\1)33(51)m —7‘632 + )\pgg(sbm
—70t, TOy, 7 0p, —T0p,

wherewe have defined:
o By =A;! ande}j its elementn (z,5) position;

e E, = A" ande? andeb respectiely its first andsecondow;

e p=(p13,p23)", Ot =psst—p, Opb=p3b—p, bc=ed—eb;

o 7= (ps xt)y — (p3 x t)y, A= 2B

ThematrixB in (C.1)is thefollowing 4 x 7 matrix:

eb.6, eb-6;, 0 0 Ady, — 6y, —\vy

B— —0e,0p, —0e,0p, TEL TEly =A%,  —A(T+8,) A
5€m 5bm 56;1; 5bm T€§.2 T€52 )\(T + 5,{%) A)\(Sbm _>\V3

0 0 0 0 7(ty—by) T(by—1y) TV

wherewe have defined

>

~

y(D23ts — p13ty), vo = by(p13 + po3) — pas(te + 1)

o~

v =

V3 = Bm(p13 +p23) _p13(£m + 7§y)a vy = mi)y - yi)m

If thevanishingpointis noise-freethenA& hasrank 3 asexpectedbecausef the alignment

constraint.
C.2 Variance of the distancemeasuement,o?,

As seenin section5.4.2and5.4.2the componentsf thevector¢ areusedto computethe distance
Z from (5.6) rewritten hereas:
[[b x t
(P4 - b)|[ps X |
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with the MLE pointsb, £ homogeneousith unit third coordinate.
The variances of the measurement dependon the covarianceof the ¢ vectorandthe
T ~
covarianceof the6-vectorp = ( P; Pl ) computedn sections.4.1.If ¢ andp arestatistically

independenthenfrom first ordererroranalysis

AA
02 =V < ¢ 0 ) v, (C.3)
0 Ap

thel x 10 JacobiarV z is:

p((GxBid  pa !
B> o

F (bxt)xb  (p3xt)xps
Vz=27 B? 7?
!pgxf!xf
72

b
p

wherewe have defined3 = |[b x t||, v = ||p3 x ||, p = p1 - b andF = l é (1) 8 ] Notethat

theassumptiorof statisticalindependence (C.3)is anapproximation.



Appendix D

Singleview metrology variance
of theaffine parametery

In section5.3.1the affine parametew is obtainedby computingthe eigevectors with smallest
eigevalueof thematrix AT A (5.6). If the measuredeferencepointsarenoise-freepr n = 1, then
s = Null(A) andin generalwe canassumehatfor s theresidualerrors"ATAs = \ ~ 0.

As in appendixA we now use matrix perturbationtheory [47, 115 12§ to computethe
covarianceA of the solutionvectors basedn this zeroapproximation.

Note that the i** row of the matrix A dependson the normalizedvanishingline 1, on the
vanishingpointv, onthereferenceendpointsb;, t; andon referencelistancesZ;. Uncertaintyin
ary of thoseelementinducesan uncertaintyin the matrix A andthereforeuncertaintyin thefinal

solutions. Let usdefinetheinputvector
n = (ly by Ly vg vy v 21 11, t1, b1, bly Zn tn, tn, bn, bny)T

which containghe planevanishingline, the vanishingpoint andthe 5n component®f then refer

encesBecaus®f noisewe have:

n = n+in= (Zm Zy iw Vg ’ljy D 21 t~1m fly 5190 I;ly Zn t~n fny an gny)T +

T

(6L 6Ly 8loy S0 6vy Svyy 521 Bt 61,0 Sty Sty Sbn, Sby,)T

wherethe” indicatesnoiselesguantities.
We assumehat the noiseis Gaussiarwith zeromeanandalsothat differentreferencedis-
tancesareuncorrelatedHowever, therows of the A matrix arecorrelatedoy the presencef v and

1 in eachof them.
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Thel x 2 row-vectorof thedesignmatrix A is (seesection5.3.1)
a; = ( Zipii s )
with i = 1---n. Becaus®f thenoisea; = a; + da; and
da; = ( pividZi + Zividpi + Zipidyi 60 )

It canbe shawvn thatép;, dv; anddg; canbe computedasfunctionsof én andtherefore taking
accounbf thestatisticadependencef therows of theA matrix, the2 x 2 matricesg;; = E(da;' da;)
Vi,j = 1---n canbecomputed.

Furthermoref we definethematrixM = A" A then
M= (E+0A)T(A+0A) =R A+6ATA+A 6A+6AT6A

ThusM = M + 6M andfor thefirst orderapproximationsM = 6ATA + &' 6A.

As saidthe vectors is the eigevectorcorrespondingo the null eigevalue of the matrix M;
the othereigensolutioris: M = X,@ with @ the seconceigevectorof the ATA matrix and\, the
corresponding@igevalue.

