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Abstract

Using vision to measure world distances requires that both measurements and their uncer-
tainties can be determined and modelled. The work described in this report develops the
theory of computing distances using only images and an uncertainty analysis which includes
both the errors in image localisation and the uncertainty in the imaging transformation.

We present different methods of estimating the geometry of the imaging transformation
between world and camera plane using image to world point correspondences. A general
expression is then derived for the uncertainties in the measurements.

We mainly focus our attention on computing measures and related uncertainties on world
planes and then we extend these results to a complete 3D reconstruction of the scene.

While the research presented here is of a general nature, a particular application is
presented showing how to use the results obtained to build a plane measuring device. This

device finds its application in several commercial and industrial fields.
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Chapter 1

Introduction

1.1 Introduction

The aim of this report is working out the most suitable way to use a camera as a world
measurement device. We want to find out how to use cameras for taking measurements of
distances between two points in a scene.

The process of measuring objects is traditionally an engineering task, and as all the
engineering tasks it must be accurate and robust. A proper treatment of the sources of error
and its propagation during the chain of computations is needed.

We analyse methods for taking measurements of world distances using images, and for
accurately predicting the related uncertainty.

The research presented here finds its application in several scientific, commercial and

industrial fields.

1.2 Why use vision?

Several different types of distance measurement devices have been used in the past. We can
distinguish them in two main categories: the active devices and the passive ones. Active
devices use to send signals into the environment and get them back. Information related to
distances is carried by their phase or echoing time. But unexpected reflections or interferences

can affect the output measurement. Passive devices do not suffer this problem.

1.2.1 Active devices

Ultrasonic devices. Systems for measuring distances have been built up using ultrasonic

technology. It is possible to buy relatively cheap ultrasonic devices able to measure the



distance of the operator from another object such as a wall relying on an echoing reflection
time measuring system.

Ultrasonic scanners have, for instance, been successfully used in medical imaging such
as for 3D reconstruction of the structure of bones [53] or other internal tissues. They have
been employed also in robotics problems as autonomous vehicles navigation [23, 24|, where
accuracy and speed of the localisation system are required.

The main problem of such an approach is that the measure returned is affected by strange
and almost unpredictable phenomena like multiple reflections of the ultrasound waves on
walls with misleading estimation of the reflection time.

Problems arise also if the operator tries to take planar measurements on the plane oppo-
site to him. It should be possible to improve the capabilities of the devices by placing some
sensors on the object we want to measure, but this will increase the cost of the system and

the difficulty in the whole operation.

Laser range finders. Another possible approach for measuring depths is the use of laser
range finders. Those systems are accurate enough but they suffer problems similar to those
of ultrasonic devices. Furthermore, laser-based devices are usually quite expensive.

Laser range finders are being applied for 3D shape metric reconstruction of relatively
small objects [7]. They have also been applied to solve other common computer vision

problems as autonomous navigation [32].

Structured light. Other active devices use two or more cameras to acquire different im-
ages of an object illuminated by a regular light pattern. Some auxiliary devices, in fact,
project a light pattern or a set of patterns onto the object in order to improve its texture
and make its features easier to be detected on the images.

Structured light-based algorithms have been used for accurate measurement of surfaces
of close range objects which do not show enough texture [40]. Those methods have also
been used to capture facial expressions. In [15] coloured dots of light on a regular grid are
projected onto the examined face; wrinkles and other deformations of the skin are identified

from the deformation of the projected grid.

1.2.2 Passive devices

Tape. This is the traditional way of measuring distances. It consists in a series of actions
which involve the use of metric tapes. This approach can be prone to errors and invasive.
Furthermore it is necessary that the operator takes manually all the distances; in the case

one ore more are forgotten then a new visit of the place is necessary.



Cameras. From all the above discussion the need of a more flexible and friendly measuring
device arises. It is straightforward hence to think of a system which creates a digital model
of the scene seen in order to take measurements on it, interacting with it.

The idea is:

An operator takes some images of the object we want to measure.

A computer processes those images and builds up a 3D metric model of the viewed

scene [5].

The model is at any time queried for measurements via a friendly and easy to use

graphical interface (GUI).

The 3D model is visited from any point of view using virtual reality approaches.

Such a device presents several interesting features.

Firstly the system is very friendly and easy to use, in fact, once the images are taken and
the model built an operator can virtually walk through it, watch the scene from different
points of view, take measurements querying the software interface, interact with the objects
of the scene, print out images of the scene with measurements superimposed.

Furthermore the capture process is very quick, easy and minimal invasive since it involves
just a camera to take pictures of the environment we want to measure.

The acquired data are then stored digitally into a disk in order to be reused at any time
without the need of going back to the place in the case some new measurements are needed.

The hardware involved is cheap and easy to use, there is no need of new dedicated
hardware.

All the work presented in this report finds its motivation in the necessity of exploring
the mathematical theory at the basis of such a visual measurement device and the technical

problems arising when a working prototype is built.

1.3 Possible applications

The theory analysed in this report finds its application in solving many of the engineering
and architectural problems which involve measuring objects (buildings, rooms, walls, doors
etc...) [2].

Photogrammetry researchers could find it interesting for measuring building dimensions
from aerial pictures.

Furthermore useful application can also be found in video compression techniques. If

a 3D model of a scene is known then it is possible to eliminate all the unnecessary and



redundant information obtaining a high rate compression of the data space we want to store
or transfer.

Other possible uses can be found in surveying, insurance and emergency services.

1.4 The AMVIR project

The work presented finds it’s main motivation in the development of the AMVIR project
(Automated Measurements in VIsual Retailing). The leading idea is replacing conventional
measurement tools (tapes and rules) with standard solid state cameras.

The AMVIR project is mainly oriented to the improvement of services offered by com-
panies in the fitted and soft furnishing market sector.

The traditional process of taking measurements using tapes can be prone to errors and
unreliable, in fact involving a number of tiring and frustrating movements . Furthermore it
can be found too invasive (within possible customers rooms) and too slow.

These problems lead to deficiencies and a general bad quality of the specification and
delivery service of fitted and soft furniture companies. A solution for the enhancement of
the customer service quality is required which offers: speedy, unobtrusive and accurate data
capture where the furnishing has to be installed; systematic and permanent representation
of the site; integration into the retailers’ related systems such as CAD, estimating, stock
control, ordering.

More technically the project is based on results in a branch of mathematics known as
projective geometry and it is developed in steps, from the easiest to the hardest one.

Firstly the geometry related to two-dimensional projectivities is analysed. A well known
theorem states that we can define an unique transformation between any two planes given
the locations of four (at least) corresponding points or lines. In our case these planes are
the wall and the image plane. Given, say, the edges of the wall we can then transform image
measurements, made in pixel units, into real length measurements of the wall.

Secondly the use of 3D-2D projective geometry is required. A single view of a point
does not provide enough information to locate the point in 3D, it only constrains the point
to lie on a ray containing the camera’s optic center and the image point. A second view
of the same point from a different viewpoint provides a second ray, and the 3D location is
determined as the intersection of the two rays.

Furthermore in this project we believe that a homography-based approach to the complete
3D reconstruction can be used, i.e. using the metric information we retrieve for each planar
surface and combining it with that computed for the others we can model the environment

as a simple shoe-box room.



We can also model the protrusions (columns, pipes, windows sills) from planar surfaces
using two or more views of the same plane.

A further extension to larger-scale variations from the basis box model has to be de-
veloped (bay windows, L-shaped rooms) until we are able to make a complete 3D metric

representation of the scene captured [6].

1.5 Research issues

The basis of the mathematical theory involved in this project is projective geometry, in par-
ticular 2D-2D homographic transformations and more general 3D-2D projectivities. While
much of the underlying theory exists, there remain a number of research areas which must
be addressed to achieve our goal.

Firstly we want to explore different methods for computing scene quantities using only
uncalibrated cameras. The camera, in fact, is modelled as a pure projective device (pinhole
model) whose internal parameters are unknown (focal length, optical center etc...). Mainly
we want to explore methods for estimating distances in planar surfaces using a single view
and then estimating depths using a multiple-view, uncalibrated framework.

Secondly we need to create a mathematical theory to estimate uncertainties in output
measurements and also an adequate test system to check its goodness.