It is provedin [47, 103 thatthevariationof the solutionsis relatedto the noiseof the matrix

M as:
~ T
au
08 = ——

A2

OMS

but sincesMs = SATAS + A ' 6A& andAs = 0 thendMs = & ' §AS andthus
os = JK' 6A8

wherel is
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Therefore:

As = B[osos’| =IE [k oassoaA|3" =IE [E & (63 -8) > a;(6a -g)] 3" (0.1)

having usedthat

(6a; - 8)(da, - 8) = §' (¢4, 04,)8
Now consideringhatJ is asymmetricmatrix (3| = J) eq.(D.1) canbewritten as
Ag = 383

wheres is thefollowing 2 x 2 matrix:

with.

Notethatmary of theabove equationsequirethetrue noise-freequantitieswhichin general
arenotavailable.As in AppendixA if onewrites,for instanceA = A — JA andsubstituteshisin the
relevantequationsthetermin §A disappearn thefirst orderexpressionallowing A to be simply

interchangedvith A, andsoon. Thereforethe2 x 2 covariancematrix Ag is simply
Ag = JSJ (D.2)

whereJ = —%. The2 x 2 matrix S is:

S = Z a; (Z ajsTEijs) (D.3)
. =

=1

with a; thei®® 1 x 2 row-vectorof the designmatrix A andn the numberof references.

The2 x 2 covariancematrix Ag of thevectors is thereforecomputed.
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Noise-freev andl.  Inthecaser, = 0 andA, = 0 then(D.3) simply becomes:

n
S = Z aZ-TaisTEiis (D.4)
i=1

in facttherows of the A matrix areall statisticallyindependent.

Variance of . It is easyto corvertthe2 x 2 homogeneousovariancematrix Ag in eq.(D.2)
T
into inhomogeneousoordinatesin fact,sinces = ( s(1) s(2) ) anda = % for afirst order

erroranalysighevarianceof theaffine parametet is
02 =VaAVa' (D.5)

with Vo thel x 2 Jacobiarmatrix




Appendix E

Metrologyfrom planarparallax,
derwvations

E.1 Computing the motion constraints

In this sectionwe derive someof the motion constraintdescribedn chapter6. Extensve useis

madeof thelemmagivenin figureE.1.

Equation 6.1 (motion constraints):

API p2X2 Aql q2x1 — Apl pP2X1 Aql q2x2

Proof Applying the lemmato figure 6.3 ( substitutinge — e12, a — p1, b — pa2, ¢ — qu,

d — x; ) we canwrite

Ax2 P1p2 — Ael2x2 P1

Ax2 q1q92 — Ael2 X2q1

AX1P1P2 Ael2X1p1

Also from thelemma

A612X2p1

7

AX1q1q2 A612X1q1

_ Ae12X1p1

Ael2x2 q1

Combiningtheaborve yields:

Ae12X1q1

AP1P2X2Aq1q2X1 = Ap1p2X1Aq1q2X2

Equation 6.4 (motion constraints):

Apl P2X1 Aqlqul Ax1x2<l1 = Apl P2q1 Aq1q2x1 Ax1X2p1
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Aead _ A abd

C

ﬁ'ﬁ\l\ (IR

jl@ox |

FigureE.1:Lemma: Theequalityof thearearatiosis easilyseerby consideringherelative heights
andbasdengthsof thetriangles.

Proof In figure6.3clearlywe have

Ae12p1x1 _ Ae12Q1X1 Ae12p1x1

A A A

€12P1d1 €12p1d1 €12q1X1

However by thelemma

A912P1X1 _ AP1P2X1 A912q1X1 _ Aq1q2X1 A612P1X1 _ AP1X1X2

7 7
A812p1q1 Ap1p2q1 Ae12q1p1 Aq1q2p1 A912q1x1 Aq1X1X2

Hencecombiningtheidentitiesabove we obtainthe desiredresult.

Ap1 p2X1 Aq1q2p1 AX1xzq1 = Ap1 P2q1 Aq1q2X1 Anxzm

O
E.2 Computing distancesof points from planesdirectly in the images

In this sectionwe shav how from (6.38)we obtain(6.39).
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First of all we needto computethe relationshipbetweerthe areaof a triangleon the distin-

guishedplaneanthe areaof its image.

Ar easof triangles on the images

For agenerictriangleon thereferenceplane therelationbetweerits areaandthe areaof its
imageon thefirstimagecanbe computedasfollow.

Let usassumdhatH; andH, arethe image-to-verld homographiesor the first andsecond
imagerespeciiely, suchthat:

X :H1X X:HQXI

for every point X on the distinguishedplanes. Consequentlik = Hx' whereH = H1_1H2 is the
interimagehomography
Thenfor thetriangleof verticesp,, po, x; ontheworld planewe have:
_ |[mp Hp' Hix| |Hy | |H |

Ao = T )10 - T T )0 P P X T g0
(E.1)

with p = Hp'. Theareaof the correspondingriangleon thefirstimageis Appx.

Distancesof points and camerasfr om the distinguishedplane

The distanceof a point X from the planecanbe computedif both image-to-varld homo-
graphiesareknown by applying (6.38); but it canalsobe computeddirectly in the imagesif the
interimagehomography is knovn andthe planevanishingline 1 in eitherimageareknown. By
applying(E.1)to (6.38)obtaining(6.39)is straightforvard.

Similarprocedureanbeappliedto computehedistancef thecameragn (6.35)from (6.34).



Appendix F

Metrologyfrom planarparallax,
varianceof distances

As seenin section6.5.2thevarianceonthedistanceZ, of apointX from aplanecanbecomputed

emplging the plane-plus-parallagpproactas:
0%, =V 7,0V,
In this sectionwe computethel x 32 JacobiarV z,.

F.1 Definitions

Equation(6.39)canberewritten as;

N
Zs = 22,5

wherewe define

e N = Ni — Na; N1 = pgAxxqAppx; No = ppAqax Axsp,

D = ZqD1 + ZyDo;
® D1 = Appx(pgAxxq — priaax);
o Dy = Agax(prAppx — PpAxxp);

e p=lpp=1lqp=1x
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for agenerictriplet of pointsa, b, ¢ we define:thedeterminaniD, . = det [ a b c ];thearea
Aabe = |Dabe|; thesign Sabe = Aﬂ::

Uncertaintyis assumean: theinterimagehomograph¥; theplanevanishingdine 1; thetwo
inputreferencestheir world distanceandthe positionof theimagepoints Z,, p, p', Z;, q, d'; the

inputimagepointsx, x'.

F.2 Computing the JacobianV

Firstly we compute

0Zs _ ,NDi
07, 1" D2
0Z: _ ,ND
07, P D2

Furthermordor a genericvectorv we have

87y  ZyZy (ON oD, dD,
= (—D—N(an—v—i-Zpa—v))

ov D2 ov

wherev canbev =1 h,p,p’,q,q, x,x’.

e SinceD; = Appx(pgAxig — PrAqax) We have

oD
8—11 = Appx (Axiqq — AqgxX)
oh = a;p (qux)'cé] - PrAqfl:'c) + Apl'n'c (Pq oh S Pr 3(}1:1 )
8D1 Dl . T
= (P x x)
op Dpps
oD D
0D, T
2. " w537
0D :
Bq'l = Appx (Pquxq (x X X) " = prSqqi(x X q)T) H
0Dq
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oD, <D1

ox’ Dppx

e AndsinceD; = Aqgx(prAppx — pPpAxxp) We have

0D
a1 = Aaax (AppsX — Axspp)
8D2 0A % an:'c'
50— an (PrAeex — pphxis) + Agax (pr ~ P p)
0Dy s
% = Aqax (PrSpr')ic(P X X)T AXXPIT)
0Dy . .
gp.  adk (prSpps( x P) T — ppSicsp (x x %) T ) B
0Dy Dy, .. ..t
= (@ x %)
Bq qu,'c
Do~ P2 kg
oq’ Dggx
0Dy Lo
x Agq (Appx — PpSxip (X X P)T)
oD . .
BXIQ = ( (ax @)" + Agax (prSppsx(P x D) — ppSwszp (B x X)T)> H
qqx
e FurthermoresinceN = pgAxxgAppx — PpAqaxAxxp We have
ON
o1 = Axcadppid — AqaiAxspP
ON 0Axxq 0Appsx 0Axxip
—_— = Appx—d 4 Asse PPX) — (A .- Aqax xxP)
ah ( PPX T T kAT ) TP ST
ON Ny . .1 Noor
= - LpxnT -2
op Dppx ( ) Pp
0 <Dppx (x X p) Drts (x x %) ) H
BN Nl T N2 . N T
T AT 2 g xx
0q Pq Dggx ( )
od <Dx}.{q (x x %) Deit (x x q) ) H
ON _ Ny . _.r N

(P x D) + Appx (PeSwxa(@ x %) = prSaax(a x Q)T)> H
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ON Ny . T Ny N\ T No T Ny . T
= (axx) + ——(@Exp) — (axq) - (Pxx) |H
ox! <Dx5cé| Dpp)'c Dq(’p’c Dx,'q')
Finally
anic . . .
oh P - Sxxp ((p X x)TBrz + (x x x)TBp/)
6Ax)'(' . .
5 a9 _ Sxxg ((q X X)TB,/ + (x x X)TBql)
0Appx ) .
B (G xp) By + (p x b) "Br)
0Agax . .
i = Saax ((kx @)"By + (ax @) By)

wherefor agenericpointx

x' 0 0
B, = 0o x' 0
0 0 x'

TheJacobiarV z, is thuscomputeds:

@

v _ 07y 07y 3Zy 0O0Zy 0OZi 3Zy 0Z, 7y 37y 07y
Zy — o1 oh 0Zy dp op’ 0Z, dq oq’ ox ox’