Particular attention has to be paid to this point, in fact, every time we try to take
any kind of measurement we make an error which depends on several factors such as: the
accuracy of the used device, the error affecting the data acquisition process, the operator,
the chain of computations which connect the input data to the final output measurement.

Therefore taking a measurement without knowing the related uncertainty does not make
any sense. Once we measure a distance we need to know how accurate it is, i.e. what is the
uncertainty range and what is the likelihood that the ground truth falls in that range.

A proper treatment of the sources of error and a modelisation of the accuracy in the

measurements is then necessary.

1.6 Overview

The report begins with a literature survey of the most important past research conducted on
the field of video metrology, 3D reconstruction and error propagation analysis (chapter 2).
In chapter 3 different methods regarding how to accurately estimate plane to plane ho-

mographies are investigated.



Chapter 4 proves in different ways that the first order theory is good enough to model
the error propagation process for practical situations. It also describes how to estimate the
uncertainties in computed distances accounting all error sources. In this chapter we make
three novel contributions: first, it is shown in section 4.2 that first order uncertainty analysis
is sufficient for typical imaging arrangements. This is achieved by developing the analysis to
second order and obtaining a bound on the truncation error. Second, it is shown that the
first order analysis is exact for the affine part of the homography, and that an approximation
is only involved for the non-linear part. Third, and most significant, in section 4.3.1 an
expression is obtained for the covariance of the estimated H matrix by using first order
matrix perturbation theory [26].

The uncertainty analysis developed here builds on and extends previous analysis of
the uncertainty in relations estimated from homogeneous equations, for example homogra-
phies [45, 46] and epipolar geometry [13, 17]. It extends these results because it covers
the cases both of when the matrix is exactly determined and also when over-determined
by the world-image correspondences, and furthermore it is not adversely affected when the
estimation matrix is nearly singular. This is explained in more detail in section 4.3.1.

The correctness of the uncertainty predictions has been extensively tested analytically,
by Monte Carlo simulation (see fig. 4.3a) and by several experiments on real images.

In chapter 5 a device for computing distances of points lying on planes is described. This
is a working example of one of the many possible applications of the developed theory.

Finally chapter 6 summarises all the results obtained in this paper and lists possible
future extensions. We show possible ways to extend the results we have obtained for plane

to plane analysis into a complete three-dimensional reconstruction of the viewed scene.



Chapter 2

Related works

2.1 Introduction

In this chapter a survey of all the most significant works in the field of 3D reconstruction
from 2D images and uncertainty estimation is presented.

Those papers are arranged from mono-view systems to bi and multi-view ones. Parallax-
based approaches are also investigated. The works related to the estimation of the accuracy

in metric reconstruction are described in the last paragraph.

2.2 Using images for measuring

One of the main aims of Computer Vision in the past few years has been taking measurements
of the environment just using images and reconstruct it in a digital three-dimensional model.

There are two problems in doing this:

e Reconstructing the scene from images is a hard task because fundamentally it involves
solving the “correspondence” problem, i.e. which set of features in the images is

genuinely the projection of a feature in world.

e Errors inevitably propagating along the computation chain cause a loss of accuracy in

the final 3D structure.

Many researchers in the past have been interested in Euclidean or more simply affine
or projective reconstruction, but only a few have investigated the problem of conducting a
proper uncertainty analysis in order to assess the accuracy of the final structure.

In this section we analyse different ways of recovering structure using one or more cameras

and different methods for analysing the involved uncertainty.
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Figure 2.1: Stereo acquisition system scheme

2.2.1 Using one view

Only one view does not provide enough information for a complete 3D reconstruction. How-
ever some metrical quantities can be computed from the knowledge of some geometrical
information such as the relative position of points, lines and planes in the scene.

Several methods, using a single image only, have been developed in order to compute the
unknown intrinsic parameters of the camera. This task is known as camera calibration.

The work of Tsai [57] is one of the first in the field of camera calibration. From a single
image of a known planar calibration grid it estimates the internal parameters of the camera
such as the focal length and the image scanning parameters as well as the external position
and orientation. An analysis of the accuracy in the parameter estimation is also reported in
the paper.

In [17] Faugeras discusses the problem of calibrating a camera in order to retrieve the
projection matrix and eventually its internal parameters by using one view. He analyses
linear and non linear methods for estimating the 3D-2D projection matrix, the robustness of
the estimate and the best location of the reference points. Furthermore the author addresses

new methods of self-calibration which eliminate the necessity of using calibration objects.

2.2.2 Using two views

The classical methods for 3D reconstruction use stereo vision systems [16] which consists in
capturing some images of a scene, taken from two different points of view and then analysing
them to estimate the depth of the scene (see fig 2.1). This methodology finds its basis in
the human binocular vision system.

The main steps in reconstructing a scene from two stereo images are:



e Matching points on the two images.

e Intersecting the rays in the 3D space for each pair of matching points.

In the following we show a comparison of how a reconstruction can be achieved using

calibrated or uncalibrated images.

Calibrated route.

The typical route for computing the structure from a pair of calibrated images is as follows.

Once we take two images of a scene with a calibration grid in it, it’s possible to compute
the 3D-2D projection matrices for each camera [22, 57], and then the epipolar geometry.
Some interesting features are extracted in both images, mainly corners or edges of the objects
in the scene. Popular approaches to feature detection include the Harris detector [27] for
retrieving corners and the Canny detector [8] for edges. Then the process of matching
features in the two images is achieved using the computed epipolar constraint. Computing
the 3D depth [17] is, now, straightforward. In fact the scene structure is computed via a ray
triangulation task, achieved using a robust algorithm such as the one described by Hartley
and Sturm [30].

A different method for 3D reconstruction from calibrated stereo systems is described
in [62]. Zhongfei Zhang and Allen R. Hanson investigate the problem of recovering the
metric structure from the knowledge of two internally calibrated cameras. When the two
cameras are internally and non externally calibrated, then the 3D structure can be retrieved
mapping one image into the other using homographies inducted by planar surfaces in the
images. Using at least four coplanar correspondences the 3D structure can be achieved in
Euclidean space up to a scale factor and two real solutions. In order to disambiguate the
two solutions a third view is required.

But using a calibrated stereo rig has some disadvantages since the camera internal param-
eters may not always be constant. We might need to adjust the focal length; or accidental
mechanical and thermal events can affect it. Therefore, new algorithms to compute the 3D
structure from images with unknown internal camera parameters have been achieved in the

past few years (uncalibrated route).

Uncalibrated route.

If two cameras used during the acquisition process are uncalibrated (unknown internal pa-
rameters), then only a projective structure can be obtained [16]. In fact, we can still match
points and lines on the two images, retrieve from those the epipolar geometry and then

compute the two projection matrices but only up to a projectivity.



But in order to use a pairs of cameras as distance measuring device we need a complete
metric reconstruction. In order to extend a projective structure to an FEuclidean one some
more geometric information about the viewed scene are necessary. Several methods have
been developed [19].

In [65] Zisserman et al. describe a method to determine affine and metric calibration for
a stereo rig that does not involve calibration objects but simply a single, general motion of
a rig with fixed parameters. The internal camera parameters and the relative orientation of
the cameras are retrieved robustly and automatically.

Another example can be found in [14] where Devernay and Faugeras show a way for
self-calibrate a stereo rig. The stereo rig is weakly calibrated, i.e. the epipolar geometry is
known. From one rigid displacement of the rig the three-dimensional Euclidean structure
of the scene is uniquely recovered up to a similitude transformation. This method has the
advantage that does not require solving the nonlinear Kruppa equations [18, 34].

Related to the previous work is the one from Zhang et al. [63]. It describes a method
for the self-calibration of a stereo rig and the metric scene reconstruction using, again, the
motion of the entire stereo rig but in this case a simplified camera model is used (the center
of the camera is known). Because of the exploitation of information redundancy in the
stereo system, this approach yields to a more robust calibration result than only considering

a single camera.

2.2.3 Using three or more views

Using two views is enough for the reconstruction of the scene, but adding one more image,
taken from a third point of view can constrain more the reconstruction problem reducing the
uncertainty in the estimated structure. This is particularly true if a line matching process
has been used instead of a point matching one (line matching is not possible using only two
views).

Furthermore the use of three or more views allows us to check the consistency of the
features matched using the first two views.

Faugeras has been one of the first to investigate the problem of using more than two
images. In [18] Faugeras et al. present a method for self-calibration of a camera using a
sequence of images. The authors, in fact, prove that it is possible to calibrate a camera just
pointing it at the environment, selecting points of interest and then tracking them in the
image as the camera moves (see also [20]).

Works in this field have been conducted by Shashua in [4, 51, 52], where the geometry

involved in a 3D reconstruction task from 2D images is analysed in a very systematic and
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Figure 2.2: Parallax scheme

algebraic way. The concept of “trifocal tensor” which encapsulates the geometric relationship
between three views is used. This theory is found useful also for solving the “rendering”
problem, i.e. from the knowledge of two images predicting what a third one will be if we
consider the camera placed in a new position [21].

The problem of calibrating the camera and estimate the Euclidean structure using three
or more uncalibrated images has been investigated by Armstrong et al. in [1, 3]. The authors,
using only point matches between images, compute the internal camera parameters and the
scaled Euclidean structure of the viewed scene. This method has the advantage that it can be
applied in active vision tasks, the Euclidean reconstruction can be obtained during normal
operation with initially uncalibrated cameras; i.e. the cameras do not need to be calibrated
off-line. The trifocal tensor is used here too [29].

In [28] another approach for camera calibration using three or more images is presented
by Hartley. This method does not require the knowledge of the camera orientation and
position and does not involve the epipolar geometry. In fact the images are taken from the
same point of view and therefore the epipolar geometry is useless. The calibration process

is based on image correspondences only.

2.2.4 Parallax-based approaches

Newer methods for 3D reconstruction make use of the concept of parallax.

From one image we can only say what the projection ray of each image point is, but, in
order to get the depth of a point in 3D with respect to a reference plane (or a generic surface)
a second view is necessary. The parallax vector seen in the second image (see fig. 2.2) is, in

fact, function of the depth of the point from the reference plane.
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The parallax approach has been used by Cipolla in [9] as a way to robustly estimate
curvature of surfaces. He shows that when we want to recover depth from motion normally
we need to know accurately the rotational velocity. But this dependence can be removed
if, instead of using raw motion, the difference of the image motions of points (parallaz) is
used. The deletion of the rotational component of the motion field from the process of depth
estimation can improve considerably the accuracy of the reconstruction.

Cipolla et al. used the concept of affine parallax also in [38] for epipolar geometry
computation using the parallax field, in [39] for the estimation of the ego-motion of a mobile
robot and in [10] for 3D structure estimation; assessing once more how powerful this approach
can be.

In [48] Sawhney presents a formulation for the 3D motion and structure recovery that
uses the parallax concept with respect to an arbitrary plane in the environment (real or
virtual dominant plane). He shows that if an image coordinate system is warped using a
plane-to-plane homography with respect to a reference view, then the residual image motion
is dependent only on the epipoles and has a simple relation to the 3D structure.

Directly related to the work of Sawhney is the one of Kumar et al. [35] where the authors
show that the parallax vector of a point is directly proportional to its height from a reference
plane and inversely proportional to its depth from the camera. Furthermore in [36] they show
how scenes can be represented implicitly as a collection of images. In this paper a parallax-
based approach is proved to be very useful for independent motion detection, pose estimation
and construction of mosaic representations.

As we have already noticed the geometry of the reconstruction problem has been deeply
discussed and used by several researchers. In fact, understanding well the geometric prop-
erties of the acquisition system can be very useful for computing invariant quantities which
increase the robustness and accuracy of the process [17, 43, 64].

The idea of using parallax to compute some useful geometric invariants, has been inves-
tigated by Irani and Anandan in [31]. They present an analytical relationship between the
image motion of pairs of points and several invariant quantities which can be derived from
that relationship. This is shown to be useful for 3D scene structure recovery using more than

two images as well as for detection of moving objects and synthesis of new camera views.

2.2.5 Investigation of accuracy

In all the above mentioned works we have seen how researchers, using several different
methods try to reconstruct a 3D world environment from the analysis of some planar images.

But metric information is of no use without an appropriate estimation of the uncertainties

12



on the computed distances. In fact, Video Metrology as a precision engineering task, must
be treated as such; i.e. in a reliable, efficient and accurate way [17].

Csurka et al. in [13, 60] compute the uncertainty related to the epipolar geometry between
two cameras. They use the 8-point algorithm to compute the fundamental matrix and then
they work out the related covariance matrix. In order to compute the uncertainty in the
fundamental matrix two approaches are used: the first one is statistical and therefore as
accurate as required but time consuming, the second is analytical and much simpler.

The problem of conducting an accurate metrology analysis with an estimation of the
involved uncertainty has been discussed by Reid and Zisserman in [45, 46]. The authors
here analyse an incident which occurred during the 1996 World Cup football final. They,
using an uncalibrated video sequence of that event, estimate the position of the ball with
respect to the posts and work out whether a goal has occurred or not. Mainly the accuracy
in the computation of the ball position is investigated. The structure of the football pitch is
reconstructed using geometric information such as the pitch marking, the goal posts position,
their parallelism, and no internal camera calibration is involved.

In [11] a tutorial showing general analytical methods for error analysis propagation, based
on well known ideas by Faugeras [17] and Kanatani [33], is presented by Clarke. In this paper
formulae to compute uncertainties of matrices, vectors and points are discussed. The first
order estimation theory is analysed and used, including examples of propagating uncertainty
through explicit transformations, transformations defined by implicit functions and even
implicit functions with constraints. Some working examples are presented showing how the
developed theory can be applied to some well known computer vision problems.

In [37] Kumar and Hanson, using the parallax approach try to estimate robustly the
camera 3D location and orientation (camera pose) from a matched set of 3D model and
2D landmark features. Robust techniques for pose determination are developed to handle
data contamined by fewer than 50.0 % of outliers. The sensitivity of pose determination to
incorrect estimates of camera parameters is analysed.

Methods for accurate projective reconstruction are discussed by Mohr et al. in [41]. In
this paper the internal camera parameters are unknown and the calibration process is made
via the knowledge of some image-world matching points only. Two reconstruction methods
are shown and a comparison of their accuracy conducted. The need for a subpixel image

point detection is proved to be necessary in order to get an accurate 3D structure.
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Chapter 3

Estimating the homography

3.1 Introduction

Points on a plane are mapped to points on another plane by a plane to plane homography,
also known as a plane projective transformation. A homography is described by a 3 x 3
matrix H.

It is then possible to model the image acquisition process as a perfect projectivity of
world plane points onto the image plane, i.e. as a homography mapping function.

Once the world-to-image homography matrix is determined the back-projection of an
image point to a point on the world plane is straightforward. The distance between two
points on the world plane is simply computed from the Euclidean distance between their
back-projected images.

The problem then is to estimate the homography.

3.2 The camera model

3.2.1 Plane-to-plane camera

The camera model for perspective images of planes, mapping points on the image to points
on a world plane is well known [49]. It consists of central projection specialised to planes.
Figure 3.1 shows the imaging process. The notation used is that points on the world plane
are represented by upper case vectors, X, and their corresponding images are represented
by lower case vectors x. Under perspective projection corresponding points are related
by [42, 49]:
X =Hx (3.1)

Y

where H is a 3 X 3 homogeneous matrix, and “=" is equality up to scale. The world and image
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Figure 3.1: Plane-to-plane camera model: a point X on the world plane is imaged as x. Euclidean
coordinates X —Y and z—y are used for the world and image planes, respectively. ¢ is the observer.

points are represented by homogeneous 3-vectors as X = (X,Y,W)" and x = (z,y,1)".
The scale of the matrix does not affect the equation, so only the eight degrees of freedom
corresponding to the ratio of the matrix elements are significant.

The camera model is completely specified once the matrix is determined. The matrix can
be computed from the relative positioning of the two planes and camera centre. However, it
can also be computed directly from image-to-world point correspondences. This computation

is described in section 3.3.

3.2.2 Line-to-line camera

A one-dimensional version of the plane to plane homography is described here. This model

is used for the second order analysis in section 4.2. Equation (3.1) reduces to

(1) ()

where Hyy is a 2 X 2 homography matrix. For the geometry shown in figure 3.2 the matrix

a t
Hoyo =
pwo 1

tan(w) .

f

is given by

d

with parameters a = Feos?(w)

— stan(w) and p = —

3.3 Computing the plane-to-plane homography

From equation (3.1) each image to world point correspondence provides two equations which

are linear in the H matrix elements. For n correspondences we obtain a system of 2n equation
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-0 X

T w world line
(o) P X X

Figure 3.2: One-dimensional camera model: the camera centre is a distance f (the focal length)
from the image line. The ray at the principal point p is perpendicular to the image line, and
intersects the world line at P, with world ordinate ¢. w is the angle between the world and image
lines.

Image plane ~

World plane ~

Figure 3.3: Correspondences between computation points

in 8 unknowns. If n = 4 (see figure 3.3) then an exact solution is obtained. Otherwise, if
n > 4, the matrix is over determined, and H is estimated by a suitable minimisation scheme.
The covariance of the estimated H matrix depends both on the errors in the position of

the points used for its computation and the estimation method used.

3.3.1 Computation methods

There are three standard methods for estimating H:

Non-homogeneous linear solution.

One of the 9 matrix elements is given a fixed value, usually unity, and the resulting simul-
taneous equations for the other 8 elements are then solved using a pseudo-inverse. This is
the most commonly used method. It has the disadvantage that poor estimates are obtained

if the chosen element should actually have the value zero.

16



Homogeneous solution.

The solution is obtained using SVD. This is the method used here and is explained in more
detail below. It does not have the disadvantage of the non-homogeneous method.
Non-linear geometric solution

In this case the summed Euclidean distances between the measured and a mapped point is
minimised.

i.e. minimising the following 2 x 1 cost function C:

Xz' B 1 (HXi)l x; B 1 (H_IXZ')l ’
( Y; ) (Hx;)3 ( (Hx;)2 ) ( Yi ) (H'X;)3 ( (H'X,)2 )] (32)

This returns the maximum likelihood estimation of the H matrix.

2

+

C=2
i=1

This method has the advantage, over the above two algebraic methods, that the quantity
minimised is meaningful and corresponds to the error involved in the measurement (similar
minimisations are used in estimate the fundamental matrix and trifocal tensor [56, 61]).
There is no closed form solution in this case and a numerical minimisation scheme, such as
Levenberg-Marquardt [44], is employed. Usually an initial solution is obtained by method
2, and then “polished” using this method.

3.3.2 Homogeneous estimation method

Writing the H matrix as a 9-vector h = (hy1, hya, his, hot, ho, has, hay, haa, haz) T the homoge-

neous equations (3.1) for n points become Ah = 0, with A the 2n x 9 matrix:

zr o y1 10 0 0 -2 Xy —-uyiXy —Xy

0 0 0z »ynw 1 -y —-y¥i -4

T oy 10 0 0 —2Xy —pXo —X,
1

We can reduce the problem of computing the h vector to the constrained minimisation
of the following cost function:
C=h"ATAh (3.4)
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with the constraint that |h| = 1. The corresponding Lagrange function is :
L=h"ATAh — A(h"h —1) (3.5)

Differentiating it with respect to the h and setting these derivatives equal to zero we
obtain: or

— =2A"Ah —2\h =0 3.6

h (3.6)

i.e.

A"Ah = )\h (3.7)

Therefore the solution h is an unit eigenvector of the matrix ATA and A = h"ATAh is the
corresponding eigenvalue.

In order to minimise the C' function we should consider only the eigenvector h* corre-
sponding to the minimum eigenvalue \*. This eigenvector can be obtained directly from the
SVD of A. In the case of n =4, h is the null-vector of A and the residuals are zero.

On the other hand the previous is a standard result of linear algebra.
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Chapter 4

Estimating uncertainties

4.1 Introduction

As we have already said (sect.3.2.1) if x is a point on the image plane then its backprojection
onto the world plane is given by the equation (3.1) (in homogeneous coordinates).

However the input image point x is uncertain because of localisation errors on the image.
Furthermore the homography is also uncertain because it is obtained from n > 4 pairs of
uncertain computation points. These two sources of error affect the output X localisation
on the world plane and consequently the distance between two world points.

The goal of this chapter is then to model the uncertainty in the distance between two
world points once we know the uncertainty in the localisation of image points and compu-
tation matches.

We model the uncertainty in the localisation of an image point x as a bidimensional
gaussian homogeneous and isotropic noise centred on the point itself, with standard deviation
o, = 0y. Similarly for world computation points we have ¥, = X, (see fig. 4.1). It is not
strictly necessary to have such idealised distributions but this has not been found to be a

restriction in practice.

Figure 4.1: Typical isotropic gaussian density probability function. This is used to model the
uncertainty in the localisation of image and world-plane points.
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If we want to work out how the noise propagates from the input point to the output

world-point then we could use two different methods: a statistical one or an analytical one.

Statistical method. This consists in using the well known Law of Large Numbers. We
compute the homography from a set of n randomly generated matches, generate an image
point x and backproject it onto the world plane using the homography. This produces a
world point. We repeat the process N times obtaining a distribution of world points X;
around a mean position X.

If the number of iteration N is large enough then we can approximate the mean position
by:

ExX] = DX, (4.1)

and its bidimensional 2 X 2 covariance matrix by:
Ax = Ex[(X; — Ex[Xi])(Xi — Ex[Xi])"] (4.2)

This method is very costly in terms of CPU time, in fact it returns reliable results only

for a very large number of iterations.

Analytical method. The analytical method takes into account the fact that the X point
is computed from another random vector x using a mapping function that is itself uncertain
(the homography).

The advantage of using such analytical method is that it gives us a non iterative and
therefore fast algorithm. The main disadvantage is that this theory introduces an approxi-
mation of the non-linear mapping function. Therefore a further analysis to check how much
this approximation affects our final results is needed.

In the past only the first order theory has been used. In the present work we still use
the first order approximation but only after having proved that this is good enough for our
purposes. The check of goodness of the first order analysis is done by comparing the first
order results with the second order ones and with a number of Monte-Carlo simulations, i.e.

we use the statistical method described above as a test of goodness of the analytical one.

4.2 First and second order uncertainty analysis

In order to avoid unnecessarily complicated algebra the comparison between first and sec-
ond order analysis is developed for a line-to-line homography. The one-dimensional case

illustrates all the ideas involved, and the algebraic expressions are easily interpreted. The
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generalisation to 3 X 3 matrices is straightforward and does not provide any new insights
here.
This simpler case is modelled by a homogeneous 2 X 2 matrix as described in section 3.2.2.

Under back-projection an image point £ maps as

hu!L"Fth . ar +1

z— X = =
hoix 4+ hyy  pr+1

This non-linear mapping (on inhomogeneous coordinates) can be expanded in a Taylor series.
Statistical moments of X, such as the variance, are then computed in terms of the Taylor
coefficients and the moments of z [12, 47]. It is assumed here that the homography is exact
(no errors) and the measurement of the image test point z is subject to Gaussian noise
with standard deviation o,. The Taylor series is developed about the point’s mean position

denoted as z.

4.2.1 First order

If the Taylor series is truncated to first order in (x — Z) then the mapping is linearised.

ar +t o — ut

R + T—T 4.3
px +1 (,uf—i—l)z( ) (43)
The mean of X is
- T+t
p Qs (4.4)
pr +1
since the mean is a linear operator.
The variance of X can be shown to be
2 (o —pt)® ,
oy N ——0 4.5

4.2.2 Second order

Usually only the first order approximation is used for error propagation [11, 13, 17, 45, 46].
Here we extend the Taylor expansion to second order so that the approximation involved in

truncating to first order can be bounded. It can be shown that to second order in (z — Z)

ar+t o — ut
Tpr 41 (uz+1)2
The mean of X is

(x — ) — H@ ~a)? (4.6)
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X%: — )021, (4.7)

and its variance is
_ t2 2 2

4.2.3 Comparison

We want now to compare the first order approximation of the perspectivity function with
the second order one. We are interested in the error we make in the estimation of the mean

X and of the variance 0% x of the world point X.

Bias on mean. In order to find out whether the first order approximation mean is biased
or not we define a biasx quantity as follow:
XUy plo— pit) (4.9)

- T

biasx = (T 1)
Then the bias is just the difference between the mean of X computed from the first order
series truncation and that computed from the second order one. The bias has dimensions of
length.
The Lagrange remainder of the Taylor series [55] provides an upper bound on the error
on the mean if the series is truncated to first order instead of using the complete expansion.
Using the first order truncation of the Taylor expansion with the Lagrange remainder we

obtain:
ar +t  pla—ut) ,

X:uf+1_(u§+1)3” (4.10)

with £ €]z, Z[. Therefore the upper bound of the error (absolute value) on the mean of
X is | |
plo— pt|
Erry =——0°, 4.11
ST e

Thus we can define a measure, Mb, of the bias in the mean between first and second
order approximation using the ratio of Lagrange upper bound of the mean X to the mean
itself.

_ plo— ptf(pr +1)

(e +t)(pE+1)3 (412)

Error in variance. We now define two measures which can be used to assess the error in

the standard deviation (or variance) in truncating to first order.
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The first, Mwvy, measures the ratio of the second order variance to first order one. Com-

paring equations (4.5) and (4.8) this ratio is

27 2
2%

My, = ——
P (pr 1)

(4.13)
The second measure, Muwvs, is obtained from the Lagrange remainder of the Taylor se-

ries [55], as already seen in the previous paragraph.

P (p + 1)

Muvy =2 "
S (T § I

(4.14)
where ¢ €]z, Z[and we compute the worst case of £ = T — o, for this bound in the range

T + o,. Mvsy is then the ratio of this truncation error to the first order term.

Typical results. The significance of these measures is that they depend only on the ho-
mography matrix elements. Thus, once a matrix has been estimated the need for a second
order approximation can be immediately assessed. All these measures are dimensionless and
it make sense to compare their values to unity.

In typical imaging situations second order terms are not required. In figure 4.2 a graph
plot of the measures defined is given in order to visualise their behaviour with respect to
variations of the angle w. The three linearity measures are computed for the following values:
f=85mm,d=>5m,t=1m, x =50pixels, o, = 1 pixzel, and w varies from 0° to 85° (see
figure 3.2) Notice that for angle values close to 70° — 80° the non linearity of the projection
function suddenly increases and the first error analysis is near the limit of its usefulness.

The same analysis is reported in the table below for discrete values of the angle w.

w 30° 40° 50° 60° 70° 80°
Mb | 59x107% | 1.1 x107° | 1.9x107° | 3.9x 1075 | 9.5 x 107° | 4.22 x 1074
Muvy || 1.49x 1076 | 3.3 x 1076 | 6.9 x 107¢ | 1.6 x 107° | 4.8 x 107° | 3.7 x 107
Muy || 1.49 x 1076 | 3.3 x 1076 | 6.9 x 107¢ | 1.6 x 107° | 4.6 x 1075 | 3.4 x 107

Notice the very small values of the three measures also for large values of the angle w.

4.2.4 When is first order exact?

If 4 = 0 in equation (4.8) (for instance when w = 0°) then the second order correction is zero
and all the three above measures are null. With ¢ = 0 the homography reduces to an affine

transformation, i.e. it is linear. This illustrates the general result that if the homography is
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affine the first order analysis is exact.

Generally, the H matrix can be decomposed into the product of matrices representing
linear (affine) and non linear (projective) transformations on inhomogeneous coordinates as:
H = AP where

app agp hig 1 0 0
A=1| ax awp hy |, P=| 0 1 0|, (4.15)
0 0 1 h31 h32 1

With a;; = hij — hsjhs fori,j =1, 2.

If H is purely an affinity (linear on inhomogeneous coordinates) then P is the identity and
the first order theory exact.

We have proven that the first order error propagation theory is good enough for typical
values in the case of monodimensional camera model.

In the following we extend our first order analysis to the bidimensional camera model in
the case of uncertainty affecting also the projective process. Then, in section 4.3.6 we prove

its correctness via Monte-Carlo statistical simulations.

4.3 Computing uncertainties

There may be errors in the world and image points used to compute the homography, and
there may be errors in the image points back-projected to make world measurements. All of
these uncertainties must be taken into account in order to compute a cumulative uncertainty
for the world measurement.

In this section we analyse the formulae used to compute the uncertainty for measurements
under various error situations. The first order analysis is assumed to be sufficient.

We consider all the computation image and world points to be measured with error
modelled as a homogeneous, isotropic Gaussian noise process. For the image computation
points we define o, = 0, = o, and for the world ones ¥x = ¥, = X.

We first consider the two sources of error (the uncertainty on the homography and the
uncertainty in image point localisation) as operating separately and finally we merge them

in order to compute an unique formula embracing both cases.
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4.3.1 Uncertainty in the homography H, given uncertain compu-

tation points

In this section we compute the covariance of the homography H estimated from n image-world
point correspondences.

From section 3.3.2 we seek the eigenvector h with smallest eigenvalue A of the matrix
ATA. But if the n computation matches are affected by a localisation error also the A matrix
will be uncertain and hence the 9-vector h. This vector is then characterised by a 9 x 9
covariance matrix Ay computed as showed in Appendix A.

The above theory has a double advantage over other methods such as [11, 17] which
require the inverse of ATA in order to compute Ap. These methods are poorly conditioned
if only four correspondences are used, or if n > 4 and the correspondences are (almost)
noise-free. In both cases the ATA matrix is singular and thus not invertible. Because the
derivation of expression (A.22) does not involve the inverse, it is well conditioned in both

cases.

4.3.2 Uncertainty in X, given an uncertain H and exact x.

IfHis a 3x3 noisy projection matrix with covariance matrix A, computed as above where h =
(h11, hig, has, hot, hog, hog, Ry, has, h33)T and x is a non noisy image point, then equation (3.1)
can be rewritten as

X = Bh (4.16)

with X expressed in homogeneous coordinates and

x y 1 00 0000
B=|000a2y 1000 (4.17)
0000O0O0xuyl
For the first order theory we get
Ax = BALB" (4.18)

4.3.3 Uncertainty in X, given an exact H and uncertain x.

If the homography is exact but the input image point x has a non null covariance matrix

then the following equation is valid [11]:
Ax = HAH' (4.19)

26



where Ay is the 3 x 3 covariance matrix of the homogeneous image point x.

Notice that the conversion from the inhomogeneous 2 x 2 covariance matrix A2*? in the

2
AZ? = ( T O ) (4.20)

Ozy Oy

form

to the homogeneous one is obtained as follows:

A2><2 0
sz( JT 0) (4.21)

The problem now is to merge the two values obtained in the equations (4.18, 4.19) when
both the homography and the input point are uncertain. This point is expanded in the next

section.

4.3.4 Uncertainty in X, given uncertain H and x.

If both the H matrix and the input point x are noisy then we can just add the results obtained

in the previous two sections and therefore:

AX:<B : H) (4.22)

It is easy to convert the 3 x 3 homogeneous covariance matrix Ax into inhomogeneous
coordinates. In fact if X = (X,Y,W)" then

W 0 -X
=1/W? :
Vfi=1/ (0 o _Y) (4.23)
and
AR =VFAxVfT (4.24)

This matrix defines the uncertainty ellipse related to the localisation of the world-plane

point X.

4.3.5 Uncertainty in distance between points.

Suppose the two image points x; and x, are back-projected to X; and X, on the world

plane with covariances A%éz and A%{;Q, computed as above. Then, the uncertainty on the
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Euclidean world distance L between the two world points is

AZZ 0
) :

0 LAY
where Vg = 1 (X7 — X3, V) — Y, X — X3,V — V).

4.3.6 Monte-Carlo test

In the previous sections we have described a complete theory for computing the ellipse of
uncertainty of a world plane point given uncertain homography computation points and
uncertain image input points.

This theory relies on the first order truncation of the Taylor series of the non linear
projection function.

In this section we want to prove that for typical situations this linear approximation is
accurate enough. We have already proven it analytically in the mono-dimensional case and
now we use the Monte-Carlo statistical test applied to the bi-dimensional camera model
theory.

The Monte-Carlo test, in this case, consists in the following steps:

1. generating n > 4 image computation points (gaussian distributed).
2. generating n > 4 world computation points (gaussian distributed).
3. computing the related homography.

4. generating an image point x; (gaussian distributed).

5. back-projecting the point x; onto the world plane point X;.

The above process is iterated a large number N of times and at the end the uncertainty
ellipse of the statistic distribution of the world points (X;) is computed and compared with
the analytically predicted one.

For instance in figure 4.3a a comparison between the covariance ellipse obtained by the
first order analysis and the one obtained by a Monte-Carlo evaluation of the actual non-linear
homography mapping is shown. Notice that the predicted ellipse and the simulated one are
almost overlapping. These figures are obtained using parameters related to a real situation.

Several examples are reported showing the accuracy of the predicted ellipses compared

to the simulated ones. A number N = 100000 of iterations is involved in each simulation.
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Figure 4.3: (a) H is computed from the theory of sections 3.3.2 and 4.3.1 using only 4 computation
points. 10000 image points are randomly generated from a Gaussian distribution centered on an
image test point  and then backprojected onto the world plane. The statistical covariance ellipse
of the world points is computed and plotted together with the predicted one. 3 std. dev. are
visualised for each uncertainty ellipse. (b) The first order and simulated uncertainty ellipses areas
decrease as the number of computation points increase from 4 to 5 to 10 as expected from the
theory. 3 standard deviation are visualised (99 percent of probability level).
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Increasing the number of computation points. In figure 4.3b we can see what happens
if we increase the number of computation points used to estimate the homography matrix.
6 ellipses are drawn, 3 have been predicted by our theory and other 3 have been obtained
from the Monte-Carlo test. We notice that for each of these three cases it is very hard to
distinguish between the simulated and the predicted ellipses.

Furthermore, as we expect, increasing the number of computation points increases the

accuracy of the H matrix and then the accuracy in the final X point position (smaller ellipses).

Increasing the image computation points standard deviations. Figure 4.4a shows
how the area of the uncertainty ellipses increases with the uncertainty of the image compu-
tation points.

Three predicted ellipses are drawn with the corresponding simulated ones. The standard

deviation of the noise in the world points varies from 1 pizel to 3 pixels.

Increasing the world computation points standard deviations. The increase of the
uncertainty ellipses with the uncertainty in the localisation of the world computation points
is shown in figure 4.4b.
The three predicted ellipses and the corresponding simulated ones are drawn also in this
case. The standard deviation of the noise in the world points varies from 1 mm to 3 mm.
In all the previous examples the simulated ellipses are almost exactly overlapping the
analytically predicted ones, which justifies our use of the first order theory only in the next

chapter.
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Chapter 5

A plane measuring device

5.1 Description

In this section a typical application of the uncertainty theory we have described is shown.
The device shown here is meant to take distance measurements on real world planes such
as floors, walls, ceilings, just using images acquired with conventional video cameras.
The entire system is very simple, cheap and does not involve any new or dedicated

hardware. In fact the resources used are only:
e A CCD array video camera.
e A personal computer.
e A video acquisition card.

Once the images are taken they are loaded into the computer and ready to be processed
by our software.
The entire measurement process can be split in two main stages: the calibration stage

and the measuring stage.

5.1.1 Calibration stage

First of all, computing the transformation between the viewed plane and the image plane is
necessary. This is achieved via the knowledge of a set of world-image point correspondences
as already discussed.

Once we know how the n chosen world plane computation points are projected onto the
image it is possible to apply the theory of chapters 3.3 and 4 to compute the H matrix and

its covariance.
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Figure 5.1: Example of the measurement stage which involves an easy-to-use graphical interface.

The choice of computation points is not completely arbitrary; in fact their number and
position with respect to the camera have a significant effect on measurement uncertainties.
In section 5.2 some examples are provided showing how the uncertainties vary according

to an increase of the number of computation points or to a change in their location.

5.1.2 Measurement stage

Once the homography has been computed the operator is allowed to choose two points on
the image. They get back-projected onto the world plane and the distance between them
computed and shown in the preferred unit (see fig. 5.1). Simultaneously the uncertainty in
the distance between them is worked out using the formulae discussed.

Through the knowledge of the homography it is possible to retrieve other useful informa-
tion such as parallelism of lines lying on a plane. The system allows the user to draw a line,
draw the parallel line passing through a chosen point and retrieve the orthogonal distance
between the two lines (see fig. 5.1).

The strength of this device is in its easy use; the operator interacts with the system just
via a friendly graphic interface both during the calibration stage and the measuring one.

The measurement queries are sent to the system via a pointing device like a mouse.

5.2 Examples

In this section a number of examples are presented showing the use of the device, and the
correctness of the uncertainty analysis on real images.
It is shown that the ground truth measurements always lies within the estimated error

bounds. Furthermore, the utility of the analysis is illustrated. The covariance expression
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predicts uncertainty given the number of image-world computation points and their distri-
bution. It is thus possible to decide where correspondences are required in order to achieve

a particular desired measurement accuracy.

5.2.1 Accuracy in point localisation

Varying the number of computation points. Figure 5.2 shows an indoor scene. Fig-
ure 5.2a is the original image and in figures 5.2b-d an uncertainty ellipses map is superim-
posed.

These figures show the localisation uncertainty ellipses for some of the points in the scene
and how they change according to a change in the number of the computation points. The
H matrix is computed using four (fig. 5.2b), six (fig. 5.2¢) and eight (fig. 5.2d) computation
points. The standard deviations used are o = 1 pixel for the image points and ¥ = 0.5 ¢cm
for the world points.

In figure 5.2b the ellipses map is computed using only four computation points and it is
easy to notice that the most distant ellipses are the largest. In figure 5.2c six computation
points have been used and the ellipses are much smaller, as expected. In figure 5.2d, finally,

eight computation points have been used and the uncertainty ellipses are even smaller.

Varying the location of computations points. Figure 5.3a is the indoor scene seen in
the previous paragraph and in figures 5.3b-d an uncertainty ellipses map is superimposed
showing how the ellipses change according to a change in the location of the computation
points. The H matrix is computed using four computation points in all cases. The standard
deviations used are again o = 1 pizel and ¥ = 0.5 cm.

Notice that as the distance of the test points from the computation ones increases the
uncertainty ellipse gets larger (less accuracy in localisation). More spatially homogeneous
uncertainties are achieved by distributing the computation points across the scene.

From these images we can also deduct that if greater accuracy is required in a certain
zone of the image then it’s possible to move computation points closer to that zone.

In both images 5.2 and 5.3 the computation points used to estimate H are marked by
black squares and the uncertainty ellipses are shown at the 6 standard deviation level for

clarity.

5.2.2 Accuracy of distances

A similar analysis is now conducted using images of an outside wall, computing distances

instead of point locations.
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Figure 5.4: (a) Original image. (b-d) length measurements based on a homography computed
from the points marked by black asterisks. The uncertainty bound is +1 std. dev. The actual
width is 139 cm.

Figure 5.4b-d show length measurements for a homography computed from four, six and
eight correspondences. The standard deviations used for the computation are o = 1 pizel
and ¥ = 1 ¢m. It is worth noticing that measurements further from the computation point
present a larger uncertainty. Again increasing the number of computation points decreases
all the uncertainties. Note that all the measurement ranges returned by the system include

the actual window width (139 c¢m).

5.2.3 Different views, same computation points.

Figure 5.5 illustrates that the uncertainties also depend on the observer viewpoint.

The computation points for both images are in the same zone of the image frame but the
second image is affected by a more severe perspective distortion. In both cases the ground
truth lies within the predicted measurement range, but this range is larger in the second
view.

The figure also illustrates the computation of parallel world lines. Once a line is selected
in the image, the one parameter family of lines parallel to it on the world plane is computed

from the estimated H, and since one of them is chosen the distance is computed and shown.
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Figure 5.5: Keble College Oxford. The computation points are the same, but the viewpoint
distortion is more severe in (b). This is reflected in the larger (1 std. dev.) uncertainties. The
actual width of the upper windows is 176 cm. Note the computed parallel lines.

Figure 5.6: Crystallography labs Oxford - The actual height of all the windows is 174 ¢m, the door
width is 100 c¢m.

5.2.4 Different views, different computation points.

Figure 5.6 shows, again, two different views of a wall. Four different computation points are
used in the two images. All the measures are taken between parallel lines and we can notice
that notwithstanding the angle between camera and wall plane is large, the parallel lines are
correctly computed.

Furthermore, also using different computation points we are able to obtain the same
measures for the same objects, the ground truth is always in the uncertainty range returned

by the system (see caption). Notice also in this case the computation of the parallel lines.

5.2.5 Front-to-parallel warping

Once we have the image of a plane and its homography mapping then it is easy to compute
a front-to-parallel transformation of the image itself.
From a geometric point of view this operation means the synthesis of a new image, the

one seen from a new camera with its acquisition plane parallel to the world plane.
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Figure 5.7: Keble College Oxford - (a) original image, (b) warped image

Figure 5.7 shows an image of a college wall (fig. a); this gets warped onto a front to
parallel plane (fig. b). Notice the big window in the bottom left of the wall (near the door)

which in the warped image is rectangular.

5.2.6 Warping between images

If we know two images of the same wall and the related homographies it is also possible to
warp one image onto the other.

An example is shown in figure 5.8 where two pictures of the same wall have been taken
from two different points of view, the two homographies image-world plane computed and
from these the imagel-image2 homography extracted. Finally the first image is warped onto
the second one.

All the points which do not lie on the dominant plane of the scene (the building front
wall) are mapped into unexpected positions (fig. 5.8¢). The comparison between images 5.8b

and 5.8c can give us useful information about the 3D structure of the scene.
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(c)

Figure 5.8: Crystallography labs Oxford - (a,b) original images from two different points of view.
(c) first image warped onto the second.
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Chapter 6

Conclusion and future work

6.1 Summary

In this report we have developed a first order model of uncertainty prediction which takes
account of all the errors involved in estimating the homography. This is used for taking
measurements.

This theory overcomes most of the problems normally encountered by others. In fact it
works well either when the homography matrix is over determined or when the minimum
number of correspondences is used. Furthermore it is not affected by instability problems
when the computation points are perfectly non noisy because no matrix inversion is involved.

It is worth noting that although the theory has been developed here for plane to plane
homographies, the same approach can be used for line to line and 3-space to 3-space homo-
graphies. In particular the matrix perturbation based derivation of covariance [26, 54] can
be used where these relations are estimated from an equation of the form Ah = 0. This
includes estimating epipolar geometry.

The validity of this work has been demonstrated via several analytical and statistical
tests and in a number of practical applications. A software system has been developed
which applies the theory described for taking measurements on real images of walls and
general flat surfaces. The approach can be applied to any world measurement, lengths and

parallelism have been demonstrated, and area and angles can also be shown.

6.2 Overall project aims

The main aim of this project is achieving a complete metrical 3D reconstruction of indoor
and outdoor scenes using only images. Attention is paid mainly to modeling the uncertainty

of the reconstruction to predict and control it in order to make it as small as possible (best
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accuracy).

Usually people live in structured environments; planar surfaces such as walls, floor, ceiling
are present. This is the kind of environment that will be measured and that is why our work
is oriented to a 3D reconstruction which uses a planar surfaces basis plus a proper model of
their protrusions (columns, shelves, bay windows etc...).

We also propose to create an adequate 3D model of the reconstructed scene allowing an
operator a minimal degree of interaction with the virtual environment.

In order to achieve this goal some new theory has to be developed and some technical

aspects addressed.

6.3 Approach

6.3.1 Work in progress

The system we have described is able to take measurement and compute the related uncer-
tainty only on planar, flat surfaces. But we are already working on some useful extensions

of this planar case.

Mosaicing. Firstly, if we have a collection of images of the same plane, overlapping in
several zones, then we want to be able to combine them in order to create a single, larger
image. This is going to be achieved using automatic or semiautomatic feature-matching

algorithms between the images.

Plane plus perturbations. As shown in this report, by now we are able to make a
metric reconstruction of world planes and predict and control the accuracy in the distance
measurements.

Now we need to develop a new theory for modelling the protrusions from those planes. In
order to achieve this the most suitable way appears to be the use of the plane-plus-parallaz
approach. In fact, we expect that for environments where real planar surfaces dominate, the
parallax theory is a robust and accurate way to compute depths in a 3D space.

It is then necessary to develop this theory in all its aspects and achieve the related error
propagation analysis. Also in this case we need to estimate how good the first order error
analysis is compared to the second order one and to statistical simulations.

A few results regarding the related geometry are shown in the following.

We describe one of the possible ways of using the plane plus parallax theory to compute

3D structure.
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Figure 6.1: Parallax scheme

From [35, 48] we know that the parallax vectors field of an image is an epipolar field. In

fact the following equation is valid (see fig. 6.1):

_hT,
- dZ

where d is the distance of the first camera optical center (O,) from the world plane; T, is

Puw — P (Pw —€) (6.1)

the distance of O; from the second camera x — y plane; h is the height of the P point with
respect to the world plane; Z is the distance of the P point from the second camera x — y
plane. p,, is the 3D vector Osp,,, p is the vector Osp, and e is the vector Ose.

Equation (6.1) tells us that all the parallax vectors intersect each other in the epipole of
the image. Furthermore we have quantitative information too, which is, the parallax vector
of a point in the 3D space is directly proportional to its depth from the reference plane and
inversely to its distance from the camera.

Extending eq. (6.1) for two points P; and P, we get [31]:

T2 M2 (Apw) L (6.2)

7 M1 (pr)L

where v; = % is a measure of the 3D shape of the point P;; u; is the parallax vector

of the point P;; Ap, is the vector connecting the

‘

‘warped” locations of the corresponding
second frame points and v signifies a vector perpendicular to v.

Notice that (Apy ). is easily measurable on the image and it does not involve the knowl-
edge of the epipolar point position. This increases the stability and robustness of the mea-

surement process.

41



Usually for a stereo acquisition system Z; >> h;, and therefore we could approximate:

ho

7= h

Z 2

22 oy = 6.3

5k o
therefore

h_1 - B (Apw) L

The equation (6.4) tells us that from the knowledge of only one point’s height (say h),
we can easily compute the heights of all the others (say hs) once we know their parallax
vectors p.

The above description can be one of the ways of constructing a 3D structure based on
the knowledge of plane-to-plane homographies.

It is also possible to think of other ways, like: from the knowledge of a minimal set of
points whose the relative 3D structure is known, computing projective geometric invariants
[42] and using them for retrieving the position of all the others whose parallax vectors are
known.

The plane-plus-parallax theory needs to be more deeply investigated with an analysis of
the uncertainty involved. This is going to be one of the next steps in the development of the
present project.

This will give a number of new contributions to the video metrology community such
as the complete modelling of uncertainties in the process of taking measurements of a 3D

environment using only images.

Computation points consistency. The uncertainty estimation theory is being used also
to check the consistency of new image-world correspondences on the basis of the computed
homography.

Once we have a set of n computation image-world correspondences we are able to compute
the H matrix and its uncertainty. If we add a new pair of computation points, say X - X,
then we can check whether the world point X falls into the uncertainty ellipse related to the
image point x (consistency) or not (unconsistency).

A more suitable way of performing this checking task appears to be the use of a RANSAC

like [25] algorithm applied to all the correspondences introduced (not just to the latest ones).

6.3.2 Future work

Radial distortion. When a camera becomes part of a measuring device the accuracy and

sensitivity of the camera itself has to be accurately investigated. We need, in fact, to use high
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quality lenses and high resolution CCD arrays in order to get the most precise information
from the viewed scene.

We will work on the analysis of possible distortions introduced by the camera during
the image acquisition process. In all our theory, in fact, the camera has been modelled as
a perfect perspective mapping (pinhole camera), but bad quality lenses produce degraded
results.

The phenomenon of radial distortion and possible automatic ways for its correction will
be investigated.

One way to avoid or at least minimise this problem is the use of software for automatic
image correction by retrieving straight edges.

The possibility of using modern digital cameras will also be considered. But a digital
choice creates some new problems, in fact the available technology of digital cameras is still
not perfect and therefore good quality devices (big and non compressed images, quick loading

into computer, zoom options) are still very expensive.

Geometric minimisation. The method used to estimate the H matrix from n correspon-
dences is the linear, homogeneous one (see sect. 3.3).

We will work out what happens if we use the non linear approach. Our aim is to minimise
the Euclidean distances between the image points and the backprojections of the correspond-
ing world ones (see eq. (3.2)).

The minimisation criterion in the case n > 4 is the Levenberg-Marquardt [44]. We expect

a better accuracy in the estimation of the H matrix.

Complete 3D reconstruction. The possibility of constructing a real, working device for
measuring distances in a 3D space shall be investigated. In fact, in order to build such a
device it is necessary to think of how to solve some technical problems.

If we take several images of a scene we firstly need to collect the redundant information
carried by each one with the one carried by the others. In particular it is necessary to
combine the information related to a single plane to the one related to all other planes in
the scene in order to reconstruct the space with its 3D structure.

Once the planar information related to each plane of the scene have been extracted and
its protrusions modelled then we need to join all the planes in the 3D space.

The easiest way to do this appears to be the following one: given two planes, from
the knowledge of the planar homographies related to each one the intersecting line and the
angle between the planes are computed with respect to an absolute coordinates system.

These geometric objects are represented in a proper 3D model (for instance using VRML or
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Inventor languages).

We must address automatic and semiautomatic methods for choosing the planes and
joining them.

The advantages of using a parallax-based plus a further plane-joining approach with
respect to traditional three-dimensional reconstruction methods will be investigated. Mainly

we want to work out the improvement in terms of robustness and accuracy.

Further capabilities. We would also like to investigate further extensions such as:

e Designing software where an operator can interact with the reconstructed 3D model of

the scene placing new stylised objects, removing them and changing the point of view.

e Thinking of a way to make our system directly accessible via the Internet for useful

networking applications.

6.4 Future work plan

We believe that in order to achieve the expected goals we should follow the time table

described below.

Planned work Predicted time

Continuing the analysis of the plane plus parallax theory 2 months

for the reconstruction of the perturbation to world planes.

Analysis of the measurement uncertainties in a 2 months

plane plus parallax approach.

System integration allowing multiple overlapping images
of a single plane which are finessed to create a single 2 months
image through use of automatic and semiautomatic feature

matching between the images.

Combining the information gained regarding each wall,
recognise and/or assume their relative position and 6 months

reconstructing the 3D structure.

Visualisation of objects of given dimensions to be 6 months

inserted in the scene.

The last period will be dedicated to writing the thesis 6 months

and tying loose ends.
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Appendix A

Computing homography uncertainty

From section 3.3.2 we seek the eigenvector h with smallest eigenvalue A of the matrix ATA.
If the measured points are noise-free, or n = 4, then h = Null(A), and in general we can
assume that for h the residual error hTATAh = )\ ~ 0.

We now use matrix perturbation theory [26, 54, 59] to compute the covariance Ay of h

based on this zero approximation.
We define

-
Z:(I1 Y T2 Y2 T3 Yz crc Tp yn) (A.1)

the vector of the 2n components of the n noisy image computation points, referred to an
image coordinate system.

Because of the noise we have:
. o T
z=12+0z= ( Ti Hh Tz Yo Tz Yz v In Un ) + (A.2)

.
+( 8z Oy bxp Gyp Owy Sys - Omy Oya ) (A.3)

where the hat () indicates noiseless quantities.

Similarly for the world plane computation points we have that

,
Z=(X, Vi X2 V2 X3 Y3 - X, Y, ) (A.4)

is the vector of the 2n components of the n noisy world plane computation points referred

to a world coordinates system and
. S A NT
Z=72+02=(X% V1 X, ¥» X3 V3 - X, Vu) + (A.5)
T
+( 60X, 6y 0Xy &Yy OXy &Yy - 60X, 4V, ) (A.6)
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We assume once more that the noise is gaussian with null mean. We assume, also, that
there is no correlation between the noise of different computation points.
That means: E(0z;0z;) = 6;;07 and E(6Z;0Z;) = 6;;52 where ¢;; is the Kroneker delta

0 i .
1 1=y

Furthermore we ipotesize an homogeneus and isotropic noise which means that it doesn’t

depend on the point position and it’s the same for the x and y direction, thus o; = 0;,%,j =

1---2nand X; = Xj,0,7 =1---2n.

The generic odd row 1 x 9 vector of the A matrix is
a1 = ( z vy 1 0 0 0 —x;X;, —uX;, —-X,; ) (A.8)
and the even row 1 x 9 vector is
ay=(000 @ y 1 —oY; —yY —Y) (A.9)

withi=1.--n.

But Ag;_1 = é.gi_1 + 5a2i_1 and Ag; = é.zi + 5a2i and therefore
bazi1 = (6x; by 0 0 0 0 —(62, X, +2,0X,) —(6yXs +9:0X,) —0X, ) (A.10)
and

dagi=(0 0 0 dz; oy, 0 —(0mY; +:0Y) —(6yY; +yidY;) —8Y; ) (Al

It’s easy to prove that for each i,j =1---n:
e E(day, ,0as_1) = 6;;S?

o E(daj;0ay;) = 0;;S¢

o F(0aj; 0ay) = 0;;S¢

o E(dajday 1) = 0;;S¢°

where
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0 0 0000 0 0
0 0 0000O 0 0

0 0 00O0O O 0 0

1 0 00O0O0 -X; 0 0

s =0 0 1 0000 0 -X;0
0 0 00O0O O 0 0

-Y; 0 0000 X;%; 0 0

0 -Y; 0000 0 XY, 0

0 0000 O 0 0

(A.15)

Furthermore if we define the matrix M= ATA then M= (A+6A)T(A+6A) =A A+ 0ATA+
AT6A+SATSA. Thus M = M+6M and for the first order approximation we get M = SATA+A' A,

Now let’s define u; as the eigenvector corresponding to the null eigenvalue of the matrix

M (the solution vector h). The others eigensolutions are: Mi; = j\jﬁj with j =2---0.

It has been proved [26, 50] that the variation of the solution is related to the noise of the

matrix like in the following formula:

9 & AT
uiu N
(5111 = — Z = k 5Mu1
k=2 k

but éMi; = dATAd, + ATéAﬁl and we know that A; = 0 therefore

(SMﬁ.l - ATCSAﬁ.l

anT N ~ A AT
therefore du; = JA A, where J = — 3 _, S5k
k
Therefore:

~

A = A, = E(0wdu) = JE (A san,a]6aTA) I’ =

2n 2n T
=JE Y 4/ (64, -0,) (> 4;(04; - ﬁl)) I =
i=1 j=1
2n 2n T
= JE (Z a (> a]ﬁI((sajaéj)ﬁl)) i =
=1 7=1
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Now considering that J is a symmetric matrix (jT = J) the equation (A.18) can be

written as

Ap = JSJ (A.19)

where S is a 9 X 9 matrix obtained as follows:

n
S = (Ay; 18911 E(04y; 1089_1) 01 + Ay;a0,0] E(Jay,082)0; + (A.20)
=1
aj; A1) E(0ay; 08y)0; + ag,80; 10, F (58,089 1)0;)

Which means

n
. AT A AT aon AT A ATaen
S = E (a2i71a2i,1u1 Si u; + aqg;ag; Uy Si u; + (A21)
=1
T

Aj;_An 1) S0 + Ay,40; 111, SE°W)

Notice that many of the above equations require the true noise-free quantities, which
in general is not available. Weng et al. [58] pointed out that if one writes, for instance,
A = A — §A and substitutes this in the relevant equations, the term in §A disappears in the
first order expression, allowing A to be simply interchanged with A, and so on.

Finally the 9 x 9 covariance matrix Ay, is

Ap = JSJ (A.22)
where J = — 37 _, Ek/\—“:l, with uy, the k' eigenvector of the ATA matrix and ) the corre-

sponding eigenvalue. The 9 x 9 matrix S is:

n
S = (aj; a5 1h'S/h + ayaxh'sth+ (A.23)
i=1
a,;_,ah' S + ajay 1h'sh)

h

with a; i row vector of the A matrix, n is the number of computation points.
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Appendix B

Seminars and conferences attended

B.1 Seminars attended

e Graduate Computer Vision Lectures and Exercise Classes organised by Dr. Andrew

Zisserman.
e Computer vision reading group by various members of the RRG.

e Various RRG seminars on miscellaneous topics by speakers from inside and outside the

group.

B.2 Conferences attended

e The Fourth European Conference on Computer Vision — ECCV 96, Cambridge, UK

B.3 Papers submitted

e British Machine Vision Conference, Essex, October 1997.
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